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Abstract
In this paper we introduce the notion of Loday QD-Rinehart
algebra as an abstraction of Loday QD-algebroids. Additionally,
we study cohomology groups, derivations, abelian extensions
and crossed modules of these algebraic structures and analyze
the relationships between them.

1. Introduction

In recent research, especially in geometry and physics, Loday brackets appear in
the form of algebroid brackets, i.e., brackets on sections of vector bundles. As a
consequence, Loday algebroids were formalized in many articles [1, 9, 13, 16, 18,
19, 21, 25, 29, 36, 37]. Nowadays researchers prefer the terminology Loday alge-
broid to distinguish them from other general algebroid brackets with two anchors
[17], called sometimes Leibniz algebroids or Leibniz brackets. These structures have
applications in physics, for instance, in the context of nonholonomic constraints
[10, 11, 12, 15, 30]. Loday QD-algebroids were introduced in [13] and called as
Loday algebroids in [12, 17]. A Loday QD-algebroid on a vector bundle E over a
base manifold M is an R-bilinear Loday bracket on the C°°(M)-module Sec(E) of
smooth sections of E for which the adjoint operators ady and ad’ are derivative
endomorphisms. As a consequence of the usage of this structure in many branches, it
is natural to introduce the algebraic abstraction of Loday QD-algebroids. Since Loday
QD-algebroids are a generalization of Lie algebroids, whose algebraic counterpart are
Lie-Rinehart algebras, then its abstraction can be thought as a generalization of Lie-
Rinehart algebras [20], also called (K, A)-Lie algebras in [35] or d-Lie rings in [33].
Additionally, many algebraic and categorical properties of Lie-Rinehart algebras can
be extended or adapted to Loday QD-Rinehart algebras by the techniques used in
the transition from Lie algebras to Leibniz algebras.

In this paper we introduce the notion of Loday QD-Rinehart algebra and we
explicitly present related algebraic constructions such as derivations, abelian exten-
sions, crossed modules and their cohomology groups, which are particular cases
of the corresponding well-known categorical constructions within the framework of
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protomodular, Barr-exact, with finite coproducts categories [2, 3, 4, 7, 22]. Addi-
tionally, we obtain the relationships between low dimensional cohomology groups and
derivations, abelian extensions and crossed modules.

The paper is organized as follows. In section 2, we introduce the structure of
Loday QD-Rinehart algebras and study their basic properties, and some constructions
such as actions, derivations, abelian extensions and crossed modules. It is worth
mentioning that the category of Loday QD-Rinehart algebras is protomodular, Barr-
exact and has finite coproducts, but it is not pointed, and thus not semi-abelian.
Nevertheless, the categorical framework given in [4, 7] can be particularized to Loday
QD-Rinehat algebras, which provides the above notions. In subsection 2.1 we establish
the equivalence between the categories of crossed modules, cat!-Loday QD-Rinehart
algebras and internal categories. We show the explicit equivalence, but it can be
derived from the general categorical framework in [7]. In section 3, we define the
Leibniz-Rinehart cohomology H Lg,, (£, M) as the homology of the cochain complex
CLGHp (L, M) := Hom4 (£94%, M) of a given Loday QD-Rinehart algebra (£, a;, a.),
with coefficients in a representation M of £. Moreover, in subsection 3.1 we construct
free Loday QD-Rinehart algebras and prove that the Leibniz-Rinehart cohomology
vanishes over these objects. Finally, subsections 3.2 and 3.3 are devoted to prove the
interpretation of second and third Loday-Rinehart cohomologies by means of abelian
and crossed extensions, respectively.

2. Loday QD-Rinehart algebras

Throughout this paper we fix K as a ground field and A as a commutative K-
algebra. We let Der(A) be the set of all K-derivations of A, i.e., the set of K-linear
maps D: A — A such that D(ab) = aD(b) + D(a)b. Der(A) has a structure of Lie
K-algebra with respect to the bracket [D;D'] = Do D’ — D’ o D and an A-module
structure under the product (aD)(b) = aD(b). Moreover, the following identity holds
for any D, D’ € Der(A), a € A:

[D,aD’'| = a[D,D'] + D(a)D'".
Definition 2.1. [27] A Leibniz algebra £ over K is a K-vector space equipped with

a K-bilinear map [—,—]: £ x £ — £ satisfying the Leibniz identity [X,[Y,Z]] =
[X,Y], Z] — [[X,Z],Y], for all X|Y,Z € £.

Definition 2.2. [27] Let £ be a Leibniz algebra and ¢ := (d, D) be a pair of K-linear
maps d, D: £ — £ such that

D[Xy, Xo] = [D(X1), Xo] — [D(X2), X4,
d[X1, Xo] = [d(X1), Xa] + [X1,d(X2)],
[X1,d(X2)] = [X1, D(X2)],

for all X1, Xo € £. The pair ¢ = (d, D) is called a biderivation of £.

Ezample 2.3. [27] Let £ be a Leibniz algebra. We fix X € £ and we define adx, Adx
as maps from £ to itself given by adx(Y) = —[Y, X], Adx = [X,Y], for all Y € £.
Then (adx, Adx) is a biderivation of £.
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The set of all biderivations of £ is denoted by Bider(£). Following [27], Bider(£)
is endowed with a Leibniz algebra structure with respect to the bracket
[<p7ap’]:(dod/—d/od,Dod/—d/oD), (1)
for all ¢ = (d, D), ¢’ = (d',D’) € Bider(£).

