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TRUNCATED DERIVED FUNCTORS AND
SPECTRAL SEQUENCES

HANS-JOACHIM BAUES', DAVID BLANC anp BORIS CHORNY
(communicated by Daniel Isaksen)

Abstract
The FEs-term of the Adams spectral sequence may be iden-
tified with certain derived functors, and this also holds for a
number of other spectral sequences. Our goal is to show how
the higher terms of such spectral sequences are determined by
truncations of relative derived functors, defined in terms of cer-
tain simplicial functors called mapping algebras.

1. Introduction

The various types of Adams spectral sequences, which play a central role in alge-
braic topology (cf. [A, BCM, BC, BK1, BK2, N, R]), have a number of features

in common:

(i) They are obtained from a space Y by constructing a (cosimplicial) resolution
Y — W* with respect to a spectrum A = {A;}° . with its associated coho-
mology theory A*.

(ii) The spectral sequence in question is the homotopy spectral sequence for TW?®,
for a suitable homotopy functor T.

(iii) The Es-term of the spectral sequence can be identified as the derived functors
of an algebraic functor T associated to T, applied to A*Y.

The goal of this paper is to provide a description similar to (iii) for the E,, ;o-term of
the spectral sequence (for n > 0), as relative derived functors applied to the truncation
P"OMAY of a certain structure, called a mapping algebra, associated to Y (which
reduces to A*Y when n = 0).

Just as for the Fs-term, this has two advantages:

(a) The truncated mapping algebra P"OMAY has less information than Y itself,
but still enough to determine the E),42-term.

(b) Relative derived functors may be calculated using any resolution of P"9AY.

The first author carried out this program for the Fs-term of the stable Adams
spectral sequence in [Bau, BJ2], showing that extended calculations may be made
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using such a construction. See [BB3, CF| for other general descriptions of the higher
terms in the stable Adams spectral sequence, although those are not given in the form
of truncated derived functors as defined here, and thus do not have the calculational
flexibility in terms of varying resolutions (as shown in [Bau] for n = 1).

1.1. Mapping algebras and truncations

By (iii) above, the Fs-term of the Adams spectral sequence depends only on the
sets [Y, A;]iez and operations on them induced by homotopy classes of maps between
(products of) the spaces A;. This suggests that for the higher terms, we should look at
the function spaces map, (Y, 4;), with additional structure induced by maps between
the representing spaces. This structure is encoded by the notion of a mapping algebra:
that is, a simplicial functor X: ®* — S, from the sub-simplicial category @ of Top,
whose objects are products of copies of the various spaces A;, to the category S, of
pointed simplicial sets. For example, the realizable mapping algebra X := 9MAY has
the value map(Y, A) at each A € @4,

Mapping algebras admit truncations, defined by applying the Postnikov section
functor P™ to each mapping space. In particular, the O-truncation contains the same
information as the sets [Y, A;];cz of homotopy classes of maps, together with the
operations on them induced by homotopy classes of maps between the spaces A;: this
is precisely what was needed to determine the E?-term as suitable derived functors
in (iii) above.

This leads to the idea that higher truncations of the mapping algebras may suffice
to determine higher terms in the spectral sequence — depending, of course, on the
homotopy functor T in question.

We may therefore summarize our program as follows:

(1) We need to show how a continuous functor T': Top, — Top, factors through the
category Map® of mapping algebras as T o M4, for a suitable homotopy functor
T MapA — Top,.

(2) We want 2, := MAW?® to be a resolution of MY in the resolution model
category of simplicial mapping algebras, in order to guarantee that both the
(functorial) cosimplicial resolution W*® of Y, and the resulting cosimplicial space
TW?®, are homotopy functors of 9MAY. This will let us identify TW* as a
certain relative left derived functor (L™'%)MMAY = T2, of T applied to the
mapping algebra MAY (see §5.1).

(3) Finally, we must show that in the cases of interest to us, the E,-term of the
homotopy spectral sequence for TW® = (LZ)9*Y depends only on the n-trun-
cation P"T290,, for each r > 2. Functors T with this property are called level.

Remark 1.1. There are also a number of less familiar spectral sequences obtained
dually by constructing a simplicial resolution X, — Y with respect to B = {S"}>°,,
applying a homotopy functor T: C — C, and then using the homotopy spectral sequence
for the simplicial space TX, (see [Sto, Bl1, DKSS]). Here too, one can identify the
E?-term with the derived functors of an algebraic functor of 7,Y (the algebraic
object corepresented by B). We include these in the paper mainly in order to show
that the formalism we describe here is not limited to the Adams spectral sequence,
even though this is our most important example. Moreover, in a number of ways the
simplicial-covariant version is cleaner than the cosimplicial-contravariant one.
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However, since Eckmann—Hilton duality is not formal, we are forced to work care-
fully through the details in the two versions separately: for this reason, each section
is divided into two parts, starting with the covariant case.

For reasons of space, we deal here only with the unstable spectral sequences. For
the stable analogue, we must choose a simplicial model category of spectra (cf. [BF,
EKMM, HSS, L]) and work there throughout; one can still take Postnikov n-
sections of the mapping spaces map, (B, X,).

1.2. Outline

In Section 2 we define enriched sketches and the associated mapping algebras
(with their dual versions). It turns out that we have competing versions of mapping
algebras: the category sMapif’R, which allows us to factor T as T o M4 in §1.1(1),
is not right proper, so we need a variant S?A in which 20, := MAW?* is indeed a
cofibrant replacement for MAY in the resolution model category S?A XA

In Section 3 we describe a category sMapg, of B-mapping algebras (when B is the
sphere spectrum — cf. Remark 1.1), with a realization functor N: sMapg, — Top,
(see Theorem 3.10 and Corollary 3.11).

In Section 4 we construct the analogous category sl\/lapfet’R of dual mapping alge-
bras, for A the Eilenberg—-Mac Lane spectrum for a commutative ring R, and show:

Theorem A. There is a realization functor N : (sMapf“et’R)Op — S, equipped with a
natural weak equivalence M* o N — 1d.

See Theorem 4.7 and Corollary 4.8 below.

Thus any homotopy functor T: Top, — Top, which preserves R-equivalences,
when restricted to R-good spaces, induces a functor ¥ :=T o N : (sMapyi#)or —
Top, equipped with a natural weak equivalence T o MSHR — T

In Section 5 we define the general notion of a relative derived functor (§5.1),
and show how it applies to the functor ¥: (sl\/lap?et’R)Op — Top, associated to the
homotopy functor T: Top, — Top,. The dual notion is treated in Section 6.

In order to do so, we have to relate the two types of mapping algebras described
in Section 2 — those that are used for resolutions, and those for which ¥ is defined

— by means of Theorem 6.4, which implies:

Theorem B. If Y is R-good, any simplicial resolution Ve of MSEEY in the res-
olution model category SPA XA
dimension) to a simplicial object W, in (sMap

is Reedy weakly equivalent (i.e., in each simplicial
St,R)AOP
re °

The dual version, for the sphere spectrum, is Theorem 5.8.

Finally, in Section 7 we deal with the truncated versions of our higher derived
functors, and explain what data is needed to determine the FE,-term of the homo-
topy spectral sequence of a (co)simplicial space by formalizing the notion of a level
functor (Definition 7.2), with the dual version described in Section 8. We then show

Theorem C. For R=TF, or Q, Z € S, and R-good Y, the unstable Adams spectral
sequence for map,(Z,Y) is determined by a simplicial mapping algebra resolution
W, of MSHEY | and for each r > 2 the E,.-term is determined by the corresponding
(r — 2)-truncated mapping algebras.

See Theorem 8.2.
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This implies that the mapping space functor map, (Z, —) is a level homotopy func-
tor on R-good spaces. We also prove a number of similar results for functors related
to the sphere spectrum (see Propositions 7.8, 7.9, and 7.10).

1.3. Notation

The category of finite ordered sets and order-preserving maps will be denoted by A
(cf. [Ma2, §2]), so a simplicial object G in C is a functor A°? — C, and the category
of such will be denoted by C2”. Similarly, a cosimplicial object G* in a category
C is a functor A — C, and the category of such will be denoted by C2. There is a
natural embedding ¢(—)s: C — C*" (the constant simplicial object), and similarly
c(—)*: C —CA.

Write A for the subcategory of A with the same objects but only monic maps.
A functor G: AT — C (respectively, G: Ay — C) is called a restricted (co)simplicial
object in C. The inclusion i: A, < A induces a forgetful functor i*: C2™ — CA:p,
which has a left adjoint £: CA% — C2” (for suitable C).

The category of topological spaces will be denoted by Top, that of pointed spaces
by Top,, and that of pointed connected spaces by Top,. The category of simplicial
sets will be denoted by S = SetAop7 that of pointed simplicial sets by S, = Setfop7
that of simplicial groups by G = GpAop. Write map, (X,Y) for the standard function
complex in S, Topy, or G (see [GJ, I, §1.5]). Note that both Top, and S, are enriched
over (S,, ), but if we forget the basepoints, the same mapping spaces mapg_(X,Y)
or mapTep (X,Y) also define an enrichment over (S, x), which is the one we shall

use (see [H, 9.1.14]).

We denote the category of pointed Kan complexes by S¥#, that of reduced simpli-
cial sets (with a single vertex) by S, and the full subcategory of n-types in S, — i.e.,
spaces X with 7;(X,2) = 0 for i > n and all x € Xo — by S}, with P": S, — Sjy
the n-th Postnikov section functor.
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2. Enriched sketches and mapping algebras

The main technical tool in our approach is the notion of a mapping algebra, first
introduced in [BB2, §8]. We shall need a number of variants of this notion.

Definition 2.1. Let C be a pointed simplicial model category, B a set of fibrant and
cofibrant homotopy cogroup objects in C, F a category of finite simplicial sets, and £
a set of cocones in C. The associated enriched sketch, or multi-sorted theory (cf. [Bor,
§5.6]) ©p = O3 £ ¢) is the smallest full sub-simplicial category of C containing B
and closed under the operations — ® K for K € F and taking colimits of the cocones
in £. In this setting:
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(1) A B-presheaf is a pointed simplicial functor X: ©3 — S.. The category of all

B-presheaves is denoted by 8*@ 73}), and the value of X at B € ®4 will be written
X{B}.

