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REFINEMENT INVARIANCE OF INTERSECTION
(CO)HOMOLOGIES

MARTINTXO SARALEGI-ARANGUREN

(communicated by Graham Ellis)

Abstract

We prove the refinement invariance of several intersection
(co)homologies existing in the literature: Borel-Moore, Blown-
up, the classical one, ... These (co)homologies have been intro-
duced in order to establish the Poincaré Duality in various con-
texts. In particular, we retrieve the classical topological invari-
ance of the intersection homology as well as several refinement
invariance results already known.

1. Introduction

Let us consider a topological space X supporting two stratifications S and 7. We
say that (X,S) is a refinement of (X, 7T) if each stratum of 7 is a union of strata
of §. In this work we answer the following question about the invariance property of
the intersection homology:

Question 1. Can we find two perversities p and q such that the identity [: X — X
induces the isomorphism

P q
H*(X,S) ~H_(X,T)?

For pseudomanifolds and using the original Goresky—MacPherson perversities, an
answer comes directly from the topological invariance of the intersection homology
[15, Corollary, p. 148] (see also [19, Theorem 9]): it suffices to take p = g. In other
words, the intersection homology does not depend on the chosen stratification. We
work in a more general setting.

e Spaces. We do not work with pseudomanifolds, but with the more general
notion of CS-set (cf. Section 4). They are locally cone-like spaces, but their links are
not necessarily pseudomanifolds.

e Perversities (cf. Section 2.3). We deal with the more general notion of perver-
sity introduced by MacPherson in [21]: the M-perversities. This kind of perversity p
associates a number p(S) € Z = Z 1 {—00, 0} to any stratum S of the CS-set, while a
classical perversity D associates a number p(codim .S) to the codimension of the stra-
tum. An M-perversity strongly depends on the stratification and so the topological
invariance of the related intersection homology does not apply.
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¢ (Co)homologies (cf. Section 2). We consider not only the intersection homology
H:, but also the following;:
+ Intersection cohomologies Hp H . The intersection cohomology H is the

cohomology of the complex defined by usmg ‘the functor Hom over intersection chains.
The version with compact supports is Hf .-

+ Tame intersection homology sz. A variation of the intersection homology

avoiding intersection chains who live in singular strata. We have J’Ji = Hz when p

is smaller than the top perversity ¢. This homology* is isomorphic to the blown-up
intersection cohomology with compact supports j?; _ through the Poincaré duality
[5] when one works with pseudomanifolds.

+ Tame intersection cohomologies .VJ:,.VJ:,C. The tame intersection cohomol-
ogy 53: is the cohomology of the complex defined by using the functor Hom over tame
intersection chains. The version with compact supports is Y);C. We have .6: = H: and
5:,6 = H;ic when p < £. The cohomology *6:,(: is dual to ﬁfi through the Poincaré
duality [14, 8] when the coefficient is a field! and one works with pseudomanifolds.
The cohomology J’Jf is isomorphic to the de Rham intersection cohomology through
the de Rham duality [22]. Here, we use real coefficients.

+ Borel-Moore intersection homology H:Mj. Similar to the intersection
homology using locally finite chains instead of finite chains.

+ Borel-Moore tame intersection homology ﬁBMj Similar to 53: using
BM,p

locally finite chains instead of finite chains. We have .63 =H, when p <

+ Blown-up intersection cohomologies %’; éf; These cohomologles are
defined by using simplicial cochains, inspired by Dennis Sulhvan s approach to ratio-
nal homotopy theory. The compact supports version jf; . (resp. closed supports ver-

sion L%”? * ) is isomorphic to the tame intersection homology 637* (resp. Borel-Moore
tame intersection homology ﬁfii) through the Poincaré duality [3] (resp. cf. [23])
when one works with pseudomanifolds. We have %”5 = .V); and (%”5 *C = .6; . when
the coefficient ring is a field! (cf. [3, Theorem F] and [5, Corollary 13.1]).
In this paper, we give two answers to Question 1.
— Pull-back. Given a perversity g on (X, 7T) we take p the pull-back perversity I*q
n (X,S) (cf. Section 2.3). We prove

I*q T
H,'(X,8)= H.(X,T),

and similarly for the other (co)homologies used in this work (cf. Theorem 5.9).
— Push-forward. Given a perversity P on (X,S) we take g the push-forward per-
versity L.p on (X,7T) (cf. Section 2.3). We prove

H(X,8) = H."(X.T),

and similarly for the other (co)homologies used in this work (cf. Theorem 5.7). In
this case, we need the following conditions on p:

Mn fact, following [17], locally p-torsion free.
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p(Q) < P(S) <P(Q) +1(S) - HQ), (K1)
for any strata S,Q € S with S < Q and S,Q < T for some stratum 7" € T, and
p(Q) = p(9), (K2)

for any strata S, Q € S with dim S = dim Q and S, Q — T for some stratum 7 € T .2
These results encompass some other already known results about invariance of
intersection (co)homology:

e The topological invariance of H z for pseudomanifolds [15] and CS-sets [19, 13].
e The topological invariance of ﬁi and .6:1\45 for pseudomanifolds [9, 11].
e The topological invariance of 72 * and I i for CS-sets [3, 5].

e The refinement invariance of H : for PL-pseudomanifolds [24] using M-perver-
sities.
¢ The refinement invariance of H: and f): for CS-sets [6] using M-perversities.

Recently, the topological invariance of the intersection homology has been extended
to the more general setting of the torsion sensitive intersection homology (cf. [12]).

We end this introduction by giving an idea of the proof of Theorems 5.7 and 5.9.
The original proof of the classical topological invariance of the intersection homology
given by King in [19] uses the intrinsic stratification S*. He proves that the identity
map I: X — X induces an isomorphism between the intersection homology of (X, S)
and that of (X, S*). This gives the topological invariance since S* = T*.

The proof uses the Mayer—Vietoris technique in order to reduce the question to a
local one. Near a point z of X the identity I: (X,S) — (X, S*) becomes the stratified
map

h:&(S™+ L) — B™M! x ¢L (1)

(cf. (9)). Here, B™™t = {z e R™"1 | |z| <1} and L denotes the link of z. Using
the usual local calculations of intersection homology one proves that h is a quasi-
isomorphism for this homology.

In our context, we don’t know whether the identity map I: (X,S) — (X,7T) has
the nice local description (1). We proceed in a different way. We construct a finite
sequence of CS-sets

(X,8) = (X,Ro) > (X,R1) > -+ (X, Recr) = (X, Re) = (X, T),  (2)

where each step is a refinement having the (1)-local description (called simple refine-
ment). Now, we can follow the procedure of [19] in order to get the isomorphism
between the intersection homologies of (X,S) and (X, T).

The construction of this sequence uses the fact that any stratum of Se S is
included in a stratum 7" € 7. This gives the following dichotomy: S is a source stratum
if dim S = dim7T and S is a virtual stratum if dim S < dim 7. Somehow, the virtual
strata of S disappear in T while source strata become larger. The first step in the
construction of the above sequence is to eliminate the maximal virtual strata of S.
In this way, we obtain in the CS-set (X, R1). We continue applying this principle to

2Remark 5.11 gives a relation between classical perversities and those verifying (K1), (K2).
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the refinement (X, R;) SEIN (X,T) and we eventually get (2).

What do we mean by “eliminate”? Let us suppose that S € S is the unique virtual
stratum. There exist two source strata Ry, Ry € S with T =S U Ry u R; (maybe
Ry = Ry). We replace the strata S, Ry, Ry of S by the stratum T in order to get R4,
that is, R1 = {Q € S| Q # S, Ry, R1} u {T} (cf. Example 3.7 for a richer situation).
A similar phenomenon appears in (1), relatively to S = {apex of ¢(S™ = L)} and T =
B™*! x {apex of ¢L}.

Exceptional strata are singular strata of S included in regular strata of 7. For
example, the apex of the open cone of the sphere S° (which is indeed an open interval)
is an exceptional stratum if we take 7 the one-stratum stratification of that interval.
This example is a limit case for the refinement invariance results we establish in this
work (see Remark 5.8).

For a topological space X, we denote by cX = X x [0,1]/(X x {0}) the cone on X
and ¢X = X x [0,1[/(X x {0}) the open cone on X. A point of the cone is denoted
by [z,t]. The apex of the cone is v = [—, 0].

We shall write B™ = {z € R™ | ||z|| < 1} and D™ = {z € R™ | ||z|| < 1}, m e N.

Acknowledgments

The author would like to thank Daniel Tanré for many helpful suggestions and
comments in the preparation of this work. He also thanks the anonymous referee for
her/his comments and suggestions.

2. Intersection homologies and cohomologies (filtered spaces)

We present the homologies and cohomologies studied in this work. We review their
main computational properties which we are going to use in the proof of Theorems 5.7
and 5.9.

2.1. Filtered spaces
A filtered space is a Hausdorff topological space endowed with a filtration by closed
sub-spaces
g=X1cXpc X --cX,12X,=X.

The formal dimension of X is dim X = n. Any non-empty connected component S
of an X,\X;_1 is a stratum. We say that 4 is the formal dimension of S, written
i = dim S. We denote by S the family of strata. In order to avoid confusion we also
write (X, S) the filtered space. The n-dimensional strata are the regular strata, other
strata are singular strata. The family of singular strata is denoted by S%™9. Their
union is the singular part X.

A continuous map f: (X,8) — (Y, T) between two filtered spaces is a stratified
map if for each S € S there exists 5’ € T with f(S) < §* and codim S’ < codim S.
The map f is a stratified homeomorphism if f is a homeomorphism and f~! is a
stratified map.

2.2. Examples
Unless expressly stated otherwise, a manifold M is endowed with the filtration
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& < M. The associated stratification is denoted by Z = {M,.}, where cc denotes
connected component. Consider (X, S) a filtered space.

+ An open subset U ¢ X inherits the induced filtration U; = U n X;. The associated
induced stratification is Sy = {(S N U)¢c | S € S}. We write (U, S) instead of (U, Syy).

+ Given an m-dimensional manifold M the product M x X inherits the product
filtration (M x X); = M x X;_,,. The associated product stratification is T x § =
{M.. x S|SeS}

4+ The cone ¢X inherits the cone filtration ¢X; = ¢X;_1, with the convention
¢ = {v}. The associated cone stratification is ¢S = {{v}} u {S x ]0,1[, S € S}.

