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Abstract
In this paper, as an application of results about the decom-

posability of smash product ofA2
n complexes [34], we obtain the

local hyperbolicity of A2
n-complexes by an analysis of decom-

position of loop suspension.

1. Introduction

Describing completely the homotopy groups of finite complexes seems to be intrac-
table. Progress has been made on the study of the asymptotic growth of homotopy
groups. In [11], Felix–Halperin–Thomas proved that the rational homotopy groups
of 1-connected finite complexes are either finite dimensional or grow exponentially.
In [18, 28, 30], the authors showed that there are infinitely many p-torsion classes
in homotopy groups of any simply connected finite complexes with nontrivial mod-p
homology. The families of infinitely many higher order torsions in homotopy groups
of Moore spaces were extensively studied in [4, 5, 6, 7, 20] and so on. Then in [14],
Huang and Wu study the asymptotic behavior of the p-primary part of the homotopy
groups of simply connected finite p-local complexes.

Definition 1.1. A p-local complex X is called Z/pi-hyperbolic, if the number of
Z/pi-summands in π∗X has exponential growth, i.e.,

lim−→
n

ln tn
n

> 0, tn = �{Z/pi-summands in
⊕
j�n

πjX}.

A p-local complex X is called p-hyperbolic (hyperbolic mod p), if the p primary
torsion part of π∗X has exponential growth, i.e.,

lim−→
n

lnTn

n
> 0, Tn = �{Z/pi-summands in

⊕
j�n

πjX, r � 1}.

Henn [13] considered a different asymptotic problem, which can be measured by the
radius of the convergence of the power series Pπ(X) :=

∑
dimZ/p(πn(X)⊗ Z/p)xn.

Henn conjectured that the radius of Pπ(X) equals the radius of another power series
PH(X) :=

∑
dimZ/p(Hn(ΩX;Z/p))xn and Iriye gave a partial answer to this in [15].
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Given any simply connected finite complex X which is a suspension, the following
questions are concerned.

1) if there are infinitely many Z/pi-summands in the homotopy groups π∗X, is
then X Z/pi-hyperbolic?

2) if there are infinitely many nontrivial summands in the p-primary torsion of
π∗X, is then X p-hyperbolic?

In [14], the authors show that for any prime p, the Moore space M(Z/pr;n− 1),
n � 3, is Z/pi-hyperbolic for i = r, r + 1, while M(Z/2;n− 1), n � 3, is Z/8-hyper-
bolic. They gave two main conditions for a space X to be hyperbolic (see Theorem
5.3 and Theorem 5.4 in [14]):

1) Q̄max
k (X) contains a wedge summand Σ∗X for infinitely many k;

2) there exist k such that X∧k � Σ∗X ∨ Σ∗X ∨ other space,

where the functors Q̄max
k , together with Āmin, are introduced by Selick and Wu to

establish a functorial homotopy decomposition of the loop suspension of any path-
connected CW complex [25, 26]:

ΩΣX � Ω(

∞∨
n=2

Q̄max
n (X))× Āmin(X).

However, the hyperbolicity of general Moore space is proved by previously known
explicit product decomposition of loop space of Moore space. Since it is difficult to
compute Q̄max

k (X) for large number k, in Theorem 3.3 of [14], the hyperbolicity of
M(Z/2;n− 1) is obtained by studying L2k+1(M(Z/2;n− 1)) for infinitely many k,
where the functor L2k+1 is defined in Section 2.

In the following, we denote the Moore space M(Z/pr;n) with the only nontrivial
homology group Hn(M(Z/pr, n);Z) ∼= Z/pr by Mn

pr .

In this article, we will prove the local hyperbolicity for more examples, namely, ele-
mentary Chang-complexes (described below) which were found by S C Chang when
he classified indecomposable homotopy types inA2

n(n � 3) [3], whereAk
n is the homo-

topy category consisting of (n− 1)-connected finite CW-complexes with dimension
less than or equal to n+ k (n � k + 1). S C Chang showed that all indecomposable
homotopy types in A2

n(n � 3) are spheres Sn, Sn+1, Sn+2, elementary Moore spaces
Mn

pr , Mn+1
pr (p is a prime, r ∈ Z+) and elementary Chang complexes listed below.

Elementary Chang complexes:

� Cn+2
η = Sn

⋃
η CSn+1,

� Cn+2,s = (Sn ∨ Sn+1)
⋃( η

2s

)CSn+1;

� Cn+2
r = Sn

⋃
(2r,η) C(Sn ∨ Sn+1);

� Cn+2,s
r = (Sn ∨ Sn+1)

⋃( 2r, η

0, 2s

)C(Sn ∨ Sn+1),

where η is the suspended Hopf map, i and q are canonical inclusion and projection
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respectively, n, r, s ∈ Z+, n � 3 and for finite CW-complexes Xi, Yj (i = 1, . . . , t, j =
1, . . . , s), the matrix

f := (fij) =

⎛
⎜⎝

f11 · · · f1t
...

...
...

fs1 · · · fst

⎞
⎟⎠ :

t∨
i=1

Xi →
s∨

j=1

Yj , fkl ∈ [Xl, Yk]

represents a map such that pYifjXj � fij , with canonical inclusions and projections
being denoted by jXj

and pYi
respectively.

Theorem 1.2 (Main theorem I). The Chang complexes Cn+2,r
r (n � 4) are Z/2i-

hyperbolic for i = 1, r, r + 1.

Theorem 1.3 (Main theorem II). Let C be one of Chang complexes Cn+2
η , Cn+2

r ,
Cn+2,s, Cn+2,s

r (s �= r) with n � 4; and let

uC =

⎧⎪⎪⎨
⎪⎪⎩

1, C = Cn+2
η ,

r, C = Cn+2
r ,

s, C = Cn+2,s,
min{r, s}, C = Cn+2,s

r .

Then C is Z/2-hyperbolic for uC = 1 and Z/2i-hyperbolic (i = 1, uC , uC + 1) for
uC > 1.

Theorem 1.2 and Theorem 1.3 have a few consequences for the hyperbolicity of an
A2

n-complex. Next is one example:

Theorem 1.4 (Main theorem III). Let A be a complex in A2
n (n � 4), which is nei-

ther a sphere nor a contractible space under p-localization, then A is Z/p-hyperbolic.

Remark 1.5. Our results rely on the decomposition ΩΣX � ∏
j

ΩΣLkj
(X)×A in

Proposition 2.5, where X is a suspension. In other words, what we can obtain is
the information of homotopy groups of double suspension. One can try to apply func-
torial decomposition where the condition on X is weakened, it is, however, difficult
to compute the corresponding product factors.

The main observation of this paper is that the computation of Lk(X) is often easier
than the computation of Q̄max

k (X). We improve Theorem 3.3 of [14] on hyperbolicity
ofMn−1

2 by reducing the condition concerning Lk(X) to the existence of some positive
integer k such that Lk(X) contains as wedge summand Σl1X ∨ Σl2X, l1, l2 � 1. It
is helpful to note that in our method, the exponential growth of the number of
Z/pi-summands in π∗X is obtained from the stable homotopy groups of the product
factor

∏
W (t)

ΩΣ∗X of ΩΣX and the growth of the number W (t) when the primes t

increases, where W (t) = dimLt(V̄ ) and V̄ is a vector space with dim V̄ = 2. However,
the authors of [14] showed the exponential growth of the number of Z/pi-summands
in π∗X by studying the stable homotopy groups of the product factor

∏
2s·W (s)

ΩΣ∗X

of ΩΣX and the growth of the number 2s when s increases.