Definition 2.4. [28] Let £, £’ be Leibniz algebras. An action of £ on £ is a pair of
K-bilinear maps, € x & — £/, (X, X') — [X,X'], & x £ — &, (X', X) = [X', X],
such that

X Y Y]] = [[X Y] Y] = [[X Y7 Y,
(X Y7 Y]] = (X, Y], Y] = [[X, Y], Y7,
Y [X Y]] = (Y7, X], Y] = [[Y7, Y], X],
X (X Y]] = (X, X7 Y] - HX Y’] X7,
(X7, [X, Y]] = (X7, XD, Y] = (X7, Y7, X
(X7 Y7 X = (X7, Y7, X = [[X7, X, Y7

forall X, Y € £ X'\ Y' € &.

This definition agrees with the general notion of derived action in categories of
interest in the sense of Orzech [31, 32] (see also [5, 34]).

Our aim is to generalize the structure of Lie-Rinehart algebras, which are the
algebraic counterpart of Lie algebroids. Inspired by the different generalizations of
Lie algebroids introduced in [14], we analyze in the sequel the algebraic analog of the
so-called Loday QD-algebroids. Hence we have the following:

Definition 2.5. A Loday QD-Rinehart algebra over (K, A) is a Leibniz K-algebra £
together with a structure of A-module on £ and the maps, called left and right anchor
maps, a,a,: £ — Der(A) which are simultaneously Leibniz algebra and A-module
homomorphisms such that

(a) [aX,Y]=a[X,Y]—a,.(Y)(a)X,

(b) [X,aY]=alX, Y]+ ai(X)(a)Y,
foralla e A, X,Y € £.

Remark 2.6. For a Loday QD-Rinehart algebra (£, oy, «,) and having in mind (a)
and (b) in Definition 2.5, we can write [aX,bY] in two ways. Both of them provide
the following equality:

[aX,bY] = ablX,Y] + acy(X)(b)Y — ba.(Y)(a) X, (2)

forall a,be A, X, Y € £.

Conversely, if A is unital then equation (2) provides both (a) and (b) in Defini-
tion 2.5. Indeed, if A is unital then we have D(1) =0, for all D € Der(A), which
means

[aX,Y] = [aX,1Y]
allX, Y] +aoq(X)(1)Y — 1o (V) (a) X
=a[X,Y] — o, (Y)(a)X

and by a similar calculation [X,aY] = a[X,Y] 4+ (X)(a)Y, foralla € A, X,Y € £.
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Definition 2.7. Let (£, oy, ), (£, o, a;.) be Loday QD-Rinehart algebras. A homo-
morphism of Loday QD-Rinehart algebras f: (£,a;,0,) = (£,0,0}) is a map
f: £ — £ which is simultaneously a homomorphism of Leibniz K-algebras and a

homomorphism of A-modules such that o o f = oy, a. o f = ..

Consequently, we have the category of Loday QD-Rinehart algebras over (K, A)
which will be denoted here by LQD9R(A). This category is not semi-abelian, since it
is not pointed, but it is protomodular, Barr-exact, and has finite coproducts (these
facts can be verified with an approach similar to that given in [7, Section 3.1] for
Lie-Rinehart algebras), so it fits in the general framework of [2, 7]. Therefore the
explicit classical definitions given hereafter are adaptations of the corresponding gen-
eral notions.

Ezample 2.8.

(a) If oy =0 = a, then a Loday QD-Rinehart algebra (£, oy, ) is a Leibniz A-
algebra.

(b) If A=K, then Der(A) =0, so a Loday QD-Rinehart algebra (£, a;,a,) is a
Leibniz algebra.

(c) Every Lie-Rinehart algebra is a Loday QD-Rinehart algebra, in fact, there is
an inclusion functor inc: LR(A) — LQDMR(A) that assigns to a Lie-Rinehart
algebra (L, «) the Loday QD-Rinehart algebra (£, oy = a, i = ), which is left
adjoint to the Liezation functor that assigns to a Loday QD-Rinehart algebra
(£, oy, o) the Lie-Rinehart algebra £1;, = £/£" where £2™ = ({[X, X]: X €

£}), and anchor map &: L5, — Der(A) induced by oy or a., that is, &(X) =
a(X) or a(X) = —a,(X).

(d) Left-right N P-algebras over a ring K [6] are associative and Leibniz algebras P
satisfying the identities

[b,a.c] = a.[b,c] + [b,al.c, [a.b,c] =a.lb,c]+ [a,c].b,

for all a,b,c € P.
Let P be a left-right NP-algebra over a field K satisfying the condition
[P, [P, P]]=—[[P, P], P]. Define a;: P — Der(P), o,.: P — Der(P), by p+— [p, —]
and p — —[—,p|] for all p € P, respectively. Then (P, oy, «,) is a Loday QD-
Rinehart algebra.

(e) A Loday QD-algebroid on a vector bundle E over a base manifold M is an
R-bilinear Loday bracket on the C°*° (M )-module Sec(E) of smooth sections of
FE for which the adjoint operators ale and ad’y are derivative endomorphisms.
Loday QD-algebroids, introduced in [13] and called Loday algebroids in [12, 17],
are the main examples of Loday QD-Rinehart algebras.