+ Let m € N. We consider the join S™ * X = D™*! x X/ ~, where the equivalence
relation is generated by (z,z) ~ (z,2') if |z|| = 1. An element of S™ x X is denoted
by [z,t]. We identify S™ with {[z,2] / |z|| = 1} and X with {[0,z] / z € X}. The
join 8™ % X is endowed with the join filtration S™ < S™* Xg---c S™* X,,_1 &
S™ % X,,. The associated join stratification is Sep = {S™,B™T! x S| S € S}.

2.3. Perversities

Consider (X,S8) a filtered space. An M -perversity, or simply perversity, on (X,S)
is amap p: S — Z = Z u {—w0, w0} verifying p(S) = 0 for any regular stratum [21].

The top perversity is the perversity defined by £(S) = codim S — 2 for each singular
stratum S. The dual perversity of p is the perversity Dp defined by Dp = ¢ — D.

A perverse space is a triple (X,S,p) where (X,S) is a filtered space and P is a
perversity on (X,S). Given a stratified map f: (X,S) — (Y, 7T), a perversity g on
(Y,T) and a perversity p on (X,S), we define:

o the pull-back perversity f*q on (X,S) by: f*q(S) = Q(Sf) for each S € S%1"9,

e the push-forward perversity f,pon (X, T) by: f.p(T) = min{p(Q) | Qf =T} for
each T e T°9 with inf &J = 0.

Notice that f*f.p <p.

We make a quick reminder of the intersection homologies/cohomologies deployed
in this work. They have been mainly introduced in order to study the Poincaré duality
of the intersection (co)homology in different contexts.

2.4. Tame and intersection (co)homologies (cf. [5, 6])

We fix an n-dimensional perverse space (X, S,p). Tame intersection homology is a
variant of the classic intersection homology (cf. [15, 16, 19]). When the perversity p is
greater than the top perversity it is possible to have a p-intersection chains contained
in the singular part ¥ of X. This fact prevents the Poincaré duality and the de
Rham Theorem. For this reason the tame intersection homology was introduced (cf.
6, 5, 8, 22]).

A filtered simplex is a singular simplex o: A — X where the euclidean simplex A
is endowed with a filtration A = Ag * Ay * -+ % A,,, called o-decomposition, verifying
071X, = Agx Ay x---x A, for each i€ {0,...,n}. A factor A; can be empty with
the convention ¢J * Y = Y. The filtered simplex o is a reqular simplex when Im o ¢ 3,
that is, A,, # .

We decompose the boundary of a filtered simplex A = Ag*---x A, as 0A =
OregA + Osing A, where 0Oreg A contains all the regular simplices.
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The perverse degree of the filtered simplex o relatively to a stratum S € S, is

lols = —00, if SnImo =,
Ils = dim(Ag # - - * Agim s), otherwise.

A filtered simplex o: A — X is p-allowable if |o|s < dim A — codim S + p(5), for
each S € §. Moreover, if Im o ¢ ¥ then the simplex o is said to be p-tame.

The chain complex C: (X;S) is the G-module formed of the linear combinations
§ = ;e njoj, where each o; is p-allowable, and such that 0 = >, ; ne7e, where the

simplices 7, are p-allowable. We call (Cz(X ;S), 0) the D-intersection complex and its

homology, H: (X;S), the p-intersection homology. This designation is justified since

this homology matches with the usual intersection homology (cf. [6, Theorem A]).
The chain complex Q: (X;S8) is the G-module formed of the linear combinations

£ = Zje] njo;, with each o; is p-tame, and such that Oreg€ = >/, ne7e, where the

simplices 7, are p-tame. We call (Qﬁi (X;8),0 = Oreg) the tame p-intersection complex
D
justified since this ho*mology matches with the usual tame intersection homology (cf.
[6, Theorem B]). We have H: (X;8) = 55: (X;8) when p <t (cf. [6, Remark 3.9]).
Associated cohomology is defined by using the functor Hom, as usual in algebraic
topology. We put the dual complexes C: (X;8) = hom(C’: (X;S8);S) and Q:: (X;S) =
hom(QﬁZ (X;8);S) endowed with the dual differential d. Their cohomologies are the p-
intersection cohomology H; (X;S) and the p-tame intersection cohomology 53: (X;8).
Let U < X be an open subset. The two relative homologies H j (X,U;S8) and
.V)Z (X,U;S) are defined from quotient complexes C’Z(X7 U;S) = C:(X;S)/C:(U;S)
and CZ (X,U;8) = Qﬁi (X;S)/@Z (U;S) ([6, Definition 4.5]). The relative cohomolo-
gies H: (X,U;S8) and 5’): (X,U;S) are defined by using the functor Hom (cf. [8,
Definition 7.1.1]).
The (tame) intersection cohomology with compact supports is defined by

and its homology, $_(X;S), the tame p-intersection homology. This designation is

H' (X;8) = lim H' (X, X\K;S) and " _(X;8) = lim §7 (X, X\K;S5), (3)

KcX KcX

where K runs over the compact subsets of X (cf. [14, Definition 6.1]).

2.5. Main properties for (tame) intersection (co)homology

We group here the main properties of the (tame) intersection homology. We fix a
perverse set (X,S,D).

a. Mayer—Vietoris. Associated to an open cover {U,V} of X we have the long
exact sequences

o H L (X;8) > H (UnV;S) - H (U;S)@H, (V;S) — H. (X;8) — -+,

k+1 k
=9, (X8) =9 (UnV;8) =9, (U;8) @9, (V;S) = 9, (X;8) — -+,
(cf. [6, Proposition 4.1]). -
b. Local calculations. We have the two isomorphisms H; (R x X,ITxS8)=
HZ(X7 8S) and Sﬁz (R™ x X, x8) =$_(X,S) coming from the canonical projection

P
*
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pr: R™ x X — X (cf. [6, Corollary 3.14]). If L is compact, we have the isomorphisms
H (L,S) if k< Dp(v),

H (R™ x ¢L,T x &S) = 0 if 0 # k > Dp(v),
G if 0 =k > Dp(v),
P cov | 9(L:S)  if k< Dp(v),
H (R™ x ¢L,I x cS) = { 0 it k > Dp(v),

where the isomorphisms (first line) come from the inclusion ¢: L — R™ x ¢L defined
by ¢(z) = (0, [z,1/2]) (cf. [6, Proposition 5.1]).

c. Join. Suspension. Using the above calculation (see also [7, Lemma 3.6]), one
gets:

SR o)

P, om . 1 =Kk>LDUp m’

H (5" % X, Sum) = 0 if Dp(S™) < k < Dp(S™) +m + 1,k # 0,
B +m+2,k#0,

H  (X,S) ifk=Dp(S™)
9(X;8)  if k< Dp(S™)

k b

9 (S™ % X, Sum) = 0 if DP(S™) < k < Dp(S™) +m + 1,
9 (X,8) ifk=Dp(S™)+m+2,

k—m—1

where the isomorphism comes from the inclusion ¢: X — S™ % X defined by ¢(z) =
[0, 2] Let us look at the case m = 0, that is, the suspension ¥ X. Previous calculations
suppose that the perversity p takes the same value at the north pole n and at the
south pole s. In the general case, if p(s) > p(n), we have

T oSkl Dy

P a0 _ 1t 0=k > Dp(s),

H, (8% X, S.0) = 0 if Dp(s) <k < Dp(n) + 1,k #0,
H' (X,8) ifk=>Dp(n)+2k =0,

k

9 (X;S)  if k < Dp(s),

9 (S X,80) =4 0 if Dp(s) < k < Dp(n) + 1,
9 _(X,8) ifk>Dp(n)+2,

d. Relative homologies. Let U be an open subset of X. We have the associated
long exact sequences for homology

o H{ (U3 S) > Hy (X;8) - H, (X,U;S) - H, (U;8) —> -,
= H (U3 S8) = H,(X;8) = 0, (X, U:S) - H,_,(U;S) -
(cf. [6, Definition 4.5]) and for cohomology
> H(X,U;S) = H.(X;8) > H.(U;S) > H. " (X, U;8) — -+,
S o (X US) - HL(X;8) > 6. (U3S) — 6. (X, U3 8) —

(cf. [8, Theorem 7.1.11]).3

3Only the tame case is considered there but the non-tame case can be treated in the same way.
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e. Universal Coefficients Theorem. There are two natural exact sequences

0 — Bxt(H, (X;S),R) — H (X;S) — Hom(H, (X;8),R) — 0,

0 — Ext(9, (X;S),R) — H.(X;8) — Hom(%, (X;S),R) — 0,

k

for every k € N. We find the proof of the second assertion in [8, Proposition 7.1.4].
But the proof is the same for the first sequence.

2.6. Intersection homology from Borel-Moore point of view (cf. [10, 23])
The Borel-Moore p-intersection homology H:M’p (X;8) and the Borel-Moore p-

tame intersection homology ﬁfM’p (X;8) are defined in the same way as the homolo-
gies defined in Section 2.4 have been defined but considering locally finite chains
instead of finite chains. - _ . _

When X is compact, then H_ " (X;8) = H_(X;S) and H, ~ (X;S) = H_(X; ).
2.7. Main properties for Borel-Moore (tame) intersection homology

We suppose that X is a hemicompact space, that is, there exists an increasing
sequence of compact subsets Kg ¢ K < --- K,, < --- such that, each compact K < X
is included on some K,,. We have proved in [7, Proposition 2.2] that the Borel-Moore
intersection homology can be computed in terms of the intersection homology in the
following way™:

HfM,f(X) _ linH::()g X\Kn) and f)* (X) = l&nﬁi (X7 X\Kn) (4)

neN neN

BM,p

2.8. Blown-up intersection cohomologies (cf. [3])

Let N, (A) and N *(A) be the simplicial chain and cochain complexes of an
euclidean simplex A, with coefficients in R. For each simplex F' € N, (A), we write
1r the element of N *(A) taking the value 1 on F' and 0 otherwise. Given a face F
of A, we denote by (F,0) the same face viewed as face of the cone cA = A * [w] and
by (F,1) the face cF of cA. Here, [w] = (,1) = ¢ is the apex o f the cone cA.
Cochains on the cone are denoted 1(g.y for ¢ = 0 or 1. For defining the blown-up
intersection complex, we first set

N (A) = N*(cAg) ®- - @ N*(cAp_1) ® N*(Ay).
A basis of N (A) is composed of the elements 1 (o) =1(5,,c0)® - QL(p, 1 e 1)®1E,,
where ¢; € {0,1} and F; is a face of A; for i € {0,...,n} or the empty set with g; = 1
if i <n. We set |1(po)l|>s = X0 (dim F; + ;), with the convention dim & = —1.
Let £e{l,...,n} and 1(p.) € N¥(A). The (-perverse degree of 1pe) € N¥(A) is

ILpe)lle = {

Given w = >3, \p 1(p, ) € N*(A) with 0 # Ay € R for all b, the (-perverse degree is

—® if e,_0=1,
1(peylsn—e if e, =0.

lwle = max 1z, ;) le-

“In the op. cit. the result is proved for the Borel-Moore tame intersection homology. The same proof
works for the Borel-Moore intersection homology.
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By convention, we set 0] = —o0.