A map f: X — 9 of B-presheaves is called a weak equivalence if {{B}: X{B} —
D{B} is a weak equivalence for each B € @5. Two B-presheaves are said to be
weakly equivalent if they are connected by a finite zigzag of weak equivalences.

(2) A weak B-mapping algebra is a B-presheaf X for which the natural maps
X(Bo K} — X{B}* and  X{colime; B;} — lim X{B;} (22)
1€

are isomorphisms for all B € ®¢, K € F, and diagrams [ in £. The full sub-
category of strict B-mapping algebras will be denoted by sMapg.

(3) A weak B-mapping algebra is a B-presheaf X which is weakly equivalent to
a strict B-mapping algebra. Thus in particular, the maps of (2.2) are weak
equivalences. The full subcategory of weak B-mapping algebras will be denoted
by wMapg.

Remark 2.3. In principle, we would like to identify a weak B-mapping algebra more
conceptually as a B-presheaf for which not only the maps of (2.2) are weak equiva-
lences, but also appropriate higher coherences hold. However, as we shall not, in fact,
need to work explicitly with weak B-mapping algebras, we can make do here with
the above ad hoc definition.

Ezxample 2./. The main example of an enriched sketch we shall consider in this
paper is the case where C = Top,, B = {S™}52, and F consists of the inclusions
i0,41: A[0] < A[1]. The cocone collection € contains all coproducts of cardinality
< A for some fixed limit cardinal A (e.g., Xg), and the pushout squares

B—— - B® A[l] B—— -~ (CB
:i z¢inco i iincl (25)
*C CB G — .}

for B € ®4. (These will be our models for the cone CX and suspension XX of any
X ().

Thus a strict B-mapping algebra X will take the two squares of (2.5) to pullback
squares:

PX{B}—— x{B}2Al 0x{B}——= > pPx{B}
~ i r i i (2.6)
#———— X{B} #———— X{B}

One might also consider localized versions, where B = {S,}7%,; for some subring
R C Q (cf. [Bi]). In particular, when R = Q we may replace C = Top,, by a suitable
algebraic model of rational homotopy types, such as the category of differential graded
Lie algebras.

More generally, one could take any space M € Top,, and let B = {E"M}22,.
However, while the formal part of our program can be made to work in this case
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(see [BBD]), the application to the homotopy spectral sequence of a simplicial space
is not available for M which is not essentially a sphere (see [CDI| and [BI12, §4.6]).

Definition 2.7. For any enriched sketch ®4 as above, the most important example
of a B-presheaf X is a realizable one, associated to an object Y € C, where X{B} :=
mape(B,Y) for any B € ©3. Evidently, this will be a strict B-mapping algebra,
which we denote by 9MMsY (of course, it actually takes all colimits in @5 to the
corresponding limits). When Y € Obj @4, we say that MpY is free.

The strong Yoneda Lemma for enriched categories (see [K, 2.4]) implies:

Lemma 2.8. If9) is a B-presheaf and MyB is a free strict B-mapping algebra (for
B € O3 ), there is a natural isomorphism

@: map oz (M3B, V) = V{B},
with ®(f) = f(Id) € D{B}o for any } € Hom oz (MsB, V) = map oz (M5B, V)o.

Remark 2.9. 1t is sometimes convenient think of a B-presheaf X as a category & with
object set O := Obj(®5) U {*}, enriched in pointed simplicial sets as follows:

mape,, (A,B) if A,B € Obj(©sz),
xX{A} if A € Obj(®g) and B = «,
C({*vld*})o ifA=B= *,

c({*})e otherwise.

mapy(A,B) = (2.10)

Thus a realizable B-presheaf X = 9M3Y corresponds to a sub-simplicial category X
of C with object set Obj(®5) U {Y} (compare [BB2, §8.1]).

Definition 2.11. An enriched sketch @5 in a model category C has an algebraic
version, which is the (ordinary) sketch O3 := 10®x — that is, O3 has the same
objects as ®3, and Home,, (B, B’) := mo mapg,, (B, B’). An algebra (or model) for
O3 is a functor A: ©F — Set which takes the coproduct of any discrete cocone in £
to a product in Set (see [Bor, §5.6]).

These are called Ilg-algebras, and the category of such is denoted by Ilg-Alg: for
B = {S"}°2,, these are simply the II-algebras of [DK2]. Note that if X is a (weak
or strict) B-mapping algebra, then moX is a Ilg-algebra; the same need not hold
for an arbitrary B-presheaf. We say that a Ilg-algebra A is realizable if it is of the
form meMpY for some Y € C. A coproduct of I1g-algebras of the form myMtxB for
B € Obj© is called free.

There are dual versions of all three notions discussed in Section 2, defined as
follows:

Definition 2.12. Let C be a pointed simplicial model category, A a set of fibrant and
cofibrant homotopy group objects in C, F a category of finite simplicial sets, and £ a
set of cones in C. The associated dual enriched sketch ®* = @AXL) is the smallest
full sub-simplicial category of C containing A and closed under the operations (—)%
for K € F and taking limits of the cones in £. In this setting:
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(1) An A-dual presheaf is a pointed simplicial functor X: ®* — S.. The category
of A-dual presheaves is denoted by S?A7 and the value of X at A € ©4 will
again be written X{A}.

(2) A dual strict A-mapping algebra is a A-dual presheaf X for which the natural
maps

X{AKY - x{A}K and %{hé? A} — lin X{A;}  (213)

are isomorphisms for all A, A; € ®*, K € F, and diagrams I in £. The sub-
category of dual strict A-mapping algebras will be denoted by sMapA.

(3) A dual weak A-mapping algebra is a A-dual presheaf X which is weakly equiv-
alent to a dual strict A-mapping algebra, so in particular, the maps of (2.13)
are weak equivalences (see Remark 2.3 above). The subcategory of dual weak
A-mapping algebras will be denoted by wMap™.

Example 2.14. The main example of an enriched dual sketch we consider here is the
O-spectrum case, where C = S, and A = {A,}5° _ _ are the spaces of an Q-spectrum
A (in the sense of [BF]). The category F then consists of the inclusions g, i1 : A[0] —
A[1], and the cone collection £ contains all products of cardinality < X for some fixed
limit cardinal A and the pullback squares

PAC— o AAN] NAC— 2 - PA
~ evqg | ~ evy
(2.15)
A A

for any A € ©*. Thus a dual strict A-mapping algebra X will take the two pullback
squares of (2.15) to those of (2.6).

More generally, one might take any set of {2-spectra — in particular, the set of all
A-module spectra of bounded cardinality, for a fixed ring spectrum A.

Definition 2.16. For any dual enriched sketch @%, the realizable dual strict .A-
mapping algebra X associated to Y € C has X{A} := map.(Y, A) for cach A € Os.
We will denote it by 94Y. When Y € Obj ©#, we again say that OMAY is free.

The analogue of Lemma 2.8 also holds:

Lemma 2.17 (cf. [BS2, Lemma 1.12]). If Q) is an A-dual presheaf and M A is a
free dual strict A-mapping algebra (for A € @), there is a natural isomorphism

®: mapgon (MHA, Q) = D{A},
with ®(f) = f(Ida) € D{A}o for any | € Hom g4 (MAA, D).

Definition 2.18. As in Definition 2.11, given a dual enriched sketch ®#, the corre-
sponding “algebraic” sketch ©# := my®%, whose models are now functors A: @4 —
Set preserving all products among the cones listed in €. These will be called II4-
algebras, and their category will be denoted by IT*-Alg. Again, if X is a (weak or
strict) mapping algebra, then moX is a IT*'-algebra. A II**-algebrais realizable if it is
isomorphic to meMMAY for some Y € C, and it is free if it is of the form mOM*A for
A € Obj 4.
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Ezample 2.19. When A = {K (F,,)}3°; and A = Ry, ©* is the simplicial category of
finite type F,-GEMs, and a [T#-algebrais simply an unstable algebra over the mod p
Steenrod algebra (cf. [Sc]).

2.1. Model categories of mapping algebras
Like all categories of simplicial functors with small indexing category, the (dual)

presheaf categories S*@ 5 and S?A have proper simplicial model category structures
(see [H, 13.1.14]), in which the fibrations and weak equivalences are defined objectwise
(see [DK1, §1]). Thus a map f: X — Q) of B-presheaves is a weak equivalence if for
every B € B, f,: X{B} — 9{B} is a weak equivalence in C (as in Definition 2.1).

By a suitable left Bousfield localization of Sf) % and S?A we can obtain model
categories for weak B-mapping algebras and dual weak A-mapping algebras (i.e.,
model structures on the (dual) presheaf category in which the latter are the fibrant
objects). However, since we cannot guarantee that these localized model structures
are right proper (cf. [H, 3.4.4]), they will not be used in this paper.

Remark 2.20. Note that since we assumed the objects of @4 are cofibrant, when Y
is fibrant the realizable B-presheaf M5Y will be fibrant (that is, MpY{B} is a Kan
complex for each B € @). Similarly, for A-dual presheaves, MAY is fibrant if Y is
cofibrant in C.

2.2. Model categories of simplicial II-algebras

Because both Ilz-algebras (Definition 2.11) and I1#*-algebras (Definition 2.18) are
universal algebras in the sense of [Mc, VI, §8] having an underlying graded group
structure, there is a model category structure on both the category Hqg—AIgAop of sim-
plicial TIg-algebras and the category HA—/—\IgA‘Up of simplicial II”*-algebras. In both
cases a map f: Uy — V, of simplicial II-algebras is a weak equivalence (respectively,
fibration) if and only if the map f.: Us{B} — W({B} is a weak equivalence (respec-
tively, fibration) of simplicial groups for each B € Obj ®. The cofibrant objects are
retracts of free simplicial objects.