(f) Let (£, oy, a;) be a Loday QD-Rinehart algebra with oy o o, =y 0 o = 0 ey
for instance a; = .. Then A x £ is a Loday QD-Rinehart algebra with respect
to the operations:

a(a,X) = (da,d X),
[(a, X), (a/, X)] = (a(X)(a') + ar(X')(a), [X, X"]),

and anchor maps &;(a, X) = o (X), @, (a, X) = a,-(X), for all (a, X), (¢/, X') €
Ax L.
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(g) Let T;: Der(A) — Der(A) and T,: Der(A) — Der(A) be K-linear A-module
homomorphisms satisfying

Ti(Dn) o Ti(D2) = T)(Ti(D1) o Ds),
T.(D1) o T (D2) = To.(T;:(D1) o D3),
Tl(Dz) oDy = Tr(Dz) o Dy,

for all Dy, Dy € Der(A). For instance, fix D € Der(A) in the center of the asso-
ciative algebra Der(A) and consider T;(D') = Do D', T,.(D") = D’ o D, for all
D’ € Der(A).

Then Der(A) is endowed with a Leibniz K-algebra structure (which is different
from the usual Lie algebra structure) with respect to the bracket

[,]: Der(A) x Der(A) — Der(A),
(Dl, DQ) — /I’l(Dl)ODQ —TT(DQ)ODl.

Moreover, this bracket is preserved by T; and 7.
On the other hand, Der(A) has an A-module structure with respect to the usual
operation (aD)(X) = aD(X), a, X € A, and the following equalities hold:

[D1,aDs] = a[Dy, D3] + T1(D1)(a) o Da,
[[G,l)]_7 DQ]] = a[[Dl, Dg]] — TT(DQ)(CI,) o Dl-

for all a € A, Dy, Dy € Der(A).
Hence (Der(A),T;,T,) is a Loday QD-Rinehart algebra with anchor maps T;
and 7.

Remark 2.9. Before dealing with actions and semi-direct products, let us note that
since the category of Loday QD-Rinehart algebras has no zero object, to define an
action of a Loday QD-Rinehart £ algebra on another Loday QD-Rinehart algebra R
it is necessary to define the homomorphism g : R + £ — £, the coproduct formed
by the identity map on £ and the zero map from R to £, but the commutativity of
the following diagram

R

\

De

£

A)

implies that al = aff = 0, therefore R should be a Leibniz A-algebra.

To get more details about this observation, the note after Definition 2.1.4 in [7]
mentions that if C is a category with pullbacks, initial object and finite coproducts,
properties satisfied by the category of Loday QD-Rinehart algebras, the internal
action definition of an object of C can only be applied to an object C/0, which in the
case of Loday QD-Rinehart algebras means that the second object has zero anchor
maps, consequently, it is a Leibniz A-algebra.
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Definition 2.10. Let (£, oy, o) be a Loday QD-Rinehart algebra and R be a Leibniz
A-algebra. An action of (£, o, «,.) on R is a pair of K-bilinear maps

£xR— R, Rx & — R,
(X,r) — [X,r], (r, X) — [r, X],

which define a Leibniz action of £ on R such that

(a) [r,aX]=alr, X],

(b) [aX,r] = a[X, 1],

(¢) [X,ar] =a[X,r] + X (a)r,
(d) [ar,X] =alr, X] = ar X(a)r,

forallae A, X € £,r € R.

When (£, oy, ) acts over an abelian Leibniz A-algebra R (i.e., a Leibniz algebra
with trivial bracket), then it is said that R is endowed with a representation structure
over (£, oy, o).

We denote the category of Loday QD-Rinehart representations over (£, oy, o) by
REP (g, 4)-

According to [4], an extension in a protomodular category C is a diagram in C of
the form

K$A$B,

where « is an effective descent morphism, and x is a kernel of a. The category of
such extensions when B and K are fixed is denoted by Extc(B, K).

The abelian objects of Ext¢ (B, K) when we consider the category C as the category
of Loday QD-Rinehart algebras give rise to the following definition.

Definition 2.11. Let (£, aq, o) be a Loday QD-Rinehart algebra and R be a repre-
sentation over (£, oy, ). An abelian extension of (£, ay, ;) by R is a sequence

R—>g Tsg
where (£, a], ) is a Loday QD-Rinehart algebra, 7 is a surjective homomorphism

of Loday QD-Rinehart algebras and ¢ is the kernel of . Moreover, 7 is an A-linear
map and the following identities hold:

forall 7" € R, X' € &.
An abelian extension is called A-split if 7 has an A-linear section.

Definition 2.12. Let (£, oy, ) be a Loday QD-Rinehart algebra and R be a Leibniz
A-algebra with an action of (£, oy, o) on R. Its semi-direct product (R x £, &, &)
is the Loday QD-Rinehart algebra with underlying vector space R & £ endowed with
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the operations

a(r,X) = (ar,aX),
[(r, X), (7, X)] = ([r, 7] + [X, 7] + [, X'], [X, X7]),

for all ;7" € R, X, X' € £ and anchor maps

a;: R® £ — Der(A), a;(r, X) = aq(X),
Gar: R® L — Der(A), a.(r, X) = a,(X).
If R is abelian, then the canonical embeddings igp: R — R x £, ig: £ — R x £,

as well as the canonical projection pe: R x £ — £ are homomorphisms of Loday
QD-Rinehart algebras. Consequently, we have the abelian extension

R Rxg T g (3)

which is A-split by ig: £ — R x £. The induced representation structure on R pro-
vided from this sequence in the standard way coincides with the previous one.

Definition 2.13. Let (£, oy, «;-) be a Loday QD-Rinehart algebra and R be a repre-
sentation of (£, oy, a-). A derivation from £ to R consists of a K-linear map 6: £ - R
such that
0(aX) = ad(X),
§([X,Y]) = [0(X), Y]+ [X,6(Y)],

foralla e A, X,Y € £.

