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A REMARK ON THE DOUBLE COMPLEX
OF A COVERING FOR SINGULAR COHOMOLOGY

ROBERTO FRIGERIO anpD ANDREA MAFFEI
(communicated by Donald M. Davis)

Abstract

Given an open covering of a paracompact topological space X,
there are two natural ways to construct a map from the coho-
mology of the nerve of the covering to the cohomology of X. One
of them is based on a partition of unity, and is more topological
in nature, while the other one relies on the double complex asso-
ciated to an open covering, and has a more algebraic flavour. In
this paper we prove that these two maps coincide.

1. Introduction

Let X be a paracompact space, and let U = {U, };er be an open covering of X. We
denote by N(U) the nerve of U, i.e. the simplicial set having I as set of vertices, in
which a finite subset {ig,...,ix} S I spans a simplex if and only if U;y n...nU;, #
. As usual, we endow the geometric realization |N(U)| of N(U) with the weak
topology associated to the natural CW structure of |N(U)].

Any partition of unity ® = {¢;: X — R},e; subordinate to &/ induces a map

fo: X >IN, falz) =) pilz) i
iel
Moreover, the homotopy class of fe does not depend on the chosen partition of unity
®. Indeed, if ¥ is another partition of unity, then we have a well-defined homotopy
tfo + (1 —t)fo between fy and fe. Therefore, if R is any ring with unity, the map
fo induces a map

f*=fs: HY(INU)|, R) > H*(X, R) ,

which does not depend on the choice of ®. Throughout this paper, we fix a ring
with unity R, and for any topological space Y we denote by C*(Y) = C*(Y, R)
(resp. H*(Y) = H*(Y, R)) the singular cochain complex (resp. the singular coho-
mology algebra) of Y with coefficients in R.

There is another natural way to define a map from the (simplicial) cohomology
of N(U) to the singular cohomology of X, using a double complex associated to the
covering U. The idea of this construction goes back at least to the paper of Weil on
the de Rham Theorem [Wei52], where the author dealt with differential forms in
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Section 2, and with singular chains in Section 3. Let C**(U) be the double complex
associated to the covering U, i.e. for every (p, q) € N? let

cra) = [ cwy)

iel,

where I, denotes the set of ordered (p + 1)-tuples (io, ..., 4,) € I’ such that U; :=
Uiy, n...n Uy, # & (in particular, Iy = {i € I |U; # J}). We refer the reader to Sec-
tion 2 for the precise definition of this double complex.

To the double complex C**(Uf) there is associated the total complex T*, and we
have maps

ax: H¥(X) > H*(T*) ,  B: H*(N(U)) —» H*(T*)

from the singular cohomology of X to the cohomology of T* and from the simplicial
cohomology of N(U) to the cohomology of T*. Moreover, the map « turns out to be
an isomorphism (see Section 2).

Let now v: H*(|N(U)|) — H*(N(U)) be the canonical isomorphism between the
simplicial cohomology of N (i) and the singular cohomology of its geometric realiza-
tion (see Section 3). By setting n = a;(l o S ov we have thus defined a map

n: H¥(INU)|) — H*(X) .

The main result of this paper shows that the maps f* and 7 coincide:

Theorem 1.1. The maps
[P HHN(INU))) — HA (X)), n: H(INU)]) » H*(X)

coincide.

We were motivated to study whether the maps f* and 5 should coincide by the
fact that our result may be exploited to provide an interpretation of a result by Ivanov
on the bounded cohomology of topological spaces. In his pioneering paper [Gro82],
Gromov introduced the notion of bounded singular cochains. For any topological space
X, bounded cochains (with real coefficients) provide a subcomplex C}*(X) of C*(X).
The cohomology of the complex C}f (X)) is denoted by H}*(X), and defines the bounded
cohomology of X. The inclusion of bounded cochains into ordinary cochains induces
the comparison map ¢*: H}(X) - H*(X).

A subset U of X is amenable if, for every xq € U, the image of the map m (U, zo) —
7m1(X, o) induced by the inclusion is amenable, and a covering of X is amenable if
each of its elements is amenable. Gromov’s Vanishing Theorem [Gro82] asserts that,
if X admits an open amenable covering U of multiplicity n, then the comparison map
" H"(X) — H™(X) is null for every m > n (if X is a closed n-dimensional man-
ifold, then the vanishing of the comparison map in degree n has strong implications
on the vanishing of several interesting invariants of X, such as the simplicial volume,
the minimal volume, the volume entropy).