2.3. Truncating mapping algebras

Fix n > 0. Given a B-presheaf X: © — S., we may post-compose X with the n-
th Postnikov section functor P": S, — §j;,) to obtain a new B-presheaf P"X, which
we now think of as a continuous functor on P"®5 — that is, the sketch enriched in
Spp) obtained from @5 by applying P" to each mapping space.

This is simplest to describe when X is fibrant (cf. Remark 2.20), since then we can
use the (n 4 1)-coskeleton functor csk,11: Sy — S, (which strictly preserves prod-
ucts) as our model for P™. Note that the mapping spaces of @4 are always fibrant,
since we assumed that all its objects are both fibrant and cofibrant. In the general
case, we must first apply a fibrant replacement functor to X in the model category

op

SO of §2.1.

op op
The category of n-truncated B-presheaves will be denoted by S[G: ]3 C S*@ #, with

. ey Ces
the truncation functor yp,): S« * — S[n]B .
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If X is a (strict or weak) B-mapping algebra, this usually will not be true of P"X,
since in general

P"map(XB,Y) ~ P"Qmap(B,Y) % P" 'Qmap(B,Y) ~ QP" map(B,Y).
(2.21)
Thus we must modify Definition 2.1 as follows, assuming for simplicity that the
category F consists as above of the inclusions ig,4;: A[0] < A[l], and the cocone
collection & contains all coproducts of cardinality < A for some fixed limit cardinal
A, and the pushout squares (2.5):

(1) An n-truncated strict B-mapping algebra is an n-truncated B-presheaf X for
which the natural maps of (2.2) are isomorphisms for all B € @3, K € F, and
diagrams I in &, except for the right hand square in (2.6), where we have instead:

X{IB} —» P 'x{ZB} — P"'QXx{B} +— QXx{B}, (2.22)

where the first and last maps are the standard fibrations, the middle map is the
natural map of (2.2), and QX{B} is an (n — 1)-type by assumption, with the
last map an isomorphism.

The full subcategory of n-truncated strict B-mapping algebras will be denoted
by sMapZ.

(2) An n-truncated weak B-mapping algebra is an n-truncated B-presheaf X weakly
equivalent to an n-truncated strict B-mapping algebra. This implies that the
maps of (2.2), and the two right maps in (2.22), are weak equivalences (see
Remark 2.3). The full subcategory of n-truncated weak B-mapping algebras
will be denoted by wMap;.

In particular, for any Y € C we have the associated realizable n-truncated strict B-
mapping algebra P"93Y, which is free if Y € @, and the analogue of Lemma 2.8
still holds. We define the n-truncated versions of A-dual presheaves and (strict or
weak) dual A-mapping algebras dually.

3. Factoring functors through mapping algebras

The first step in our program is to show that suitable homotopy functors T: C — D
factor up to weak equivalence through an appropriate category of mappmg algebras:

in other words, find an enriched sketch ®¢ and a functor ¥: S 5 — D, equipped
with a natural weak equivalence € o 9ty — T. In fact, T need not be defined on all
of S*@ i‘p; it suffices if it is defined on the subcategory sMapg of strict B-mapping
algebras where My takes values.

Dually, we could try to find a dual enriched sketch ®” and a functor T': sMap? =D
with a natural weak equivalence T — T’ o I,

The simplest way to define such a functor ¥ is in the case where every strict B-
mapping algebra X is (functorially) realizable. Essentially, the only case where this
is known to be true is when C = Top, and B = {S™}5° ;. We briefly summarize the
construction of [BB2, §9] (based on that of [Sto, §2]):
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3.1. The Stover construction

Recall that for a pointed Kan complex K € S,, the path space PK is given by
(PK)p :={x € Kyq1 : dy---dpi12 = %}, with re-indexed face and degeneracy maps,
and the universal fibration p: PK — K is induced by dy (cf. [Mo]). Thus when K
is a simplicial group, the map on O-simplices py: (PK )y — K suffices to compute
mo K. We therefore choose the category G = GpAoP of simplicial groups as our model C
for the homotopy theory of pointed connected spaces, and set B := {8"}72; (where
8" := FS" 1 as a free simplicial group, is a strict cogroup object modelling the
n-sphere in G). For any limit cardinal A, the resulting enriched sketch @3 = @3
then has a strict mapping algebra functor Mz : G — sMapyg with each MpY{B} a
simplicial group (though the structure maps are just maps of pointed simplicial sets,
in general).

Definition 3.1. Let I' := 1Y be the category consisting of a countable collection of
arrows, indexed by the objects of B, and Set,l,: the category of I'-indexed diagrams
O := (¢n: Fpy — Fp)nen in pointed sets, called arrow sets. We have a forgetful functor
p: sMapg — Setl, with (pX), = (po: (PX{8"})o — (X{8"})o). In fact, pX is defined
for any presheaf X: @3 — S, but we are only interested in the composite Rz :=
pMz: G — Setl. This has a left adjoint £5: Set. — G, which assigns to an arrow set
® = (¢n: E,, — Fp)nen the coproduct

E'_‘B¢ = H H Q(f), (32)
neN fer,

where we define Q) for f € F), as follows:
(a) If x # f € Im ¢y, then Qs is defined by the pushout square

n v n
Heeorr ) Sty ———380p

i/]_[i(c) J/ (3.3)
Heeo:r(py C8fy — Q)

in G (where i: 8™ — C8™ is the inclusion into the cone, and V is the fold map).

(b) If f ¢ Im ¢,, we set Q5 :=8".
(¢) If f=x, weset

Qpn= JI =8¢
x£e€hy ' (+)

Compare [BS2, §2] and [Sto, §2], where the comonad V3 = L&Rg: G — G (or rather,
its analogue for Top,) was used to construct functorial resolutions of pointed con-
nected spaces by wedges of spheres.

Note that each Q(y), and thus L3 ®, is a strict cogroup object in G (fibrant and
cofibrant) of the homotopy type of a wedge of spheres. If \ is any limit cardinal, we
define a A-Stover space to be any pushout of the form (3.3), with ¢, !(f) replaced by
any set T of cardinality < . Let Ogy = @gt denote a skeleton of the sub-simplicial
category of G whose objects are coproducts of A-Stover spaces over indexing sets of
cardinality < A. This is an enriched sketch, with F as in Example 2.4, and £ consisting
of the coproducts of cardinality < A in Og;g, together with the pushout squares of (2.5)
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and (3.3). The category of the corresponding strict mapping algebras, called strict
Stover mapping algebras, will be denoted by sMapg,, with Mg, : G — sMapg, the strict
Stover mapping algebra functor.

3.2. The algebra structure

Since each sphere 8" € G is, in particular, a Stover space, @3 = O3 is a full
simplicial subcategory of Og; = @g‘t, with ¢: @5 — Og; the inclusion, inducing the
restriction ¢*: sMapg, — sMapg. Write p: sMapg, — Set! for the composite p o 1*.

We claim that for every strict Stover mapping algebra X, the arrow set pX has a
natural Tg-algebra structure map h: TgpX — pX for the monad T =Rp Lz : Set}: —
Set! (see [Bor, §4.1]). If we set K := L o p: sMapg, — G and Vg := Mg, o K, we may
display the various functors defined in the following commuting diagram:

Vg =Mg K

R 2
sMapg;

Mt N
r

Set”
R
Tp=RpLsp

In this setting we have a stronger statement (cf. [BB2, 9.19]):

Lemma 3.5. Every strict Stover mapping algebra X has a natural map €x: VX — X
making the following diagram

Evgx
VeV X VX
Vﬁ&xl i&x (3.6)
VX ™ X

commute in sMapg,, where &y, x = Msiexx for €1 KMgy — Id the counit of the
comonad LER%.

The structure map h: T3pX — pX is then given by p(€x), since Tgop=po Vg
(see (3.4)).

Proof. Let D' denote either 8™ or C8™ in G.

(a) Recall that KX is defined for any strict Stover mapping algebra X by the
colimit (3.3), which we may write as colim; D}, where f; € X{D"},. Since
KX € Ogq, the strict Stover mapping algebra VX is free, so to define the alge-
bra structure map &x : VX — X we need only specify &x (Idx) € X{KX}o. But
X takes the colimit of (3.3) to a limit, so {x (Idcx) is determined by the elements
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fi € X{D"}o. We therefore write &x(Idxx) = @, fi, where @ indicates that we
are using the duality (2.2) between the colimits and the limits.

(b) Similarly, for any Y € G we have KMgY = colim; ng. The counit ey : KMgrY —
Y is again determined by the indexing maps as ey = colim; g;, with the induced
map Mgey : VMY — Ms Y sending Idjcong, vy in M LM Y {L Mg Y }o to
[colim; g;] in Mg Y {K Mg Y }o.

Thus when X =MsiY, the map &x sends Idiong,y to ey = colim;g; in
X{KMsY }o = map(KMgiY, YV)o. This means that &g,y = Mstey; in partic-
ular, the top horizontal map in (3.6) is &y, x.

(¢) To evaluate the top right composite ¢ := £x 0 Mgiecx: VaVsX — X, note that
VaVgX is free on KVgX, so we need only specify ¢(Idky,x) in X{KVsX}.
Since {x is a map of strict Stover mapping algebras, it sends [colim; g;] €
Ve X{KV3X}o (for Y := £X in (b) above) to

[L;9;]" (x(dkx)) = T; g @fz in X{KVsX}o. (3.7)

(d) Since VgVgX is free, the map Vuéx: VaV3X — Vg X is determined by where it
sends Idixy, x in Ve X{KV35X}o = map(KVzsX, KX)o, namely, to K{x: KV X —
KX. Since KV3X = colim; D‘f]'j where the colimit is over all maps g;: D/ — KX,
we see from the description of £x above (and the construction of K) that K&x
sends ng to the copy of D7 in the colimit defining KX indexed by

§x(95) = §x (g7 (Idkx)) = g7 (€x(Idkx)) = g}k(@ fi) (3.8)

in X{D7}o, where {x(Idex) = B, fi by (a).
Thus the element &x(Vu&x(Idky,x)) in X{KVsX}( is determined by the fact
that X takes the colimit colim; ng defining KVg X to a limit, namely:

Ex (Ve (Idiovy x)) = €x(K€x) = €x(Ljg5) = T;€x(95) = Tj95 @ fi).

