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Abstract
In this paper we present a general construction that can be
used to define the higher order Hochschild homology for a non-
commutative algebra. We also discuss other examples where this
construction can be used.

1. Introduction

Higher order Hochschild homology, HX<(A, M), was introduced by Pirashvili
n [13]. It is associated to a commutative k-algebra A, a symmetric bimodule M,
and a simplicial set X,. When the simplicial set X, models S with the usual simpli-
cial structure, one recovers the usual Hochschild homology. The cohomology version
of this construction was introduced by Ginot in [5].

Secondary (co)homology of a triple (A, B, ¢) was introduced in [14]. In order for the
construction to work we must have that the morphism €: B — A gives a B-algebra
structure on A, and, in particular, B must be commutative.

As noted above, higher order Hochschild (co)homology is defined only for commu-
tative k-algebras, while Hochschild (co)homology is defined for any k-algebra. The
problem comes from the fact that for a general simplicial set (X,,d;, s;) we do not
have a natural order on the fibers of the maps d;. This means that there is a choice to
be made when we define the pre-simplicial k-module corresponding to higher order
Hochschild (co)homology. One possible approach for this problem is to restrict our-
selves to those simplicial sets that do have a natural order on the fibers of d;. However,
this approach does not provide a lot of new examples since any such simplicial set
must be of dimension one (see [1]).

A similar problem appears when we want to define the secondary (co)homology
of a triple (4, B,¢), and the k-algebra B is not commutative. There is a choice to
be made when one wants to write the formulas for the simplicial maps, and none of
those choices give a simplicial module (unless B is commutative).

In this paper we present a construction that allows us to extend several homological
constructions to noncommutative settings. For this we use the simplicial nature of
the higher order Hochschild (co)homology. First, we show that to a so called A-
system we can associate a unique maximal pre-simplicial module. Then we construct
several natural examples of A-systems. In particular, we associate one such A-system
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to a simplicial set X,, a k-algebra A and an A-bimodule M. Then we consider the
associated pre-simplicial module and take its homology. When A is commutative and
M is A-symmetric we recover the usual higher Hochschild homology HX* (A, M). Our
construction can also be used to define a secondary homology in the noncommutative
setting.

We discuss in detail the case when X, is modeled by S, We show that if A
is a commutative k-algebra and M is a symmetric A-bimodule, then H,fl (A, M) ~
Hfl(Ml(A), M;(M)), and therefore we have Morita invariance for this case. In the
last section we give an account of other related problems and some open questions.

2. Preliminaries

In this paper k is a field, ® is ®j, all maps are k-linear, and all algebras have
multiplicative unit. Furthermore, we set the notation N ={0,1,2,...}. We recall a
few facts and definitions that will be useful in the upcoming sections.

We say that (X,,d;) is a pre-simplicial object (others say semi-simplicial) in a
category C if for every n € N, we have an object X, € C, and for all 0 <i < n we
have morphisms §;: X,,+1 — X, that satisfy the following relation:

5i§j = 5j—15i if i < j

When C is the category of vector spaces over k, we say that (X, d;) is a pre-simplicial
k-module.

Let A be a k-algebra (not necessarily commutative), and M be an A-bimodule. We
consider the pre-simplicial module (C, (A, M),d;) that is used to define Hochschild
homology. That is C,, (4, M) = M ® A®"™ and

ToT1 W22 Q- QT ifi=0,
di(20®@ - Qxp) =4 T @+ QTi—] @TTip1 OTip2 @z, H1<i<n—1,
TpZo QX1 @+ & Tp—1 if i =n.

For more results concerning Hochschild (co)homology, we refer to [3], [4], [9], and [12].
We recall from [13] the construction of the higher order Hochschild homology.
Assume that A is a commutative k-algebra, and M a symmetric A-bimodule.
Let V be a finite pointed set such that |V|=v+ 1. We define L(A,M)(V) =
M ® A®Y. For ¢: V — W we define

LA M)(p): LIA,M)(V) — L(A, M)(W)
determined as follows:

LA, M)(¢)(ap @ a1 @ @ay,) =bym @by @ -+ @ by,

bi = H a;.