The set of all derivations from a Loday QD-Rinehart algebra (£, oy, ;) to a rep-
resentation R is denoted by Der4 (£, R).

Ezxample 2.14.
(a) The map pr: Rx £ — R,pr(r,X) =r, in sequence (3) is a derivation, where
the representation structure from (R x £, &, &,) over R comes through pe.
(b) Let (£, a;,a,) be a Loday QD-Rinehart algebra which acts on a Leibniz A-
algebra R. The map ad,: £ — R,ad,.(X) =[X,r],X € £,r € R, is a derivation.

Theorem 2.15. There is a 1-1 correspondence between elements of Der (£, R) and
homomorphisms of Loday QD-Rinehart algebras o: £ — £ X R, for which pg oo =idg.

Proof. A homomorphism o: £ — £ x R satisfying pe oo =ide gives rise to a
derivation d,: proo: £ — R. On the other hand, given a derivation §: £ — R, we
have the homomorphism of Loday QD-Rinehart algebras o5: £ = R x £, 05(X) =
(6(X),X), for all X € £ The maps o+ d,, d — o5 are inverse to each other, as
required. O

Let (£, oy, a) be a Loday QD-Rinehart algebra, R be a Leibniz A-algebra and

Bider(R) := {(d, D) € Bider(R): dod' =doD’'=Do D' =Dod,
for all (d’, D') € Bider(R)}.
For example, any r € Z(R) gives rise to (ad,, Ad,) € Bider(R).
Let DO(A, £, R) be the vector space of pairs (¢, X), where ¢ = (d, D) € Bider(R)
and X € £, such that

d(ar) = ad(r) + a.(X)(a)r, D(ar) = aD(r) + ay(X)(a)r,
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foralla € A, r € R. Then the componentwise operations (see (1)) endow DO(A, £, R)
with a structure of A-module and with a structure of Leibniz K-algebra. In addition,
DO(A, £, R) is a Loday QD-Rinehart algebra where the anchor maps are defined by
the compositions

a;: DO(A, £, R) > & —“'> Der(A), dr: DO(A, £, R) 2~ £ —*"> Der(A).

Let R be a Leibniz A-algebra satisfying Ann(R) =0 or [R, R] =0, and (£, oy, a-) be
a Loday QD-Rinehart algebra with an action on R, then the map f: £ — DO(A, £, R)
given by f(X) = (X, X) = ((d*,DX), X), DX(r) = [X,7] and d¥(r) = —[r, X], is
a homomorphism of Loday QD-Rinehart algebras which makes commutative the fol-
lowing diagram:

O(A, £, R)

fﬁ/

Ezample 2.16. Recall from [8, Definition 5.2] that a Leibniz algebra L is said to
be semisimple if rad(L) = Leib(L). From [8, Corollary 5.5], any semisimple Leibniz
A-algebra satisfies the condition [L,L] = L.

An example of Leibniz A-algebra satisfying the above conditions is the 5-dimen-
sional Leibniz algebra L = span{h, e, f, x¢, 21 } with nontrivial multiplications given by:

[hv 6] = 2e, [h7 f] = —2f, [6, .ﬂ =h, [67 h} = —2e, [fa h] = 2f,

[fa 6] = _ha [hva] = Ty, [f» {E()] = T, [h,.’Eﬂ = —I1, [671'1] = —To.

From [8, Example 5.7], L is a semisimple Leibniz A-algebra (here A = K). Moreover,
Ann(L) = 0.

Conversely, a homomorphism of Loday QD-Rinehart algebras f: £ — DO(A, £, R),
X — (0%, X) = ((d¥, DX), X), making commutative the above diagram gives rise to
an action from (£, ay, a,.) over R, where [X,7] := DX (r) and [r, X] := —d* (r).
Indeed,
[X,ar] = DX(ar) = a DX(r) + ay(X)(a)r = a[X, 7] + ay(X)(a)r,
[ar, X] = —dX(ar) = —(a d¥(r) + . (X)(a)r) = —a d¥(r) — a,.(X)(a)r
= a[r, X] — a.(X)(a)r.
On the other hand, since
(d**, D**) = f(aX) = af(X) = a(d*, D) = (a d*,a D¥),
we have
[r,aX] = —d**(r) = —a d¥ (r) = a[r, X]
and similarly
[aX,r] = a[X,7],
foralla € A, r € R, X € £, as required.

With a similar approach to [7] adapted to the case of Loday QD-Rinehart algebras,
we have the following notion of crossed module.
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Definition 2.17. A crossed module 9: R — £ of Loday QD-Rinehart algebras con-
sists of a Loday QD-Rinehart algebra (£, oy, o) and a Leibniz A-algebra R together
with an action of (£, oy, ) on R and the Leibniz K-algebra homomorphism 9 such
that the following identities hold:
(a) O[X,r] =[X,0(r)],
) Olr, X] = [0(r), X],
) 00", r] =1, r] = [, 0(r)],
(d) o(ar) = ad(r )
) ai(0(r))(a) =
) ar(9(r))(a) =
all r,r’ ER,XGS,&GA.

Example 2.18.

(a) Let (£,,a,) be a Loday QD-Rinchart algebra. An ideal Z of £ is a nor-
mal monomorphism Z < £ in the protomodular category £QDR(A) [3], which
means that Z is an ideal of £ as Leibniz K-algebra, it has an A-module struc-
ture and a Loday QD-Rinehart algebra structure with anchor maps given by
the restrictions of «, ., such that the following compositions

7 £ -5 Der(A), 7 = & > Der(A)

are trivial. Then (Z, £,inc.) is a crossed module with the actions of £ on Z given
by the Leibniz bracket.