Gromov’s Vanishing Theorem was generalized and made more precise by Ivanov
in [Iva87, Iva], where it is shown that, if I/ is a nice covering of X, then there exists
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amap 0*: H(X) — H(|N(U)|) which makes the following diagram commute

Hi(X) - H*(X)

-

Hy(IN@U)))

(we refer the reader to [Iva] for the definition of nice covering; for example, any open
covering of a hereditary paracompact space is nice).

Our result implies that, in the diagram above, the map 1 can be replaced by the
map f*. This provides a clear topological interpretation of the well-known concept
that amenable spaces are somewhat invisible to bounded cohomology: in fact, the
map f: X — |N(U)| shrinks each element of & into a contractible subset of |N(U)|,
thus trivializing its topology, while the commutativity of the diagram implies that
the information carried by |N ()] still suffices to completely determine singular coho-
mology classes admitting a bounded representative. For recent alternative proofs of
the fact that the comparison map ¢* factors through f* (which, however, do not deal
with the question whether f* = 7 in general) we refer the reader to [FM, Chapter 6]
and [LS].

2. The double complex associated to an open covering

Let U = {U,}ier be an open covering of the topological space X. We now thoroughly
describe the horizontal and the vertical differentials of the double complex C**(Uf)
defined in the introduction, also fixing the notation we will need later.

If o € CP9(U) and i € I,, then we denote by ¢; the projection of ¢ on C(U;). For
every (p,q) € N?> we denote by

S0 CPUU) — CP TN YY)

the “vertical” differential which restricts to the usual differential C%(U;) — C11(U;)
for every i € I, and by

s CPUU) — CPTHIU)

the “horizontal” differential such that, for every i = (ip,...,ip+1) € Ip+1 and every
p e CPIU),
p+1
(051())i = Z(_l)k(@(io ..... Thsens z'p+1)) Uy - (1)
k=0

We augment the double complex C**(U) as follows. We define C¥ as the subcom-
plex of the singular chain complex Cy(X) generated (over R) by those singular sim-
plices s: A? — X such that s(A?) is contained in U; for some i€ I. We then set
C1(U) = Cj, = Hom(CY, R). The usual boundary maps of the complex C¥ induce
dual coboundary maps, which endow Cj; with the structure of a complex. The inclu-
sion of the complex CY in the full complex of singular chains induces a map of
complexes 7: C*(X) — Cf. It is known that the map v induced in cohomology is
an isomorphism (see e.g. [Hat02, Proposition 2.21]) and we will identify the singular
cohomology of X with the cohomology of the complex Cf; via . The augmentation
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maps 6 4 C~H9(U) — C%9(U) are defined by setting, for every i € I,

(6=

In order to define the augmentation of the vertical complexes, we consider the Cech

complex given by CP~1(U) = CP(U) = Hz'elp R, with boundary maps defined as in

formula (1). We then define the augmentation maps §7~1: CP~1(U) — CP°(U) by
setting

U; -

(6" H@))i(s) =¢i € R
for every p € CP~1(U), every i = (ig, . ..,ip) € I, and every singular simplex s: A% —
Uio ﬁ...ﬂUip.

Remark 2.1. The complex C*(U) computes the Cech cohomology of the covering
U with coeflicients in the constant presheaf R. Such cohomology, which is usually
denoted by H(U), is tautologically isomorphic to the simplicial cohomology of the
nerve N(U). It is costumary to rather study the Cech cohomology of U with coeffi-
cients in the locally constant sheaf R. However this cohomology does not always coin-
cide with the cohomology of N (Uf). They coincide, for example, under the assumption
that every U, i € I,, p € N, is path connected.

It is well known that, for every g € N, the row

T 5o pe
0—>C—17‘1(u)—>00’q(u)—>---—>va‘1(2/{)—>-.- (2)

of the augmented double complex introduced above is exact. A proof of the analogous
statement for singular chains can be found, for example, in [BT82, Proposition 15.2],
and the statement for cochains follows immediately.

As a consequence, the cohomology groups of the complex C~1* are isomorphic
to the cohomology of the total complex T* associated to the double complex. Recall
that T* is defined by setting

™= P CPU)

(p,q)eN?

ptq=n
with differential 6": 7" — T"*! given by 6" = @, ,_,, (5} + (flw)péfj’q). The aug-
mentation maps induce morphisms of complexes &*: Cjy — T™* and *: C* — T* and
we denote by «, § the maps induced by a*, * on cohomology. Since the rows (2) are
exact, « is an isomorphism in every degree and the map ao~y: H*(X) — H*(T*)
is the isomorphism ax defined in the introduction. We define ( = o' o3 and n =

—1
ay oBov.
The notation introduced so far is summarized in the following diagram:
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When we want to stress the dependence of these constructions on the covering U we
write ay, By, etc.