Let 0: A =Ag*---%A,, > X be a filtered simplex. We set ]\Nf: = N*(A) If
0¢: A’ — A is an inclusion of a face of codimension 1, we denote by d¢o the fil-
tered simplex defined by dpo =g o0dp: A" > X. If A =Ag=---x A, is filtered, the
induced filtration on A’ is denoted A’ = Afj#---* Al. The blown-up intersection
complex of X is the cochain complex N* (X) composed of the elements w associating
to each regular filtered simplex o: Ag * ---* A, — X an element w, € 1\7: such that
0} (wo) = wa,e, for any face operator d,: A" — A with A7, # (#. The differential dw is
defined by (dw), = d(w,). The perverse degree of w along a singular stratum S equals

|wlls = sup {|ws|lcodim s | : A — X regular simplex such that Imo n S # &} .

We denote |w| the map S — |w| s, where |w|s = 0if S is a regular stratum. A cochain
we N*(X;8) is p-allowable if |w| <P and of p-intersection if w and dw are p-
allowable. We denote N: (X; S) the complex of p-intersection cochains and %‘f(X ;S)
its homology called blown-up intersection cohomology of X for the perversity p.

A subset K < X is a support of the cochain w € Kf; (X;8) if w, = 0, for any regular
simplex o: A — X such that Imo n K = ¢J. We also say that w =0 on X\K.

‘We denote Z\Nf;(X ;S) the complex of p-intersection cochains with compact sup-

ports and i (X;8) its cohomology.

2.9. Main properties for blown up intersection cohomologies

We group here the main properties of blown-up intersection cohomology. We fix a
perverse space (X,S,D).

a. Mayer—Vietoris. Suppose X paracompact. Given an open cover {U,V} of X
we have the long exact sequence (cf. [3, Corollary 10.1])

o KX 8) = AU S) @A (ViS) — A (UNV;S) — A (X;8) = -+

b. Local calculations. We have the isomorphism

A (R™ x X, T x &8) = A (X,T),

coming from the inclusion ¢: X — R™ x X defined by «(z) = (0,z) (cf. [3, Theo-
rem DJ). If L is compact, we have the isomorphism

k . —
A (R™ x &L, T x 8) = | Y (1:S) i k<plv),
! 0 if k> p(v),

where the isomorphism (first line) comes from the inclusion ¢: L — R™ x ¢L defined
by t(z) = (0, [z,1/2]) (cf. [3, Theorem E]).
c. Join. Using the above calculations, one gets the isomorphism:

) A(X,S) ik <B(S™),
H(S™ % X, Samt1) = o 2 ifp(S™) <k <p(S™)+m+1,

I (X,8) ifk=p(S™")+m+2,

where the first isomorphism comes from the inclusion ¢: X — S™ % X defined by
v(z) = [0, x].
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d. Relative cohomology. We consider an open subset U < X The complex of
relative P-intersection cochains is N (X,U;S8) = (X S) (—BN (U;S), endowed
with the differential D(«, ) = (da, o — dp). Tts homology is the relative blown-up
p-intersection cohomology of the perverse pair (X,U,p), denoted by jf; (X,U0).

By definition, we have a long exact sequence associated to the perverse pair
(X,U,p):

o A XS) B A (U5S) > A (X US) S A (KS)
where pr: N (X,U) - ,*(X) is defined by pr(o, ) = « and ¢: N: (X)— N:
is the restriction map (cf. [ Sec. 12.2]).

e. Injective limit. Analogously to the Borel-Moore intersection homology, the
blown-up intersection cohomology with compact supports can be computed through
the relative blown-up intersection cohomology by using an injective limit. Let us see
that.

Proposition 2.1. Let (X,S,P) be a normal and hemicompact perverse space. Then,
there exists an isomorphism

A (X;8) = lim A (X, X\K;S),

KcX

where K runs over the family of compact subsets of X.

Proof. By hemicompactness there exists an increasing sequence of compact subsets
{K,} with
Kocint(Ky)c Ky cint(Ky)c Ko - Ky ©-o vy

and X = (J,,>¢ Kn- In particular, the family {/,} is cofinal in the family of compact
subsets of X. So, it suffices to prove that the chain map
B: N (X;8) - lim N* (X, X\K,; S),
p,c —> p
neN

defined by B(w) = ((w,0),m), where K,, is a compact support of w, is a quasi-
isomorphism.

An olement (o, B),m) elim _ N (X, X\Ky;S) is characterized by these two
properties:

o (o,8) € A (X, X\Kp; S), and
o ((a,B),m) = (&, B),m') if (a, B) = (!, B') on N (X, X\ K3 S) if m <

We proceed in several steps.
e Step 1. Bump functions.
Since X is normal then, for each n € N, we can find a continuous map f,: X —

[0,1] with f, =0on Kn+1 and f, = 1on X\int( K, +2). Associated to f, we have con-

structed a cochain fn € N (X;S) verifying fn =0on K, 1 and fn =1on X\int(K,42)

(cf. [3, Lemma 10.2]). Consider the open covering U, = {X\K,,int(K,4+1)} of X.

Notice that,”

’YEN (X\Knys) :>fn \"’VEN

~ ok, Un

(X;8) and f, — v =7y on X\K,ys. ()

SWe refer the reader to (cf. [3, Section 4]) for the definition of the ~—~-product.
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e Step 2. The operator B* is a monomorphism. N

Let [w] € Ker B*. So, there exists me N and ((y,n), m) € N: (X, X\Kn; S) with K,
compact support of w € N%“,C(X; S) and ((w,0),m) = (D(v,n),m) = {(dvy,y — dn), m).
In particular, we get w = dy on X and v — dn = 0 on K\K,,.

We get the claim if we prove that py,, .(w) = d6 for some 6 € N>X< (X 8) (cf. [3,
Theorem B)). Here, py,, c: (X S) > N (X;8) is the canomcal restriction. It
suffices to consider 6 = pum( ) —d(fon — 77), Where pu,, (X S) - N* oo (X;S)
is the canonical restriction, since

(i) fo = e N7(X;S) (cf. (5)).

(i) 7= d(fm—m) D
port of 6.
(iii) df = dpu,, (V) = Pt (@) = Ptiy, ().
o Step 3. The operator BYm.

For each n, meredeﬁneN X, X\ S) = >FM"L(X S)®N_
(cf. [3, Definition 9.6]). We consider the chain map

—dn = 0on X\K,,+3, giving that K, 5 is a compact sup-

* lum(

X\Ky;S)

~ok, U

BYn: N7(X38) — i N2 (X, X\ [, S),

D,c
neN

defined by BY (w) = {(w, 0),p)y, . » where K, is a compact support of w (cf. [5, Defi-
nition 2.6]). We have the commutative diagram

N* (X;8) —F——=1lim _ N*(X,X\K,;S)
\L Py ,c ¢pb(m (6)
N Um BYm . ~ U
N (X;8) ———=lim N (X, X\K,;S),

e —>neN

where the vertical maps are defined by restriction. Both are quasi-isomorphisms. It
suffices to apply [5, Proposition 2.6] (for the left one) and the fact that inductive
limits commute with cohomology and [3, Theorem B] (for the right one).

e Step 4. The operator B* is an epimorphism.

Let = = ((v,n),m) € lim N: (X, X\K;S) be a cycle. Then we have the following

equalities <D(7, 77) m) = ((dy,y — dn),m) = 0. The cochain 6 = py,, (7) — d(frm — 1)
is a cycle of N (X S) since (i), (ii) and df = dpy,, (7) = 0. In fact,

18] = [(60.0),m+ 31,1 = | (0. (0) = = 0 43), |

~ | () e o 3), | =) [, (4 3,

= o, (v m),m + 3)] =) [owg,, (((v.m),m)] = pri, [E],
where = (1) comes from D(fun = 1,0) = (d(fm — 1), ~fm — 1), =2 from fr, = 1 on
X\Kpy2 and =3y from the fact that 1 € Ng (X\Kpm).

The properties of the previous diagram (6) give the existence of [w] € 7] i (X;8)
with pz"/‘lmc[w] = [0] verifying p;} (B*[w]) = Bum’*(pz‘{m)c[w]) = BYUn*[g] = . [Z];
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which gives [E] = B*[w]. O

3. Stratified sets and refinements

A refinement of a stratified space (X,S) is another stratified space (X, 7) whose
strata are formed using the strata of the original stratification. We prove that it is
possible to go from S to 7 by modifying just a discrete family of strata: the simple
refinement.

3.1. Stratified spaces
A stratified space® is a Hausdorff topological space X endowed with a partition S,

whose elements are called strata, verifying the following conditions (S1)—(S6):

(S1) The family S is locally finite.

(S2) An element of S is a connected manifold.

(S3) Frontier Condition. Given two strata S, S’ € S, we have”: S §" # & — S
S’

(S4) Given two strata S, S’ € S, we have: SnS # Fand S #85 — dim S <
dim S’.

(S5) The family {dim S € S} is bounded.

Stratified and filtered spaces are related as follows.

Lemma 3.1. Let (X,S) be a stratified space. Then the filtration & = X_1 S Xo S
Xic - c X, 1< X, =X, given by

Xp=u{SeS|dimsS <k}
(cd. (S5)) defines a filtered space on X whose associated stratification is S.