(b) Let R be a representation over (£, ag, @, ). Then the zero morphism 0: R — £
is a crossed module of Loday QD-Rinehart algebras.

(c) Let (£, oy, ) be a Loday QD-Rinehart algebra, : R — R’ be a homomorphism
of representations over (£, oz, o). There is an action of R’ x £ on R defined by
(", X),r] = [X,7], [r,(+', X)] = [r, X], for all X € £, r € R and r' € R’. Define

0:R—=R' x £,
r+—— (0(r),0).

Then (R, R’ x £,0) is a crossed module of Loday QD-Rinehart algebras.

(d) Let (£,a4,a,) be a Loday QD-Rinehart algebra. A central surjective homo-
morphism 0: R — £ (i.e., Ker(9) C Z(R)) from a Leibniz A-algebra R to a
Loday QD-Rinehart algebra £ is a Loday QD-Rinehart crossed module where
the action from (£, oy, o) over R is given by [X,r] = [/, r], [r, X| = [r, '], such
that (') = X.

(e) Let f: (£, a4,00) = (£, 0, 0;) be a homomorphism of Loday QD-Rinehart
algebras, then inc: Ker(f) — £ is a crossed module of Loday QD-Rinehart alge-
bras.

Definition 2.19. A homomorphism between two crossed modules of Loday QD-
Rinehart algebras 0: R — £ and 9': R’ — £ consists of a tuple (f,¢): (R, £,0)
— (R, £,0), where f: R — R’ is an A-algebra homomorphism and ¢: £ — £ is
a homomorphism of Loday QD-Rinehart algebras such that



356 J.M. CASAS, S. CETIN axp E.O. USLU

(a) pod=0"of,
(b) fIXr]=[e(X), f(r)l; [l X]=[f(r), 6(X)],r € R, X € £,

Having crossed modules of Loday QD-Rinehart algebras as objects and homomor-
phisms of crossed modules of Loday QD-Rinehart algebras as morphisms, we obtain
the category of crossed modules of Loday QD-Rinehart algebras, which we will denote
by XL£QDA.

Proposition 2.20. Let 9: R — £ be a crossed module of Loday QD-Rinehart alge-
bras and Z = O(R). Then the following statements hold:

(a) Im(0) is an ideal of £ and A-submodule.

(b) Ker(d) < R.

(c) Ker(0) is an £/I-module.

Proof. Direct checking. O

2.1. Equivalence with cat!-Loday QD-Rinehart algebras and internal
categories
The following definition mimics the original notion of cat!-groups in [26].

Definition 2.21. A cat!-Loday QD-Rinehart algebra is a triple (£, wg, w; ) consisting
of a Loday QD-Rinehart algebra £ with two additional unary operations wq,wy :
£ — £ such that

Wo © W1 = Wi, w1 © W = Wo
[Ker(wp), Ker(w;)] = 0 = [Ker(wy ), Ker(wy)]

where wg, wy are homomorphisms of Loday QD-Rinehart algebras.

A homomorphism between two cat'-Loday QD-Rinehart algebras is a homomor-
phism of Loday QD-Rinehart algebras compatible with the unary operations. The
resulting category will be denoted by Cat'-£QDR(A).

Let 0: R — £ be a crossed module. We have the functor C': X£QDR —
Cat'-LQDR(A) defined by C(0: R — £) := (R x £, wp,w:), where wq(r,1) = (0,1),
wy(r,1) = (0,0(r) + 1), for all (r,1) € R x L.

Conversely, we have the functor X: Cat'-€QDR(A) — XLQDR defined by
X (£, wp,wr) = (9: Ker(wo) — Im(wp)), where 0 = w1 |Ker(wo)-

Proposition 2.22. The adjoint functors

Cat! — CQDR(A) XLQDR

give rise to a natural equivalence of categories.
Definition 2.23. An internal category in LQDR(A) is a diagram
£ —5
S

in £QD9R(A) such that dyos =d; os = 1g,, with an operation m: £ x¢g, £1 — £;
satisfying the usual axioms of a category, namely, dygom = dy o 71, d; om = dy o o,
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where m;: £1 x ¢, £1 = £1,1 = 1,2, is the projection in the corresponding component,
mo(lxm)=mo(mx1): £ Xeg, £ Xg, £1 — L1, mo (1 x s) =m and mo (s x
1) = my. Objects of such a category will be denoted by (£1, Lo, do, d1, s, m).

A homomorphism between internal categories is a pair F := (Fy, Fy): (£4, Lo,
do,dy,s,m) — (£'1,&0,d{,d}, s’,m’) of homomorphisms Fy : £, — £y, Fo: £9 — £/
compatible with the structure maps and operations. In other words, Fy and F; make
the following diagrams commutative

g, —% g, £, Xe, &, — 2> ¢,

F1l a \LFH (Fl’Fl)\L \LFI

! d’ / / / /
£ 0 £0 2’1 ng 2’1 T‘ 21

The resulting category will be denoted by J€(LQDR)(A).

Given an internal category (£1,£o,do,d1,s,m) in LQDR(A), then we have an
action of £y on Ker(dy) defined by [lo,l1] = [s(lo),l1] and [l1,lo] = [I1,5(lp)], from
which we get the crossed module 9: Ker(dg) — £o with 9 = dl‘Ker(do). This construc-
tion gives rise to the functor ¢: JE€(LQDR)(A) — XLQDA.