Conjecture 1.6. Let A be a complex in Ak
n (n � k + 2), which is neither a sphere

nor a contractible space under p-localization, then A is Z/p-hyperbolic.
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In order to simplify the writing, we prove Theorem 1.2, Theorem 1.3 for n = 4,
the case that n > 4 can be similarly obtained.

This article is organized as follows. Section 2 introduces some notations and basic
properties. Section 3 gives some criteria for hyperbolicity of spaces. Section 4 proves
some lemmas about the decomposition of smash products of Chang complexes. The
proofs of Theorem 1.2, Theorem 1.3 and Theorem 1.4 are given in Section 5.
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2. Preliminaries

Let p be a prime, X be a path-connected, p-local CW-complex of finite type which
is a suspension, nX and X∧n be the n-fold self-wedge product and smash product
of X respectively. We say a space X is decomposable, if X � Y ∨ Z with Y, Z which
are not contractible. In the following, we will recall some general properties about
the decomposition of X∧n from [4] and [24].

Let Sn denote the symmetric group on n letters. Since X is a suspension, the nat-
ural action of any element δ ∈ Z(p)[Sn] on V ⊗n with V = H̄∗(X;Z/p) by permuting
coordinates can be realized by a map

δ : X∧n −→ X∧n,

where Z(p)[Sn] denote the group ring over the p-local integers Z(p).
Start with β2 = 1− (1, 2) ∈ Z(p)[Sn] and let

βn = βn−1 ∧ id− (1, 2, 3, . . . , n)(βn−1 ∧ id).

From [7], if (n, p) = 1, then the elements 1
nβn and id− 1

nβn are orthogonal idempo-

tents. Let hocolimf X
∧n be the mapping telescope of the sequence of maps X∧n f−−→

X∧n f−−→ · · · . Then Ln(X) := hocolim 1
nβn

X∧n is a wedge summand of X∧n.
Let pn : X

∧n → Ln(X) be the projection and let in : Ln(X) ↪→ X∧n be the canon-
ical inclusion. We have

(
1

n
βn)∗ = in∗pn∗ : H∗(X∧n;Z/p) → H∗(X∧n;Z/p).

Given a graded vector space V over a field Z/p where p is a prime. In the tensor
algebra T (V ), let

Ln(V ) := Span
Z/p { [. . . [ v1, v2], v3] . . . , vn] | vi ∈ V }.

Note that by the definition of graded Lie algebra in [21], at odd primes [x, x] �= 0 in
L2(V ) if |x| is odd. It is zero if |x| is even.

Now let V = H̄∗(X;Z/p) where X is a p-local suspended space, then H̄∗(ΩΣX;
Z/p) ∼= T (V ). From [7] and [21] we know that for (n, p) = 1,

H̄∗(Ln(X);Z/p) ∼= Ln(H̄∗(X;Z/p)) = Ln(V ).
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Remark 2.1. If the generators of Z/2-vector space V are given, then we can list all the
generators of Ln(V ) by the “Lyndon words” [23]. For example, if V is a 4-dimensional
Z/2-vector space with generators a, b, c, d, then the generators of vector space L3(V )
are the following 20 elements: [a, [a, b]], [a, [a, c]], [a, [a, d]], [a, [b, c]], [a, [b, d]], [a, [c, d]],
[b, [b, c]], [b, [b, d]], [b, [c, d]], [c, [c, d]], [[a, b], b], [[a, c], b], [[a, c], c], [[a, d], b], [[a, d], c],
[[a, d], d], [[b, c], c], [[b, d], c], [[b, d], d], [[c, d], d].

For an element u ∈ Z(p)[Sn], let ū denote the image of u under the natural quotient
map from Z(p)[Sn] to Z/p[Sn].

Let 1 = Σαfα be an orthogonal decomposition of the identity element in Z/p[Sn]
in terms of primitive idempotents. By Proposition 56.4 of [1], it can be lifted to an
orthogonal decomposition of the identity element 1 = Σαeα in Z(p)[Sn] in terms of
primitive idempotents {eα} with ēα = fα. For each α, we take eα(X)=hocolimeαX

∧n.
From [24, 33], we have

X∧n �
∨
α

eα(X). (1)

Lemma 2.2. Let e, e′ be two idempotents in Z(p)[Sn], ē, ē
′ be conjugate to each other

in Z/p[Sn]. Then for any simply connected p-local space X, e(X) � e′(X).

Proof. There is an invertible element f ∈ Z/p[Sn], such that ē = f ē′f−1. Let u, v ∈
Z(p)[Sn] such that ū = f , v̄ = f−1. Consider the following maps

e(X)
e′v−−−→ e′(X)

eu−−−→ e(X)
e′v−−−→ e′(X).

Then we get that (eu)(e′v) (respectively (e′v)(eu)) induces identity endomorphism
on H∗(e(X);Z/p) (respectively H∗(e(X);Z/p)). By Proposition 2.7 of [19], e′v and
eu are homotopy equivalences.

From Corollary 54.14 of [2], it is known that up to conjugation, the primitive
idempotents fλ in Z/p[Sn] are in one-to-one correspondence with isomorphism classes
of irreducible left Z/p[Sn]-modules, which are also in one-to-one correspondence with
p-regular partitions λ = (λ1, λ2, . . . , λs) of n, where s is called the length of λ, by
Theorem 7.1.14 of [17].

Let dλ be the number of idempotents in the orthogonal decomposition of 1 in
Z/p[Sn] which are conjugate to fλ. LetQλ(X) = hocolimeλ X

∧n, where ēλ = fλ. From
Lemma 2.2, the decomposition (1) can be written as

X∧n �
∨
λ

dλQλ(X),

where λ runs over all p-regular partitions of n.

Lemma 2.3. dλ equals the dimension of the corresponding simple Z/p-module

(Z/p[Sn])fλ

/
rad(Z/p[Sn])fλ .

Proof. From Theorem 4.12 and Theorem 11.5 of [16], any field is the splitting field
for Sn, then above lemma is obtained by Theorem 62.1 and Theorem 61.13 of [2].
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For p = 2, n = 3, the only 2-regular partitions of 3 are (3, 0), (2, 1). From [22], there
is an orthogonal primitive idempotent decomposition 1 = f1 + f2 + f3 of the identity
element in Z/2[S3], where f1 = 1 + σ + σ2, f2 = (1 + τ)(1 + τσ), f3 = (1 + τσ)(1 +
τ) are primitive elements and σ = (123), τ = (12) ∈ S3. f2, f3 are related by conju-
gation in Z/2[S3] since f2 = (στ)f3(στ)

−1. We lift this decomposition up to Z(2)[S3],
i.e., 1 = e1 + e2 + e3, which is an orthogonal primitive idempotent decomposition of 1
in Z(2)[S3].