Proof. For the first statement it suffices to prove that each Xy, is a closed subset of X.
Let us consider x € X},. Property (S1) gives v € X;, = {Se S |dimS <k} ={SeS|
dim S < k}. So, there exists S € S with x € S and dim S < k. If S’ is the stratum of
S containing x then condition (S4) gives dim S” < dim S and therefore = € Xj.

We have X;\X;_1 = u{S €S |dimS = k}. Again, conditions (S1) and (S4) imply
that the elements of the RHS of the equality are closed subsets of Xj\Xj;_1. So, the
stratification of the filtered space is S. O

These are not equivalent notions since, for example, the strata of a filtered space
are not necessarily manifolds.

The relation S < S’ defined by S < 57, is an order relation on S (see [4, Propo-
sition A.22]). The notation S < S means S < S" and S # S’. So, condition (S4) is
equivalent to

(S4) S <8 = dimS < dim 5"
The depth of a family of strata S’ < § is depthS’ =sup{i e N |35, < S; < -+ <
S; with Sp,...,S; € 8'}. Conditions (S4) and (S5) give

5This definition is not a standard one in all sources. For example, it is more restrictive than that of
4, 8.
"This condition is equivalent to say that the closure of a stratum is the union of strata.
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Lemma 3.2. Let (X,S) be a stratified space. Then depthS’ < o0.

In this work we shall use the formula

S=su|]a@ (7)

Let us see that. The inclusion O is clear. Let € S. Consider Q € S containing z.
Since Q N S # & then we get < from (S3).

The examples of 2.2: induced, product, cone and join stratification, are also strati-
fied spaces, if we begin with a stratified space (X,S). Any point z € X, with {z} ¢ S,
can be added as a new stratum. This gives the stratification S; = {z} u {(S\{z})cc |
S e S}

The following result will be important for the understanding of the local structure
of the stratified spaces we are interested in.

Proposition 3.3. Let (X,S) be a stratified space and let m € N*. Then, there exists
a stratified homeomorphism

hi (&(S™ % X), ESum) = (B™ x ¢X, (T x &8)(0,v))- (8)
Proof. We find in [2, 5.7.4] the homeomorphism h: &(S™ x X) — B™T! x ¢X :
defined by
2rz, [y,r]) if |z <1/2
h([z,y],7r]) = (272, [y, . 9
L R A i I )
Let us verify that h preserves the stratifications. We write u the apex of the cone
¢(S™ x X). We distinguish three cases:
e h(u) = (0,v).
o h(S§™x]0,1[) = (B™*! x {v})\{(0,v)} since h([[z,y],r] = (rz,v) if 2] = 1.
e The restriction h: B™T! x X x]0,1[— B™T! x X x ]0,1[ is given by

( ) { (2rz,y,r) if |2 <1/2
Z? y7 r g 1
(rz/lzll, y,2r(1 = |2])) if 2] = 1/2.
It is clearly a stratified homeomorphism. O

3.2. Refinements

We say that the stratified space (X,S) is a refinement of the stratified space
(X, 7). written (X,S) < (X,T),if S # T and
(S6) VS eS 3T €T such that S is embedded submanifold of T'.

The stratum T is also denoted by S". We have
dim S < dim S and codim S' < codim S, for each S € S. (10)

Notice that
S,QeSwithS<Q— S5 <Q (11)

(cf. (S3)). In this work, we shall distinguish several types of strata.

$We also say that (X, 7T) is a coarsening of (X,S).
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Definition 3.4. Let (X,S)< (X,7) be a refinement. A stratum S € S is a source
stratum if dim S = dim S . In this case, we also say that S is a source stratum of
TeT,if T = S". We also use the following types of strata:

e A={5€S8/ dimS = dim SI}: source strata.
e V={5eS8/ dimS < dim SI}: virtual strata.
e M = {maximal strata of V with dim M  maximal}: v-mazximal strata.
o O={S€A/3M€MWithM§S,MI =SI}: stable strata.

The refinement (X,S)< (X,7T) is simple when depthV = 0. We always have
depth M = 0.

Definition 3.5. Let (X,S) < (X, 7T) be a refinement. A stratum S € S is excep-
tional if S € T7e9. Moreover, if codim S = 1 we say that S is a I-exceptional stratum.

Any exceptional stratum is a virtual stratum.

Definition 3.6. A simple decomposition of a refinement (X,S)< (X,T) is a finite
sequence of simple refinements: (X,S) = (X,Ro)<---< (X, Rpm) = (X, T).

Example 3.7. A key result of this work is Proposition 3.10 giving the existence of sim-
ple refinements. The relevance of this kind of refinement is given by Proposition 4.4,
where we get a nice local description of the simple refinement in the framework of
CS-sets.

Before proving these results, we give an example of a refinement (X,S) <y (X, T)
described as composition of two simple refinements (X,S) <z (X,S8’) and (X,8') <k
(X, T) through a stratified space (X,S").

Rs

STSQ L Qo F Q3 A
| o ° |
'R; 83 R S5, Ry

xS . p (X.7)
\ L———(}(——S—/)————/
Refinement J Refinement [ Refinement K
A\O = {Q1,Q2,Q3, A\O = {Q3, Ry, 51, 52} A\O = {Q3, R4}
Ry, 81,52} VWM = {Q1, Q2} V=M={Q1,Q2}
V=M ={S3} M = {53} O ={Ry, 51, 52}
O = {Rz, R3} O = {Rz, R3}

In the simple refinement J (resp. K) a stratum of M melts into a stratum of
S’ (resp. T) and, for each of them, 1 or 2 strata of O also disappear into a bigger
stratum with same dimension: Ss, Ro, R ~ Ry (resp. Q1,51,52 ~ S or Q2, Ry ~
R5). Among the strata of V those of M are the first to disappear.
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The objective of the following lemmas is to prove Proposition 3.10: a refinement
can be decomposed as a sequence of simple refinements.

Lemma 3.8. Let (X,S) < (X,T) be a refinement with S # T. Then
(a) M #&.
(b) For each S € S there exists a source stratum P € S of S" with S < P.

(¢) Given two strata R,Q € T with R < Q there exist two source strata R, Q" € S of
R and Q respectively with R’ < Q'.

Proof. (a) Since S # T then there exists a stratum S € S with S # S M=
then V = & and then S' = L{Pe A| P" = S}, open connected subsets of S~ (cf.
(S6)). By connectedness of S" we conclude that {PeA| P = SI} contains just one
element, necessarily S. The contradiction s'=s implies that M # &¥.

(b) By definition we have

SI=u{PeA|P1=SI}u(u{PeV\PI=Sl}), (12)

where the elements of the first term are open subsets of S". This decomposition is
locally finite (cf. (S1)). By dimension reasons, O = L{P e A | P" = §'} = Li{source
strata of SI} is an open dense subset of S’ (cf. (S4), (S6)). Condition S < O implies
the existence of a source stratum P of S’ with § A P # (. Property (S3) gives (b).

(c) Item (b) gives a source stratum R’ € S of R. Since L {source strata of Q} =
Lier@; is an open dense subset of @ then R' ¢ R < Q = LerQi =(s1) VierQi- So,
there exists Q; € S, source stratum of @, with R’ n Q; # &. Since R’ < Q; (cf. (S3))
we end the proof taking Q' = Q;. O

The subsets M, we study now play an important role in the construction of the
simple decomposition of a refinement. They are the new strata on the first step of
this decomposition.

Lemma 3.9. Let (X,S) <y (X, T) be a refinement. Consider a stratum M € M. We
define
M, =0u{Q|QeOuLMandQ =M'}.

Then
(a) M, is a connected open subset of MI,
(b) Q is an embedded sub-manifold of M,, if Q@ € M and QI = MI, and
(c) Q is an open subset of M,, if Q € O and QI =M.
Proof. Without loss of generality we can suppose X = M . We have ' = M for
each S € S.

(a) The subset F' = u{S e V\M} is a closed subset of X (cf. (7) and (S4)) not
meeting M,. Given S € V\M we have dim S # dim X (since S €V) and dim S #

dim X — 1 (since S ¢ M). Then, F it is a locally finite union of sub-manifolds of
X whose codimension is at least 2 (cf. (S1), (S4)). So, ¥ = X\F is an S-saturated

connected open subset of M containing M .-
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By construction, we have Vy = M, that is, Sy = M u A. Let us suppose A # O.
By dimension reasons, if S € A\O then S = S (cf. (7) and (S4)). Property (S2) gives
S =Y and then S = M which is impossible. So, Sy = M 1 O. Then M, =Y which
is a connected open subset of M.

(b) Condition (S6) implies that @ is an embedded sub-manifold of M ", Since
Q < M, then (a) gives the result.

(c) Finally, dim @ = dim QI = dim M’ implies that ) is an open subset of M’ (cf.
(S6)). Since @ < M,, condition (a) gives (c). O

Proposition 3.10. Any refinement (X,8)< (X, T), with S # T, has a simple
decomposition.

Proof. Let us define ds+ = dim M " where M € M. This number is independent of
the choice of M by definition of M. Condition & # 7 implies M # & (cf. Lem-
ma 3.8 (a)) and therefore ds 7 > 0. We proceed by induction on ds 7. If ds7 =0
then the dimension of the strata of M is 0. Then V = M, which gives depthV = 0.
We conclude that the refinement is simple.

Now, in the inductive step, we can suppose that ds,7 > 0. It suffices to construct
a chain of refinements (X,S) < (X,R) < (X, 7T), where the first one is simple and
dr, <ds,T-

Let M,N e M be two strata with M, n N, # ¢§. This implies M AN % (%)
and therefore M = N'. So, M, = L{Qe O LM |Qc M} = {QeOuM|Qc
NI} = N,. We get the dichotomy M, = N, or M, n N, = (J. In order to avoid repeti-
tions, we fix a family {M; < M | i € V} such that u{M, | M e M} = u{M,, |ie V}.
We define '

R=8\(OuM)u{M, |ieV} (13)

Let us verify all the properties.
e (X,R) is a stratified space. By definition of stable strata we have L{Q |
QeOuM}=u{M,, |ieV} Then R is a partition of X. Condition (S1)s gives
condition (S1)g. Condition (S2)g comes from (S2)s and Lemma 3.9 (a). For the
proof of (S3)z and (S4)r, it suffices to prove:
(a) SANP# g = Sc PanddimS < dim P.
by SAM, #7% = ScM,anddimS < dim M,,
(c)SnM,#Z = S>M,anddimM, <dimS,
N, "M, 2% = M, =N,.

where S, P € S\(O u M) and M, N € M. Let us see that.