On the other hand, for a given crossed module 9: £; — £y we have the internal
category (£1 x Lo, £o,do, d1, s, m) where do(l1,1y) = lo, d1(l1,lo) = O(l1) + lo, s(lp) =
(0,1p). The multiplication m: (£1 x £o) Xg, (£1 ¥ L) = £1 x Ly is defined by
m((l,p), I',p+9(1))) = (I +1,p). Here we must observe that the elements of (£; x
£0) Xg, (£1 % £L9) are of the form ((1,p), (I',p 4+ 9(1))). Consequently, we get the func-
tor @: XLQDR — JE(LQDR)(A).

Proposition 2.24. The adjoint functors

XLQDR JC(LQDR)(A)

give rise to a natural equivalence of categories.

Remark 2.25. Janelidze in [22] studies the notion of (pre)crossed module and the
equivalence between internal categories and crossed modules in semi-abelian cate-
gories. This study was extended to the framework of protomodular, Barr-exact, with
finite coproducts categories in [7], therefore an adaptation of chapter 3 in [7] to the
category LQDR(A) gives rise to the definition of internal crossed module, which is
equivalent to Definition 2.17, and provides directly the equivalence between internal
categories and crossed modules.

3. Cohomology of Loday QD-Rinehart algebras

Let (£, aq, ) be a Loday QD-Rinehart algebra and M be a representation over
(£, ay, ). Let

CL$p (L, M) := Hom (£%4", M), n > 0,

where V®4™ denotes the tensor algebra over A generated by an A-module V.
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Let be the coboundary map
§": CLYyp (L, M) — CLE L (£, M)
given by
(5nf)(X1, .. ,Xn+1) =
n+1 o
[X17f(X27"' n+1 +Z Xla"'7Xi7'°'7X’n+1)7Xi]

+ Z ( )]+1f(X1a-"aX7,—1a[Xian]aXi-‘rla"'7)/(\]'a"'7Xn+1)7
1<i<j<n+1
where X1,..., X1 € £, f € CLp (L, M).
The cochain complex (CLyp (£, M),6*) is well defined, that is §""' 0™ =0
n > 0. Indeed, if we define for any Y € £ and n € N, two A-linear maps,
0"(Y): CLHp (L, M) — CLGp (L, M)

given by
n

(Y ) ( X1y, X)) = —[f(Xq,...,X,),Y] +Zf(X1,...,[Xi,Y],...,Xn)

i=1
and
"THY): CLER (8, M) — CL{ (L, M)
given by
YY) () (X, X)) = F(X, e, X Y)
then the following formulas hold.

Proposition 3.1 (Cartan’s formulas). The following identities hold:
(a) 6" 1 oi™(Y) +z"+1( Yo d" =0"(Y), forn > 0;
(b) 0™(X)00™(Y) = 0"(Y) 0 0"(X) = —0"([X,Y]), for n > 0;
(c) 0" H(X) o (Y) —i"(Y) 0 0™(X) = i([X,Y]), forn > 0;
(d) "L Y) oo™ = "0 O™ (Y), forn = 0;
(e) §"tLod™ =0, forn >0
Proof. The proof follows routinely by induction, so we leave it for the reader. O
The homology of the complex (CLg, 5 (£, M), d*) is the Leibniz-Rinehart cohomol-
ogy of the Loday QD-Rinehart algebra (£, oy, o) with coefficients in the representa-
tion M, i.e.
HLQD(S, M) := H*(C’LaD(E, M), 6%).
Obviously, if A = K then this definition provides the Leibniz cohomology of a Leibniz
algebra [28].
A direct check on the cochain complex shows that
Op(&, M) ={me M|[X,m]=0,forall X c£}.

A 1-cocycle is a derivation from £ to M (see Definition 2.13). Additionally, a 1-
coboundary is also a map of the form ad,,(X) = [X,m], which is a derivation (see
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Example 2.14 (b)), called inner derivation. We denote by IDer4 (£, M) the set of all
inner derivations from £ to M, which is an A-subbimodule of Der4 (£, M). So

HL{p (£, M) = Dera (£, M)/IDer4 (&, M).
As a consequence we get the exact sequence

0— HLYp (L, M) — M — Dera(€,M) — HL{p (£, M) — 0.

3.1. Free Loday QD-Rinehart algebras

From now on we assume that A is unital.

First we recall the construction of free Leibniz algebras from [28]. Let V be a
K-vector space and let TV =V @ V2 pV® @ ... be the reduced tensor K-vector
space with the bracket defined inductively by

[z,v] = 2 ®w,
[x’y®v] = [$>y]®v_ [.’L‘@U,y],

for all z,y € T(V), v € V.

Definition 3.2. Let V' be a K-vector space and oy, 1 V — Der(A) be K-linear
morphisms. The triple (V, ay, o) is called a double anchored K-vector space.

A morphism of double anchored K-vector spaces ®: (V, oy, o) = (V', ¢, ) is
just a K-linear map ®: V' — V'’ such that aj 0o ® = o; and . 0 & = a;..

Consequently, we have the category Double2nc(K) of double anchored K-vector
spaces and linear morphisms.

Ezample 3.3. Let V be a K-vector space and v;,7,: V — Der(A) be K-linear maps.
Then (A® V,aq, ) is a double anchored K-vector space where «;(a ®v)(a’) =
avy(v)(a') and a,(a ® v)(a') = avy,(v)(a’). Additionally A ® V is an A-module with
respect to the operation a.(a’ ® v) = (ad') ® v,a,a’ € A,v € V.