Hence

X∧3 � e1(X) ∨ e2(X) ∨ e3(X)

with e2(X) � e3(X). As a result of this,

X∧3 � Q(3,0)(X)
∨

2Q(2,1)(X),

where 2-regular partitions (3, 0) and (2, 1) correspond to e1 and e2 respectively.
Moreover, let β′3 = (1 + τ)(1 + σ) ∈ Z/2[S3], then

1
3β3 ∈ Z(2)[S3] is a lift of β′3. Since

β′3 = σ−1f2σ, from Lemma 2.2, we have

L3(X) � e2(X) � Q(2,1)(X). (2)

For p = 2, n = 5, the only 2-regular partitions of 5 are (5, 0), (4, 1), (3, 2). From
[12], there is an orthogonal primitive idempotent decomposition of the identity ele-
ment in Z/2[S5]

1 = f0 +
4∑

i=1

f ′i +
4∑

j=1

f ′′j ,

where f0 = 1 + �+ �2 + �3 + �4, � = (12345) ∈ S5, corresponds to the 2-regular par-
tition (5,0) of 5; f ′i , i = 1, 2, 3, 4 (resp. f ′′j , j = 1, 2, 3, 4), are in the same conjugacy
class which corresponds to the 2-regular partition (4,1) (resp. (3,2)) of 5. We lift this

decomposition up to Z(2)[S5], i.e., 1 = e0 +
4∑

i=1

e′i +
4∑

j=1

e′′j , which is an orthogonal

primitive idempotent decomposition of 1 in Z(2)[S5] and then we get

X∧5 � Q(5,0)(X)
∨

4Q(4,1)(X)
∨

4Q(3,2)(X), (3)

where Q(5,0)(X) � e0(X), Q(4,1)(X) � e′i(X), Q(3,2)(X) � e′′j (X), i, j = 1, 2, 3, 4.

Lemma 2.4.

L5(X) � Q(4,1)(X)
∨

Q(3,2)(X).

Proof. For idempotent 1
5β5 ∈ Z(2)[S5], from Theorem 3.4.1 of [10], in Z/2[S5], the

idempotent

1

5
β5 = β̄5 = δ0af0a

−1 +

4∑
i=1

δ′iaf
′
ia
−1 +

4∑
j=1

δ′′j af
′′
j a
−1,

where a is an invertible element in Z/2[S5], δ0, δ
′
i, δ

′′
j ∈ {0, 1}. It is easy to check that

β̄5 is orthogonal to f0 and f0 is in the center of Z/2[S5], which implies that δ0 = 0.
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From [33], for Moore space Mk
2 ,

(Mk
2 )
∧5 � M5k−6

2 ∧ C5
η ∧ C5

η

∨
4(M5k−2

2 ∧ C5
η)

∨
4M5k+2

2 ,

L5(M
k
2 ) � M5k−2

2 ∧ C5
η

∨
M5k+2

2 ,

Q(4,1)(M
k
2 ) � M5k−2

2 ∧ C5
η ,

where all wedge summands in the above equations are indecomposable spaces. Thus
1
5β5 = β̄5 = af ′i0a

−1 + af ′′j0a
−1 for some i0, j0 ∈ {1, 2, 3, 4}. Then by Lemma 2.2, we

get L5(X) � Q(4,1)(X)
∨
Q(3,2)(X).

The functors Lk find important applications in product decomposition of loop
suspension in [32].

Proposition 2.5. Let X = ΣX ′ be a path-connected p-local CW-complex of finite
type. Let 1 < k1 < k2 < · · · be a sequence of integers such that

(1) kj is not divided by p;

(2) kj is not a multiple of any ki else for each j.

Then there exists a topological space A such that

ΩΣX �
∏
j

ΩΣLkj (X)×A

localized at p.

In this paper, we denote the Z-coefficient homology groups by H∗(−;Z) and Z/2-
coefficient cohomology groups H∗(−;Z/2) by H∗(−).

At the end of this section, two obvious lemmas which will be used later are given.

Lemma 2.6. Let Y be a wedge summand of X.
If Sqk : H∗(X)→H∗+k(X) is a surjection (an injection), then so is Sqk : H∗(Y ) →

H∗+k(Y ).

Lemma 2.7. Let X be a finite CW-complex with torsion homology groups and X ∈
Ak

n is a self dual under the Spanier–Whitehead Duality D2n+k : A
k
n → Ak

n. Then
H̄s(X;Z) ∼= H̄n−1−s(X;Z).

3. Criteria for hyperbolicity of spaces

In this section, we give some criteria for hyperbolicity of spaces.
Let ΩX ←↩ ΩY mean that ΩY is a product factor of space ΩX and ΣX ←↩ ΣY

mean that ΣY is a wedge summand of ΣX. If A and B are groups, then A ←↩ B
means that B is a direct summand of A.

Lemma 3.1. Let X = ΣX ′ be a path-connected p-local CW-complex of finite type.
Suppose that Σl1X1 ∨ Σl2X1 is a wedge summand of Lk(X) for some integers l2 �
l1 � 1 and k � 1 with p � k, where L1(X) := X; Σl0+NtX1 is a wedge summand of
X∧t

1 for any sufficiently large prime t where N(� 1) and l0 are some integers; and
Z/pi is a direct summand of πs

m(X1) for some m. Then ΣX is Z/pi-hyperbolic.
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Proof. From Proposition 2.5,

ΩΣX ←↩ ΩΣLk(X) ←↩ ΩΣ(Σl1X1 ∨ Σl2X1).

By the Hilton–Milnor theorem [31], for any fixed positive integer t we get

ΩΣX ←↩

W (t)∏
j=1

ΩΣ((Σl1X1)
∧aj ∧ (Σl2X1)

∧bj ) �
W (t)∏
j=1

ΩΣ1+l1aj+l2bjX∧t
1

←↩

W (t)∏
j=1

ΩΣ1+l0+l1aj+l2bj+NtX1 =

W (t)∏
j=1

ΩΣM0+Mt−(l2−l1)ajX∧t
1 ,

where M0 := 1 + l0; M := N + l2; W (t) := dimLt(V̄ ) and V̄ is an F-vector space
with chF = 0 and dimF V̄ = 2. So

π∗+1(ΣX) ←↩

W (t)⊕
j=1

π∗+1(Σ
M0+Mt−(l2−l1)ajX1).

Note that 0 � aj � t which implies that Mt− (l2 − l1)aj � [M − (l2 − l1)]t. From
M > l2 − l1, we get

πM0+Mt−(l2−l1)aj+m(ΣM0+Mt−(l2−l1)ajX1) ∼= πs
m(X1) ←↩ Z/pi

for sufficiently large t. By the well-known Betrand–Chebyshev theorem in number
theory, for any n which is large enough, there is a prime qn such that

1

2

[
n−M0 −m

M

]
< qn <

[
n−M0 −m

M

]
,

hence M0 +Mqn − (l2 − l1)aj +m � M0 +Mqn +m � n. Note that qn is large
enough if n is large enough, so

tn := �{Z/pi -summands in
⊕
j�n

πj(ΣX)}

� W (qn) =
2qn − 2

qn
(by Witt dimension formula),

lim−→
n

ln tn
n

� lim−→
n

ln 2qn−2
qn

n
= ln 2 lim−→

n

qn
n

+ lim−→
n

ln 2qn−2
2qn

n
− lim−→

n

ln qn
n

� ln 2

2M
> 0.

Thus ΣX is Z/pi-hyperbolic.

