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THE LOCAL HYPERBOLICITY OF Ai—COMPLEXES
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(communicated by John R. Klein)

Abstract
In this paper, as an application of results about the decom-
posability of smash product of A2 complexes [34], we obtain the
local hyperbolicity of AZ2-complexes by an analysis of decom-
position of loop suspension.

1. Introduction

Describing completely the homotopy groups of finite complexes seems to be intrac-
table. Progress has been made on the study of the asymptotic growth of homotopy
groups. In [11], Felix-Halperin—-Thomas proved that the rational homotopy groups
of 1-connected finite complexes are either finite dimensional or grow exponentially.
In [18, 28, 30], the authors showed that there are infinitely many p-torsion classes
in homotopy groups of any simply connected finite complexes with nontrivial mod-p
homology. The families of infinitely many higher order torsions in homotopy groups
of Moore spaces were extensively studied in [4, 5, 6, 7, 20] and so on. Then in [14],
Huang and Wu study the asymptotic behavior of the p-primary part of the homotopy
groups of simply connected finite p-local complexes.

Definition 1.1. A p-local complex X is called Z/pi-hyperbolic, if the number of
Z/p'-summands in 7, X has exponential growth, i.e.,

Int,,

lim
—
n

> 0, t, = #{Z/p'-summands in @ﬂ'jX}.

j<n

n
A p-local complex X is called p-hyperbolic (hyperbolic mod p), if the p primary
torsion part of m, X has exponential growth, i.e.,

. InT,
lim
,on

> 0, T, = #{Z/p"-summands in @ij,r > 1}
Jj<n

Henn [13] considered a different asymptotic problem, which can be measured by the
radius of the convergence of the power series Pr(X) := ) dimg,,(7m,(X) ® Z/p)x™.
Henn conjectured that the radius of P (X) equals the radius of another power series
Py (X) =) dimg,,(H,(Q2X;Z/p))z" and Iriye gave a partial answer to this in [15].
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Given any simply connected finite complex X which is a suspension, the following
questions are concerned.

1) if there are infinitely many Z/p‘-summands in the homotopy groups m. X, is
then X Z/p’-hyperbolic?

2) if there are infinitely many nontrivial summands in the p-primary torsion of
w4« X, is then X p-hyperbolic?

In [14], the authors show that for any prime p, the Moore space M(Z/p";n — 1),
n > 3, is Z/p*-hyperbolic for i = r,r + 1, while M(Z/2;n — 1), n > 3, is Z/8-hyper-
bolic. They gave two main conditions for a space X to be hyperbolic (see Theorem
5.3 and Theorem 5.4 in [14]):

1) QP*(X) contains a wedge summand ¥*X for infinitely many k;

2) there exist k such that X"\¥ ~ ¥*X v ¥* X V other space,
where the functors Q}C“ax, together with A™" are introduced by Selick and Wu to
establish a functorial homotopy decomposition of the loop suspension of any path-
connected CW complex [25, 26]:

XX ~Q(\/ QM(X)) x A™(X).

<3

n=2

However, the hyperbolicity of general Moore space is proved by previously known
explicit product decomposition of loop space of Moore space. Since it is difficult to
compute QP*(X) for large number k, in Theorem 3.3 of [14], the hyperbolicity of
M(Z/2;n — 1) is obtained by studying Logy1(M(Z/2;n — 1)) for infinitely many k,
where the functor Loj1 is defined in Section 2.

In the following, we denote the Moore space M (Z/p";n) with the only nontrivial
homology group H,,(M(Z/p",n);Z) = Z/p" by M.

In this article, we will prove the local hyperbolicity for more examples, namely, ele-
mentary Chang-complexes (described below) which were found by S C Chang when
he classified indecomposable homotopy types in A2 (n > 3) [3], where A is the homo-
topy category consisting of (n — 1)-connected finite CW-complexes with dimension
less than or equal to n+ &k (n > k+ 1). S C Chang showed that all indecomposable
homotopy types in A2(n > 3) are spheres S, S"*! S"+2 elementary Moore spaces
My, M;}H (p is a prime, 7 € ZT) and elementary Chang complexes listed below.

Elementary Chang complexes:
o C’g“ =s5"U, csntl,
o C"F2s = (Sn v Sty . ) csontl

98

o Cnt2=4gn U(Tm C(S™ v Snthy;

o CF2s = (Sn v Sty . C(S™ v Snthy,

0, 2°

where 77 is the suspended Hopf map, i and ¢ are canonical inclusion and projection
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respectively, n,r,s € ZT, n > 3 and for finite CW-complexes X;,Y; (i =1,...,t,j =
1,...,s), the matrix

S o i ¢ s

f=(fij) = : : : : \/Xz'% \/Yj, Jr € [X0, Y]

fsl e fst =1 =1
represents a map such that py, fjix, =~ fi;, with canonical inclusions and projections
being denoted by jx, and py, respectively.
Theorem 1.2 (Main theorem I). The Chang compleres CF27" (n > 4) are 7/2'-
hyperbolic fori=1,r,r+ 1.

Theorem 1.3 (Main theorem II). Let C be one of Chang complezes Cg”, crt?
Cnt2s Crt2s(s £ r) withn > 4; and let

1, C=0Cpt,
uc = T C= C:'+2’
s, C =(Cnt2s,

min{r,s}, C = Cnt2s,

Then C is 7Z/2-hyperbolic for uc =1 and 7Z/2'-hyperbolic (i = 1,uc,uc + 1) for
uc > 1.

Theorem 1.2 and Theorem 1.3 have a few consequences for the hyperbolicity of an
A2_complex. Next is one example:

Theorem 1.4 (Main theorem IIT). Let A be a complex in A2 (n > 4), which is nei-
ther a sphere nor a contractible space under p-localization, then A is Z/p-hyperbolic.