We see from (3.7) and (3.9) that the two composites agree on Idgy, x, so they are
equal. ]

3.3. The resolution model category of simplicial presheaves
op o 1 op
For any set B C C as in Definition 2.1, consider the category (S?'B A : S@B A

of simplicial B-presheaves — that is, simplicial objects in the category of B-presheaves.

op
As noted in §2.1, the B-presheaf category Sf) * has a proper simplicial model category
structure. Moreover, the objects of B are homotopy cogroup objects in C, as are their

colimits under £ as in Example 2.4. Therefore7 as in [J, §2], there is a resolution

O xA°P . L. [Chig
model category structure on S 5 , for which the projectives of S, ® are the

free strict B-mapping algebras. A map f: U, — W, of simplicial B-presheaves is a
weak equivalence in this model category if and only if it is an E?-equivalence —
that is, if for each B € © and t,s,> 0, the map f,: m'7'Y{B} — 77!, {B} is
an isomorphism (the terminology comes from the E?-term of the homotopy spectral
sequence of a simplicial space — cf. [DKS1]).
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Note that if a simplicial presheaf 2, is cofibrant, each 20, is weakly equivalent to a
coproduct of free strict B-mapping algebras, so in particular, it is a weak B-mapping
algebra. Moreover, in order for 2, to be a resolution of a weak B-mapping algebra X,
in particular, mo20, must be a resolution of myX in the model category of simplicial
IIg-algebras (see §2.2), so that the augmented simplicial group mo2.{B} — mX{B}
is weakly contractible for any B € @5.

We observe also that S? 5 XA has a Reedy model category structure, with weak
equivalences and fibrations defined at each simplicial space Lo{B} for every B € O
(see [H, §15.3]).

Since P" is a nullification, Sp,; is still right proper (see [Bou3, Theorem 9.9]), so

op

we have an analogous resolution model category structure on the category S[(z ]'B of

n-truncated simplicial B-presheaves (§2.3).
We deduce the following enhancement of [BB2, Proposition 9.23]:

Theorem 3.10. There is a realization functor N: sMapg, — G, equipped with natural

weak equivalences 0: N o Mgy — Idg and (: Mgy, o N — IdsMap .
St

Proof. Given a strict Stover mapping algebra X € sMapg,, iterating the comonad ¢ :=
LeRp:G—GonY :=KX=LpspX yields an augmented simplicial space Zo, — Y
with Z,, :=U"*Y and d;: Z,, — Z,,_1 given by as usual by Uteyn—iy (cf. [W, §8.6.4]).

Since by (3.4) U = LERs = KMg; and Vg = Mg, we have a simplicial strict
Stover mapping algebra 0, = Mg Z,e, which augments to X via £x: Mg Y = VX —
X, by Lemma 3.5. Applying K to 20, — X recovers Z, — Y, but now with an extra
degeneracy in each simplicial dimension coming from the unit n: Id — 73 = RsLs
of the corresponding monad, as well as an extra face map, obtained by iterating U
on Kéx: KVpX =Zy — KX = Zy. By commutativity of (3.6), we see that Z, — Y
is, in fact, the décalage of a simplicial space X, (see [I]). Moreover, applying Mg to
X, yields an augmented (free) simplicial strict Stover mapping algebra Mg Xe — X
which is a resolution of X in the sense of §3.3.

This shows that the Quillen-Bousfield-Friedlander spectral sequence for X, (see
[Q1] and [BF, Theorem B.5]) collapses, so that NX := ||X,|| realizes X up to weak
equivalence. Noting that X, is obtained by applying IC to (p: Ms: Xe — X, and that
M X, is constructed by iterating Vg on X (together with £x), we have described a
functorial procedure for realizing any strict Stover mapping algebra X. The natural
weak equivalence ( is induced by the augmentation ¢y, while 6 comes from the counit
of the Stover comonad. O

Corollary 3.11. Any homotopy functor T: G — D to a model category D induces
a functor T :=T o N: sMapg, = D equipped with a natural weak equivalence ¥ =
TO: ToMgy — T.

4. Realizing dual mapping algebras

To dualize the results of Section 3, we want a setting where every dual strict A-
mapping algebra X is functorially realizable. Again we have only one case where this
is known to be true, when C = S*¢ (or similar model categories for pointed connected
spaces) and A consists of certain simplicial R-modules for some commutative ring R.
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Definition 4.1. In general, we must include in the corresponding enriched sketch
O all R-module GEMs up to a certain cardinality. In particular, when C = S
we let ©F = @ := sME, be the full subsimplicial category of C consisting of all
simplicial R-modules of cardinality < A, for some limit cardinal A (determined as
in [BS2, §3.B]). The corresponding dual mapping algebras will be called dual strict
R-mapping algebras (or R-mapping algebras, for short), and the category of such will
be denoted by sMapR, with 9. CoP — sMapR the realizable R-mapping algebras.

4.1. The dual Stover construction

As in §3.1, we have a forgetful functor p: sMap® — (Setl)°P, with (pX), =
(po: (PX{K(R,n)})o — (X{K(R,n)})o). The composite LT := pIN: C — (Set. )P
has a right adjoint R : (Seth)°P — C, with RE® := [Len Iljer, Q) for any arrow
set ® = (¢n: By = Fp)nen.

When R is a field, we define Q) for f € F,, by the pullback square

QW Il P&
ént (f)
lHMRm) (4.2)
K(R,n) — 22 I x@&w
on ' ()

if x# fecIm ¢,, while QV) := K(R,n) if f¢Im ¢,. If ¢ =%, we set Q) :=
[s:1 0oy QE(R,n) (compare (3.3)).

Again, for any limit cardinal A we define a A-R-Stover space to be any pullback of
the form (4.2), with ¢, *(f) replaced by any set T of cardinality < A. When R is not
a field, we need to use the more complicated modified Stover construction of [BSZ2,
§3.A] instead of the above.

We denote by @/S\t’R the corresponding dual enriched sketch, with F as in Exam-
ple 2.14, and L consisting of products of cardinality < A in @it’R, together with the
pullback squares of (2.15) and (4.2). The category of the corresponding dual strict
mapping algebras, called dual strict Stover mapping algebras, will be denoted by
sl\/lapSt’R, with MSHE: ¢ — sMapSt’R the dual strict Stover mapping algebra functor.

Since each K(R,n) is, in particular, an R-Stover space, ©®% is a full simplicial
subcategory of @?\t’R, with ¢: @f\% — @it’R the inclusion, inducing the restriction
Lt sMapSt’R — sMapR as in §3.2. Writing V1 := MSEE o RE 0 pot*: sMapSt’R —
sMapSt’R, we obtain the following categorical dual of Lemma 3.5 (compare [BS2,
Proposition 2.19]):

Lemma 4.3. Every dual strict Stover mapping algebra X has a mnatural map
Cx: VEX — X making the following diagram commute in sMapStF:

CuRx

VEYEY VEx
VRC}&\L ch (4.4)

VEY — =X

Cx
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Definition 4.5. For any commutative ring R, we denote by Sgr the full subcategory
of R-good spaces in S, (cf. [BK1, I, §5.1]), and by sMapfg’R the full subcategory of
sl\/IapSt’R consisting of those dual strict Stover mapping algebras which are weakly
equivalent to MMSHRY for some Y € Sg. These will be called weakly R-good dual strict

Stover mapping algebras.

Remark 4.6. By [H, §15.3], S*@A <A™ and S[%A <A™ have Reedy model category struc-
tures, with weak equivalences and cofibrations defined at each simplicial space 20,{B}
for each B € @4,

As in §3.3, there is also a resolution model category structure on the category
(SPA VAT = SPA <A of simplicial dual A-presheaves. Again, if a simplicial presheaf
2, is cofibrant, each 2J,, is weakly equivalent to a coproduct of free dual strict A-
mapping algebras, so it is a dual weak A-mapping algebra, and 0, — X is a resolution
of dual weak A-mapping algebras only if 7020, — 7oX is a resolution of I[I**-algebras.

Since Sy, is still proper, we also have a resolution model category structure on the

category S[%A XA™ of n-truncated simplicial dual A-presheaves (§2.3).
The Eckmann—Hilton dual of Theorem 3.10 has the following more involved form:

Theorem 4.7. Let R be any commutative ring, C = S,, and X a dual strict R-
mapping algebra (for OF = sML as in Definition 4.1), which we assume to be a
dual strict Stover mapping algebra.
(a) There is a functor associating to X a cosimplicial object W*® € S& with each
Wm in 5./\/1?, equipped with a natural augmentation of R-mapping algebras
e: MEW?® — X, such that moMEW® — moX{M} is a simplicial resolution of
I -algebras.
(b) If X € sl\/lapi:’R is weakly equivalent to MSSRY  (for some R-good space Y ),
then Tot W* is homotopy equivalent to the R-completion of Y (so in particular,
Tot W* realizes X up to weak equivalence).

(¢) When R is a field, we can start with any dual strict A-mapping algebra X (for
A ={K(R,n)}>2, in Example 2.14). If it extends to a dual strict Stover map-
ping algebra X as defined in §4.1, and then (a) and (b) hold.

(d) When R=F, or Q, and X is simply connected (that is, letting A ={K(R,n)}5%,
in Example 2.14), any R-mapping algebra (for a suitable limit cardinal \) is
weakly equivalent to MSYEY for some simply connected Y, unique up to R-
equivalence.

Proof. This follows from various results in [BS2]:
(a) This is [BS2, Proposition 3.9].
(b) This is [BS2, Theorem 3.26].

(c) This combines [BS2, Proposition 2.23] and [BS2, Theorem 2.30], using the
fact that a weak equivalence of dual strict Stover mapping algebras f: X — 2)
induces weak equivalence (in the model category of [Bou2, §3]) between the
corresponding cosimplicial spaces (see [Bou2, §7.7]).