Corollary 3.2. Let X = ΣX ′ be a path-connected p-local CW-complex of finite type.
Suppose that

Lk1
(X) � X1 ∨A1 for some integer k1 � 1;

Lk2
(X1) � X2 ∨A2 for some integer k2 � 1;

...
Lkξ

(Xξ−1) � Xξ ∨Aξ for some integer kξ � 1,

where k1 � 1, k2 � 1, . . . , kξ � 1 are integers which are not divided by p. If Σl0+NtXξ

is a wedge summand of X∧t
ξ for any sufficiently large prime t and Σl1Xξ ∨ Σl2Xξ is a
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wedge summand of Lk(Xξ) for some positive integer k � 1 with p � k, where N(� 1),
l1, l2(� 1), l0 are some integers; and Z/pi is a direct summand of πs

m(Xξ) for some
m, then ΣX is Z/pi-hyperbolic.

Proof. Taking multiple applications of Proposition 2.5,

ΩΣX ←↩ ΩΣLk1
(X) ←↩ ΩΣX1 ←↩ ΩΣLk2

(X1)

←↩ ΩΣX2 ←↩ ΩΣLk3(X2) ←↩ · · · ←↩ ΩΣLkξ
(Xξ−1)

←↩ ΩΣXξ ←↩ ΩΣLk(Xξ) ←↩ ΩΣ(Σl1Xξ ∨ Σl2Xξ).

Then by the similar proof as that of Lemma 3.1, this completes the proof of Corol-
lary 3.2.

4. Decomposition of smash product of Chang complexes

Firstly, we fix generators of homology (cohomology) of Chang complexes.
Let w3, w5 be generators of H∗(C5

η). Take generators vn, vn+1, v̄n+1, vn+2 of

H̄∗(Cn+2,r
r ) which are given in Lemma 3.2 of [34]. Note that Sq2 : Hn(Cn+2,r

r ) →
Hn+2(Cn+2,r

r ) is an isomorphism.

Lemma 4.1. Let Tn := (C5
η)
∧n ∧C5,r

r (n� 1). Then the following sequences are exact

Hk−2(Tn)
Sq2−−−→ Hk(Tn)

Sq2−−−→ Hk+2(Tn) for 3n+ 3 � k � 5n+ 5.

Proof. Note that H̄k(Tn) is nontrivial if and only if k = 3n+ 3, 3n+ 4, . . . , 5n+ 5.
We will prove this lemma by induction on n.

We will show that when 3n+ 3 � k � 5n+ 5,

Im[Sq2 : Hk−2(Tn) → Hk(Tn)] = Ker[Sq2 : Hk(Tn) → Hk+2(Tn)], (4)

where Im f (resp. Ker f) denotes the image (resp. kernel) of homomorphism f .
For n = 1, 2, it’s easy to check that (4) holds.
Now suppose that (4) holds for Tm, m � n− 1.
Let V be a Z/2-vector space with basis x1, x2, . . . , xm. We also denote V by

Z/2 〈x1, x2, . . . , xm〉. The notation y ⊗ V means a vector space spanned linearly by
y ⊗ x1, y ⊗ x2, . . . , y ⊗ xm.

Note that Tn = C5
η ∧ Tn−1. For any k, we have

Hk(Tn) = w3 ⊗Hk−3(Tn−1)
⊕

w5 ⊗Hk−5(Tn−1).

We only prove the case when Hk−5(Tn−1) �= 0, Hk−3(Tn−1) �= 0, since if one of them
is trivial, then the proof is easier.

By the condition of the induction, we assume
Hk−3(Tn−1) = Z/2 〈x1, x2, . . . , xλ, y1, y2, . . . , yμ〉
Hk−5(Tn−1) = Z/2

〈
x′1, x

′
2, . . . , x

′
ξ, y

′
1, y

′
2, . . . , y

′
μ

〉
such that

(I) Z/2〈y1, y2, . . . , yμ〉 = Im[Sq2 : Hk−5(Tn−1) → Hk−3(Tn−1)];

(II) Sq2 restricts to Z/2〈x1, x2, . . . , xλ〉 a monomorphism;

(III) Sq2(y′i) = yi; Sq
2(yi) = 0 (i = 1, . . . , μ); Sq2(x′j) = 0 (j = 1, . . . , ξ).
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Sq2(w3 ⊗ x1, w3 ⊗ x2, . . . , w3 ⊗ xλ) =

(w5 ⊗ x1 + w3 ⊗ Sq2x1, w5 ⊗ x2 + w3 ⊗ Sq2x2, . . . , w5 ⊗ xλ + w3 ⊗ Sq2xλ);

Sq2(w3 ⊗ y1, w3 ⊗ y2, . . . , w3 ⊗ yμ) = (w5 ⊗ y1, w5 ⊗ y2, . . . , w5 ⊗ yμ);

Sq2(w5 ⊗ y′1, w5 ⊗ y′2, . . . , w5 ⊗ y′μ) = (w5 ⊗ y1, w5 ⊗ y2, . . . , w5 ⊗ yμ);

Sq2(w5 ⊗ x′1, w5 ⊗ x′2, . . . , w5 ⊗ x′ξ) = 0.

Hence

Ker[Sq2 : Hk(Tn)→Hk+2(Tn)] =Z/2
〈
Y1, Y2, . . . Yμ, w5 ⊗ x′1, w5 ⊗ x′2, . . . , w5 ⊗ x′ξ

〉
,

where Yi = w5 ⊗ y′i + w3 ⊗ yi (i = 1, . . . , μ). By the assumption,

Z/2
〈
x′1, x

′
2, . . . , x

′
ξ

〉
= Im[Sq2 : Hk−7(Tn−1) → Hk−5(Tn−1)].

Let Hk−7(Tn−1) = Z/2 〈z1, z2, . . . , zξ, z′1, z′2, . . . , z′θ, 〉 such that Sq2zi = x′i (i = 1,
. . . , ξ); Sq2z′i = 0 (i = 1, . . . , θ).

Hk−2(Tn) = w3 ⊗Hk−5(Tn−1)
⊕

w5 ⊗Hk−7(Tn−1).

Then we easily obtain

Im[Sq2 : Hk−2(Tn) → Hk(Tn)] = Z/2
〈
Y1, Y2, . . . Yμ, w5 ⊗ x′1, w5 ⊗ x′2, . . . , w5 ⊗ x′ξ

〉
.

So (4) holds for n. This completes the proof of Lemma 4.1.

Lemma 4.2.
(1) Any Moore space is not a wedge summand of (C5,r

r )∧m for any m � 1;
(2) Chang complex Ck+2,r

r k � 3 is not a wedge summand of Tn for any n � 1.

Proof. Note that from Theorem 1.1 of [34], we get

(C5,r
r )∧m � 2mC4m+1,r

r ∨
m−1∨
i=1

ai(C
5
η)
∧i ∧ C1+4(m−i),r

r

� 2mC4m+1,r
r ∨

m−1∨
i=1

aiΣ
4(m−i−1)Ti (ai ∈ Z+).