Remark 1.5. Our results rely on the decomposition QXX ~[[QX L, (X) x A in

Proposition 2.5, where X is a suspension. In other words, Whjat we can obtain is
the information of homotopy groups of double suspension. One can try to apply func-
torial decomposition where the condition on X is weakened, it is, however, difficult
to compute the corresponding product factors.

The main observation of this paper is that the computation of L (X)) is often easier
than the computation of Q‘,:lax(X ). We improve Theorem 3.3 of [14] on hyperbolicity
of M2"71 by reducing the condition concerning Ly (X) to the existence of some positive
integer k such that Ly(X) contains as wedge summand ShxvyhkX, Il >1. It
is helpful to note that in our method, the exponential growth of the number of
Z/p'-summands in 7, X is obtained from the stable homotopy groups of the product
factor [[ QX*X of QXX and the growth of the number W (t) when the primes ¢

W(t)
increases, where W (t) = dim L;(V') and V is a vector space with dim V' = 2. However,
the authors of [14] showed the exponential growth of the number of Z/p'-summands

in 7. X by studying the stable homotopy groups of the product factor [] QX*X
25-W (s)
of QXX and the growth of the number 2° when s increases.

Conjecture 1.6. Let A be a complex in Ak (n >k + 2), which is neither a sphere
nor a contractible space under p-localization, then A is Z/p-hyperbolic.
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In order to simplify the writing, we prove Theorem 1.2, Theorem 1.3 for n =4,
the case that n > 4 can be similarly obtained.

This article is organized as follows. Section 2 introduces some notations and basic
properties. Section 3 gives some criteria for hyperbolicity of spaces. Section 4 proves
some lemmas about the decomposition of smash products of Chang complexes. The
proofs of Theorem 1.2, Theorem 1.3 and Theorem 1.4 are given in Section 5.
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2. Preliminaries

Let p be a prime, X be a path-connected, p-local CW-complex of finite type which
is a suspension, nX and X" be the n-fold self-wedge product and smash product
of X respectively. We say a space X is decomposable, if X ~Y V Z with Y, Z which
are not contractible. In the following, we will recall some general properties about
the decomposition of X" from [4] and [24].

Let S}, denote the symmetric group on n letters. Since X is a suspension, the nat-
ural action of any element § € Z,[S,] on VE" with V = H,(X;Z/p) by permuting
coordinates can be realized by a map

5 XN — X,

where Z,)[S,] denote the group ring over the p-local integers Z ).
Start with 8o =1 — (1,2) € Z,)[S,] and let

B = Bn_1 Nid — (1,2,3, .. .,n)(ﬁn,1 AN Zd)

From [7], if (n,p) = 1, then the elements %Bn and id — %571 are orthogonal idempo-

tents. Let hocolimy X" be the mapping telescope of the sequence of maps X" 7,

X Ly .. Then L, (X) :=hocolim1 5 X" is a wedge summand of X"".

Let pp: X — L, (X) be the projection and let i, : L,(X) < X" be the canon-
ical inclusion. We have

1 . n n
(ﬁﬁn)* = UnxPnx H*(XA s Z/p) — H*(XA i Z/p).

Given a graded vector space V over a field Z/p where p is a prime. In the tensor
algebra T(V), let
L (V) :=Spang,, { [...[vi,v2],v3]...;00] [v; €V }.

Note that by the definition of graded Lie algebra in [21], at odd primes [z, z] # 0 in
Lo(V) if |x| is odd. Tt is zero if |x| is even.

Now let V = H,(X;Z/p) where X is a p-local suspended space, then H,(QXX;
Z/p) = T(V). From [7] and [21] we know that for (n,p) = 1,

H. (L (X); Z/p) = Ln(H.(X;Z/p)) = Ln(V).
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Remark 2.1. If the generators of Z/2-vector space V are given, then we can list all the
generators of L, (V) by the “Lyndon words” [23]. For example, if V' is a 4-dimensional
7/ 2-vector space with generators a, b, ¢, d, then the generators of vector space L3(V)
are the following 20 elements: [a, [a, b]], [a, [a, c]], [a, [a, d]], [a, [b, c]], [a, [b, d]], [a, [¢, d]],

. [b,c]l. [ [b.dl]. [b.[e.d]). [e.le.d]. [la.b].8], [[ac.b] [fa.c].c]. [la.d],b] [fa,d].c].
[[a, d], d], [[b,¢], d], [[b,d], c], [[b, d], d], [[¢, d], d].

For an element u € Z,)[Sy], let % denote the image of u under the natural quotient
map from Z,[S,] to Z/p[S,].

Let 1 =X, f, be an orthogonal decomposition of the identity element in Z/p[S,,]
in terms of primitive idempotents. By Proposition 56.4 of [1], it can be lifted to an
orthogonal decomposition of the identity element 1 = ¥,e, in Z,) [Sy] in terms of
primitive idempotents {e, } with €, = f,. For each a, we take e, (X ) =hocolim,_ X"".
From [24, 33], we have

~\/ ea(X). (1)

Lemma 2.2. Let e, e’ be two idempotents in Z[Sy], €, € be conjugate to each other
in Z/p[Sn]. Then for any simply connected p-local space X, e(X) ~ €'(X).

Proof. There is an invertible element f € Z/p[S,], such that e = f&’ f~1. Let u,v €
Z(p)[Sn] such that u = f, v = f~L. Consider the following maps

e(X) L ¢/ (X) s e(X) 25 ¢ (X).
Then we get that (eu)(e’v) (respectively (e’v)(ew)) induces identity endomorphism

on H,.(e(X);Z/p) (respectively H.(e(X);Z/p)). By Proposition 2.7 of [19], €'v and
eu are homotopy equivalences. O

From Corollary 54.14 of [2], it is known that up to conjugation, the primitive
idempotents fy in Z/p[S,] are in one-to-one correspondence with isomorphism classes
of irreducible left Z/p[S,]-modules, which are also in one-to-one correspondence with
p-regular partitions A = (A1, Ag,..., As) of n, where s is called the length of A, by
Theorem 7.1.14 of [17].