(a) This follows directly from (S3)s and (S4)s.

(b) Locally finiteness of S (cf. (S3)s) gives M, = u{Q | Q€ S and Q = M, }.
So, there exists Qe O UM with Q =M' and SN Q # . So, Sc Q< M,

(S4) (10)
(cf. (S3)s). Since S ¢ O L M we get S # @ and then dim S <° dimQ < dimQ' =

dim MI Lemmi 3.9(a) dim MI.
(c) Condition S n M, # & implies the existence of Q € M U O with Q =M
and Q < S (cf. (S3)s). By definition of stable strata we can suppose that Q € M,
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which implies S € A since S ¢ M. If M' =" then Se O, which is impossible. So,
$4)

(11) (
M #S". Since M' = QI <" 8" then M' < §" and we get dimM <" dim S’
Let us consider a virtual stratum V € V included iIn s IThere exists a maximal
stratum W e V with V < W (cf. Lemma 3.2). Since V- < W (cf. (11)) then we have

. I . T . r (84)s . I
dmM <dimS =dimV < dmW ,
which is impossible by definition of M. So, the subset S " does not contain any virtual
stratum. , ,
By connectedness of S° the formula (12) implies that S* contains just one stratum

of S, that is, S'=S. We get M, M = QI c 8" =8 and dim M, =dimM' =

r 89s I
dim@ < dimS =dimS (cf. Lemma 3.9 (a)).

(d) If N, nM, # & then N' n M' # & and therefore M < N’ (cf. (S3)7).
Lemma 3.9 (a), (S4)7 and (11) give dim M, = dim M' < dim N' = dim N, . By defini-
tion of M we get that previous < becomes =. Finally, condition (S4) gives M "N
and therefore M, = N, .

e (X,8)< (X,R) is a simple refinement. The strata of S\(M 1 O) remain
equal. The other strata verify condition (S6)s r following Lemma 3.9. So, (X,S) <

(X, R) is a refinement. The only strata whose dimension increases when passing from
S to R are the strata of M: dim M < dim M,. So

Vsr =Msr =M= MsT (14)

which gives depth Vs r = depth Ms 7 = 0.
¢ (X,R)< (X,T) is arefinement with dg,+ < ds,7. A stratum Q € S\(O u
M) goes to QI, where it is an embedded sub-manifold from (S6)s . The strata
M,, M € M, are open subsets of M. So, (X,R)< (X, T) is a refinement. Since
dim M, = dim MI, for each M e M, then M, € R is a source stratum. The same

is true for the strata of A\O. This gives Vg 7 = VM = Vs 7\ M 7 and therefore
dR77’ < d577-. O

4. CS-sets

The invariance result we study in this work applies to CS-sets, a weaker notion
than that of stratified pseudomanifold. Here, a link of a stratum is not necessarily a
CS-set but a filtered space [8, example 2.3.6]. We also describe the local structure of
a simple refinement between two CS-sets.

4.1. CS-sets

A filtered space (X,S) is an n-dimensional CS-set if any regular stratum is an
n-dimensional manifold, and for any singular stratum S € S and for any = € S there
exists a stratum preserving homeomorphism?

¢: (R x ¢L,T x cL) — (V,S),

9A homeomorphism which is also a stratified map. The involved stratifications are described in
Example 2.2.
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where

(a) V < X is an open subset containing x,
(b) (L, L) is a compact filtered space,

(c) ©(0,v) =z and p(R* x {v}) =V n S.

The pair (V, ) is a S-conical chart, or simply conical chart, of x. The link of ¢ is
(L, £). Since the links are always non-empty sets then the open subset X\X is dense.
Closed strata of S are exactly the minimal strata of S. On the other hand, the open
strata of S are the maximal strata of X, they coincide with the n-dimensional strata
of X.

A perverse CS-set is a triple (X, S,p) where (X, S) is a CS-set and P is a perversity
on (X,S).

We find in [20] a comparison between different notions of stratification. In this
work we need the following property.

Proposition 4.1. Any CS-set is a stratified space.

Proof. Conditions (S2) and (S5) come from definition. Property (S1) is proved in [8,
Lemma 2.3.8]. Let us verify (S3) and (S4). Since it is a local question, we set X =
R? x ¢L with S = R x {v}. We can suppose S # S’ and therefore S’ = R* x Q x ]0, 1]
for some Q € L. Since §” = R? x cQ we get S < S§’. We also have dim S < dim S’. O

Consider a refinement (X,S) < (X,7) between two CS-sets, which makes sense
following previous Proposition. The identity I: (X,S) — (X, T) is, in fact, a stratified
map (cf. (10)). We write (X,8) <7 (X, T).

Simple decompositions and CS-sets are compatible.

Proposition 4.2. A refinement (X,8) < (X,T) between two different CS-sets pos-
sesses a simple decomposition made up of CS-sets.

Proof. Tt suffices to prove that the first element (X, R) of the simple decomposition
constructed in the proof of Proposition 3.10 is a CS-set.

We use the following notation: (X, S)<1r(X,R)<;(X,T) and (X,S)<g(X,T) the
original refinement. We know that the manifolds X\YXs and X\X+ are dense open
subsets of X. So, dim(X,S) = dim(X,T).

It remains to construct an R-conical chart of any point z € 5. We consider the
strata Se€ S and S € R containing x. We distinguish two cases.

+ S e Aswr. Let p: (R™ x ¢L,T x ¢L£) — (V,S) be an S-conical chart of z with
link (L, L). Since dim S = dim S' then SAV =8 AV = ©(R™ x {v}). A stratum
of RV\SI is a union of strata of Sy g, then it is of the form ¢(R™ x]0, 1[xe). So, there

exists a filtration £’ on L such that ¢: (R™x]0,1[xL,Z x I x £') — (V\S',R) is a
stratified homeomorphism. This is also the case for ¢: (R™ x ¢L,Z x ¢L') — (V,R).
We get that (¢, V) is an R-conical neighborhood of x with link (L, £’).

+ S € Vs r. Notice first that Vs r = Mg 7 (cf. (14)). By construction of R, the
stratum of R containing the point = is S, (cf. (13)). Let ¢: (R™ x ¢L,Z x ¢L) —
(V,T) be a T-conical chart of z with link (L, £). It suffices to prove that (V,7T) =
(V,R).
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Since S, is an open subset of s (cf. Lemma 3.9 (a)) we can suppose
S, AV =8 NV = R™ x {v}). (15)

By definition of Mg 7 we have that the only virtual S-stratum on V is V' n S. So,
there are no virtual (S, 7)-strata on V\S . We conclude from Lemma 3.8 (a) that
(V\S",8) = (V\S',T) and therefore (V\S",8) = (V\S",R). Using (15) we get the
claim (V,T) = (V,R). O

Remark 4.3. Notice that the coarsening of a CS-set is not necessarily a CS-set. Let
us give an example.

On the CS-set (X, S) the link of the
strata of X; (resp. of the stratum Xj)
is S1 (resp. T?). This lack of uniformity

X1 X1 X implies that the coarsening (X, 7T) is not
E—— a CS-set.

(X,8) (X,7)

The following result describes the construction of compatible conical charts asso-
ciated to a simple refinement.

Proposition 4.4. Let (X,S) < (X, T) be a simple refinement between two CS-sets.
We consider a point x € ¥s and we write S € S and S' €T the strata containing x.
We distinguish three cases.

(a) S is a source stratum. Then there erists

— an S-conical chart (¢, V') of x, whose link is (L, L), and
— a T-conical chart (p,V) of x, whose link is (L,L’) for some filtration L’
on L.

(b) S is an exceptional stratum. Let b = dim S" —dim S > 1. Then there exists
— a S-conical chart (¢, W) of x, whose link is (S*~1,T).

(¢) S is a virtual stratum and 5" is a singular stratum. Let b = dim ' — dim S > 1.
Then there exists

— a T-conical chart (v, W) of z, whose link is (E;E), and
— a S-conical chart (¢, W) of x, whose link is (S*™' + E,E,_1).

Proof. The case (a) has been studied in the proof of Proposition 4.2, since S € A.

We treat the cases (b) and (c), where dim S < dim §". We have S € V = M, since
the decomposition is simple. Notice that depth M = 0. Then we can suppose that
M = {S}, since (b) and (c) are local questions. In other words, S = {S} u A. This
implies S = T on X\S and therefore on S ' \S. The stratification S induces on S " the
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stratification

{8,(S"\S)eet with S < (S\S)ee. (16)

(b) Since S is an embedded sub-manifold of S ! (cf. (S6)) then there exists a home-
omorphism ¢: R% x R® = R® x ¢S*~1 — W, where W < S is an open neighborhood
of z and ¢(R* x {v}) = S n W, with a = dim S. Do not forget that S'is a regular
stratum of 7, which implies that W is an open subset of X. From (16), we conclude
that ¢: (R x ¢S*~1, T x ¢Z) — (W, T) is a stratified homeomorphism and therefore
(¢, W) is a T-chart of x whose link is (S*~!, 7).

(c) Without loss of generality we can suppose that: (W, T) = (R*+? x ¢E, T x &£),
Y =1d, § =R x {v} and x = (0,v). Since S is an embedded sub-manifold of
s (cf. (S6)) then we can suppose S = R® x {0} x {v}. From (16) we get that the
stratification S induces the stratification {R® x {0} x {v},R® x (R?\{0})c x {v}} on
§' = Rotb x {v}.

Since all the strata of (S, W\S) are source strata then S = 7 on W\SI =R+t x
(¢E\{v}) (cf. Lemma 3.8 (a)). This gives that ¢: (R* x (R” x ¢E),Z x (Z x &€)(o,v))
— (W, 8) is a stratified homeomorphism. We consider the homeomorphism g: R® —
BY given by g(x) = 2arctan(||z||) - #/x. Finally , we define

p=1od xg ' xId)o(Id x h): (R® x &(S*" 1+ E), T x ¢Exp_1) — (W, S),

which is a stratified homeomorphism (cf. Proposition 3.3). We get the S-conical chart
(¢, W) of  whose link is (S*~! % E, Ep_1). O

4.2. Charts and perversities
Consider a CS-set (X,S) and a conical chart

p: (R™ x ¢L,Z x ¢L) — (V,S)

of a point ¥ € S, where S € S*™™9. A perversity p on (X,S) induces a perversity on the
LHS which is described as follows. By restriction, p determines a perversity on (V,S)
still denoted by p. We call again P the perversity induced on (R™ x ¢L,Z x ¢L) by
the stratified homeomorphism ¢. A such perversity is determined by a perversity on
the link (L, £), also denoted by p, and by the number p(S) following these formulee:

P(R™ x Qx]0,1[) =p(Q) =P(R), and pR™ x {v}) =p(v) =p(5),  (17)
=,VnR

where v is the apex of ¢L.