For (1) of Lemma 4.2, it suffices to show that Mk
2r is not a wedge summand of Tn

for any n � 1.
If not, then for some n � 1, there exist maps such that the composition

Mk
2r

j−−→ Tn
p−−→ Mk

2r

pj � id. We have the following commutative diagram

Hk−1(Mk
2r )

Sq2

��

� � p∗
�� Hk−1(Tn)

Sq2

��

j∗�� �� Hk−1(Mk
2r ) = 0

Sq2

��
Hk+1(Mk

2r )

Sq2

��

� � p∗
�� Hk+1(Tn)

Sq2

��

j∗ �� �� Hk+1(Mk
2r )

Sq2

��
0 = Hk+3(Mk

2r )
� � p

∗
�� Hk+3(Tn)

j∗ �� �� Hk+3(Mk
2r ),
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where p∗ are injective and j∗ are surjective.

Take 0 �= xk+1 ∈Hk+1(Mk
2r ). From the square at the lower-left corner, Sq2(p∗xk+1)

= p∗Sq2xk+1 = 0, which implies that p∗xk+1 = Sq2yk−1 for yk−1 ∈ Hk−1(Tn) (by
Lemma 4.1). Then xk+1 = j∗p∗xk+1 = j∗Sq2yk−1 = Sq2j∗yk−1 = 0, which is a con-
tradiction.

In order to prove (2) of Lemma 4.2, we suppose that

Ck+2,r
r

j−−→ Tn
p−−→ Ck+2,r

r ,

with pj � id. If we replace Mk
2r by Ck+2,r

r in above commutative diagram, we get a
contradiction by a similar argument.

Lemma 4.3. Let n � 4. If spaces Xi(i = 1, 2) satisfy

1) H̄k(Xi;Z) ∼=
{

Z/2r, k = n, n+ 1, n+ 2, n+ 3;
0, otherwise.

2) 0 → Hn(Xi)
Sq2−−−→ Hn+2(Xi)

Sq2−−−→ Hn+4(Xi) → 0 are exact sequences and

Hn(Xi)
Sq4−−−→ Hn+4(Xi) are isomorphisms for i = 1, 2.

3) There is a map f : X1 → X2 such that f∗ : Hn(X2) → Hn(X1) is nontrivial (i.e.
isomorphic).

Then f is a homotopy equivalence.

Proof. Firstly, it is easy to show that f∗ : Hn(X1;Z) → Hn(X2;Z) is an isomorphism.
From the following commutative diagram

Hn(X2)

Sq4 ∼=
��

f∗

∼=
�� Hn(X1)

Sq4∼=
��

Hn+4(X2)
f∗

�� Hn+4(X1)

we get f∗ : Hn+4(X2)→Hn+4(X1) is an isomorphism, thenHn+3(f) : Hn+3(X1;Z)→
Hn+3(X2;Z) is an isomorphism by the Universal Coefficient Theorem for Hn+4(−).

We also have the following commutative diagram with exact rows.

Hn(X2)

f∗ ∼=
��

� � Sq2 �� Hn+2(X2)

f∗
��

Sq2 �� �� Hn+4(X2)

f∗∼=
��

Hn(X1)
� � Sq2 �� Hn+2(X1)

Sq2 �� �� Hn+4(X1).

So f∗ : Hn+2(X2) → Hn+2(X1) is also an isomorphism by Five Lemma. From the
Universal Coefficient Theorem for Hn+2(−), we get isomorphisms

Hk(f ;Z) : Hk(X1;Z) = Z/2r
∼=−−→ Hk(X2;Z) = Z/2r, k = n+ 1, n+ 2.

Hence f is a homotopy equivalence since it induces the isomorphisms between all
nontrivial homology groups.

Remark 4.4. C5
η ∧ Cn,r

r (n � 5) satisfies the conditions 1), 2) of Lemma 4.3.
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Proposition 4.5.

(C5,r
r )∧3 � 4C13,r

r ∨ 4(C5
η ∧ C9,r

r ) ∨ C5
η ∧ C5

η ∧ C5,r
r ,

where all wedge summands are indecomposable.

Proof. From [34] we have C5,r
r ∧ C5,r

r � 2C9,r
r ∨ C5

η ∧ C5,r
r and C5

η ∧ C9,r
r is indecom-

posable, so we easily get the decomposition of (C5,r
r )∧3 in this lemma. It remains to

prove that T2 = C5
η ∧ C5

η ∧ C5,r
r is indecomposable.

The nontrivial reduced homology groups of T2 are given as follows:

k 9 10 11 12 13 14

H̄k(C
5
η ∧ C5

η ∧ C5,r
r ;Z) Z/2r Z/2r Z/2r ⊕ Z/2r Z/2r ⊕ Z/2r Z/2r Z/2r

Claim 1: If T2 � X ∨ Y , where X,Y are not contractible and X is indecomposable
with H9(X;Z) = Z/2r, then Y is indecomposable with following reduced homology
groups

k 10 11 12 13

H̄k(Y ;Z) Z/2r Z/2r Z/2r Z/2r
(5)

We will prove this claim later.
From [33], we have 2-local homotopy equivalence

C5
η ∧ C5

η ∧ C5
η � 2C13

η ∨ C5
η ∧ C10

ν , (6)

where C10
ν = Σ2HP 2 with Sq4 : H6(C10

ν )
∼=−−→ H10(C10

ν ).
Thus

C5
η ∧ C5

η ∧ C5
η ∧ C5,r

r � 2(C13
η ∧ C5,r

r ) ∨ C5
η ∧ C10

ν ∧ C5,r
r . (7)

Suppose that T2 is decomposable, then T2 �X ∨Y , whereX,Y come from Claim 1.
From (7) we get

C5
η ∧ T2 � C5

η ∧X ∨ C5
η ∧ Y � 2(C13

η ∧ C5,r
r ) ∨ C5

η ∧ C10
ν ∧ C5,r

r .

C5
η ∧ C10

ν ∧ C5,r
r is indecomposable with 16 cells by the proof of Lemma 3.4 of [35],

which contains the bottom and top cells. Hence C5
η ∧X �C5

η ∧C10
ν ∧C5,r

r and C5
η ∧Y�

2(C13
η ∧ C5,r

r ). This is impossible since H13(C5
η ∧ Y ) = Z/2 �= H13(2(C13

η ∧ C5,r
r )) =

0.

Proof of Claim 1. Suppose that T2 � X ∨ Y as above, injectivity or surjectivity of
Sqk on H∗(X) in the following argument comes from the corresponding property of
Sqk on H∗(T2) by Lemma 2.6.

Now H9(X)
Sq6(∼=)−−−−−−→ H15(X) is an isomorphism, which implies that H14(X;Z)

= Z/2r. By the injection Sq2 : H9(X) → H11(X), we getH10(X;Z)⊕H11(X;Z) �= 0.
Note that T2 is self dual under the Spanier–Whitehead Duality D24 : A

6
9 → A6

9 and
X is the indecomposable wedge summand with the bottom and top cells of T2. So X
and Y are also self dual.

If H10(X;Z) �= 0, then H13(X;Z) �= 0. By the injection Sq2 : H10(X) → H12(X),
we getH11(X;Z)⊕H12(X;Z) �= 0. SinceX is self dual underD24, we haveH11(X;Z)
∼= H12(X;Z) �= 0. In this case, Y may have the nontrivial reduced homology groups
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only at dimension 11 and 12, which implies that Y is C13,r
r or a wedge of Moore

spaces. This is a contradiction by Lemma 4.2.

Thus H10(X;Z) = 0 and H11(X;Z) �= 0. By self duality of X, H13(X;Z) = 0.