Let d) be the number of idempotents in the orthogonal decomposition of 1 in
Z/p|S,] which are conjugate to fy. Let @ (X) = hocolim,, X", where €) = f\. From
Lemma 2.2, the decomposition (1) can be written as

n ~ \/ d)\Q)\ (X
A
where A runs over all p-regular partitions of n.
Lemma 2.3. d) equals the dimension of the corresponding simple Z/p-module
(Z/p[Sul) fr [ rad(Z/pISa]) I

Proof. From Theorem 4.12 and Theorem 11.5 of [16], any field is the splitting field
for S, then above lemma is obtained by Theorem 62.1 and Theorem 61.13 of [2]. [
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For p = 2, n = 3, the only 2-regular partitions of 3 are (3,0), (2, 1). From [22], there
is an orthogonal primitive idempotent decomposition 1 = f; + fo + f3 of the identity
element in Z/2[S3], where fi =1+ o0 +0% fo=(1+7)1+70), fs=(1+70)(1+
7) are primitive elements and o = (123), 7 = (12) € S3. fa, f3 are related by conju-
gation in Z/2[S3] since fo = (07) f3(or)~t. We lift this decomposition up to Zz)[Ss],
i.e., 1 = ej + ey + e3, which is an orthogonal primitive idempotent decomposition of 1
in Z(g) [Sg]

Hence

XM~ e (X)) Vea(X) Ves(X)
with ea(X) =~ e3(X). As a result of this,

XN o Q3,0)(X) \/ 2Q2,1) (X)),

where 2-regular partitions (3,0) and (2,1) correspond to e; and ey respectively.
Moreover, let 85 = (14 7)(1 + o) € Z/2[S3], then £S5 € Z2)[S3] is a lift of 5. Since
B4 = o7t foo, from Lemma 2.2, we have

Lg(X) ~ 62(X) ~ Q(Q,l) (X) (2)

For p =2, n =5, the only 2-regular partitions of 5 are (5,0), (4,1), (3,2). From
[12], there is an orthogonal primitive idempotent decomposition of the identity ele-
ment in Z/2[Ss]

4 4
L=fo+ Y f+> f,
i=1 j=1

where fo =1+ 0+ 0% + 0® + 0%, 0 = (12345) € S5, corresponds to the 2-regular par-
tition (5,0) of 5; f;,i=1,2,3,4 (resp. f/, j =1,2,3,4), are in the same conjugacy
class which corresponds to the 2-regular partition (4,1) (resp. (3,2)) of 5. We lift this

decomposition up to Z)[Ss], i.e., 1 =eo+ ﬁ: el + 24: e}, which is an orthogonal
primitive idempotent decomposition of 1 in Zl;)l [S5] zjr:(i then we get

XM 2 Qs,0)(X) \/ 4Qa,1)(X) \/ 4Q 3.2 (X)), (3)
where Q(5,0)(X) =~ €0(X), Qa,1)(X) > €i(X), Qz.2)(X) = € (X), 4,5 = 1,2,3,4.
Lemma 2.4.

Ls(X) ~ Q4,1)(X) \/Q(s,z)(X)-

Proof. For idempotent 185 € Z,)[Ss], from Theorem 3.4.1 of [10], in Z/2[S5], the
idempotent

- 4 4

1 _

5/35 = B5 = doafoa " + g Stafla™" + E §lafla?,
i=1 =1

where a is an invertible element in Z/2[S5], do, 9;, 7 € {0, 1}. It is easy to check that

fB5 is orthogonal to fo and fo is in the center of Z/2[S5], which implies that do = 0.
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From [33], for Moore space M2,
5 k— 5 5 k— 5 E
(ME) ~ MPFO N CEACE\AMG*2 A CF) \/ AMGH2,
Ls(Mg) = M3* =2 A Cp \[ M3**2,
k—
Quay(Mz) = M;* 2 N C,
where all wedge summands in the above equations are indecomposable spaces. Thus

% =fs=a i’oa_l + OLf]’/Oa_1 for some ig, jo € {1,2,3,4}. Then by Lemma 2.2, we
get Ls(X) =~ Q1) (X) V Qz,2) (X). O

The functors Lj find important applications in product decomposition of loop
suspension in [32].

Proposition 2.5. Let X = XX’ be a path-connected p-local CW-complex of finite
type. Let 1 < k1 < ko < --- be a sequence of integers such that

(1) kj is not divided by p;

(2) kj; is not a multiple of any k; else for each j.

Then there exists a topological space A such that

O X ~ HQZij (X)x A
J

localized at p.

In this paper, we denote the Z-coefficient homology groups by H,(—;Z) and Z/2-
coefficient cohomology groups H*(—;Z/2) by H*(—).
At the end of this section, two obvious lemmas which will be used later are given.

Lemma 2.6. Let Y be a wedge summand of X.
If Sq¢*: H*(X)— H*T*(X) is a surjection (an injection), then so is Sq*: H*(Y) —
H*+k(Y>.

Lemma 2.7. Let X be a finite CW-complex with torsion homology groups and X €
@fl is a self dual under the Spanier-Whitehead Duality Doy : Ak — AR Then
Hy(X;Z) > H, 1-s(X;Z).

3. Criteria for hyperbolicity of spaces

In this section, we give some criteria for hyperbolicity of spaces.

Let QX <~ QY mean that QY is a product factor of space QX and XX + XY
mean that XY is a wedge summand of ¥ X. If A and B are groups, then A <= B
means that B is a direct summand of A.