3. The case of a simplicial complex

In this section we analyze the double complex associated to the open star covering
of the geometric realization X = |S| of a simplicial complex S. Let I be the vertex
set of S. We consider the open covering U* = {U}icr of | S| given by the open stars
of the vertices, i.e., for every i € I we set U; = {z € |S| : 2; > 0}, where x; denotes
the barycentric coordinate of the point z relative to the vertex i. Observe that the
simplical complexes N(U*) and S on the set of vertices I are equal and we will
identify them. Hence, in this case ny«: H*(|S|) — H*(]|S]). Notice also that in this
case all intersections U are contractible, hence, also the columns of the augmented
double complex are exact. As a consequence, 3 and ¢ are isomorphisms. The next
proposition shows that the map 7 is the identity in this case.

Proposition 3.1. If S is a simplicial complex and U* is the covering described above
then n = Id.

To prove this proposition we will perform a computation by describing a lift of  at
the level of cochains. To simplify the computations we will use alternating cochains,
whose definition is recalled below.

Construction of E
We start by describing a lift

(: CWU) — C7bP () = CF,
of the map ( at the level of cochains. We first construct chain homotopies
KP9: CPIU) —» CP~ M U), p=0, ¢=0.

For each singular simplex s with image contained in some open subset U; we fix an
index i(s) such that Ims S Uj(,). For all ¢ € CP9(U) and for all singular simplices s
with image contained in U; for some ¢ € I,_1, p > 0, we define

(BEP(9)i) (s) = @i(s).i(s)
(when p = 0 there is no index i and we just take s € Cff). It is easy to check that

(5271’qu"1 + KPt1a§P? = 1d for every p > 0, ¢ > 0. Hence, if we define

~ p(p+1) _ _ — — —
C=(-1)"z KO,PO(gg,p o glp=1lg...0KP 1,1055 1,00Kp,00557 1

then for every cocycle ¢ € ép(u) we have (([¢]) = [E(g@)] in H?(C}).

Singular and algebraic simplices

Let us now recall the construction of the isomorphism v between the simplicial coho-
mology H*(S) of S and the singular cohomology H*(|S]) of its geometric realization.
Let Cx(S) be the chain complex of simplicial chains on S, i.e. let C, be the free
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R-module with basis
{(io,...,ip) € IP™* | {ig,...,i,} is a simplex of S} ,

and let C*(S) be the dual chain complex of Cy (S). Elements of the basis just described
are usually called algebraic simplices.

For any algebraic simplex o = (i, ...,%,) of S, one defines the singular simplex
{(oy: AP — |S| by setting

<O’>(to,...,tp) = tolp +"'+tpip .

The map o +— (o) extends to a chain map Cy(S) — C«(|S|), whose dual map
v: C*(]S|) — C*(S) induces the isomorphism v: H*(|S|) — H*(S) (see e.g. [Hat02]
Theorem 2.27). We write vg, Vs when we want to stress the dependence on the sim-
plicial complex.

Alternating cochains

To compute ¢ o v it is convenient to use alternating cochains. Let &, be the permu-
tation group of {0,...,p}. We say that a simplicial cochain ¢ € C?(S) is alternating if
©(ir(0)s - - ir(py) = e(T)@(d0, . .., ip) for every 7 € &, 41, and p(ig, ..., 4,) = 0 when-
ever i; = i, for some j # j'. Alternating cochains form a subcomplex of the complex
of cochains which is homotopy equivalent to the full complex (see e.g. [ES52, Chap-
ter VI, Section 6, Theorems 6.9 and 6.10]).

Alternating cochains may be defined also in the context of singular homology
as follows. For every 7€ &,4; denote by p,: AP — AP the affine automorphism of
AP defined by pr(to,...,tp) = (tr(0),-- - tr(p)). If X is a topological space, we say
that a singular cochain ¢ € CP(X) is alternating if p(so p;) = e(7) ¢(s) for every
T € 6pt1 and every singular simplex s: A? — X, and ¢(s) = 0 for every singular
simplex s such that s = s o p; for an odd permutation 7 € &,11. Alternating singular
cochains form a subcomplex of the complex of singular cochains which is homotopy
equivalent to the full complex (see e.g. [Bar95]). Moreover, the map ¥ introduced
above sends alternating singular cochains to alternating simplicial cochains, and both
the homotopy maps K¢ and the vertical differential send alternating cochains to
alternating ones.