Suppose that H11(X;Z) = Z/2r ⊕ Z/2r, so H12(X;Z) = Z/2r ⊕ Z/2r. Then
H12(X) ∼= H12(T2), which implies that dim Im(Sq2 : H12(X) → H14(X)) =
dim Im(Sq2 : H12(T2) → H14(T2)) = 2. Hence H14(X) ∼= Z/2⊕ Z/2 and we get
H13(X;Z) = Z/2r, a contradiction.

Hence H11(X;Z) = Z/2r and H12(X;Z) = Z/2r. So the nontrivial reduce homol-
ogy groups of Y are given by (5).

Next we show that Y is indecomposable. From the Steenrod operation on H∗(T2)
and H∗(X), we get exact sequences

(Sq1) 0 → H10(Y )
Sq2−−−→ H12(Y )

Sq2−−−→ H14(Y ) → 0;

(Sq2) 0 → H10(Y )
Sq4−−−→ H14(Y ) → 0.

Suppose that Y � Z ∨W where Z is indecomposable with H10(Z;Z) = Z/2r. From
(Sq2), we getH13(Z;Z) = Z/2r. (Sq1) implies thatH12(Z) �= 0, and thusH11(Z;Z)⊕
H12(Z;Z) �= 0. Since Y is self dual, so is Z. Thus H11(Z;Z) ∼= H12(Z;Z) = Z/2r.
Hence W is contractible.

This completes the proof of Claim 1.

Proposition 4.6.

L3(C
5
r ) � C5

η ∧ C9,r
r ; L3(C

5,s) � C5
η ∧ C9,s

s ;

L3(C
5,s
r ) �

⎧⎨
⎩

C5
r ∧ C9,s

r ∨ C5
η ∧ C9,r

r , s > r,
C13,r

r ∨ 2C5
η ∧ C9,r

r s = r,
C5,s ∧ C9,s

r ∨ C5
η ∧ C9,s

s , s < r.

C5
r and C5,s

r (s > r) are dual to C5,r and C5,r
s respectively under the Spanier–

Whitehead Duality D8 : A
2
3 → A2

3. The homotopy type of L3(C
5,r
r ) is given in Lemma

3.4 of [35]. Thus we only prove

(i) L3(C
5
r ) � C5

η ∧ C9,r
r ; (ii) L3(C

5,s
r ) � C5

r ∧ C9,s
r ∨ C5

η ∧ C9,r
r , (s > r), and the

other cases can be proved similarly.

Proof of (i). There is a canonical quotient map C5,r
r

q−−→ C5
r satisfying the following

commutative diagram

S3 ∨ S4

( 2r, η

0, 2r

)
�� S3 ∨ S4

q1
��

�� C5,r
r

q
��

�� S4 ∨ S5 �� S4 ∨ S5

Σq1��
S3 ∨ S4

(2r,η) �� S3 �� C5
r

�� S4 ∨ S5 �� S4,

where q1 is the canonical projection to the wedge summand S3 of S3 ∨ S4. Since the
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decomposition (1) is functorial, we get

(C5,r
r )∧3

q∧3

��

	 �� e1(C5,r
r ) ∨ e2(C

5,r
r ) ∨ e3(C

5,r
r )

e1(q)∨e2(q)∨e3(q)
��

(C5
r )
∧3 	 �� e1(C5

r ) ∨ e2(C
5
r ) ∨ e3(C

5
r ).

From Proposition 4.5 and (2), we have

e2(C
5,r
r ) � e3(C

5,r
r ) � L3(C

5,r
r ) � C13,r

r ∨ 2(C5
η ∧ C9,r

r );

e1(C
5,r
r ) � C5

η ∧ C5
η ∧ C5,r

r ∨ 2C13,r
r .

The action of ei (i = 1, 2, 3) on H∗((C5
r )
∧3) is given by the permuting coordi-

nates by σ = (123) and τ = (12). Hence we are able to calculate the cohomology and
homology of ei(C

5
r ) and we get

k 10 11 12 13

H̄k(e2(C
5
r );Z) Z/2r Z/2r Z/2r Z/2r

For any k, Hk((C5
r )
∧3)

(q∧3 )∗−−−−−−→ Hk((C5,r
r )∧3) is an injection, so is ei(q)

∗ for i =
1, 2, 3. Thus there is an inclusion of the wedge summand j̄ : C5

η ∧ C9,r
r ↪→ e2(C

5,r
r ) such

that the composition q̄ := e2(q)j̄ : C
5
η ∧ C9,r

r
j̄−−→ e2(C

5,r
r )

e2(q)−−−−→ e2(C
5
r ) induces an

isomorphism

q̄∗ : H10(e2(C
5
r )) = Z/2

∼=−−→ H10(C5
η ∧ C9,r

r ) = Z/2 (8)

and H10(q̄) : H10(C
5
η ∧ C9,r

r ;Z) → H10(e2(C
5
r );Z) = Z/2r is also an isomorphism.

Claim 2: C5
η ∧ C9,r

r
q̄−−→ e2(C

5
r ) is a homotopy equivalence.

Proof of Claim 2. By the Steenrod operations on H∗((C5
r )
∧3), we have H10((C5

r )
∧3)

Sq4−−−→ H14((C5
r )
∧3) is an isomorphism and

H10((C5
r )
∧3) �

� Sq2 �� H12((C5
r )
∧3)

Sq2 �� �� H14((C5
r )
∧3),

with Sq2Sq2 = 0 and dim
Ker[Sq2 : H12((C5

r )
∧3)→H14((C5

r )
∧3)]

Im[Sq2 : H10((C5
r )

∧3)→H12((C5
r )

∧3)] = 1. So e2(C
5
r ) satisfies the

1) and 2) of Lemma 4.3 for n = 10. From Remark 4.4 and (8), we get Claim 2 by
Lemma 4.3.

From (2), L3(C
5
r ) � e2(C

5
r ) � C5

η ∧ C9,r
r . This completes the proof of (i).

Proof of (ii). By the decomposition of the smash product of Chang complexes in
[34], we get

(C5,s
r )∧3 � C13,s

r ∨ 2(C5
r ∧ C9,s

r ) ∨ C5
r ∧ C5

r ∧ C5,s
r (s > r),

where C5
r ∧ C9,s

r is indecomposable. The dimensions of cohomology groups of related
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spaces are given in the following table:

Table 1: dimHk(−)
k 9 10 11 12 13 14 15 total

(C5,s
r )∧3 1 6 15 20 15 6 1 64

e1(C
5,s
r ) 1 2 5 8 5 2 1 24

e2(C
5,s
r ) � e3(C

5,s
r ) 0 2 5 6 5 2 0 20

C5
r ∧ C9,s

r 0 1 3 4 3 1 0 12
C5

r ∧ C5
r ∧ C5,s

r 1 4 8 10 8 4 1 36

It is impossible that 2(C5
r ∧ C9,s

r ) splits off of e1(C
5,s
r ) since dimH13(2(C5

r ∧ C9,s
r )) >

dimH13(e1(C
5,s
r )). So e2(C

5,s
r ) � e3(C

5,s
r ) � C5

r ∧ C9,s
r ∨X, whereX is a wedge sum-

mand of C5
r ∧ C5

r ∧ C5,s
r . By comparing the homology groups, we get

H̄∗(X;Z) =

{
Z/2r, ∗ = 10, 11, 12, 13,
0, otherwise.