We study the behavior of the perversities concerning the charts of Proposition 4.4.
More precisely, if I: (X,S8) — (X, T) is the stratified map induced by the refinement
(X,8)< (X,T) and p is a perversity on (X,S) we study the relation between P
and I,p under the previous conventions (17) following the three cases presented in
Proposition 4.4.

(a) The map I: (V,S8) — (V,T) becomes (R™ x ¢L,Z x L) —» (R™ x ¢L,T x L'),
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given by « — z, which is a stratified map. Recall that o(V n S) = R™ x {v} = p(V n
SI) (cf. (15)). Previous conventions give the equalities

B(S) = B(R™ x {v}) = p(v) and LB(S") = LBR™ x {v}) = LB(v). (18)

(b) The map I: (W,S) — (W,T) becomes the stratified map (R® x ¢S*~1 T x
¢T) — (R T) given by (z,[z,7]) — (2,97 (r2)) where g(x) = 2arctan(z]) 5 e

]

strata S, (S'\S)ec €S and S €T become respectively R® x {u}, R x (S x

cc
10, 1[ and R**® where u is the apex of the cone ¢S*~1. We have I,p = 0 and previous

convention (17) gives the formula
B(S) = B(R® x {u}) = B(u). (19)
(¢) The map I: (W,S8) — (W, T) becomes the stratified map
P op: (RO x &(S* 1% E), T x e€up_1) — (R* x R x ¢B,T x T x ¢£)
given by
(z,97H(2r2), [y, 7]) if 2] < 1/2,
(@, 97 (rz/l120), [y, 2r (L = 2D]) if [z = 1/2.

The strata S, (S'\S)e €S and S" € T become respectively R x {u}, R® x (801, x
10,1[ and R* x R® x {v}, where u is the apex of the cone ¢(S*~! % E) and v is the
apex of the cone ¢E. The other strata oh the LHS are source strata. Previous con-

vention (17) gives the formulse

P(R) = P(R" x D" x Qx]0,1[) = p(Q),

(z, [[Za y],r]) — {

— VAR
LB(R') = LP(R? x R® x Qx]0,1[) = LB(Q),
:w\;;RI (20)
B(S"\S)ee) = PR x (SP=1)  x]0,1[) = (")),
p(s) = PR x {u}) = p(u),
Lp(S') = LpR* xR’ x{v}) = Lp(v),

where R € R with R’ # s

4.3. Comparison tools

The invariance results we prove in two final sections follow the same pattern: a
stratified map induces an isomorphism in (co)homology. To achieve this objective
we use these two results. The first one is used with compact supports (cf. [6, Theo-
rem 5.1]) and the second one is used with closed supports (cf. [3, Proposition 13.2]).

Proposition 4.5. Let Fx be the category whose objects are (stratified homeomor-
phic to) open subsets of a given CS set (X,S) and whose morphisms are stratified
homeomorphisms and inclusions. Let Aby be the category of graded abelian groups.
Let Fy, Gy: Fx — Ab be two functors and ®: Fy — G4 a natural transformation
satisfying the conditions listed below.
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(a) Fy and Gy admit exact Mayer—Vietoris sequences and the natural transformation
® induces a commutative diagram between these sequences.

(b) If{Uy} is an increasing collection of open subsets of X and ®: Fy(Uy) — G« (Uy)
is an isomorphism for each «, then ®: F*(U U,) = G*(U,U,) is an isomor-
phism.

(¢) Consider (p,V) a conical chart of a singular point x €S with Se 8. If
O: F*(V\S) - G*(V\S) is an isomorphism, then so is ®: F*(V) — G*(V).

(d) IfU is an open subset of X contained within a single stratum and homeomorphic
to an Euclidean space, then ®: F*(U) — G*(U) is an isomorphism.

Then ®: F*(X) —» G*(X) is an isomorphism.

Proposition 4.6. Let Fx be the category whose objects are (stratified homeomorphic
to) open subsets of a given paracompact second countable’® CS-set X and whose
morphisms are stratified homeomorphisms and inclusions. Let Aby be the category
of graded abelian groups. Let F*, G*: Fx — Ab be two functors and &: F* — G* a
natural transformation satisfying the conditions listed below.

(a) F* and G* admit exact Mayer—Vietoris sequences and the natural transformation
® induces a commutative diagram between these sequences.

(b) If {Uy} is a disjoint collection of open subsets of X and ®: Fy(Uy) — G (Uy)
is an isomorphism for each a, then ®: F*(| |, Uy) — G*(| |, Ua) is an isomor-
phism.

(¢) Consider (¢,V) a conical chart of a singular point x€ S with Se 8. If
O: F*(V\S) — G*(V,\S) is an isomorphism, then so is ®: F*(V) — G*(V).

(d) IfU is an open subset of X contained within a single stratum and homeomorphic
to an Euclidean space, then ®: F*(U) — G*(U) is an isomorphism.

Then ®: F*(X) — G*(X) is an isomorphism.

Remark 4.7. A priori, in order to apply Proposition 4.5 and Proposition 4.6 one needs
to verify condition (c) for any conical chart of X. Reading carefully the proof of these
Propositions one notices that it is enough to verify (c) for a neighborhood basis of
each point x of X.

Associated to a conical chart ¢: R* x ¢L — V of the point z, we can construct
a neighborhood basis B, = {apez ]—e,el" x ¢cL - V. |e> 0} of x, where ¢, = L x
[0,e[/L x {0} and V. = ¢(] — ¢,e[*x¢.L). Notice that all this open subsets are strat-
ified homeomorphic after homotethy.

So, in order to apply Proposition 4.5 and Proposition 4.6 it suffices to verify con-
ditions (c) for a conical chart of each point of X.

Notice that the family F, = {9055 [—e,e]l xc.L >V |e> 0} is a neighborhood
basis for the point z made up of closed subsets. In other words, the space X is locally
compact.

1011 the original reference [3, Proposition 13.2] the pseudomanifold X needs to be separable. A sec-
ond countable space is separable (see for example [25, Theorem 16.9]) so we can change this last
hypothesis in the statement of the Proposition.
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4.4. Morphisms
Consider a stratified map f: (X,S,p) — (Y, 7,q) between two perverse CS-sets.
If the perversities verify f*Dg < Dp then we have the follovvmg induced morphisms.

(a) fa: >x<(X,S)—> *(Y,T) and f*: (X S) — (Y T) (cf. [6, Proposi-
tion 3. 11])
(b) f*: H (X S) — (Y T) if the map f is a proper map. This comes from

Sectlon 2.5.d and from the fact that the family {f~1(K)| K < Y compact} is
coﬁnal in the famlly of compact subsets of X if f is proper.

() fu:r ® (X S) — 53 (YiT), if f(X,) < Xy, 1), where X, = u{S | S € " and
B(S) > t(S)} (cf. [6 Proposition 3. 11]) An adapted version of this result is needed
in this work (see Lemma 5.5).

(d) Sz H,""(X:8) » H(XT) and fe: §
tion 2.5.d).

If the perversities Verify f *7 < D then we have the following induced morphisms:

(e) f*: A (YiT) - A (X;8)if f*G <P (cf. [3, Theorem AJ).

(t) f*. 0 (Y T)— %” _(X;8) if the map f is a proper map. This comes from 2.9.d

and from the fact that the family {f~*(K) | K < Y compact} is cofinal in the
family of compact subsets of X if f is proper.

BM b BM,q

(X58) =9, (X, T) (cf. Sec-

5. Refinement invariance for CS-sets

We prove the main result of this work: the refinement invariance of all the homolo-
gies and cohomologies of Section 2 : Theorem 5.7 for coarsenings and Theorem 5.9 for
refinements. In the first case, we need to work with a particular type of perversities,
the K-perversities.

5.1. K-perversities

These are the perversities for which refinement invariance holds. Roughly speaking,
they are M-perversities defined on the LHS of a refinement (X,S) < (X,7) whose
restriction to the strata of the RHS is a classical perversity verifying the growing
condition of a Goresky—MacPherson perversity.

Definition 5.1. Let (X,S) < (X, T) be a refinement. A perversity p on (X,S) is a
K -perversity if it verifies conditions (K1) and (K2).

(K1) We have, for any strata S,Q € S with S < @ and s = QI,

p(Q@) <DP(5) <P(Q) +1(5) —UQ), (21)
(K2) We have, for any strata S, Q € S with dim S = dim @ and s = QI,
p(Q) = p(5), (22)
Remark 5.2. Notice these two conditions are equivalent to conditions
Dp(Q) < Dp(5) < Dp(Q) +1(S) —#(Q) and Dp(Q) = Dp(S). (23)

Also, condition (21) is always verified when both strata S and @ are regular strata.
If the stratum @ is regular and the stratum S is singular (i.e., S is an exceptional
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stratum), then condition (21) becomes

0 <B(S) < t(S). (24)
In particular, the existence of a K-perversity implies the non-existence of 1-excep-
tional strata since 0 < #(S) = —1 is not possible.

Before proving the main results of this work, we need some technical lemmas.

Lemma 5.3. Let (X,8)<; (X,T) be a refinement. Any K -perversity P verifies
Lp(T) =p(S) for each T € T where S € S is a source stratum of T.

Proof. We know from Section 2.3 that I,p(T) = min{p(Q) | Q € S and QI = T}. For

any @ € S with QI = T there exists a source stratum S € S with @ < S and s =T
(see Lemma 3.8 (b)). So, Lp(T) =(x1) min{p(S) | S € S source stratum of T'}. Con-
dition (22) ends the proof. O

Lemma 5.4. Let (X,8) < (X, T) be a refinement. For any K-perversity p we have
I*DIp < Dp.