{1eV | ¢(h)=i}
Take X = (X,,d;, ;) to be a finite pointed simplicial set, and define
CX+(A, M) = L(A, M)(X,,).
For each d;: X, — X,,_1 we take (d;). = L(A, M)(d;): CXe(A, M) — CX* (A, M)

n—1

where
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and take 9,,: OX+ (A, M) — CX* (A, M) defined as 9, = 31 (—1)/(d;)..

The homology of this complex is denoted by HX(A, M) and is called the higher
order Hochschild homology. When X, is modeled by S! with the usual simplicial
structure, one recovers the complex that defines Hochschild homology. For more
results concerning higher order Hochschild (co)homology we refer to [5], [6], [7],
and [13].

Secondary cohomology was introduced in [14] in order to study B-algebra struc-
tures on A[[t]]. The homology version and the associated cyclic (co)homology were
introduced and studied in [11]. The relation between the secondary and higher order
Hochschild cohomology was established in [2].

3. A simplicial construction for noncommutative settings

In this section we give a general construction that is designed to construct pre-
simplicial modules in noncommutative settings. Its practical relevance will become
apparent in the next section, when we use it to define several (co)homology theories
for noncommutative algebras. Fixing the notation N* = {1,2,3, ...}, we first consider
several definitions.

Definition 3.1. Suppose that for each n € N* and for each 0 < i < n, we have a
finite nonempty set A%. We call such a collection a A-indexing set, and we denote
itby A={A} |neN* i=0,...,n}.

Definition 3.2. Let A = {A! | n € N*, i =0,...,n} be a A-indexing set. We call
M = (M,,d}) a A-system if it consists of a collection of k-vector spaces {M,,}>2,
and a collection of k-linear morphisms d$: M,, — M, _; for all o € Ail.

Note that if we have a pre-simplicial k-module (M,,, d;) then we can get A-system
(M,,,d$) by taking |[AL] =1 for all n € N*, and all 0 < i < n and defining d% = d;.
However, in general, a A-system does not automatically define a pre-simplicial k-
module or a chain complex. The plan is to prove that every A-system contains a
unique maximal pre-simplicial k-module.

Definition 3.3. Let M = (M,,,d") be a A-system. We call Aq = (4,)n>0 & A-sub-
complex of the A-system M if A,, is a sub-vector-space of M, for every n, and for
0 <7< n we have

(i) d¥|a, = d?\An for all o, B € A%, with this common restriction denoted d?!,

(ii) dA(A,) C A,_1, and

(iii) ddft =dt d for i < j.

Remark 3.4. Notice that (i) and (iii) imply that (A,,,d?') is a pre-simplicial module
and, in particular, we get a chain complex (hence the name A-subcomplex).

Remark 3.5. Let M be a A-system, and S denote the collection of all A-subcomplexes.
Since {0} C S, it is clear that S # @. We impart a partial order on S by saying
A, < B, if there exists inclusions A,, C B,, in every dimension n. Notice that both
dd = d®|a, and dP = d¢|p,, so since A, C B, we have dP|., = d.
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Theorem 3.6. Let M be a A-system. Then M has a unique maximal A-subcomplex.
In particular, we have a unique mazimal pre-simplicial k-module ©@(M).

Proof. First, we show the existence of a maximal A-subcomplex. To do this, we shall
use Zorn’s Lemma. Consider a countable, totally ordered subset of S, i.e. {AJ'}00_,
with A7 < AT+,

Claim: Qg := J°_; AT* (where Q,, = |J AT") is a A-subcomplex.

m2=1

(i): Indeed, if a € €, then a € A™ for some m. Then for all o, 3 € A%, d$(a) =
d? (a) since A7 is a A-subcomplex. Thus (i) is satisfied.

(ii): Similarly, as a € ©,, is also in some A™, d}(a) =d#" (a) € A™ , CQ, ;.
Hence (ii) is satisfied.

iii): As above, take a € Q. Then a € A for some m, so

dit(d} () = di' (df (a)) = d'y (d] " (a)) = d5y (dF (@),

therefore (iii) holds.

Thus, Q, is a A-subcomplex (i.e. Q4 € S). Now, being the union of all AT*, each
AT < Q,, so this is indeed an upper bound of the totally ordered subset {AJ}50_,.
Thus, by Zorn’s Lemma, there exists a maximal element of S.