Lemma 3.1. Let X = XX’ be a path-connected p-local CW-complex of finite type.
Suppose that L1 X1 vV X2 X, is a wedge summand of Ly(X) for some integers ly >
Iy >1 and k > 1 with ptk, where L1(X) := X; S0tV X, is a wedge summand of
X for any sufficiently large prime t where N (= 1) and ly are some integers; and
Z)p' is a direct summand of 75, (X1) for some m. Then XX is Z/p*-hyperbolic.
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Proof. From Proposition 2.5,
QXX ¢+ QVLL(X) « Q28 X, vl X)),
By the Hilton—-Milnor theorem [31], for any fixed positive integer ¢ we get

w(t) W (t)
QXX « [] Q2B X1)" A (B2 X)) ~ [ Qutthestteb X
j=1 j=1
W (t) W (t)
o H Qxltlotha;+abi+Nt H QZMO%»Mtf(lgfll)an{\t,
j=1 j=1

where My :=1+1lg; M := N +ly; W(t) := dim Li(V) and V is an F-vector space
with chlF = 0 and dimyp V = 2. So

W (t)

Ter1(BX) @ 7T*+1(2M0+Mt—(lz—l1)an1).

j=1
Note that 0 < a; <t which implies that Mt — (I —l1)a; > [M — (I — 1;)]t. From
M > 1y — 1y, we get

7TA10+Mt7(l2711)a_7~+m(ZMO+Mt_(l2_ll)ajXl) = s (X1) < Z/p’

for sufficiently large t. By the well-known Betrand—Chebyshev theorem in number
theory, for any n which is large enough, there is a prime ¢,, such that

1 n— My—m - - n—Myg—m
5 M qn M )

hence My + Mg, — (Io —l1)a; + m < My + Mg, + m < n. Note that ¢, is large
enough if n is large enough, so

tn = ${Z/p" -summands in @ 7;(XX)}

Jj<n
2an 9
> Wign) = (by Witt dimension formula),
an
Int, In 27 =2 . In 27 =2 Ing, _ In2
lim —" > lim —2— = In 2lim 2 4 lim — 27— —Jim =% > 22 5
Thus ¥X is Z/p‘-hyperbolic. O

Corollary 3.2. Let X = XX’ be a path-connected p-local CW-complex of finite type.
Suppose that

Ly, (X) ~ X1V Ay for some integer ky > 1;
Ly, (X1) ~ XoV Ay for some integer ko > 1;

Ly, (Xe1) = Xe V Ae  for some integer ke > 1,

where k1 > 1,k > 1,..., ke > 1 are integers which are not divided by p. If STV X,
is a wedge summand of XEM for any sufficiently large prime t and X1 X¢ V 22 X is a
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wedge summand of Ly (X¢) for some positive integer k > 1 with p{ k, where N(> 1),
l1,12(= 1), ly are some integers; and Z/p" is a direct summand of 75, (X¢) for some
m, then X is Z/p'-hyperbolic.

Proof. Taking multiple applications of Proposition 2.5,

QXX < QY Ly, (X) — QYX; < QX Ly, (Xl)
QX ¢ Q8L (Xy) < - > Q5L (Xe_1)
<~ QZX§ — QELk(Xg) <~ QE(leXg V EZQXg).

Then by the similar proof as that of Lemma 3.1, this completes the proof of Corol-
lary 3.2. O

4. Decomposition of smash product of Chang complexes

Firstly, we fix generators of homology (cohomology) of Chang complexes.

Let w3, ws be generators of H*(C,?) Take generators v,, Un+1, Unt1, Unt2 Of
H*(Cr*27) which are given in Lemma 3.2 of [34]. Note that S¢*: H"(CP27) —
H"T2(C+27) is an isomorphism.

Lemma 4.1. Let T, := (C2)"" AC2" (n>1). Then the following sequences are exact

2 2
H=(T,) 5 g™ T,) 2 H™2(T,)  for 3n+3 <k <5n+5.

Proof. Note that H*(T},) is nontrivial if and only if k = 3n +3,3n +4,...,5n + 5.
We will prove this lemma by induction on n.
We will show that when 3n + 3 < k < 5n + 5,

Im[Sq¢?: H*2(T,,) — H*(T,,)] = Ker[S¢*: H*(T,,) — H***(T},)], (4)

where Im f (resp. Ker f) denotes the image (resp. kernel) of homomorphism f.

For n = 1,2, it’s easy to check that (4) holds.

Now suppose that (4) holds for T;,,, m < n — 1.

Let V be a Z/2-vector space with basis x1,xs,...,x,. We also denote V by
Z/2(x1,xa,...,Tmy). The notation y ® V means a vector space spanned linearly by
YRT1,Y DL, ..., Y@ Ty

Note that T, = 075] ATy,—1. For any k, we have

H*(T,)) = w3 @ H* (T, 1) @ ws @ H* (T, 1).

We only prove the case when H*=°(T,,_) # 0, H*=3(T,,_1) # 0, since if one of them
is trivial, then the proof is easier.

By the condition of the induction, we assume

HE=3(T1) = Z/2(x1, @2, ., XX, Y1, Y2, -+« -5 Ypu)

HY=5(Ty 1) = Z/2 (), &hy o Y1, Y- y;l> such that

@) Z/2(y1, 2, - - - yp) = Im[Sq?: H*5(T,_1) — H*3(T,,_y)];
(IT) Sq? restricts to Z/2(x1,2,...,7\) a monomorphism;
() Sq*(y;) = yi; S¢*(yi) =0 (i =1, ..., p); S¢*(=}) =0 (G =1,...,8).
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S (w3 @ r1, w3 @ Ta, ..., W3 D T) =

(ws ® 11 + w3 @ S¢?T1, w5 @ T2 + w3 ® SGPxa, ..., w5 @ ) + W3 @ SGT));
S¢? (w3 @ y1, w3 @Yz, .., W3 @ Yy) = (W5 Y1, W5 D Ya, -+, W5 @ Yu);
Sq*(ws @ Y, ws @ Yh, ..., ws @ Y,,) = (w5 @Y1, ws @ Ya, ..., W5 D Yu);
Sq?(ws @ xy, w5 @ Th, ..., w5 @ ) = 0.