Proof. Given a stratum S € S, there exists a source stratum @ € S of s’ verifying
S < @ (cf. Lemma 3.8 (b)). We have

I"DLp(S) = DILpHS)=%S")—Lp(S")
o2 50") p(Q) <0y HQ) — PQ) = DR(Q) < DR(S),

where (1) comes from (10) except when @ is an exceptional stratum. In this case
codim @ > 2 and therefore 7(Q") = 0 < £(Q) (cf. Remark 5.2). O

Lemma 5.5. Let (X,S) <y (X, T) be a refinement between two CS-sets. For any K -
perversity p we have the induced morphisms

L:$(X;8) - 9.7 (X;7),
97 (X;7) = 95 (X;8),
ES

9, (X37T)— ﬁ:YC(X;S).

Proof. If we prove that the operator I, : Ci (X;S8) — C:f (X;T) is well defined then,
by duality, the operator I*: Qﬁii(X ;T) — @: (X;8) is also well defined. Following
[6, Proposition 3.11] and Lemma 5.4 it suffices to prove I(X,) c ¥(x . If this is
not true, then there exist @ € S and S € S with Q < S, p(S) > #(9) and Q' e
TTed. Since QI <(1) S" then S' € S™9. Then S is an exceptional stratum. This is
impossible (cf. (24)). Last point comes from Section 2.5.d. O
Lemma 5.6. Let (X,S) <y (X,R)<s (X,T) be two refinements. If D is a K-per-
versity on (X,S), relatively to the refinement E = J o I, then

(a) P is a K-perversity, relatively to the refinement I, and

(b) Lp is a K-perversity, relatively to the refinement J.

J
I

Proof. Property (a) comes directly from the fact that S =g’ implies S o=
J
Q' =Q",if S,QeS. Let us prove (b) in two steps.
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(K1)1,5 Consider S,Q € R with S < @ and S’ = QJ. Lemma 3.8 (c) gives two
I-source strata S, Q' € S, of S and Q respectively, with S’ < @’. We have Lp(S) =
p(S") and Lp(Q) =p(Q’) (cf. Lemma 5.3) and

J J

s =8 =5 =@ =@ =" (25)
then
(K1) (K15 _ _
Lp@Q) =  BQ) < p&)=LpS) < BQ)+US)-UQ)

oL LH(Q) +1(8) ~HQ') = LH(Q) + () ~ Q).

(K2)1,5 Consider two strata S and Q € R with dimS = dim@ and 57 = Q .
Lemma 3.8 (b) gives two source strata S', Q' € S of S and @ respectively, rela-

tively to the refinement I. Then S’ = Q'  (cf. (25)) and dim &' = dim §' = dim § =
I

dim @ =dim@ = dimQ’. Applying (K2)7 we get p(S’) = p(Q’). On the other hand,

Lemma 5.3 gives Lp(S) =p(S"), Lp(Q) =p(Q') and therefore we get the claim

Lp(S) = Lp(Q). O

5.2. Main results
We give the two invariance results of the various intersection (co)homologies: by
coarsening and by refinement.

Theorem 5.7 (Invariance by coarsening). Let (X,8)< (X,7T) be a refinement
between two CS-sets. For any K -perversity p on (X, S) the identity I: X — X induces
the isomorphisms

*

(R1) H f(X-S) =~ H"(X;T), (R2) H' (X;S) = H, (X;T),
(R3) H (X;8) = H!_ (X;T), (R4) 9 (X;8) = saj(x T),
(R5) @(X,S) ~ 0, _(X;7), (R6) sa,iix S) =8, (X;T),
If, in addition, X is second countable then
R H BM,J(X S) = B (X, 7). (RS) 9777 (X:8) = 577 (X, T),
(R9) " (X;T) = (X S), (R10) " (X;8) = H,  (X;T)
Proof. Notice first that the identity I induces the morphisms (R1), ..., (R10). This

comes from Lemma 5.4, 2.3, Paragraph 4.4 and Lemma 5.5. We proceed in several
steps.

(R2) and (R5). Apply the Universal coefficient Theorem of Section 2.5.e to (R1)
and (R4).

(R3) and (R6). Considering (3) it suffices to prove that I induces the isomor-
phisms H™ (X, X\K;S)= H, (X,X\K;T)and § (X, X\K;8) =9, (X, X\K; T),
for each compact subset K < X. Properties (R2), (R5) and the long exact sequences
of 2.5.d give the result.

(R7) and (RS). Since X is second countable, it is hemicompact (see [23, Re-
mark 1.3]). Considering (4) it suffices to prove H_ (X, X\KS) = H:p(X, X\K;T)

and ﬁi(X, X\K; S) = 5'3:?()(, X\K; T), where K is a compact subset of X.
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Properties (R1), (R4) and the long exact sequences of 2.5.d give the result.

(R10). Since X second countable then it is hemicompact, paracompact and there-
fore normal (see [23, Remark 1.3], [25, Theorem 20.10]). Considering Proposition 2.1
it suffices to prove (%”; (X, X\K;S) ~ ij*ﬁ(X, X\K;T), where K < X is compact.
Property (R9) and the long exact sequencc*e of 2.9.d give the result.

(R1), (R4) and (R9). Without loss of generality we can suppose that the refine-
ment is simple (cf. Proposition 4.2 and Lemma 5.6). We verify the conditions of
Proposition 4.5, for (R1) and (R4), and Proposition 4.6, for (R9). The functor ®
comes from I: X — X.

(a) Tt suffices to consider the Mayer—Vietoris sequences of 2.5.a, 2.7.a and 2.9.a.!

(b) The chains have compact support, so we get (R1) and (R4). The case (R9) is
immediate.

(d) Since Sy = Z implies Ty = Z then property (D) becomes a tautology.

(¢) Consider a singular point = € X. Following Remark 4.7 we distinguish three
cases.

(C-a) ¢ € S, source stratum of S. Considering Proposition 4.4 (a) and using
the local calculations 2.5.b and 2.9.b, we need to prove

(R1) H.(L,L)=H,"(L,L') = H.(¢L,¢L)=H ’”’( L,&L),
‘;( L)~ f)’”’(L £y = 51£&L,&L);.s5* (eL,eL’),
(R9) (L, L)=A."(L,L)) = (L, eL)=s," (¢L,eL).

Since the perversity p verifies p(S) = @(S’I) (cf. Lemma 5.3) then we have p(v) =
Lp(v) (cf. (18)). The result comes now directly from the local calculations 2.5.b
and 2.9.b.

(C-b) = € S, exceptional stratum of S. Considering Proposition 4.4 (b) and
using the local calculations 2.5.b and 2.9.b, we need to prove

(R1) H, (e8*"1,¢T)=G,  (R4) 9. (68" 1, eT)=G,  (R9) A (&S*! eI)=R.

where b = codim S > 1. Since 0 < p(S) <#(S) =b—2 (cf. (24)) then we have 0 <
P(u) < b—2(cf. (19)). The result comes now directly from the local calculations 2.5.b
and 2.9.b.

(C-c) x € S, virtual stratum, with S" singular stratum of S. Considering
Proposition 4.4 (c) and using the local calculations 2.5.b and 2.9.b, we need to prove

(R1) H.(&(S*'% E),eEmpr) = H,"(EB,&E),
(R4) 9 (e(S 1% E),eEq1) =9, (CE,EE),
(R9) A (&(S*'* E),eEu1) = K, (CE,EE),

whereb=dim5}1—dims>1 ,

Since S < (8"\S)ce (cf. (16)) and B((S"\S)ec) < B(S) < B((S\S)ec) + b (cf. (21))
then p((S* 1)) < P(u) < D((S*)ee) + b (cf. (20)). Similarly, we get Dp((S°™1)ee) <
Dp(u) < Dp((Sbfl)cc)ﬁ b (cf. (23)).

Since p(S) = Lp(S ) (cf. Lemma 5.3) then we have p(v) = Lp(v) (cf. (20)).

"Notice that X is second countable, Hausdorff and locally compact (Remark 4.7). Then, the pseu-
domanifold X is paracompact (cf. [1, I1.12.12]).
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Applying the local calculations 2.5.b,c and 2.9.b,c the question becomes
(R1) H.(E,E)=H_"(EE),
(R4) 9. (B,E) = yf”’(E &),
(RO) 7 (E.&) = A, (E,£),
The stratum S belongs to V = M (cf. (14)). Since any other R € S meeting the

conical chart W verifies S < R then R is a source stratum and then p(R) = Lp(R)
(cf. Lemma 5.3). From (20) we get p = I.p on E. The claim is proved. O

Remark 5.8. The existence of 1-exceptional strata may impeach the above isomor-
phisms. This is the case for (R4) ..(R10). For example .61 (659,87) =0# G =
9. (1-1,1[,Z). But we have H, (¢5°) = G = H, (]-1,1[,Z, ¢Z). In fact, the local cal-
culations H0 (CSO ) and 9 (CSO ) are different:
17 (650 &T) — H, (5% if Dp(v) = 0, 700 o | Hy(S) if Dp(v) =0,
H, (¢5°,¢1) = { G ifDpw) <0, o (€5%.eT) =170 T Dp(v) < 0.
We observe that condition jﬁi (¢59,87) =G of (C-c) is never fulfilled, while we just
)

need Dp(v) < 0 to have H_ (¢5°,¢T)~G of (C-c).

Condition (21) can be weakened in cases (R1), (R2) and (R3) as follows: dealing
with 1-exceptional strata S, it suffices to ask Dp(S) < 0, that is, p(S) = 0 and not
0 < p(S) < #(9). So, these strata are allowed for (R1), (R2) and (R3).

Theorem 5.9 (Invariance by refinement). Let (X,S)<(X,7) be a refinement
between two CS-sets. We suppose that there are no 1-exceptional strata. For any
perversity § on (X, T) the identity I: X — X induces the isomorphisms

(R1) H, "(X;8) =~ H ?(X‘T) (R2) H, (X;8) = H(X;T),
(R3) H, (X;8)=H. (X;T), (R4) fJ; (x:8) = ﬁ*(x,ﬂ,
(R5) 9, (X;8) = 97 <X,T>, (R6) 9., (X:8) = 9] (X;7).
If, in addition, X is second countable then
(R7) H,""N(X;8) = BT, (R8) 5.7 (X;8) = @“”(X ),
(RO) 7. (X:T) = ] (X38), (R10) A7 (X:8) = H..(X:T)

Proof. 1t suffices to apply Theorem 5.7 to the perversity I*p (cf. Paragraph 2.3), if
this perversity is a K-perversity. This is the case when 1-codimensional exceptional
strata do not appear. Let us verify properties (K1) and (K2).