Now we show there is a unique maximal A-subcomplex. Suppose there are two
maximal A-subcomplexes, Cy and D,. Consider Y, := Cq + D,, where Y, as a k-
vector space is C, + D, = {y € M,, | y = ¢+ d, for some c € C,,, d € D, }. We show
that Y, is a A-subcomplex.

(i): Take y € Y,,. Then y = ¢ + d for some ¢ € C,, and d € D,,. So for all o, 8 € A?,,
we have

di (y) = di (c + d) = df'(¢) + di'(d) = ] (c) + d} (d) = d (c + d) = &} (y).
This shows (i).
(ii): If y € Y,,, then y = ¢+ d for some c € C,, and d € D,,, so
4Y (y) = d¥ (c+d) = dY (€) + ¥ (d) = d(€) + dP(d) € Couy + Dy = Vi,
Hence (ii) holds.
(iil): Let i < j, and take y € Y;, with y = ¢+ d for some ¢ € C,, and d € D,,. Since
Co and D, satisfy (iii) and using the observation in the proof for (ii), we have:
aY (@ () = @) (@) (e + ) = d¥ (d€ ) + dP(@)) = @} (d(e)) + ¥ (a2(@)
= d€(d(e)) + dP (P (d) = S, (dS () + dP. (dP(d))
and on the other hand,
d}il(d?/(y)) = d}‘il(di (c+d)) = d}:1(dic(c) +d(d))
= &4 (d0(0) + d) 4 (@ (@) = T (dF () + 4.y (dP(d)).

7

Thus, dY d} = d}_,dY, so (iii) is satisfied.

Therefore, Y, is a A-subcomplex. Clearly there are injections C,, — Y,, and D,, —
Y, but they were chosen to be maximal, so it must be that Cy = Y, = D,. Hence, a
maximal A-subcomplex is unique, and we denote it by ©(M). O
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Definition 3.7. Let M be a A-system with unique maximal A-subcomplex O(M).
We call the homology of ©(M) the A-homology group of M, and we denote it by
Hyp (M) == Hp(©(M),a).

Next, we need to talk about morphisms between A-systems.

Definition 3.8. Take I" and A to be two A-indexing sets, M = (M,,, df) a I'-system,
and N = (N,,0%) a A-system. A A\-morphism from M to N is a collection of k-
linear maps f,: M, — N, for all n € N, such that if n > 1, then for all 0 <1i < n,
and all a € AY, there exists a 8 € 'Y, such that 0¢ f,, = fn,ldf.

We have the following result.

Lemma 3.9. Take T' and A to be two A-indexing sets, M = (M, df) a T-system,
and N = (N,,08) a A-system. If f: M — N is a A-morphism then f induces a
morphism of pre-simplicial modules f: O(M) — O(N).

Proof. First we show that f,,(©(M),) C O(N),. If n = 0, then this is obvious since
O(N)g = Ny. Define A; C N, determined by

As = fo(OB(M),) forall s > 0.

We want to show that Ae = (As)s>0 defines a A-subcomplex in .
Because (O(M)s)s>0 is a A-subcomplex of M, then for all 31, B2 in I', we have
that dfl = df2 on O(M),. We will denote this map by d; (suppressing the s index).
Take n > 1 and 0 < ¢ < n. Since f is a A-morphism then for a;, as € Ail we can
find B, B2 € T, such that 6" f,, = fn,ldiﬂ1 and 672 f, = fn,ld?Q. Take z € A,, with
x = fn(c) for some ¢ € O(M),,. We have

0 (@) = 674 (£ (€)= fr1 (d7(€)) = frm1 (dil©)) = 1 (d]2(0)) = 672(fu(0)) = 672(w),

which means that 68 = 53 on A, for all ay, az € A%. And so we have condition (i)
from Definition 3.3. We denote the common restriction by §2.

Take x € A, with = f,(c) for some ¢ € ©(M),,. Then we have
51 () = 6 fnlc) = 62 fu(e) = fu1d(c) = fa1di(c) € Ap s
for some a € A?, (and the corresponding 3 € T'.). This means that
5;4(An) g An—la

and so we have condition (ii) from Definition 3.3.
Finally, for all 4 < j, and = = f,(c) for some ¢ € O(M),, we have

57157 (2) = 610 (fu(0)) = fua(didj(€) = fua(djmrdi(c)) = 01167 (fu(e) = 571167 (x

).
Thus (As)s>o defines an A-subcomplex, and so we get that A4, = f,(©(M),) C
O(N), for all n € N.