We want to compute 6 (¢) on singular simplices of the form (o), as o varies among
the algebraic simplices of S. However, simplices of S are not contained in any U}*. We
will then make use of the barycentric subdivision S’ of S, together with a suitable
simplicial approximation of the identity S” — S. Let I’ be the set of vertices of S’.
This set is in bijective correspondence with the set of simplices of S: for i € I’ we
denote by A; the simplex of S of which ¢’ is the barycenter; in the opposite direction,
if A is a simplex of S we denote by i’A its barycenter. The p-simplices of S’ are then
the subsets {ig,...,4,} where Ay < --- < Ay

If for every simplex A of S We denote by bA € |S| the geometric barycenter of A
then the map b: [S'| — |S| defined by b(> 5 tai’s) = Dia taba is a homeomorphism,
and we will identify the geometric realizations of S’ and S via this map. We construct
a second map from |S’| to |S| as follows. We fix an auxiliary total ordering on I, and
we define a simplicial map g: S — S by setting

g(i") = max Ay
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for every vertex i’ of S’. The geometric realization |g|: |S| = |S’| — |S] of g is homo-
topic to b via the homotopy tb + (1 —t)|g|, t € [0, 1].

We may define the map i used to construct the homotopies K?'? in such a way
that, for every algebraic simplex ¢’ = (ig, . .., ;) of Cx(S’),

i(¢o")) = min{g(ip), ..., g(i)} -
For simplicity, we will denote i({c”)) by i(c’). With this choice, the singular simplex
{c"y is supported in U;Ea/) as required in the definition of the map i.
Let a = (o) € CME(U*) and let o’ = (i, ..., 4},q) € Cr+1(Uf), i € I, be an alge-

braic (k + 1)-simplex of S'. If o0’ = (i, ..., 1), . .. ,i,,1) denotes the algebraic h-th
face of ¢/, then

k41 k+1
(2 EREME (@) (o)) = 3 (1) (K™ (), ((Oney) = Z )" @i(2,0).1((0n0")) -
h=0 h=0

3)

Lemma 3.2. Let ¢ be an alternating cocycle in CP(N(U*)) = CP(U*), and let o' €
Cp(S') be an algebraic simplex. Then

() (Ko") = ¢lge(a") ,
where gy : Cp(S") — C,(S) is the map induced by g: S" — S.

Proof. Let o' = (ig,...,4,) and set Ay = Ay for £=0,...,p and i, = g(i}). Recall
that simplices of S’ correspond to comparable subsets of a simplex of S. Moreover,
since ¢ is alternating, both g*(¢) and C(¢) are alternating, thus in order to check
that the equality of the statement holds we may assume that

Ao S Ar-- S A,

By definition we have ¢, = max Ay, hence in particular i <43 < -+ < 4p. Since @ is
alternating, this implies at once that

@(g* (0'/)) = {‘pio,ihu.,ip

if i < -+ < iy,
(4)

0 otherwise.

Let us now compute (6(@)) ({(c")). For every algebraic simplex 77, € Cj(S”), we write
T, < if 7/, is an algebraic face of 77, i.e. if there exists h = 0,...,k such that
Tj._, = OnpTy,. By iterating (3) we get

C@)D) = (D™ S i itenion - (5)

<. ! =g/
O'0< <O'p—0'

Let now o) < --- < U; be a fixed descending sequence of faces of ¢’. Since the map i is
given by taking a minimum we have i(o() > i(07) = --- = i(0),) and all these elements
belong to the set {ig, . ..,i,}. Hence if ‘pl(ﬂo) i(0}),nmri(or) # 0 We have ig < -+ < i, and

i(0}) = ip—g for every £. In particular (¢ ( (¢)) (o)) agrees with (g« (c’)) in the second
case of formula (4).
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Assume now ig < --- < ip. As just observed, if Pi(ah),i(0})semmsi(er) 7 0 then i(o}) =
ip—¢ for every ¢, and this readily implies that the unique non-trivial addend in the
right-hand sum in (5) corresponds to the sequence