(d) Thisis [BS2, Theorem 4.23] (when A = R) or [BS2, Theorem 4.28] (otherwise).
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O

Corollary 4.8. If R is any commutative ring, then there is a realization functor
N: (sl\/laprset’R)Op — S, with a natural weak equivalence e: 1d — N o MSHE. Thus any
functor T: Sg — D (see Definition 4.5) to a model category D which preserves R-
equivalences induces a functor T :== T o N: (sMapSt’R)Op — D equipped with a natural

re
weak equivalence 9 = Te: T — T o MSHL,

Proof. We set N := Tot W*®, where X — W?* is the functor of Theorem 4.7. Once
we know that X is weakly R-good (see Definition 4.5), the natural augmentation
e: MSHEN — X is a weak equivalence by Theorem 4.7(b) or (c). O

Ezample 4.9. For any Z € S, with T: Sg — S. the functor map, (Z, —), the induced
functor ¥ :=To N: sMapf’;f’R — S, has the property that if 3 := 9MSRZ and X is
the realizable dual strict Stover mapping algebra 9S*?Y for some R-good space Y,
then T(X) is weakly equivalent to 3{Y}.

Thus the n-truncation P"% (cf. §2.3) when evaluated at X = MSHFY | is deter-
mined by P™3. Moreover, from the alternative description in Remark 2.9 we see that
ifY e @?\t’R, then T(X) corresponds to the n-truncated simplicial category P"X,
so that, in fact, P™%, when evaluated at free dual strict Stover mapping algebras,
factors through the n-truncation.

5. Relative left derived functors of mapping algebras

Let T: C — D be a homotopy functor between model categories of spaces. We
want to study the homotopy spectral sequence for the (co)simplicial object obtained
by applying T to a (co)simplicial resolution of a space Y € C, using a relative version
of the total derived functor of the associated functor of mapping algebras <.

Definition 5.1. If T: D — £ is a functor between model categories which preserves
weak equivalences of cofibrant objects, recall that Quillen constructs the total left
derived functor LT: hoD — ho & on an object x € D by applying T to any cofibrant
replacement of x (see [Q2, I, §4]). In order for this to work, T need only be defined on
the full subcategory D¢ of all cofibrant objects in D. In the spirit of the Eilenberg—
Moore “relative homological algebra” (see [EM]), one could require only that T" be
defined on some full subcategory P of special cofibrant objects in Dot (e.g., free,
rather than projective, resolutions) — as long as every object of D is weakly equivalent
to an object of P (and T still takes weakly equivalent objects of P to weakly equivalent
objects in D). Moreover, if we are only given a full subcategory Dp of D, closed under
weak equivalences, and every object of Dp is weakly equivalent to one in P, we still
have LT: hoDp — ho&. Finally, £ need not be a model category — all we need is
the localization v: £ — ho &, with v o T taking weak equivalences to isomorphisms.

However, we shall be interested in a situation where we have two model category
structures on D — or perhaps only a subcategory W’ of the given weak equiv-
alences W. This commonly occurs when our model category (D, W, Dcos, Dsp) is
obtained by localizing another.

In this case, we shall assume that P and Dp satisfy the stronger requirement that
for each x € Deor N Dp there is a map f:y =2 in W with ye P. If T: P — £ is
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then a functor which preserves W-weak equivalences, the relative left derived functor
of T (with respect to P and W') is the functor L™'T": hoD — ho £ defined on z € Dp
by applying 7" to y, where g: x — z is a cofibrant replacement (with respect to W)
and f:y — x in W is as above.

Dually, if we have full subcategories F of Dy, (the fibrant objects) and Dx of
D, both closed under weak equivalences, and W C ‘W, with the corresponding dual
properties with respect to a homotopy functor 7': F — &, the relative right derived
functor R™'T: hoDr — ho& is defined analogously.

Remark 5.2. In the applications we have in mind, D will be a resolution model
category of simplicial mapping algebras, so the weak equivalences W in D are E2-
equivalences. However, we also have a Reedy model structure on D, and the special
weak equivalences W’ will be the E'-equivalences. The ability to apply the functor T
to a resolution which is W’-equivalent to any cofibrant replacement (that is, simplicial
resolution) y of an object z € Dz provides the flexibility we want in using particular
resolutions — e.g., minimal — to calculate (L"'T)z, and eventually, the appropriate
terms of the spectral sequence.

5.1. CW resolutions

For C =G and ©3 as in Example 2.4, let W, be a resolution of Y € G in the
resolution model category structure on G2”". Given a homotopy functor T: G — D
for D a “category of spaces” such as Topy, Si, or G, we wish to study the homotopy
spectral sequence for the simplicial space TW, € DA™

By applying the functor Mg, : C — sMapg, of §4.1 to W,, we obtain a simplicial
strict Stover mapping algebra 2, := Mgy W, which is a cofibrant replacement for
X :=Ms Y in the resolution model category structure on 8*@ 5 XA associated to
the free dual strict Stover mapping algebras {9sS*}2°,. By Corollary 3.11, there is
functor ¥ = TN : sMapg, — D, with a natural Reedy (that is, levelwise) weak equiv-
alence of simplicial spaces 9: T, — TW,.

We want to calculate the total left derived functor of ¥ evaluated at X by applying
T to any resolution U, — X. However, such an U, is just a simplicial B-presheaf, and
the functor ¥ is only defined for strict Stover mapping algebras. As explained in §5.1,
our solution to this difficulty is to show that any such 2, is, in fact, E'-equivalent to a
simplicial strict B-mapping algebra 2J,. For this purpose we require some additional
notions from [BJT2, §1]:

If £ is any pointed complete category, the n-th Moore chains object of G € E2™
is C,Ge :=N Ker{d;: G,, = G,,_1}. The differential is 9,, := dp|c, ¢, : CnGe —
Cn_1Ge and the cycles objects is Z,Ge := Ker (9,,), with v,: Z,Ge = C,, G4 the
inclusion. These are defined for any restricted simplicial object G4 € EAY (see §1.3).

The n-th latching object for G4 is the colimit

LnG. = colim Gk, (53)
0°P: [k]—[n]
where 0 ranges over the surjective maps [n] — [k] in A for k£ < n.

A simplicial object G4 € 2" is called a CW object if it is equipped with a CW
basis (G,) in € such that G,, = G, 11 L,,G,, and di|5n: 0 for 1 <7 < n. The n-th
attaching map for G, is defined to be 95 := do\gw : G — Cp_1G, (which actually
lands in Z,,_1G,). /
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When € is a suitable category of universal algebras, such as IIg-Alg (cf. Defini-
tion 2.11), a simplicial object Vo € £2” with an augmentation to A € C is called a
CW resolution if Vo — A is acyclic, with a CW basis (V,,)22, having each V, free.
Moreover, in this case 9) surjects onto Z,,_1V, (where Z_1V, := A).

For B = {S"}2°,, by [BJT2, Lemma 1.38] every free simplicial II3-algebra (Def-
inition 2.11) has a free CW basis. Moreover, by [BJT2, Theorem 2.29], every CW
resolution V, of a realizable IIg-algebra A = 7, Y = modsY can be realized by an
augmented simplicial space W, — Y. Therefore, every free simplicial Ilg-algebra
resolution Vo — 7, Y can be realized (non-canonically) by a simplicial resolution of
strict B-mapping algebras W, — M3 Y, with m1¢2We = V. In order to apply the ideas
of §5.1, we must show that any simplicial B-presheaf resolution U, of X = MzY is
Reedy weakly equivalent to a strict Stover mapping algebra resolution 2J,. To do so,
we recall the following constructions from [BJT2]:

5.2. Sequential realizations

Assume given an enriched sketch @3 = ©(3 7 ¢) in a pointed simplicial model
category C, as in Definition 2.1, and a CW-resolution V, of a realizable Ilz-algebra
A = 73Y, with CW basis {V,,}2 . We define a sequential realization of V, (for Y)
to be a sequence W of maps

(0] 1] ]

wl owll Wl wl W (5.4)

between Reedy fibrant and cofibrant objects in C2™, such that for each n > 0:
(i) W, € O3 realizes the given CW basis II*-algebraV/,,.

(ii) There is an n-skeletal restricted simplicial object W with
W = wirl ey W, for 0 < k<, (5.5)

where by convention CX°W,, := CW,,, CL~'W,, := W,,, and W[._I] = %,
(iii) The face map do|ogn-r-137, is the map F in the commuting diagram

k

- -k - -
Enfkflwn( ¢ Cznfkflwn q S Enfkwn

akl le iakl (56)
7]

Z Wit 22t Lo w2 oz owi

in which the top row is a strict cofibration sequence and the bottom row a strict

fibration sequence in C. Thus F} is a nullhomotopy for vi_1 o ag, which in turn

defines ay_1, using (5.6). The first face map di|ogn—x-13y, is the composite
- k _ Sk—1 -

CE"*’C*IW” q—) Enikwn RN CEnikWna and di|CZ"—’“—1Wn: 0 for ¢ > 1.

We start with F, : W, — Cn_lw[fhl] a realization of the n-th attaching map
Y .V, — C,_1V, for the given CW resolution, and a,,_1 := 0,,_; 0 Fj,: W,, —

Zn_QW[.nﬂ] (with v,—2 0 a,,—1 indeed nullhomotopic).
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(iv) Let W be the pushout of the obvious maps
wit o coewl o oWl (5.7)

where £: C2Y — CA™ is the left adjoint of i*: CA”" — CA1P7 as in §1.3. We
then let W[.n] be a Reedy fibrant and cofibrant replacement for WLn].

(v) There is an augmentation e[l w5y realizing Vo — A through simplicial
dimension n — that is, the n-truncation of the augmented simplicial II**-algebra
wa[."] — W*AY is isomorphic to the n-truncation of Vo — A.

(vi) The maps [ restrict to a trivial cofibration J[™: WI"™" = Wl for cach
0<k<n.