We already noticed that §f, = f,_1d;, which means that f is a morphism of
pre-simplicial modules from ©(M) to O(N). O
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4. A few examples

4.1. Higher order Hochschild homology

Let A be a k-algebra (not necessarily commutative), and M be an A-bimodule.
As a warm-up, we define higher order Hochschild homology when the simplicial set
models the sphere S2?. We will use the description from [10] as a point of reference.

Example 4.1. Set A2 ={p | p € S’\n}, where we let S, be the set of permutations of
{0,2,...,n}. For 0 < i < n, set

A;:{g:(al,...,an,ﬂ | gj G{LT}}a

and A ={p | p € S, }, where S,, is the set of permutations of {0,...,n — 1}. Notice
that o; = 1 represents usual multiplication and o; = 7 represents transpose multipli-
cation, as seen below.

Let p act on a tensor product of length n by permuting the elements according to
p and then taking the product (i.e. p(zo @ T2 ® -+ @ Tp) = Tp(0)Tp(2) " * * Tp(n))- Take

zy ifo; =1,
Uj(a?@y):{ ’

yr ifo; =7

Observe that o is an (n — 1)-tuple consisting of usual or transpose multiplication rules
(the 0;’s). We define a A-system F by taking F, = M @ A®*“5  and d7: M ®

n(n—1)

AP L M @ AT defined as follows:

1 a2 -+ ain 1 a3 -+ agpn

dg(mo@) B B : )=p(MoRa12® - Rain)®
1 Gp—1,n 1 An—1,n

1 1
For1<i<n—1,

1 a2 -+ ain
d7 (mo ® ‘ : : ) =0i(mo ® @i it1)
1 An—1,n
1
1 a2 -+ o1(a1; ® ar i) a1,i+2 e a1
1 O'ifl(aifl‘,i ® aiflgiJrl) A;—1,i+2 c Aj—1,n
® 1 Oit1(Qiiq2 ® aiv1,i42)  On—1(Cin @ Gig1m)
1 An—1,n
1
Finally,
1 ajp -+ ain 1 a1 -+  aip-1
dg(m0® N N : ) :p(m0®al,n®"' anfl,n)@)
1 Gn—1,n 1 np—2,n—1
1 1

Notice that when A is commutative and M is A-symmetric we get the usual higher
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order Hochschild homology H;?Q(A, M).

Next, we want to define higher order Hochschild homology for a general simplicial
set.

Ezample 4.2. Let X = (X, d;, s;) be a pointed simplicial set. Consider the A-indexing
set AXe defined by
A= 1 Sz

JE€EXn-1

where Sz is the symmetric group on the set Z, and for j € X,,_1 we set Z:(j) =
d; ' (j) where d;: X, — X,,_1.

Let A be a k-algebra and M an A-bimodule. We define the AX+-system CX+ (A, M)
as follows. For each n define CX+(A, M) = M ® A®®" where z,, = | X,,| — 1. For o =
(00,01, --,00,_,) € Al we define d7: CXs(A, M) — CX* (A, M) determined by

di(ag®a1 @ ®ag,) =bf @] @--- @by

17

where for j € X,,_1 we define

b? = H Ao (s)-

{seXyn | di(s)=5}

In the last formula the product is ordered over s. Notice that the order that we pick
on Z!(j) is not important, we just want to make sure that we cover all the possible
ordered products.

As one expects, if A is commutative and M is a symmetric A-bimodule we get the
usual higher order Hochschild homology HX (A, M).

Ezxample 4.3. Take A a commutative k-algebra, and M a symmetric A-bimodule.
Take e € M;(A), and m € M;(B) such that e = e, and em = me = m. Consider the
element

Wy(e,m) = m @ e®™ € CX+(A, M).

Notice that d$(W,(e,m)) = W,_1(e,m), which means that if we define C, =
kW, (e,m) we get a A\-subcomplex, and so W,,(e,m) € O(CX*(A, M)),.