(K1) We have I'7(Q) =7(Q") = (") = I"q(S) < I'G(Q) + (S) —#(Q), if we
prove the inequality £(Q) < ¢(S). This is clear if S and @ are regular strata or sin-
gular strata at the same time (cf. (S4)). It remains the case where S is an excep-
tional stratum and @ is a regular stratum. The inequality becomes £(S) = 0, that is,

codim S > 2. This comes from the non-existence of 1-exceptional strata.
I

(K2) We have I*7(Q) = q(Q") = q(S") = I"q(S). m

In cases (R1), (R2) and (R3), l-exceptional strata S may appear in the case
p(S) = 0 (cf. Remark 5.8).
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5.3. Topological invariance

One of the two more important properties of the intersection homology is the topo-
logical invariance [15]. Next Corollaries show that the refinement invariance implies
topological invariance in some cases. We find the well known topological invariance
of the intersection homology [15] (see also [19, 13]) and those of tame intersection
homology [9] (closed supports) and [11] (compact supports). We also get the topo-
logical invariance of the blown-up intersection cohomology [3, Theorem G] (closed
supports) and [5, Theorem A] (compact supports).

Before giving the result, there are two important tools to highlight.

o Intrinsic stratification (cf. [18, 19]). Any stratified space (X,S) has a smallest
refinement: the intrinsic stratified space (X,S*). It is a canonical object: we have
S* = T* for any stratification T defined on X. If (X, S) is a CS-set then (X,S*) is
also a CS-set.

o Classical perversities versus M-perversities. The former depend on the codimen-
sion of the strata while the latter are defined on the strata themselves.

A King perversity is a map p: N — Z verifying p(0) = 0 and p(k) <p(k+1) <
(k) + 1 for each k € N* (cf. [19]). It verifies

p(k) <p(t) <p(k) + L -k, (26)

if 1<k<{ A King perversity p induces a perversity, still denoted by p: p(S) =
p(codim S).

A Goresky—MacPherson perversity is a King perversity p with p(0) = p(1) = p(2) =
0 (cf. [15]). It verifies, for each k > 2,

0<pk)<k-—2=1k). (27)

Corollary 5.10. Let (X,S) be a CS-set endowed with a positive King perversity p.
Consider the intrinsic refinement (X,S) <y (X,8*). The identity map [: X — X
induces the isomorphisms
D D * * * *
H (X;8) = H (X;8%), H_(X;S8)=H_(X;8%), H_ (X;S)=~H_(X;8%),
if p(€) = 0 when ¢ is the codimension of an exceptional stratum. We also have
N (X;8) =0 (X;8%), 95 (X;8) =9 (X;8%), . (X;8) =6 (X;8%),

if 0 <p(l) < t(l). If, in addition, X is second countable then we have

BM,p BM.,p

H(X;8)= A (X;8%), A (X;S)=H (X;8%), H, "(X;S)=H, "(X;S*).

,c ,C %
Proof. Let us verify that p is a K-perversity.
(K1) By definition of the perversity p, we need to prove

p(codim Q) < p(codim S) < p(codim Q) + t(codim S) — t(codim Q).

This is clear if S,Q are regular strata or singular strata (cf. (S4) and (26)). It
remains the case where S is an exceptional stratum and @ is a regular stratum. The
inequality becomes 0 < p(codim S) < #(codim S) which is true from the hypothesis
and Remark 5.8.

(K2) We have p(S) = p(codim S) = p(codim Q) = p(Q).

The classical perversity p induces the perversity p on (X,S) by the formula
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p(S) = p(codim S). In fact, the perversity I.p of (X,7) also comes from the clas-
sical perversity p:

Lp(T) ™2 %2 5(S) = p(codim §) "= H(codim T') = B(T),

where T' € T and S € S is source stratum of 7. Now, it suffices to apply Theorem 5.7.
O

Remark 5.11. (1) Let (X,S) be a CS-set endowed with a Goresky-MacPherson per-
versity p. Since 5 >0 (cf. ( 7)), then the previous Corollary implies that the coho-
mologies H ( ;S), H. f (X;8) and H:(X ;S) are independent of the stratification
S. We do not have a snmlar result for tame intersection homologies since condition
0<p<t(cf. (27)) implies that tame intersection homology coincides with the usual
intersection homology.

Let us suppose that X is second countable. When 1l-exceptional strata do not
exist then we can apply the above Corollary and conclude that the cohomologies
,%”F (X;8), %”;C (X;S) and HBMP(X;S) are independent of the stratification S.
(cf. (27)).

(2) Consider p a K-perversity. Condition (K2) means that the restriction of p
to the S-stratification lying on each stratum 7T € T is, in fact, a classical perversity
(excepted the condition p(0) = 0). On the other hand, property (K1) is, in fact, a
growing condition of the type (26), even weaker. Although it is not completely exact,
we can think a K-perversity as a perversity whose restriction to any stratum 7€ T
is a King perversity.

References

[1] G.E. Bredon. Topology and Geometry, volume 139 of Grad. Texts in Math.
Springer-Verlag, New York, 1997. Corrected third printing of the 1993 original.

[2] R. Brown. Topology and groupoids. BookSurge, LLC, Charleston, SC, 2006.
Third edition of Elements of modern topology [McGraw-Hill, New York, 1968;
MRO0227979], With 1 CD-ROM (Windows, Macintosh and UNIX).

[3] D. Chataur, M. Saralegi-Aranguren, and D. Tanré. Blown-up intersection coho-
mology. In An Alpine Bouquet of Algebraic Topology, volume 708 of Contemp.
Math., pages 45-102. Amer. Math. Soc., Providence, RI, 2018.

[4] D. Chataur, M. Saralegi-Aranguren, and D. Tanré. Intersection cohomol-
ogy, simplicial blow-up and rational homotopy. Mem. Amer. Math. Soc.,
254(1214):viii4+108, 2018.

[5] D. Chataur, M. Saralegi-Aranguren, and D. Tanré. Poincaré duality with cap
products in intersection homology. Adv. Math., 326:314-351, 2018.

[6] D. Chataur, M. Saralegi-Aranguren, and D. Tanré. Intersection homology.
General perversities and topological invariance. Illinois J. Math., 63(1):127—
163, 2019.

[7] D. Chataur, M. Saralegi-Aranguren, and D. Tanré. Blown-up intersection
cochains and Deligne’s sheaves. Geom. Dedicata, 204:315-337, 2020.

[8] G. Friedman. Singular intersection homology. New Mathematical Monographs.
Cambridge University Press, 2020.



9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]

[20]

[21]
[22]

(23]

[24]

[25]

MARTINTXO SARALEGI-ARANGUREN

G. Friedman. Superperverse intersection cohomology: stratification (in)depen-
dence. Math. Z., 252(1):49-70, 2006.

G. Friedman. Singular chain intersection homology for traditional and super-
perversities. Trans. Amer. Math. Soc., 359(5):1977-2019 (electronic), 2007.

G. Friedman. Intersection homology and Poincaré duality on homotopically
stratified spaces. Geom. Topol., 13(4):2163-2204, 2009.

G. Friedman. Topological invariance of torsion sensitive intersection homology.
arXiv e-prints, page arXiv:1907.07790, Jul 2019.

G. Friedman. Two short proofs of the topological invariance of intersection
homology. arXiv e-prints, page arXiv:1904.06456, Apr 2019.

G. Friedman and J. E. McClure. Cup and cap products in intersection
(co)homology. Adv. Math., 240:383-426, 2013.

M. Goresky and R. MacPherson. Intersection homology theory. Topology,
19(2):135-162, 1980.

M. Goresky and R. MacPherson. Intersection homology. II. Invent. Math.,
72(1):77-129, 1983.

M. Goresky and P. Siegel. Linking pairings on singular spaces. Comment.
Math. Helv., 58(1):96-110, 1983.

M. Handel. A resolution of stratification conjectures concerning CS sets. Topol-
ogy, 17(2):167-175, 1978.

H. C. King. Topological invariance of intersection homology without sheaves.
Topology Appl., 20(2):149-160, 1985.

B. Kloeckner. Quelques notions d’espaces stratifiés. In Actes du Séminaire
de Théorie Spectrale et Géométrie. Vol. 26. Année 2007-2008, volume 26 of
Sémin. Théor. Spectr. Géom., pages 13—28. Univ. Grenoble I, Saint-Martin-
d’Heres, 2009.

R. MacPherson. Intersection homology and perverse sheaves. Unpublished
AMS Colloquium Lectures, San Francisco, 1991.

M. Saralegi-Aranguren. de Rham intersection cohomology for general perver-
sities. Illinois J. Math., 49(3):737-758, 2005.

Martintxo Saralegi-Aranguren and Daniel Tanré. Poincaré duality, cap prod-
uct and Borel-Moore intersection Homology. Quart. J. Math. (Ozford Ser.)
71(3):943-958, 2020.

G. Valette. A Lefschetz duality for intersection homology. Geom. Dedicata,
169:283-299, 2014.

S. Willard. General topology. Addison-Wesley Publishing Co., Reading, Mass.-
London-Don Mills, Ont., 1970.

Martintxo Saralegi-Aranguren martin.saraleguiaranguren@univ-artois.fr

Laboratoire de Mathématiques de Lens, EA 2462, Université d’Artois, rue Jean Sou-
vraz, 62307 Lens Cedex, France


mailto:martin.saraleguiaranguren@univ-artois.fr

	Introduction
	Intersection homologies and cohomologies (filtered spaces)
	Filtered spaces
	Examples
	Perversities
	Tame and intersection (co)homologies (cf. [5, 6])
	Main properties for (tame) intersection (co)homology
	Intersection homology from Borel–Moore point of view (cf. [10, 23])
	Main properties for Borel–Moore (tame) intersection homology
	Blown-up intersection cohomologies (cf. [3]
	Main properties for blown up intersection cohomologies

	Stratified sets and refinements
	Stratified spaces
	Refinements

	CS-sets
	CS-sets
	Charts and perversities
	Comparison tools
	Morphisms

	Refinement invariance for CS-sets
	K-perversities
	Main results
	Topological invariance