It follows that W, := colim,, W[.n] =, Y is a simplicial resolution in the resolution
model category C2”". See [BIT2, §2] for further details.

Theorem 5.8. For an enriched sketch ®g as in Definition 2.1, Y € C fibrant, and
op op
X:=MpY, let p: Vo — c(X)e be a trivial fibration with Ve cofibrant in SOm XA
Then for any sequential realization W of the Ilg-algebra resolution 19Be — T2Y
as in §5.2, there is a Reedy weak equivalence of simplicial weak B-mapping algebras

f: MW — D

Proof. By §3.3, the simplicial IIg-algebra V, := 7,0, is a free resolution of the 13-
algebra A := 71X, so it has a CW basis {V,,}2°, by [BJT2, Lemma 1.38], with
V= moMeW,, for some W,, € Obj @5. We may assume O contains all simplicial
groups of the homotopy type of a (possibly trivial) wedge of objects of B of cardinality
< A. This will ensure that all objects WLn], Wk"], WL"], and so on, in §5.2 are in O.

We construct f by a double induction: in the outer induction, we construct maps of
simplicial weak B-mapping algebras f[”] : SDT(BW[.”] — Y,. Assuming we have defined
"1 we need to extend it to a map of n-truncated restricted simplicial objects
ﬂ”]: 93?93\7\7{.“] — Y,, which we do by an inner downward induction on 0 < k < n.

Using Lemma 2.8, we see from (5.5) that AT,:L] is determined by an element ﬁ(Lk) €

U {CSF1W , }o with d; £F) = 0 for i > 2.

Step A. To start the outer induction, note that since Wéo] =W, by Lemma 2.8

the augmentation e!%: szW[.O] — X is determined by an element e € X{Wg}g =
Hom(Wy,Y). Since n: Yo — ¢(X), is a Reedy fibration (see [J, §2]), 0)«: Vo{Wo}—
X{Wy} is a fibration and, in particular, a surjection in S,. Moreover, 7%, = 12 W,
is a free IIs-algebra, by our assumption on 2U,, so we have an element féo) € Vo{Wolo
representing Id € mo0o{ W} with (no)*f(go) = e by [BJT1, Lemma 15.9], as required.

Step B. Given f["_l]: zmgw[.”*” — Y,, consider the augmented simplicial space
X :=Ve{W,,} = X{W,}: we think of this as a bisimplicial set with vertical direc-
tion internal to each U{W,} € S,, and horizontal direction corresponding to the
original simplicial direction of U,. The (split) inclusion j,, : V,, < V;, for the CW basis
IIg-algebra V,, = myMMs W, corresponds by the IIs-algebra analogue of Lemma 2.8
(the ordinary Yoneda embedding) to an element j, € V,,{W,} — that is, a homo-

topy class [ﬂ(Ln)] € 10X, = 100, {W,}. Since Y is fibrant in C, X = My Y is fibrant
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in S*@A, s0 ¢(X)e is Reedy fibrant. But U, — ¢(X)s is a Reedy fibration, so U,
is Reedy fibrant, and therefore X, is, too. Thus by [Sto, Lemma 2.7] the inclu-
sion of the (horizontal) Moore ibject CpXe := C,}LLX. — X, induces an isomorphism
T0CnXe = CpmoXe = C,, Vo{W,,} (see also [BJT2, Lemma 1.30]).

The functor Mg of Definition 2.7 takes any pointed limit in C to the corresponding
limit of B-presheaves, so Cn,lzmgw[."*” = zmgcn,lw[.”*”, and thus the attach-
ing map dyp =9}V : W,, — Cn,lw[."‘” corresponds under Lemma 2.8 to an element
v E Cn,1m3W£n71]{Wn}. Moreover, the given map of B-presheaves f["_l] induces
Cp_1fr—1: Cn_lzmgw[.”*” — Cp_1Y,, which takes v to an element v, := f*~1(y)
€ (Ch_1Xa)o.

Since X, is Reedy fibrant, the matching structure map §,: X, — M, X, is a
fibration (cf. [H, §16.3]), and we have an inclusion ¢: C),_1Xe — M, X,, given by z —
(x,2,0,...,0). Because W, realizes the CW resolution V4 — A of II**-algebras and
Jn: Vi < Vi, factors through C,V,, we have (5n)*[;§n)} = [t 0 ¢,]. We may therefore
change f{™ within its homotopy class so that &, (f{™) = ¢ 0¥ on the nose.

Lemma 2.8, together with (5.5) (and our assumption that WL"_H and CY"F—1W,
are in ®3), implies that 93?3{7\7{;” is the coproduct of E)JTBWLH_H and Mz W,,. There-
fore, this choice of ﬁ(,n) defines a map of B-presheaves fl" : 9)13\7\7{,? I 0, (extending
fln=11). Since F,,_; Iw,= d () (in the notation of §5.2(iii)), we have dgﬂ(bn) = d{bﬂ(ln).

Step C. In the k-th stage of the inner (downward) induction, with k < n, we assume
that for each for k < j <n we have chosen a map of weak B-mapping algebras
f;n): M CE"I~IW,, — U, represented by an element v; € U, {CE"7~1W,},
with dfp; =0 for 2 <i < j. If ty—j_1: "W, < CE" 7 ~1W,, is the inclusion,
then @; := 1%, 1; lies in C W {E""77'W,, }¢, and by induction it represents

R v el
gﬁfgczn_]_lwn (Fj)« C]h 1932‘BW[.n71] Cj—1f

cr 0, (5.9)

(in the notation of (5.6)). If g,—j_2: CX"I72W,, — E"~1='W,, is the quotient map,
this implies that g;,_;_o¢; represents

(aj)x Zj_afinY

My "W, —22 78 o W Zh 5, (5.10)

(again using the notation of (5.6)), so g;,_;_,p; is in Z' | W {CE"T"2W, },.
Similarly, dig; actually lies in ZJILQQT.{C’E”*j ~2W,, }o, and represents

(aj—1)« n—1] Zj—2f"" Y

MuE" W, Zr MW = 70 9, (5.11)

The nullhomotopy Fj for wvip—q o0ar (cf. (5.6)) is represented by
o € OF VX" F W, }o, and as in Step B we use the embedding of
Ch_ VX * W, } in MU {S"#~1W,,} and the facts that 5 : Vp{S"*~ W}
— MU {¥"*"'W,} is a fibration, and that ¢, lifts up to homotopy to
U, {CE"*"IW, } (since CE""#~1W,, is contractible) to obtain an element 1, in
U, {CE"FIW,, }¢ (with dlipy, = 0 for 2 < 4), such that ¢y = ditby.
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Step D. The three conditions (5.9)—(5.10)-(5.11) on ¢; := djv; (0 < j < n) are
all that is needed in order for the elements v; to fit together to define a map of
restricted simplicial B-presheaves f"=1: Mu WL — *9, extending i*f"1 (in the
notation of §1.3), and so, using (5.7), an induced map of simplicial B-presheaves
ﬂ”’l} My W[."] — U,, which is a levelwise weak equivalence through dimension n.
Recall from [BJT2, 2.C] that W is constructed by the following factorizations

in the Reedy model category structure on «S‘,?'O;XAOp (see §3.3):
wi Wi
L["‘”£ Jﬁ (5.12)
wl wl *

®

where — indicates a cofibration and — a fibration, with the top horizontal map a
levelwise weak equivalence in simplicial dimensions < n — 1, so the same is true of
the left vertical map.

Applying Ue{—} to (5.12) yields a diagram of bisimplicial spaces, and taking diago-
nals, a similar diagram in S®™ . Since by our initial assumption all objects of (5.12), in
each simplicial dimension, are in @, by Lemma 2.8 we obtain an analogous diagram
of mapping spaces of B-presheaves into U,. The sequence of elements in the simplicial
set diag U, {W[.nfl]}o in the upper left corner corresponding to f["_l] : DT(«_BW[.HA] —
U, map by construction to the sequence in diag U, {\/7\\7[.n]}0 corresponding to ?["_1],
mapping forward to a sequence 3 corresponding to ™ : Mgy "Wl - 9,. Since the
map h in (5.12) is a trivial fibration, and these are preserved by evaluation of U,
and diagonals, we see that the induced map of simplicial sets h,: diag U, {W[."]}o —
diag EU.{’W[."] }o is a trivial fibration. We can therefore lift 8 to a sequence represent-
ing the required map " : zmT,WL”] — Y,, completing the outer induction step. [

Remark 5.13. The same result holds if we replace B-presheaves by r-truncated B-
presheaves, since (as noted in §2.3), Lemma 2.8 still holds, and W, := P"s W, is
free in each simplicial dimension.

Summary 5.14. Assume given a homotopy functor T: G — M, inducing ¥ := T o
O X AP

N: sMapg, — M as in Corollary 3.11. Let D := S, and & := MA” | with the
resolution model category structure on D determined by B for G as in §3.3, with

respect to the structure of §2.1 for S*@ st (with E*-weak equivalences on &).

In the notation of §5.1, let C denote the category of simplicial strict B-mapping
algebras in D associated to sequential realizations as in §5.2, let W be the Reedy
weak equivalences in D, and let D¢ be the full subcategory hosMapg, of objects in
ho(S,.fa gIt)XAOD) weakly equivalent to a constant simplicial object on sMapg,. The rela-
tive left derived functor L™ T: hosMapg, — ho& is then defined on a Stover mapping
algebra X (more formally, on ¢(X)s) by

B XA

(a) Choosing a simplicial resolution n: U, — X in SO ;
(b) Choosing a CW basis {V,,}22, for the Ilg-algebra-resolution V, := moUe —
moX, a sequential realization W of V, for Y := NX, with an E'-weak equivalence
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mStWo — SU.;

(¢) Defining (L**'T)X to be the simplicial object Mg W, in ho DA™ (uniquely
determined up to E'-weak equivalence).