Remark 4.4. Notice that the A-system from Example 4.2 is completely determined by
A, M and the simplicial set X. We denote the homology groups H, (0(CX(A, M))) by
HX(A,M). When A is commutative and M is a symmetric A-bimodule, we recover
the higher order Hochschild homology, so this notation is consistent with [13]. When
the simplicial set models the sphere S? with the usual simplicial structure (see [10]),
we recover Example 4.1.

4.2. Secondary Hochschild homology

The next example is associated with the secondary Hochschild homology, denoted
HH,(A, B,¢). Recall that in [11] we need A to be a B-algebra, and, in particular, B
must be commutative. Using the construction from the previous section, we are able
to drop that condition.
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Example 4.5. Let A and B be k-algebras, and €: B — A be a k-algebra morphism.
Here we do not assume B is commutative. Take A = {A% } as follows: for 0 <i <n —1

A ={o=(00,01,...,0i...,0n_1) | oj€{l1,7} for j #1, o; € {l,c,7}},
and

Ay ={o=(00,01,...,0i,...,0n-1) | 05 €{1,7} for j # 0, o0 € {l,c,7}}.
We define a A-system E(A, B, e) where we set

n(n+1)

E.(A,Bye) = A" @ B® 2 .

n(n+1) n(n—1)

For0<i<n—1lando €Af defined?: A®" "1 @B® =2 — A®"®B® 2z given by

ap bo1 -+ bon—1  bon
a1 ce bl,nfl bl,n
d7 (® D=
an—1 bn—l,n
G,
ap - bO,i—l O'O(b(),i (24 bo,i+1) bo,i+2 boﬁn
ai—1 oi—1(bi—1,i ® bi—1,i+1) bi—1i42 e bi—1n
& oi(a;i ® aiz1 @biit1)  Tix1(biiro @ biviv2) - On—1(bin @ bigyi,n)

@jy2 . bitan

G,
Where, for j # i we have
biby ifo;=1¢€A?,
0;(b1 ® by) = 102 l o; Zz
bel lfO’j:TEAn
for all by,by € B, and
6(1))&1&2 if g; = le A:z’
oi(a1 ® az ®b) =< a1e(b)ay if o; =c e AL,
araze(b) if oy =71 € A},
for all ai,as € A and b € B. Finally, for i = n we have
ap boi - bon—1  bon
ar - bin—1 by
dp(® D=
An—1 bnfl,n
an
UO(an & ap & bO,n) g1 (bO,l ® bl?n) tee 0'n72(b0,n72 & bn72,n) Unfl(b(),nfl & bnfl,n)
a1 bl,n72 51?n71
®
Gn—n bp—2,n—1

Ap—1
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Remark 4.6. We denote the homology of ©(E(A, B,e)) by HHe(A, B,¢) and call it
the secondary homology of the triple (A, B,¢). Notice that if B is commutative and
g(B) C Z(A), we recover the usual secondary Hochschild homology HH,(A, B,¢) as
defined in [11].

Ezxample 4.7. Take B to be a commutative k-algebra, A to be a k-algebra, e: B — A

to be a morphism of k-algebras such that e(B) C Z(A), and v: M;(B) — M;(A) to be

the induced k-algebra morphism. Take e € M;(A), and f € M;(B) such that €% = e,
2= f,and ef = fe = e. Consider the element

e - f f

Tn(eaf):® eEn(Ml(A)le(B)vL)
e f
e

Notice that d(Th,(e, f)) = Th-1(e, f). This means that if we define C,, = kT, (e, f),
we get a A-subcomplex. In particular, T, (e, f) € O(E(M;(A), Mi(B),t))n.

5. Back to Hochschild homology

In this section we take A to be a commutative k-algebra, and M is a symmetric
A-bimodule. For the matrix algebra M;(A) we have two possible different ways of
defining Hochschild homology. We have the classical H,,(M;(A), M;(M)) (as in the
preliminary section), and HS' (M;(A), M;(M)) (as in the previous section). We will
show that the two constructions agree.

Recall the simplicial structure on S*. Take Xo = {*o} and X,, = {*,} U{I{ | a +
b+ 1 =n} with

#q4p ifa=0andi=0,
I}‘)’_l ifa#0andi<a,
Ip , ifb#0andi>a,
*qg4p fb=0andi=n=a+1,

di(1y) =

S’L(*n) = *n+1,

o It ifi < a,
silly) =190 .
Iy, ifi>a.