One has the forgetful functor
U: LQDR(A) — DoubleAnc(K),

which assigns (V, ay, ) to a Loday QD-Rinehart algebra (£, oy, «v;.), where V' is the
underlying K-vector space of £. Now we construct the functor

F: DoubleRAnc(K) — LQDR(A)

as follows: let (V,«y, ;) be a double anchored K-vector space, (A® V,«, ;) be
the corresponding one defined in Example 3.3 and T(A ® V) be the free Leibniz
algebra over A ® V. Then the morphisms «;, a,.: A ® V — Der(A) can be extended
to morphisms T(A ® V) — Der(A), which are still denoted by a;, ;.. Then (T(A ®
V),aq,a,) is a Loday QD-Rinehart algebra, where T(A ® V) is endowed with the
A-module structure defined inductively by the relations

21 Ra(22® Q) = a1 Ty ® - @xy) + ay(xr)(a) (22 @ -+ @ xy),
(1 @ @ Tp_1)Qxp = a(T1 QT2 R+ Ly—1 ® Tp) — (@) (a)(T1 @+ @ Tp_1),

forx;=a;, v, e AR V,i=1,...,n.
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Theorem 3.4. F' is left adjoint to U.
Proof. Similar to the proof of Theorem 5.3 in [23]. O

Definition 3.5. (T(A® V), ay, ) is called the free Loday QD-Rinehart algebra over
the double anchored K-vector space (V, ay, a.).

Theorem 3.6. Let (£, q, ) be a free Loday QD-Rinehart algebra, then
HLGp(L,—) =0, foriz2.

Proof. Let (£, aq, o) be a free Loday QD-Rinehart algebra over the double anchored
K-vector space (V,aq,a) and M be a representation of £. Let L(V) be the free
Leibniz algebra over the underlying K-vector space V' of £. It is straightforward to
check that

()
CLGp(E,M) = Hom 4 (£24™, M) = Hom(L(V)®", M) = CL} . (L(V), M),

where CL7 . (L(V), M) denotes the Leibniz cochain complex of the Leibniz algebra
L(V') with coefficients in M [28]. The isomorphism of cochain complexes (k) is given
as follows: for any f € Homa (£, M), the corresponding ¢ € Hom(L(V'), M) is given
by ¢(z) = f(1 ® x); conversely, for any ¢ € Hom(L(V), M) the corresponding f €
Homy (£, M) is defined by f(a ® x) = ap(x). From this isomorphism immediately
derives the isomorphism

HLGp (L, M) = HLy o1, (L(V), M).
Then HL@D(S, M) =0,1i> 2, by [28, Corollary 3.5]. O

3.2. Abelian extensions

Definition 3.7. Let M be a representation of a Loday QD-Rinehart algebra
(£, oy, ). We say that two abelian extensions of (£, ;, ) by M (see Defini-

tion 2.11), M . g L £ and M 2 £ L £, are equivalent if there exists a
homomorphism of Loday QD-Rinehart algebras ¢: £ — £” making the following
diagram commutative:

./ ’

M—sg " s ¢
| ]
M i” £,/ 7T” 2

Remark 3.8. Note that ¢ is necessarily an isomorphism and, consequently, the previ-
ous relation is an equivalence relation. We denote by Extgp(£, M) the set of equiv-
alence classes of abelian extensions of (£, oy, o) by M. This set is non empty, since
it contains, at least, the abelian extension (3).

Let (£,a;,ca,) be a Loday QD-Rinehart algebra, M be a representation of
(L, oq,0) and w € ZL (L, M) = Ker(0?), that is a 2-cocycle, then we can con-
struct the abelian extension of (£, aq, o) by M

M-~ Mo, e-Lsg,
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where the operations on M @, £ are given by

a(m,X) = (am,aX),
[(m, X), (m/, X")] = ([X,m'] + [m, X'] + w(X, X), [X, X']),

for all m,m’ € M; X, X’ € £, and the anchor maps are

a;: M @, £ —— Der(A4), a(m, X) = ay(X),
Gy M @, £ — Der(A), ar(m, X) = a,(X).

(M @, £,day, &) is endowed with a structure of Loday QD-Rinehart algebra if and
only if w satisfies the following equation:
w(X, [ X, X")— w([X, X', X" + w([X, X"], X")

+ [X, w(X, X")]- [w(X,X), X"+ w(X,X"),X']=0, @

for all X, X', X" € £.
Equation (4) means that w is a 2-cocycle.

Proposition 3.9. Let (£, aq, a) be a Loday QD-Rinehart algebra and M be a repre-
sentation of (£, ay, ). Every class of abelian extensions with an A-linear section in

Extgop (£, M) can be represented by an abelian extension of the form MQM@Q, el

We will denote by ExtSé)D (£, M) the set of equivalence classes of abelian extensions
of (£, ay, ) by M with an A-linear section.

Proof. Let M % ¢ % £ be an abelian extension and o: £ — £ be a linear A-
section of the short exact sequence, that is, o: £ — £’ is an A-linear map such that
moo = lg.

We define the A-linear map

w: LRsrL—M
by
WX ®Y) =i (o (X), (V)] - o[X,Y]),
It is an easy task to check that w € ZL (£, M), so we can construct the abelian

extension M —= M B, L L
Finally, we want to show that this abelian extension is equivalent to the abelian

extension M —> ¢/ "~ ¢, which means that we must find a homomorphism
o: M @, £ — £ making the following diagram commutative

M—>Ma, ¢
¢!
. A
| H
M——¢ ——¢
It is an easy task to check that ¢: M @, £ — £ given by ¢(m, X) = i(m) + o(X)

satisfies all the required conditions, consequently, both abelian extensions are equiv-
alent. 0
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Proposition 3.10. Two abelian extensions M XM B L Log and M-

M, L g are equivalent if and only if w and W' are cohomologous.