Hence
Ker[S¢*: H¥(T,,) — H**(T},)| =7/2 (N1,Ys,...Y,, ws ® @), w5 @ T, ..., w5 @ x'5> ,
where V; = ws @ ¢, + ws @ y; (i =1,..., ). By the assumption,

72 <a:'1,z/2,,:cf§> = Im[Sq HYU(T, 1) — H5(T,_1)].
Let HN"T(Ty—1) =7Z/2 (21,22, ..., 2¢, 21,25, ..., 2p,) such that S¢’z =2} (i=1,
5 8); Sl =0(i=1,...,0).
HY2(T,) = ws @ H* (T, 1) Pws @ HT(T,-1).
Then we easily obtain
Im[Sq?: H*2(T,,) — H*(T},)] =7/2(Y1,Ya,... Y, ws ®x’1,w5®x’27...,w5®m’5>.
So (4) holds for n. This completes the proof of Lemma 4.1. O

Lemma 4.2.

(1) Any Moore space is not a wedge summand of (C>")N™ for any m > 1;

(2) Chang complex C*+27" k > 3 is not a wedge summand of T,, for anyn > 1.
Proof. Note that from Theorem 1.1 of [34], we get

m—1
(CE,T)/\TI’L ~ 2mc;lm+1,r v \/ ai(cg)/\i A C:+4(m—i),r

i=1
m—1
~ 2mC3m+1,r V \/ ai24(m7“1)Ti ((17; S Z+)
i=1
For (1) of Lemma 4.2, it suffices to show that M. is not a wedge summand of T},

for any n > 1.
If not, then for some n > 1, there exist maps such that the composition

ME LT, 2y Mk

pj ~ id. We have the following commutative diagram

HY Y (M) HFY(T,) — 5 HF1(ME) = 0
qui/ qu\L Sq? \L
HE (M) T)(_*> HEU(T,) — e (M)

el ]
(

Hk+3 M27‘)( P Hk+3(Tn) Hk+3 M'r)
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where p* are injective and j* are surjective.

Take 0 # w141 € HETY(ME,.). From the square at the lower-left corner, Sq?(p*xj1)
= p*Sq*wy1 = 0, which implies that p*zr 1 = S¢®yr_1 for yp_1 € H*1(T,,) (by
Lemma 4.1). Then xp41 = 5" p*Trs1 = 5°5¢%yx—1 = Sq¢*5*yr_1 = 0, which is a con-
tradiction.

In order to prove (2) of Lemma 4.2, we suppose that

J P
ckr2r Ly, Ly oRtRr
with pj ~ id. If we replace M%. by C*+2" in above commutative diagram, we get a
contradiction by a similar argument. O

Lemma 4.3. Let n > 4. If spaces X, (i = 1,2) satisfy

Z/)2", k=nn+1,n+2n+3;

1) Hy(XiZ) = { 0, otherwise.

2 2
2) 0— H"(X;) LN H"2(X;) S, H"4(X;) = 0 are ezact sequences and
4
H™(X;) BN H"t4(X;) are isomorphisms fori = 1,2.

3) Thereis amap f: X1 — Xo such that f*: H"(X3) — H"(X1) is nontrivial (i.e.
isomorphic).

Then f is a homotopy equivalence.

Proof. Firstly, it is easy to show that f.: H,(X1;Z) — H,(X2;Z) is an isomorphism.
From the following commutative diagram

£
Hn (X2) = Hn (Xl)

= gisq‘l

*

Sqt
Hn+4 (XQ) o Hn+4 (Xl)

~

we get f*: H""4(Xy) — H"*4(X,) is an isomorphism, then H,, 1 3(f): H,13(X1;Z) —
H, 13(X2;7Z) is an isomorphism by the Universal Coefficient Theorem for H"*4(—).
We also have the following commutative diagram with exact rows.

2 2
HM(Xo) 20 g2 (x,) — 50 o gt xy)

f*ig | |
2

2
Hn(Xl)(i> Hn+2(X1) Sq Hn+4(X1)~

So f*: H""%(Xy) — H""2(X;) is also an isomorphism by Five Lemma. From the
Universal Coefficient Theorem for H"*2(—), we get isomorphisms

Hy(f;Z): Ho(X1;Z) = 7)2" — Hy(X0:Z) =7/2", k=n+1,n+2.

Hence f is a homotopy equivalence since it induces the isomorphisms between all
nontrivial homology groups. ]

Remark 4.4. C) A C"" (n > 5) satisfies the conditions 1),2) of Lemma 4.3.
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Proposition 4.5.
(CON 2 ACHP TV A(CY ANCPT )V CYNCY NCET,
where all wedge summands are indecomposable.

Proof. From [34] we have C2" A C2" ~ 202" v C5 A CP" and C) A CP" is indecom-
posable, so we easily get the decomposition of (C2")"3 in this lemma. It remains to
prove that Ty = C) A Cp A C2" is indecomposable.
The nontrivial reduced homology groups of T, are given as follows:
k | 9 | 10 | 11 | 12 | 13 | 14 |
Hy(CoNCYNCYZ) | Z2/27 | Z)27 | Z)2" @ 22" | Z/2" @ Z/2" | Z]2" | Z)2" |

Claim 1: If T, ~ X VY, where X, Y are not contractible and X is indecomposable

with Ho(X;Z) = Z/2", then Y is indecomposable with following reduced homology
groups

k] 10 | 11 | 12 | 13 |

H(Y;7Z) H 7)2" \ 7]2" \ 7]2" \ 7]2" ‘

()

We will prove this claim later.
From [33], we have 2-local homotopy equivalence

CoNCYNCy =202 v CY NG, (6)

where C10 = $2HP? with Sq*: HS(C10) = H0(C10).
Thus
CoNCYANCY NCYT = 2(C NCYT)V CoNCLYANCYT (7)

Suppose that T5 is decomposable, then T, ~ X VY, where X, Y come from Claim 1.
From (7) we get

CONTy~CONXVCOANY ~2(C ANCRT)V CYNCLY ACE.