Next we give the details for the A-indexing set A° 1, as well as the A 1—system
CS' (My(A), My(M)), as described in Example 4.2.

One can see that |Af | = 2, so we can identify A with the set {1,7}. For alln € N
we have

C (Mi(A), Mi(M)) = Mi(M) @ My(A)®".
For0 <i<mnanda € A, wehave §2: CS' (M;(A), My(M)) — CS | (M;(A), My(M))
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determined by

ToT1 @ T2 @ ® Ty, ifi =0,
FHro® @) = B0 @+ R T R TiTig1 D Tiga @+ @y iF1<i<n—1,
TpToR T Q@+ QTp_1 ifi =n,
and
10 QX2 @ -+ - D Xy ifi =0,
(@ @Ty) = TR QT DT 1T R Tjyo @R, f1<i<n—1,
ToXy QT Q- & Tp_1 ifi=n.

We are now ready to state the following result.

Proposition 5.1. Let A be a commutative k-algebra and M a symmetric A-bimodule.
Then we have

HE' (A, M) = H, (A, M) = H,(Mi(A), Mi(M)) = HE' (Mi(A), Mi(M)).
Proof. Since A is commutative and M is symmetric, the first isomorphism is known

from [13]. Also, it is well known from [12] that the maps is: A — M;(A) and
ipg: M — M;(M) determined by

z 0 0

0 0 0
T —

00 --- 0

can be extended to a morphism of pre-simplicial modules
Lo (Cn(A, ]\4)7 dl) — (Cn(Ml(A), MI(M)), dl),

which induced an isomorphism at the level of homology. Thus Hochschild homology
is Morita invariant, that is H, (A, M) ~ H, (M;(A), M;(M)).

Take Y the trivial A-indexing set (i.e. |Ti| =1 for all n and all 0 <i < n).
Then every pre-simplicial module is a Y-system. In particular, one observes that
C(A, M) and C(M;(A), M;(M)) are the Y-systems associated to (Cy (A, M),d;) and
(Cn(M;i(A), M;(M)), d;), respectively.

Since A is commutative and M is symmetric, the maps is: A — M;(A) and
ing: M — My(M) induce a A-morphism C(A, M) — C5" (M(A), My(M)) (as in Defi-
nition 3.8). By Lemma 3.9 we obtain a morphism of pre-simplicial modules

to: (Cn(A,M),d;) — (@(CSI(MZ(ALMl(M)))n,(SZ-).

It casy to check that the identity map CS' (M;(A), My(M)) — C((My(A), M;(M)))
is a A-morphism (as in Definition 3.8). Again by Lemma 3.9 this gives a morphism of
pre-simplicial k-modules

1 (O(CT (My(A), Mi(M)))n, 8:) = (Co((My(A), Mi(M))), ds).

Finally, we have that 1o = ¢1¢9, and since o 1induces an isomorphism in homology we
get that ¢; also induces an isomorphism H2 (M;(A), M;(M)) ~ H,(M;(A), M;(M)),
which finishes the proof. O
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6. Final remarks

The setting in Theorem 3.6 is quite general, and if applied to poorly chosen A-
systems, the theorem is not likely to give interesting results. One has to balance
between A-indexing sets that are too big or too small.

The results from the previous section show that when X, is modeled by S*, our con-
struction of higher order Hochschild homology for noncommutative algebras behaves
as one would hope. However, the proof depends heavily on the already known exis-
tence and properties of Hochschild homology for noncommutative algebras.

If A is a commutative k-algebra, M a symmetric A-bimodule, and X, a simplicial
set one can show that we have a morphism HXe(A, M) — HX*(M;(A), M;(M)). Tt
would be interesting to prove that this morphism is actually an isomorphism (i.e. we
have Morita invariance).

One can easily check the functoriality of HX* (A, M). It would be interesting to see
if the construction of He(M=X (A, M)) is invariant under the homotopy equivalence
of the simplicial set X. Notice that we did not use the degeneracy maps of the
simplicial set X, but that information could be easily incorporated in some variation
of Theorem 3.6 (that would deal with maximal simplicial modules instead of maximal
pre-simplicial modules).

Similar constructions can be done if one wants to define higher order Hochschild
cohomology, or for the generalized higher Hochschild (co)homology (see [2] or [8]).
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