From the Steenrod operations on H∗(C5
r ∧ C5

r ∧ C5,s
r ) and H∗(C5

r ∧ C9,s
r ), we get

that X satisfies conditions 1) and 2) of Lemma 4.3.

There are canonical maps C5,r
r

q′−−→ C5,s
r and C5,s

r
q−−→ C5

r satisfying the following
commutative diagram

S3 ∨ S4

( 2r, η

0, 2r

)
�� S3 ∨ S4

q′1
��

�� C5,r
r

q′

��

�� S4 ∨ S5 �� S4 ∨ S5

Σq′1
��

S3 ∨ S4

( 2r, η

0, 2s

)
�� S3 ∨ S4

q1

��

�� C5,s
r

q

��

�� S4 ∨ S5 �� S4

Σq1

��
S3 ∨ S4

(2r,η) �� S3 �� C5
r

�� S4 ∨ S5 �� S4,

where q′1 =
( 1, 0

0, 2s−r

)
. We get

(C5,r
r )∧3

(q′)∧3

��

	 �� e1(C5,r
r ) ∨ e2(C

5,r
r ) ∨ e3(C

5,r
r )

e1(q
′)∨e2(q′)∨e3(q′)

��
(C5,s

r )∧3

(q)∧3

��

	 �� e1(C5,s
r ) ∨ e2(C

5,s
r ) ∨ e3(C

5,s
r )

e1(q)∨e2(q)∨e3(q)
��

(C5
r )
∧3 	 �� e1(C5

r ) ∨ e2(C
5
r ) ∨ e3(C

5
r ).

Consider C13,r
r ∨ 2(C5

η ∧ C9,r
r )

e2(q
′)−−−−−→ C5

r ∧ C9,s
r ∨X

e2(q)−−−−→ C5
η ∧ C9,r

r . It is easy to
get dimKer(H10((q′)∧3)) = 3, which implies that

H10(C5
r ∧ C9,s

r ∨X)
(e2(q

′))∗−−−−−−−→ H10(C13,r
r ∨ 2(C5

η ∧ C9,r
r )) is nontrivial.

Similarly, H10(C5
η ∧ C9,r

r )
(e2(q))

∗
−−−−−−→ H10(C5

r ∧ C9,s
r ∨X) is nontrivial.
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Let

C5
r ∧ C9,s

r

j1 �� C5
r ∧ C9,s

r ∨X
r1

��
r2

�� X
j2�� ,

where j1, j2(r1, r2) are the canonical inclusions (projections).

If both C13,r
r ∨ 2(C5

η ∧ C9,r
r )

r1e2(q
′)−−−−−−→ C5

r ∧ C9,s
r and C5

r ∧ C9,s
r

e2(q)j1−−−−−−→ C5
η ∧C9,r

r

induce nontrivial maps on H10(−), then there is a map C5
η ∧ C9,r

r
ω−−→ C5

r ∧ C9,s
r such

that the composition

e2(q)j1ω : C5
η ∧ C9,r

r
ω−−→ C5

r ∧ C9,s
r

e2(q)j1−−−−−−→ C5
η ∧ C9,r

r

induces nontrivial endomorphism on H10(C5
η ∧ C9,r

r ). From Lemma 4.3, we get
e2(q)j1ω is a homotopy equivalence and it implies that C5

η ∧ C9,r
r is a retract of

C5
r ∧ C9,s

r . It contradicts the indecomposability of C5
r ∧ C9,s

r .

So, we have one of the following two cases:

Case 1: C13,r
r ∨ 2(C5

η ∧ C9,r
r )

r2e2(q
′)−−−−−−→ X induces nontrivial homomorphism on

H10(−), which implies that there is a map h : C5
η ∧ C9,r

r → X inducing a nontriv-
ial homomorphism (i.e. an isomorphism) on H10(−).

Case 2: X
e2(q)j2−−−−−−→ C5

η ∧ C9,r
r induces a nontrivial homomorphism (i.e. an isomor-

phism) on H10(−).

From Lemma 4.3, we get that h or e2(q)j2 is a homotopy equivalence. Thus

X � C5
η ∧ C9,r

r ; e2(C
5,s
r ) � C5

r ∧ C9,s
r ∨ C5

η ∧ C9,r
r .

We get L3(C
5,s
r ) � e2(C

5,s
r ) � C5

r ∧ C9,s
r ∨ C5

η ∧ C9,r
r . This completes the proof of (ii).

Proposition 4.7.

L5(C
5,r
r ) � 3C21,r

r

∨
10(C5

η ∧ C17,r
r )

∨
5(C5

η ∧ C5
η ∧ C13,r

r )
∨

2(C5
η ∧ C10

ν ∧ C9,r
r ).

Proof. By Lemma 2.4, we know that

L5(C
5,r
r ) � Q(4,1)(C

5,r
r )

∨
Q(3,2)(C

5,r
r ). (9)

Taking multiple applications of the decomposition of C5,r
r ∧ C5,r

r given in Theorem 1.1
of [34], we get

(C5,r
r )∧5 � 16C21,r

r

∨
48(C5

η ∧ C17,r
r )

∨
26(C5

η ∧ C5
η ∧ C13,r

r )∨
8(C5

η ∧ C10
ν ∧ C9,r

r )
∨
(C5

η ∧ C5
η ∧ C10

ν ∧ C5,r
r )

(10)

From [12], Q(5,0)(C
5,r
r ) corresponds to the idempotent element e0 ∈ Z(2)[S5], which

is the lift of f0 =
4∑

i=0

�i ∈ Z/2[S5], where � = (12345) ∈ Z/2[S5]. The action of e0 on

H∗((C5,r
r )∧5) is given by permuting coordinates on

H∗((C5,r
r )∧5) ∼= V ⊗5 (V = Z/2 〈v3, v4, v̄4, v5〉).

Hence we get the dimension of Z/2-vector spaces H̄k(Q(5,0)(C
5,r
r )) for k = 15, 16,
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. . . , 25 as follows:

k 15 16 17 18 19 20 21 22 23 24 25

dim H̄k(Q(5,0)(C
5,r
r )) 1 2 9 24 42 52 42 24 9 2 1

Claim 3: W := C5
η ∧ C5

η ∧ C10
ν ∧ C5,r

r is a wedge summand of Q(5,0)(C
5,r
r ).

Proof of Claim 3. Since the cohomology groups Hk(−) (k = 15, 16, 24, 25) of all
wedge summands of (C5,r

r )∧5 in (10) are trivial besides W , there is a wedge summand
W ′ of W with Hk(W ′) = Hk(W ) for k = 15, 16, 24, 25 such that W ′ is also a wedge
summand of Q(5,0)(C

5,r
r ). By the action of Steenrod operations Sqt (t = 2, 4, 6, 8, 10)

on H∗(W ), we get that Hk(W ′) = Hk(W ) for all k = 15, 16, . . . , 25. Hence W ′ = W .
This completes the proof of Claim 3.