6. Relative derived functors of dual mapping algebras

For a given commutative ring R, let @7 = st be the full subsimplicial category
of C = Spi consisting of all simplicial R-modules of cardinality < A, as in Defini-
tion 4.1, and X = MTY for some Y € C (the cardinal A\ we choose may depend on
Y). Essentially, we may dualize the results of Section 5 to this situation. Note that
because Y + H*(Y; R) is contravariant the category II"*-Alg resembles Il3-Alg in
being a category of graded universal algebras, so the resolutions we need for the IT#-
algebraA = H*(Y; R) will be simplicial, rather than cosimplicial, and we can use the
notion of a CW resolution V4, — A as in §5.1. However, only when R is a field do we
know that any free simplicial resolution in IT4-Alg™” has a CW basis (V)52 of free
[I"*-algebras (see [BI3, Proposition 3.12]). For the cosimplicial resolutions of spaces,
we need to dualize §5.1 as follows:

Definition 6.1. If C is cocomplete, the n-th Moore cochain object of a cosimplicial
object G* € C* is C"G* := Coker (]_[?:_11 Gr 2L, G™), with differential 6" ~1: C"~1G*®

— C™G* induced by d2_,, and structure map v": G™ — C"G*. We denote the cofiber
of §"~1 by Z"G*®, with structure map w": C"G® —s Z"G*, and note that 6"~ fac-
tors as 8271 own 1
6.1. Dual sequential realizations

Let R be a commutative ring and A a limit cardinal, with 64 := 7y@®% for @7 =
sME. Assume given an R-good space Y € S, and a CW resolution V, of the IT*-
algebraA = 7Y, with CW basis {V,,}°°, such that for each n >0, V,, = 7AW"
for some W" € ©F,

We define a (dual) sequential realization of Ve for Y to be a sequence W of maps

P[]

° n+1] ° ° °
C Wy L W L W o o W S W (6.2)
between Reedy fibrant and cofibrant objects in S2, such that for each n > 0:

(i) There is an n-skeletal restricted cosimplicial object W' with an] = Wf“n _q) X
PQ=F=IW™ for 0 < k < n, where as before by conventlon QOOW" = PQ-IW"
=Wn

(i) The coface map d°: C* — \A?V/ﬁ;]rl into the factor PQ"~*~2W™ is the map F*
in the commuting diagram

—0

d,, ok
7MW — C*Wp,_, ————= ZFWp
l le i (6.3)
o n—k—1 _ n—k—2 J—
ankflwn( J . PQn7k72wn p S ank;f2wn

(in the notation of Definition 6.1). The first coface map d* into PQ"~*"2W™" is
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nfkfl’and

the composite of the projection onto PQrk=IW™ with jn*lop
d' into the factor PQ"~*=2W™ is zero for i > 1. -
We start with a realization of the n-th attaching map 0¥ :V, — C,,_1V, for

the given CW resolution as our choice for F"~!: C”—lw['nfl] - W".

(iii) Let \/7\\/'[.n] be the pullback of W[.n—l} — fi*W[’nfl] — ]-'\/7\7{.”], where F: C* —

C? is the right adjoint of the forgetful functor i*: C® — C2+ (see §1.3), with
an] a Reedy fibrant and cofibrant replacement for \/i’[."’].

Again, W* := lim,, W['n] is a cosimplicial resolution of Y in the resolution model

category C2, and in fact, the sequential realization W can be constructed starting

from any R-mapping algebra X. See [BS1, §2 & Appendix A] for further details.
The proof of Theorem 5.8 can be dualized to yield:

Theorem 6.4. Given a commutative ring R with ©* = sM1I and an R-good space
Y, let p: Vo — X = MEY be a simplicial resolution in S*@RXAOP with a CW basis
{V,1o2, for the TT*-algebra-resolution Ve := myBe — A = 7Y. Then for any se-
quential realization W of Ve for Y, there is a Reedy weak equivalence of simplicial
dual weak A-mapping algebras f: Wy := MAW* — U,.

The dual of Remark 5.13, for the n-truncated case, also holds.

Summary 6.5. Given a functor ¥: sMapfet’R — D as in Corollary 4.8, the relative

right derived functor R™'T: hosMap5"® — ho(D?) applied to X := IMMS“FY for R-
good Y € §,, is obtained by

(a) Choosing a simplicial resolution n: U, — X in the model category S*@A XA,

(b) Ajsuming the II*-algebra-resolution V, := 18, — 7Y has a CW basis
{Va}s2, (e.g., if R is a field), choosing a sequential realization W of V;

(¢) Defining (R™!'T)X to be the cosimplicial object TIMSH-FW® in DA,

Ezample 6.6. For Z € S, and T := map, (Z, —) as in Example 4.9, if 3 = 95%%Z and
X = MSHEY for some R-good space Y, and U, = MSHEFW® for some cosimplicial
resolution Y — W*, then (R*!T)X := T, is the cosimplicial space 3{W*} (up to
E?-equivalence).

7. Truncating derived functors of mapping algebras

So far we have shown only that the usual total derived functor LT of a contin-
uous functor T: C — D can be interpreted (under suitable assumptions) as derived
functors of the corresponding mapping algebras. Although there are many technical-
ities involved, the result is hardly surprising, since, under these assumptions, map-
ping algebras carry the same homotopy information as objects in C (Theorems 3.10
and 4.7).

The point is that mapping algebras are the right framework for truncating the
homotopy information (using Postnikov sections), while still retaining enough to com-
pute the required term in the homotopy spectral sequences for TW, or TW?*.

Not every homotopy functor T (and the corresponding ¥) will behave as we want
with respect to such truncation. We therefore require the following:
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Definition 7.1. For any 2 < 7 < o0, let £" denote the category of r-truncated homo-
logical spectral sequences {Ef*}zzl, equipped with a differential d": Ef ; = E{ | 4 ;..
which need not satisfy d" od” = 0. A map in £" is called a weak equivalence if it
induces an isomorphism in E?_ (and thus also for » < k > 2). This defines the corre-
sponding localized category ho £”. We have truncation functors P": £" — £ for each
r < n < oo. Note that the homotopy spectral sequence of a simplicial space defines
a homotopy functor 8>°: GA™ — £°° (with respect to E?-equivalences in the source
and target), and write 8" := P o 8.

Definition 7.2. Any homotopy functor T: G — G, and the corresponding ¥: sMapg,
— G, induce a functor 8" o L**!T: hosMapg, — ho&" (see Summary 5.14) for each
r > 2. We say that T (and T) are level if for every r > 2, this functor 8" o L**!T
factors through a functor L*'T"~2: ho sMap’Sﬂt—2 — ho&".

Here ho sMapyg, is the subcategory of ho(S[(?l]gl:XAop) weakly equivalent to ¢(X),, for
X in the subcategory sMapg, of n-truncated Stover mapping algebras (cf. §2.3).

In order to identify which homotopy functors are level, we shall need the following
notion introduced in [BB1, §1] (see also [ BDG]):

Definition 7.3. Let C be Top, S«, or G: for any n > 0, an n-stem in C is a tower:
Q::("'—>Qk+1&>qu—k>Qk—l"'Ql> (7.4)

in CNS) | in which 7;(Qx) =0 for i < k or i > n+ k, and gy is an isomorphism
for k <i<n+k. Here (N, <) is the usual linearly ordered category of the natural
numbers. The object Qi € C is called the k-th n-window of Q.

We denote by Stem[n] the full subcategory of n-stems in the functor category
CNS) | with the model category structure on the latter as in [H, 11.6]. The Postnikov
n-stem functor P[n]: C — Stem[n] is given by P[n]X = {P"T*F1X (k)}22 .

To avoid the need to distinguish the cases C = Top, or G, we everywhere use the
Top-indexing for spheres, homotopy groups, Postnikov systems, and connected covers
(as in §3.1).

By [BB1, Theorem 4.13 & Corollary 4.16] we have:

Theorem 7.5. For each r > 2 there is a functor 8": Stem[r — 1]2” — £ which
associates to any simplicial (r — 1)-stem Qo an r-truncated spectral sequence. More-
over, 8 o Plr—1]: C2"" — £ is naturally equivalent to 8", so when Qe = P[r — 11X,
this is the truncation of the usual homotopy spectral sequence for Xo. In this case we
have d” o d” = 0, so in fact, the spectral sequence is determined through ETf1 (though
without d,11 ).

Corollary 7.6. A functorT: sMapg, — G associated to a homotopy functor T: G —G
is level if for each v > 1, the relative derived functor 8" o L**'T: hosMapg, — £ fac-

tors as 8" o L*'T"1 for some functor L' ~': hosMaph; * — ho(Stem[r — 1]47).

In order for Corollary 7.6 to be of any use, we must identify level homotopy functors
T for which the homotopy spectral sequence of TX, is of interest. We first note:
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Lemma 7.7. For B as in Example 2.4, any n-truncated weak B-mapping algebra
X € sMapyg; is functorially realizable by an n-stem Q = {Qy}3>,. Moreover, if X =
P"MypY for some Y € G, then Q is naturally weakly equivalent to the Postnikov
n-stem P[n]Y.

Proof. This result appears in [BB2, §10.5] for Stover mapping algebras, but in fact,
we need only observe that for n > 1, the action of P"®5 on X includes inter alia an
A,,-structure on X}, := X{S*}, so allowing P" X}, to be delooped to produce the win-
dow Qj, by [Sta, Corollary 11.12]. The weak equivalences (2.22), together with [Mal,
Theorem 12.7], yield the structure maps for the n-stem Q. ]

The simplest example is from [Bl1], where it is used to construct a spectral
sequence for computing H,Y from the Il-algebra m,Y:

Proposition 7.8. The abelianization functor Ab: G — G is level.

Proof. Let Q={Q}7, denote the Postnikov n-stem of a space X, and R = {Ry}3°
that of Ab X. Note that for each k > 0, the covering map p: X (k) — X induces a map
ps: Ab(X(k)) — Ab X, which factors through (AbX)(k) by cellularity (uniquely, if
we choose a (k + 1)-reduced model for connected covers — which is an inclusion of a
sub-simplicial group, in G). Furthermore, by the Hurewicz Theorem, for each m > 0
the structure map p,,: X — P™X induces an isomorphism H;X — H; P"X for i <
m, and an epimorphism H,,1X — H,,;+1P™X, so the natural map P™(AbX) —
P™ Ab(P™X) is a weak equivalence. Thus we have a natural weak equivalence
PR+ (Ab Q) ~ Ry, for each k > 0.