—r —r ./ —r et ./ ./
a0 = (i), 01 = (lp_1:0p)s oo 0, = (Ggs-eesip 1,0p,) -
In particular, for every j =0,...,p — 1 we have 7; = (—1)08063-“. Hence
p(p+1) p(p+1)

@)D = (D)= Qi) i@y) i) = (1) 72 Qipiy1,io = Piosiv,emis

settling also the first case in formula (4). O

Before proving the proposition we notice that the map Cy(S) — Cx(]S]) con-
structed above does not factor through Cﬂf* because no positive-dimensional sim-
plex of S is contained in U;* for any i € I. However the analogous map from Cy(S’)
to Cx(]S]) does. Hence the map vg : C*(|S'|) — C*(S’) factors as Ug: = [i 05, where
y: C*(|S’]) = Cji4 is the map defined in Section 2, and fi: Cj,, — C*(S’). We denote
by p: H*(Cjy) — H*(S) the map induced by /i on cohomology.

Proof of Proposition 3.1. Being vs:: H*(|S]) = H*(|S’|) — H*(S’) injective and |g|
homotopic to the identity, in order to prove the proposition it is sufficient to show
that vg on = vg o |g|*. Now recall that n = y~! o ( o vg, hence vg on = o ovs.
Hence it is enough to prove that u(¢(vs(c))) = vs(|g|*(c)) for all ce HP(]S|) or,
equivalently, that

A(C(s(¥)))(0) = D (|gl* (%)) (o),

where ¢ € CP(]S|) is a cocycle and ¢’ is any algebraic simplex of S’. Moreover, as
observed above we can choose 1 to be alternating. However, if we set ¢ = Ug(1)), then

u(C@s()(0") = n(l(9))(0") = (C(#) (o) »
P (lgl* () (0") = (lgI* () ({o")) = ¥(lgl«({o"))) = @(g+(0")) ,

hence the conclusion follows from Lemma 3.2. O

4. Proof of Theorem 1.1

‘We can now prove Theorem 1.1 stated in the introduction. We first notice that the
construction of 7 is compatible with continuous maps in the following sense.

Lemma 4.1. Let h: Y — Z be a continuous map, and let V = {V;}ier, W = {W,; }ier
be open coverings of Y,Z, respectively, such that h(V;) € W; for every i € I. The
identity of the set I extends to a simplicial map N(h): N(V) > N(W), and in par-
ticular it induces a continuous map h: |N (V)| — |N(W)|. Then the following diagram
commutes:

H*(INOW)|) = H*(IN(V)))

| |

H*(7) — "~ ().
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Proof. By considering the restriction of A to the open subset V; the map h induces a
morphism {h?*?} between the double complex associated to VW and the double complex
associated to V and between their augmentations. Hence we have ¢,y o N(h)* = h* o
Cw: H¥(N(W)) — H*(C5;). We also have 3y, o h* = h™1* 0 %y and by the definition
of the map v we have vy oh* = N(h)* oryy. By the definition of 7, these three
commutations imply the commutativity claimed in the lemma. O

We can now conclude the proof of our main theorem. Let & = {U,};c; be an open
covering of the space X, let N(U) be the nerve of U, and let U* = {U*};e; be the
open covering of | N (U)| given by the open stars of the vertices of N(U). Let fo: X —
|N(U)| be the map associated to a partition of unity subordinate to U as described
in the introduction. We would like to apply the previous lemma to the coverings U of
X and U* of |[N(U)| and to the map h = fg, but the containment fg(U;) < U} does
not hold in general. Therefore, we consider the covering U= {Ul}Ze 1 of X defined by
U, = fo(U#) for every i€ I.

We can now apply Lemma 4.1 to the map h = fp and to the coverings V = u
and W = U*. Since U; < U; for every i € I, Lemma 4.1 also applies to the case when
h = ix is the identity map of X, and to the coverings V = U and W = U. Hence we
obtain the following commutative diagrams:

H*Wl(wm LH*uzlv(sz H*Ulvw &H*ulv(ﬁ))
HY(NW)) 2 1 (x) H*(X) ——— H¥(X) .

As already noticed in the previous section the simplicial complexes N (U) and N (U*)
with set of vertices I are equal and, by construction, so are the Slmpllclal maps
N(ix) and N(fs) from N(U) to N(U*) = N(U). In particular f(p = 1% . Finally by
Proposition 3.1 ny is the identity. Hence

fo =t omum =ngof§ =ngoik =m,

which proves the theorem.
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