We don’t know whether W is decomposable or not, but from Proposition 4.5 we
know that all other wedge summands of (C5,r

r )∧5 in (10) are indecomposable. Now by
comparing the dimensions of Z/2-cohomology groups, together with (10) and Claim 3,
we get that Q(5,0)(C

5,r
r ) is homotopy equivalent to

4C21,r
r

∨
8(C5

η ∧ C17,r
r )

∨
6(C5

η ∧ C5
η ∧ C13,r

r )
∨

(C5
η ∧ C5

η ∧ C10
ν ∧ C5,r

r ).

Thus Proposition 4.7 can be easily obtained from (3) and (9).

Proposition 4.8. 2(C5
η ∧C3n+12,r

r ) is a wedge summand of L3(C
5
η ∧Cn+2,r

r ) (n� 3).

Proof. Without loss of generality, we prove it for n = 3. From Proposition 4.5 and (6),
we get

(C5
η ∧ C5,r

r )∧3 � 12(C5
η ∧ C21,r

r )
∨
8(C5

η ∧ C5
η ∧ C17,r

r )
∨
8(C5

η ∧ C10
ν ∧ C5,r

r )∨
4(C5

η ∧ C5
η ∧ C10

ν ∧ C9,r
r )

∨
C5

η ∧ (C10
ν )∧2 ∧ C5,r

r .
(11)

So (C5
η ∧ C5,r

r )∧3 � 12(C5
η ∧ C21,r

r ) ∨ Y for some spaces Y .
Similarly as before, we are able to get the dimension of Z/2-vector space

Hk(ei(C
5
η ∧ C5,r

r )) (i = 1, 2, 3), as a result, all reduced homology groups of the fol-
lowing spaces are obtained:

Table 2: H̄k(−;Z)
k 18 19 20 21 22 23 24 25 26 27 28 29

(C5
η ∧ C5,r

r )∧3 1 5 13 25 38 46 46 38 25 13 5 1

e1(C
5
η ∧ C5,r

r ) 1 1 5 9 12 16 16 12 9 5 1 1

L3(C
5
η ∧ C5,r

r ) 0 2 4 8 13 15 15 13 8 4 2 0

12C5
η ∧ C21,r

r 0 0 0 0 12 12 12 12 0 0 0 0

Y 1 5 13 21 22 34 34 22 21 13 5 1

Note: L3(C
5
η ∧ C5,r

r ) � ei(C
5
η ∧ C5,r

r ) (i = 2, 3). Homology groups of spaces appeared
in above table are direct sums of Z/2r and the integers in the above table are the
numbers of the Z/2r-direct summands in the corresponding homology groups.

SinceH22(Y ;Z) =
22⊕
i=1

Z/2r;H22(2L3(C
5
η ∧ C5,r

r );Z) =
26⊕
i=1

Z/2r, at least 2 copies

of C5
η ∧ C21,r

r split out of L3(C
5
η ∧ C5,r

r ). This completes the proof of Proposition 4.8.
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5. Proof of Main theorems

In this section, we prove Main Theorem I, II, III introduced in Section 1.

Proof of Theorem 1.2 (Main theorem I). By Proposition 4.7, L5(C
5,r
r ) has C21,r

r ∨
C21,r

r as a retract. From [34], πs
nC

n+2,r
r = Z/2r; πs

n+1C
n+2,r
r = Z/2r+1; πs

n+2C
n+2,r
r

= Z/2⊕ Z/2 for any n � 3. Then by Lemma 3.1, we get that C6,r
r is Z/2i-hyperbolic

for i = 1, r, r + 1 and so is Cn+2,r
r (n � 4).

Proof of Theorem 1.3 (Main theorem II). For C = Cn+2
η , by the same method as

that used in [14] to prove the hyperbolicity of Mn
2 , we get L9(C

n+1
η ) has a wedge sum-

mand C9n+1
η ∨ C9n+1

η . Clearly, Σnt−nCn+1
η is a wedge summand of (Cn+1

η )∧t for any
odd positive integer t. Then from πs

n+6(C
n+2
η ) ∼= Z/2, we get Cn+2

η is Z/2-hyperbolic
by Lemma 3.1.

For C, one of Chang complexes C6
r , C

6,s, C6,s
r (s �= r), we get that C5

η ∧ C9,uC
uC

is a wedge summand of L3(C) by Proposition 4.6 and 2(C5
η ∧ C33,uC

uC
) is a wedge

summand of L3(C
5
η ∧ C9,uC

uC
) by Proposition 4.8. Similar to formula (11), we get that

C5
η ∧ C12t−3,uC

uC
is a wedge summand of (C5

η ∧ C9,uC
uC

)∧t for any r � 1 by induction
on t. From [34],

πs
n+3(C

5
η ∧ Cn+2,uC

uC
) = Z/2uC ;

πs
n+6(C

5
η ∧ Cn+2,uC

uC
) =

{
Z/2⊕ Z/2, uC = 1,
Z/2uC+1 ⊕ Z/2, uC � 2.

Hence from Corollary 3.2, we get C is Z/2-hyperbolic for uC = 1 and Z/2i-hyper-
bolic (i = 1, uC , uC + 1) for uC > 1.

This completes the proof of Theorem 1.3.

Proof of Theorem 1.4 (Main theorem III). For p = 2, any non-contractable complex
in A2

n is homotopy equivalent to a wedge product of spaces from Sk (k = n, n+ 1, n+
2), Mk

2r (r � 1, k = n, n+ 1), and Chang-complexes under 2-localization (or just one
of them). Since the elementary Moore spaces Mn

2r , M
n+1
2r (r � 1) are Z/2-hyperbolic

by [14], from Theorem 1.2 and Theorem 1.3, it suffices to show the Z/2-hyperbolicity
of Sn ∨ Sn′

(n � n′).
Since Z/2 is a direct summand of πs

n+1(S
n), from Lemma 3.1, we get Sn ∨ Sn′

is
Z/2-hyperbolic. Hence Theorem 1.4 holds for p = 2.

For odd prime p, any non-contractable complex in A2
n is homotopy equivalent to a

wedge product of spaces from Sk (k = n, n+ 1, n+ 2) and Mk
pr (r � 1, k = n, n+ 1)

under p-localization (or just one of them). It suffices to show the p-hyperbolicity of
Sn ∨ Sn′

(n � n′) and Mn
pr .

From [29], for odd integer n � 3, we get πs
n+2p−3(S

n) ←↩ Z/p. Since πi(S
2l; p) ∼=

πi−1(S
2l−1; p)⊕ πi(S

4l−1; p) where πi(X; p) is the p-primary components of πi(X)
[27], we get πs

n+2p−4(S
n) ←↩ Z/p for even integer n � 4. Hence for any integer n �

3, Z/p is a direct summand of πs
m(Sn) for some positive integer m. Hence from

Lemma 3.1, we get Sn ∨ Sn′
is Z/p-hyperbolic for any odd prime p.

For Mn
pr (n � 4), ΩΣMn

pr ←↩ Ω(ΣMn1
pr ∨ ΣMn2

pr ) for some positive integers n1, n2 >
n from [8, 6, 20]. Since (M3

pr )∧3 ←↩ 2M10
pr and Z/p is a direct summand of some stable

homotopy group πs
∗(M

n
pr ) by [9], we get Mn1

pr ∨Mn2
pr is Z/p-hyperbolic by Lemma 3.1.

Hence Mn
pr is Z/p-hyperbolic.

So Theorem 1.4 holds for odd prime p.
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