C’;;’ A CLO A C57 is indecomposable with 16 cells by the proof of Lemma 3.4 of [35],
which contains the bottom and top cells. Hence C’;;’ ANX o~ C;;’ ACOAC™ and CONY ~
2(Cy3 ACP™). This is impossible since H(C) AY) = Z/2 # H'3(2(C}? A C:%”")) =
0. O

Proof of Claim 1. Suppose that To >~ X VY as above, injectivity or surjectivity of
Sq¢* on H*(X) in the following argument comes from the corresponding property of
Sq* on H*(Ty) by Lemma 2.6.

6~y
Now H?(X) S, H'Y(X) is an isomorphism, which implies that Hy4(X;Z)

= 7/2". By the injection Sq¢?: H%(X) — H'(X), we get Hy(X;Z) @ H11(X;Z) # 0.
Note that 75 is self dual under the Spanier-Whitehead Duality Das: A§ — AS and
X is the indecomposable wedge summand with the bottom and top cells of T5. So X
and Y are also self dual.

If Hio(X;Z) # 0, then Hy3(X;Z) # 0. By the injection S¢?: H'*(X) — H?(X),
we get H11(X;Z) @ Hi2(X;7Z) # 0. Since X is self dual under Day, we have Hy1 (X;Z)
> Hy5(X;7Z) # 0. In this case, Y may have the nontrivial reduced homology groups



THE LOCAL HYPERBOLICITY OF Ai—COMPLEXES 379

only at dimension 11 and 12, which implies that Y is C}*" or a wedge of Moore
spaces. This is a contradiction by Lemma 4.2.

Thus H10(X;Z) = 0 and Hy1(X;Z) # 0. By self duality of X, H13(X;Z) = 0.

Suppose that Hy1(X;7Z) = Z/2" ®Z/2", so Hi2(X;Z) = Z/2" ®Z/2". Then
H'?(X) = H'2(Ty), which implies that dim Im(Sq¢?: H'?(X) — H'4(X)) =
dim Im(Sq¢?: H2(Ty) — H'*(Tz)) = 2. Hence H(X) = Z/2® Z/2 and we get
Hq5(X;Z) =17/2", a contradiction.

Hence Hy1(X;Z) = 7Z/2" and H15(X;Z) = Z/2". So the nontrivial reduce homol-
ogy groups of Y are given by (5).

Next we show that Y is indecomposable. From the Steenrod operation on H*(T5)
and H*(X), we get exact sequences

(Sal) 0— HYOY) S mizy) 59, pidy) — 0

4
(Sq2) 0 — HOY) 24 H(Y) — 0.
Suppose that Y ~ Z vV W where Z is indecomposable with Hyo(Z;Z) = Z/2". From
(Sq2), we get Hi3(Z;Z) = Z/2". (Sql) implies that H'?(Z) # 0, and thus Hy1(Z;Z) &
Hy5(Z;7Z) #0. Since Y is self dual, so is Z. Thus H11(Z;Z) = H\2(Z;7) =7./2".

Hence W is contractible.
This completes the proof of Claim 1. O

Proposition 4.6.
L3(C?) ~ C’fl ACPT L3(C%%) ~ Cf; A CP5s
CENCPSVCENCET, s>,

L3(C>*) =~ OBy 200 NCPT s=r,
COSNCPSVCONCT*, s <.

C5 and C2* (s >r) are dual to C%" and C>" respectively under the Spanier—
Whitehead Duality Dg: A2 — A3. The homotopy type of L3(C2") is given in Lemma
3.4 of [35]. Thus we only prove

(i) L3(C2) =~ CIACYT; (i) Ls(CP®) =~ C2ANCPSV CYNCYT, (s > 1), and the
other cases can be proved similarly.

Proof of (i). There is a canonical quotient map C2" 4, C? satisfying the following
commutative diagram

2", n
(")

CERVAC S LRV g X — SV L LAV

| o | o

g3y gt 0 g3 s RV R

where ¢; is the canonical projection to the wedge summand S® of S3 v §%. Since the
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decomposition (1) is functorial, we get
(CP)N —=>e1(CP7) V ea(CRT) V e3(CRT)
q”’i lel(Q)\/ez(Q)Vea(Q)
(C)N —=—=e1(C7) V e2(C7) V e3(CY).
From Proposition 4.5 and (2), we have

e2(C27) = e3(CY7) = La(CRT) = G2 v 2(Cy A Ry
e (CPT) = CYNCy ACYT V20137
The action of e; (i =1,2,3) on H*((C2)"3) is given by the permuting coordi-
nates by o = (123) and 7 = (12). Hence we are able to calculate the cohomology and
homology of e;(C?) and we get
k | 10 | 11|12 ] 13 |
Hy(e2(CR);Z) [ 2)27 | Z)2" [ Z/27 | Z/27 |

For any k, H*((C2)"?) % H*((C27)™) is an injection, so is e;(q)* for i =

1,2,3. Thus there is an inclusion of the wedge summand E C’5 C?" — ey(C2") such

that the composition g := es(q)j: C3 ACY" A, (C5r) ﬂ) e2(C?) induces an
isomorphism

7 H'(ex(C2)) = Z/2 —= H(CINCOT) = Z/2 (8)
and Hy(q): Hlo(C?, AC2TZ) — Hiyo(ea(C2);Z) = Z/2" is also an isomorphism.

Claim 2: C) AC" T4 65(C?) is a homotopy equivalence.