Thus a given a simplicial resolution U, — P"X = P"MpY of n-truncated B-

presheaves in the model category S[G: %p, by Lemma 7.7, we obtain a simplicial n-stem
Q,, which yields in turn the required simplicial n-stem Rq := P[n](Ab Q,). O

Here are two additional examples from [Sto]. The first is used to construct a
spectral sequence for computing 7, XY from 7,Y:

Proposition 7.9. The suspension functor ¥: G — G is level.

Proof. For each n > 1, any n-truncated weak B-mapping algebra has a correspond-
ing n-stem Q by Lemma 7.7, and the II-algebra A := mX determines the Il-algebra
structure on m,Q; for each k > 0. If X ~ P"MixX for some space X, then A is iso-
morphic to 7, X and Qj ~ P"t**1X(k). To understand LT, we need only consider
the case when A is a free II-algebra.

Now let R = {Ry};2,, denote the Postnikov n-stem of ¥X. As in the proof
of Proposition 7.8, the covering map p: X (k) — X induces a map p.: S(X(k)) —
(£X)(k +1). Taking Postnikov sections yields natural maps py: P"TF+2(2Qy) —
Ri11. In particular, po: P""2(3Qo) — Ry = P"T1(XX) is a weak equivalence by the
Hurewicz Theorem, with P1R; ~ X; (a wedge of 1-spheres, and thus aspherical).

However, for k > 1 there is no functorial description of R in terms of Q. Thus
if ¥:=¥oN:sMapg, = G is induced by ¥: G — G as in Corollary 3.11, in order to
define LT™: hosMapg, — Stem[n] we must proceed as follows:

By Lemma 7.7 a simplicial resolution U, — P"X = P"MyY of n-truncated weak
B-mapping algebras yields a simplicial n-stem Q,. Since the simplicial II-algebra



184 HANS-JOACHIM BAUES, DAVID BLANC anp BORIS CHORNY

Ve :=7m,Ue is a free resolution of A :=mpX, it has a (non-canonical) CW basis
{V,}22, for it, which in turn has a sequential realization W (see §5.2). By Re-
mark 5.13, there is a Reedy weak equivalence of simplicial n-truncated weak B-
mapping algebras f: P2, — U,, where W, is realizable as M W,. We can realize
P, by the simplicial n-stem O, ~ P[n]W,, and let 20, denote the simplicial
n-stem obtained by applying ¥ to each window of 0. (and taking appropriate Post-
nikov sections). If R, denotes the simplicial Postnikov n-stem P[n]SW,, we have a
map of simplicial n-stems p: Y0, — R., as explained above.

Similarly, the simplicial n-truncated B-presheaf U, yields a simplicial n-stem
Q., a/r\ld f: P"We — Y, induces a levelwise weak equivalence of simplicial n-stems
f:XQ¢ = XQ, (in the Reedy model structure). We may assume that each win-
dow of all the simplicial n-stems described here are cofibrant in G, so they are
Reedy cofibrant. Thus if we let Ro denote the homotopy pushout of f and p (in
the Reedy model category of simplicial B-presheaves), we have a Reedy weak equiva-
lence Re — Re (cf. [H, Proposition 13.1.2]), as well as a structure map of simplicial
n-stems p: Qo — Ro.

We define (LT")P"X to be the simplicial n-stem R, To see that LT™ is well-
defined, replace U, by some other simplicial resolution iy — P"X of n-truncated
B-presheaves, with Z a sequential realization of myil, for Y. Let R, and S, denote
the simplicial n-stems associated as above to U, and i, respectively. We then have a
weak equivalence of simplicial spaces g: W, — Z, in the resolution model category
structure with respect to ®4 (since both are cofibrant replacements for ¢(Y), ), and
this will induce a weak equivalence U, — iU, in the resolution model structure of §3.3,
and thus the same holds for the simplicial n-stems R, and S, (cf. [Sto, Theorem
1.9)). O

The next example is used to construct a van Kampen spectral sequence to compute
(Y VZ) from 7.Y and 7,7

Proposition 7.10. The wedge bifunctor V: G X G — G is level.

Proof. The proof is entirely analogous to that of Proposition 7.9: given two Stover
mapping algebras X and %), realizable by Y and Z, respectively, their n-truncations
are realizable by n-stems Q and S, weakly equivalent to the Postnikov n-stem P[n]Y
and P[n|Z, respectively. Once again we cannot reconstruct the Postnikov n-stem
for Y V Z directly from the window-wise wedge of Q and S (except for the bot-
tom window), but must have recourse to sequential realizations of the full simplicial
resolutions. O

Remark 7.11. Stover set up spectral sequences for arbitrary homotopy colimits in
Top, (see [Sto, Theorem 1.2]), and one can obtain similar results for the left derived
functors appearing as the E2-terms of these spectral sequences.

8. Truncating derived functors of dual mapping algebras

We may dualize Definitions 7.1 and 7.2 of Section 7 as follows:
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Definition 8.1. For any 2 < r < oo we let & denote the category of r-truncated
cohomological spectral sequences {E;*}} _; (again, the last differential need not sat-
isfy d,. o d, = 0). A weak equivalence in &, is a map inducing an isomorphism in E3*.
Again we have truncation functors P": &, — &,.. The homotopy spectral sequence
of a cosimplicial space defines a homotopy functor 8.: S& — £, and we write
Sy :=P"0o8.

If T: Sg — D is a homotopy functor preserving R-equivalences, we say that T,
and the corresponding T: sMapS“® — D of Corollary 4.8, are level if for any r > 2
and weakly R-good dual strict Stover mapping algebra X = IMMS"?Y (see Defini-
tion 4.5), 8, R™!'TX factors up to isomorphism through the (r — 2)-truncated simpli-
cial dual strict Stover mapping algebra P™—290t5%%(R™TX), up to weak equivalence

in S[?]AXAOD (see Remark 4.6).

Although the analogue of Theorem 7.5 was also shown in [BB1] to hold for the
homotopy spectral sequence of a cosimplicial space, this does not appear to be helpful
in showing that functors of R-mapping algebras are level — mainly because there is
no simple connection between maps into Eilenberg—Mac Lane spaces and maps out
of spheres. Thus a more direct approach is needed here.

Our main result in this connection, which may be of independent interest, is the
following reinterpretation of the results of [BBS]:

Theorem 8.2. For any Z € S, and R=TF, or Q, the unstable R-Adams spectral
sequence for T := map,(Z, —) applied to'Y € Si (see [BK1, §7.2]) is determined by
the simplicial R-mapping algebra (MERIT)MSCRY | and T is level.

Proof. Let Y — W* be a cosimplicial resolution, which we may assume without
loss of generality to be associated to a dual sequential realization W as in §6.1, by
Theorem 6.4.

We know that the homotopy spectral sequence for the cosimplicial space X*® :=
map(Z, W*) is determined in principle by the simplicial dual strict A-mapping alge-
bra 27, := M5 EW*. Following the description in [BBS] (and compare [Boul]) we
now explain how this can be made explicit:

By [BBS, Proposition 4.18] the unstable Adams spectral sequence for Y as above
agrees from the Fs-term on with that associated to the fibration sequences

Q"W" — Tot, Wi, — Tot,—1 W,_y, (8.3)

in the notation of §6.1, so the same is true of the homotopy spectral sequence for
X* :=map(Z, W*), if we apply map, (Z, —) before taking Tot.

An element v € E"*™™ is thus represented by a map $*Z — Tot,, XDP,), where

YDy, is the fiber of the Reedy fibration \/7\\/'['”] — Wy, and Tot, EDp, ~ QrWn
(see [BBS, Proposition 4.12]). This is represented in turn by a map of cosimplicial
spaces G*: A® x XFZ — Wi, (see §6.1(iii)) — that is, a sequence of maps an} C AT X
YFZ — W{n] (where we may assume G{n} =0 for j < n by [BBS, (3.6)]).

By [BBS, Theorem 5.9], for each r>2 and N :=n+r—1, the differential
d.: Evktn s ENHLEEN g defined on () by the value ¢: ¥¥Z — QVWNFL of a
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certain r-th order R-cohomology operation. This operation is defined when the asso-
ciated sequence of lower order operations vanish, so that there exists a chosen lift of
G* to Gny: A® x Y7 — W['N].
The map ¢ is obtained by patching together the composite of the maps Gf N with

the given maps F[]}V+1]: W{N] — PQN=I=IWNHL of (6.3), yielding a map from the
boundary of a certain (N + 1)-dimensional polyhedron PN*! described in [BBS,
§4.3] to map, (X*Z, WN*1), This is adjoint to a map ¢: X*Z — QVWHN+! and
by [BBS, Theorem 5.10], the class

[%] c [Z’“Z, QNWN-H] ~ [Ek_lz, QN+1WN+1] o E{V+17k+N

(using the usual ¥-Q adjunction on the left) represents d,.(y) € EN*TLE+N In particu-
lar, by [BBS, Lemma 5.7], [¢] vanishes if and only if G|y lifts to a map Gy41): A®
k .
Y2 = Wiy, -
Because we assumed that each W is in ©% (see §6.1), the information used
in defining this higher operation is encoded by 2T, := MEW® and 3 := MEZ Fur-

thermore, since GfN] =0 for j < n, and W[‘N] is (n +r — 1)-skeletal by §6.1(i), from
the description above we see that we only need P"~'3{Q*W?¥} in order to calcu-
late d,., and thus £} ;. Finally, by Example 4.9, P13 is completely determined by

the (r — 1)-truncated R-mapping algebra P"~120,, and this in turn depends only on
PrIStRY  up to Es-equivalence. O

Corollary 8.4. For any Z € S, and R=TF, or Q, the mapping space functor
map,(Z, —) is a level homotopy functor Sg — S..
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