Proof of Claim 2. By the Steenrod operations on H*((C3)"3), we have H°((C3)"3)

4
LU H™((C2)"3) is an isomorphism and

HIO(C3)) S0 112((00)%) —SCm H13((C5)1),

er 12 5 A3 14 5\A3 .
with S¢%2S¢? = 0 and dim Ifm 552 510((((5 ))As)):§12((((g5))m))]] = 1. So e3(C?) satisfies the

1) and 2) of Lemma 4.3 for n = 10. From Remark 4.4 and (8), we get Claim 2 by
Lemma 4.3. O

From (2), L3(C}) ~ ep(C}) ~ Cy A G, This completes the proof of (i). O

Proof of (ii). By the decomposition of the smash product of Chang complexes in
[34], we get
(CEYS = O35 v 2ACP NCISYVCOIANCEANCS (s> 7),

where C2 A C2** is indecomposable. The dimensions of cohomology groups of related
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spaces are given in the following table:

Table 1:dim Hk(—)

k [9]10]11]12]13]14 |15 total |
(C35)N3 1[6[15]20[15]6 [ 1] 64
e (CYF) 12585 [2]1] 24
e(CP%) ~es(CP*) O] 2[5 [6[5]2[0] 20
CoNCD* ol1[3[4]3]1]0] 12
CEANCEACE® 1[4 [8J10[8[4 1] 36

It is impossible that 2(C2 A C2*) splits off of e;(C>#) since dim H'3(2(C2 A C2%)) >
dim H'3(e1(C2%)). So e2(C2%) ~ e3(C3%) ~ C> A C2* v X, where X is a wedge sum-
mand of C> A C2 A C2*. By comparing the homology groups, we get

o (2, o« =10,11,12,13,
H.(X;Z) = { 0, otherwise.

From the Steenrod operations on H*(C2 A C2 A C2%) and H*(C2 A C2#), we get
that X satisfies conditions 1) and 2) of Lemma 4.3.

There are canonical maps C>" —— €55 and €% s CF satisfying the following
commutative diagram

o)
S3vet — > 53y st cor Stv 85— 5ty §°
(i o) qil q'l lzqi
S3v et =83y 5t C5s StV 8 g4
| -
g3y gt g3 s RV —-T
where ¢} = (2‘) 254). We get

(O —=e1(CP) V e2(C27) V e3(CP)
(q/)“‘l J{el(tJ’)VQ(Q')Ves(q')
() = 2 (OF4) V €alCF) ¥ e5(CF)
(Q)AS\L J{el(q)Vez(Q)Ves(q)
(O —=—>e1(C7) V e2(C7) V e3(C7).
Consider C137 v 2(C3 A C97) ~290, 05 5 09 v x —21, 08 A 097 Tt is easy to
get dim Ker(H'%((¢/)"?)) = 3, which implies that
HI%(C2 A C2% v X) e, H'O(CY7 v 2(Cy A C2T)) is nontrivial,
Similarly, H'0(C> A CP'") (@), H'9(C? A C2% v X) is nontrivial.
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Let

5 9.5 o 5 9,s LI
C2NCY <7niC’T/\C’T’ VX==X,
1

T2
where ji1, j2(r1,72) are the canonical inclusions (projections).
Tf both C137 v 2(C5 A C9r) 220, 05 A 095 and €5 A €95 200, 05\ 0o

induce nontrivial maps on H1%(—), then there is a map Cg ACoT s O5 A O such
that the composition

ea(g)iw: O3 A COT 0 03 A O 2D, 5 )\ o

induces nontrivial endomorphism on HlO(C’5 AC?T). From Lemma 4.3, we get

1w is a homoto equivalence and it implies a 1S a retract o
2(q)j homotopy equival d it implies that C ACP" i tract of

Cf A C2%. Tt contradicts the indecomposability of C3 A C25.
So, we have one of the following two cases:

Case 1: CP"V2(CHACYT) % X induces nontrivial homomorphism on
H'"(—), which implies that there is a map h: C) A C" — X inducing a nontriv-
ial homomorphism (i.e. an isomorphism) on H'0(-).

Case 2: X 21072, C,? A C27 induces a nontrivial homomorphism (i.e. an isomor-
phism) on H0(-).
From Lemma 4.3, we get that h or es(q)j2 is a homotopy equivalence. Thus

X ~CINCIT, e CO%) = CINCP* V CoNCY.

We get Ly(C2%) ~ ea(C®) ~ C2 ACP* vV C) A CY". This completes the proof of (ii).
O

Proposition 4.7.
Ls(C27) = 302\ 10(Ch A CYT)\/ 5(C A Co A CE)\] 2(C A CLOACET).
Proof. By Lemma 2.4, we know that
Ls(CP™) ~ Quuy(C2) \/ Q) (C. (9)

Taking multiple applications of the decomposition of C2" A Cf”' given in Theorem 1.1
of [34], we get

(OB ~ 160207\ 48(C3 A CLTr)\ 26(C5 A C5 A C157) w0)
V8(CEANCL ANCI)N(CEANCINCOACET)

From [12], Q(5,0)(C2") corresponds to the idempotent element e € Z2)[S5], which
is the lift of fy = 24: 0" € Z/2[Ss], where p = (12345) € Z/2[S5]. The action of ey on
H*((C37)M5) is giZV:eOn by permuting coordinates on

H*((COM)?) 2V (V =Z/2 (vs, v4,04,05)).

Hence we get the dimension of Z/2-vector spaces Hk(Q(g,’O)(CE’T)) for k= 15,16,
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., 25 as follows:
k [ 151617 [18 | 19[20 | 21| 22|23 |24 25 |
dm A* Qo (CPm) [ 1 [ 2 ]9 [24[42]52[42[24[ 9 [ 2] 1]
Claim 3: W := C) ACY A CLOACPT s a wedge summand of Qs 0)(C27).

Proof of Claim 3. Since the cohomology groups H*(—) (k= 15,16,24,25) of all
wedge summands of (C2")% in (10) are trivial besides W, there is a wedge summand
W' of W with H*(W') = H¥(W) for k = 15, 16,24, 25 such that W’ is also a wedge
summand of Qs o (C>7). By the action of Steenrod operations Sq* (t = 2,4,6,8,10)
on H*(W), we get that H*(W') = H*(W) for all k = 15,16, ...,25. Hence W' = W.
This completes the proof of Claim 3. O

We don’t know whether W' is decomposable or not, but from Proposition 4.5 we
know that all other wedge summands of (C27)"% in (10) are indecomposable. Now by
comparing the dimensions of Z/2-cohomology groups, together with (10) and Claim 3,
we get that Q5,0)(CP") is homotopy equivalent to

4C2\/8(Co A CITTY\/ 6(Co A CH ACETY\/(Co ACEANCY ACET).
Thus Proposition 4.7 can be easily obtained from (3) and (9). O
Proposition 4.8. 2(C; ACP"T127) is a wedge summand of L3(Cy ACR ") (n > 3).

Proof. Without loss of generality, we prove it for n = 3. From Proposition 4.5 and (6),
we get
5 5,7\A3 ~ 5 21,r 5 5 17,r 5 10 5,r
(Cy ANCRT)N = 12(Cp ACZET)V 8(Cp A Cp ACETT) I 8(Cp ACP ACPT)
VA(CIANCINCLONCYT)N Co A (CLO)N2ACYHT.
So (Cp A CE™)N ~12(CY AN CEYT) VY for some spaces Y.
Similarly as before, we are able to get the dimension of Z/2-vector space

H"(e;(C3 ANC2™)) (i =1,2,3), as a result, all reduced homology groups of the fol-
lowing spaces are obtained:

(11)

Table 2: Hk( Z)

k | 1819|2021 ]22[23]24]25]|26|27]28]29|

(CZACTT)® [ 1[5 |13]25]38]46]46]38]25|13] 5] 1
el(ConCy) 1115 ][ 9[12[16]16]12]9 [ 5[ 1] 1
Ls(CSACS) [0 |2 |48 |13]15]15|13|8 | 4] 2]0
12C5ACZ7 [0 00012121212/ 0[0[0]0
Y 115 132122343422 |21|13] 5 |1

Note: L3(C) A CP7") ~ e;(C ACP™) (i = 2,3). Homology groups of spaces appeared

in above table are direct sums of Z/2" and the integers in the above table are the
numbers of the Z/2"- direct summands in the corresponding homology groups.

26
Since Ho(Y;Z) = @ Z)2"; Hoy(2L3(CH NCRT); Z) = @ Z/27, at least 2 copies

i=1
of C’5 A 021 " split out of L3(C’5 A C5 7). This completes the proof of Proposition 4.8.
O



384 ZHONGJIAN ZHU AND JTANZHONG PAN

5. Proof of Main theorems
In this section, we prove Main Theorem I, II, III introduced in Section 1.

Proof of Theorem 1.2 (Main theorem I). By Proposition 4.7, Ls(C>") has C?L7 v
C2L" as a retract. From [34], 75CP2" = 7,/27; w5 Cr27r = 7,/27 Y w8 ) C"+2 r
=7/2®7Z/2 for any n > 3. Then by Lemma 3.1, we get that C%" is Z/2"-hyperbolic
fori=1,r,r + 1 and so is C"T2" (n > 4). O

Proof of Theorem 1.3 (Main theorem II). For C = C”+2 by the same method as
that used in [14] to prove the hyperbolicity of M, we get Lg(C"“) has a wedge sum-
mand Cy" v O+ Clearly, ¥~ ”C’,’;“ is a wedge summand of (C’}}“)M for any
odd posmve 1nteger t. Then from 75, 4(CH?) = Z/2, we get Cj'+? is Z/2-hyperbolic
by Lemma 3.1.

For C, one of Chang complexes CS, €% C%%(s#r), we get that C’5 09 ve
is a wedge summand of L3(C) by Proposition 4.6 and 2(Cj A C324<) 1s a Wedge
summand of L3(C) A Cp¢) by Proposition 4.8. Similar to formula (11) we get that
Cy NCR2—3ue is a wedge summand of (C) A C}4¢)™ for any 7 > 1 by induction
ont From [34],

s 4(C3 A Cpive) = 2200
Z/2@Z/2 uc =1
5 A Ont2uc) — ) ’
7rn+6(0n Cuc ) = { Z/Q“C'H DLJ2, uc = 2.

Hence from Corollary 3.2, we get C' is Z/2-hyperbolic for uc = 1 and Z/2*-hyper-
bolic (i = 1,uc,uc + 1) for uc > 1.
This completes the proof of Theorem 1.3. O

Proof of Theorem 1.4 (Main theorem III). For p = 2, any non-contractable complex
in A2 is homotopy equivalent to a wedge product of spaces from S* (k = n,n + 1,n +
2), M%. (r > 1,k =n,n+ 1), and Chang-complexes under 2-localization (or just one
of them). Since the elementary Moore spaces M5, My (r > 1) are Z/2-hyperbolic
by [14], from Theorem 1.2 and Theorem 1.3, it suffices to show the Z/2-hyperbolicity
of S v 8" (n<n/).

Since 7Z/2 is a direct summand of 7 ,(S™), from Lemma 3.1, we get S™ V S s
Z/2-hyperbolic. Hence Theorem 1.4 holds for p = 2.

For odd prime p, any non-contractable complex in A2 is homotopy equivalent to a
wedge product of spaces from S* (k =n,n + 1,n + 2) and M]fr (rzlk=nn+1)
under p-localization (or just one of them). It suffices to show the p-hyperbolicity of
Smv 8" (n < n') and M.

From [29], for odd integer n > 3, we get 75,5, 3(S™) = Z/p. Since m;(S?;p) =
mi_1(S? L p) @ m;(S4~1; p) where m;(X;p) is the p-primary components of 7;(X)
[27], we get 7,0, 4(S™) <= Z/p for even integer n > 4. Hence for any integer n >
3, Z/p is a direct summand of =7 (S™) for some positive integer m. Hence from
Lemma 3.1, we get S™ V S s Z/p-hyperbolic for any odd prime p.

For M. (n = 4), QXM «= Q(XM,;' vV ¥ M,?) for some positive integers ny,ng >
n from [8, 6, 20]. Since (M3, )"? = 2M\? and Z/p is a direct summand of some stable
homotopy group 73 (M) by [9], we get M Vv M? is Z/p-hyperbolic by Lemma 3.1.
Hence My is Z/p-hyperbolic.

So Theorem 1.4 holds for odd prime p. O
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