Proof. Suppose there exists a homomorphism ¢: M &, £ — M &, £ such that the
following diagram is commutative

M-—>sMe, "¢
H ’ |
X/ V p/

M——M®, £L—L
¢ is necessarily of the form ¢(m,X) = (m+60(X),X), where 6: £ — M is an A-
linear map. Moreover, since ¢ is a homomorphism of Loday QD-Rinehart algebras,

then ¢[(m, X), (m', X")] = [¢(m, X), #(m', X')] implies that
w(X, X - (X, X)) = [X,0X)) + [0(X), X'] - 0[X, X'], (6)
for all X, X’ ¢ £.
From (6), it follows that w(X,X’) — (X, X’) = 6'0(X, X’), that is, w —w’ €
BLGp (L, M) = Im(&1); in other words, w and W’ are cohomologous.
Conversely, if w and w’ are cohomologous, then there exists an A-linear map 6: £ —
M such that w — w’ = §1().
If we define ¢: M @, £ — M B £ by ¢(m,X)=(m+0(X),X), then ¢ is a
homomorphism of Loday QD-Rinehart algebras making diagram (5) commutative.
O

Theorem 3.11. Let (£, a;, o) be a Loday QD-Rinehart algebra and M be a repre-
sentation of (£, ay, o). Then there exists a bijection

Ext, (L, M) = HLg (£, M).

(5)

3.3. Crossed extensions
Let (X,qa],)) be a Loday QD-Rinehart algebra and M be a representation over
(X, aq, ). Consider the sequences

M —> R~ (& ap, 00) —2> (X, 0, 0,

where p: R — £ is a crossed module of Loday QD-Rinehart algebras, c: M — R is
an injective homomorphism, J: £ — X is a surjective homomorphism, the canoni-
cal maps Coker(p) — X and M — Ker(u) are isomorphisms of Loday QD-Rinehart
algebras and representations, respectively, Ker(¢) = Im(u) and the homomorphisms
9 (L, ar,00) = (X, 0),0a.) and R — Im(u) have A-linear sections. We refer to this

kind of exact sequences as crossed extensions of Loday QD-Rinehart algebras.
Morphisms between crossed extensions are commutative diagrams

M—t“sp- " . o 7 %
R
M—Y s R o X

where [j is an A-split homomorphism of Loday QD-Rinehart algebras, 81 is an A-
split homomorphism of Leibniz A-algebras and the pair (81, 5p) is a homomorphism
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of crossed modules.

Consequently, we have defined the category of crossed extensions of Loday QD-
Rinehart algebras, which is denoted by €ross(X, M).

Let ¥: £ — X be a surjective homomorphism of Loday QD-Rinehart algebras with
an A-linear section. If M is an X-representation, then we can define the cochain
complex C L) (X, £, M) via the exact sequence

0 —= CLHp (%, M) L= CLy (£, M) > OLY (X, £, M) — 0.

The cohomology of the complex CLf (X, £, M) will be denoted by H Lg}}(%,
£, M). Define the subcategory Cross(X, £, M) of Cross(X, M) whose objects are the
crossed extensions

I 9

e M —>R £

X,

with fixed ¥. Morphism in €ross(X, £, M) are commutative diagrams

M—* >R " _ o Y g
R
M—" >R Iy x

Observe that this subcategory is a groupoid.

Theorem 3.12. For any fized surjection 9: £ — X with an A-linear section, there
exists a natural bijection between the connected components of Cross(X, L, M) and
HL%D(%JLM).

Proof. See subsection 3.4. O

Theorem 3.13. Let X be a Loday QD-Rinehart algebra and M be an X-represen-
tation. If X is a projective A-module, then there exists a natural bijection between the
class of the connected components of the category Cross(X, M) and HL}, (%, M).

Proof. Follows from Theorem 3.12 by using the fact that HLg (X, M) vanishes in
injective representations for n > 2. O

3.4. Proof of Theorem 3.12

Let u: R — £ be a crossed module of Loday QD-Rinehart algebras. By the assump-
tion, let o: X — £ and p: Im(p) — R be the A-linear sections. Thus ¥ o 0 = 15 and
pop =l Define g: X@ X = Rby g(X ®Y) = p([0X,0Y] — 0[X,Y]). Since ¥
is a Loday QD-Rinehart algebra homomorphism, we have o;(Z)(a) = o) 0 9(Z)(a),
ar(Z)(a) =al od(Z)(a), for any Z € £, a € A, from which we get ¢g(aX,Y) =
ag(X,Y) = g(X,aY). In other words, g is A-linear.

Now define h.: £® £ — R by

he(Z,2") = g()(2),0(Z")) + [¥(2), Z') + 12,4(Z")] — [¥(2),¥(Z")] — (2, Z],
where ¢: £ — R is an A-linear map given by
W(Z) = p(Z = 09(2)).

Lemma 3.14. h. has values in M and ho(aZ,7') = ah(Z,Z') = ho(Z,aZ’), for all
acA, 7,7 ct.
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Proof. An easy computation shows that p(h.(Z,Z")) = 0.

he(az,Z') = ag(9(2),)(2")) + alp(2), Z'] = ar(Z')(a)¥(Z) + alZ, 4 (Z")]
—a[Y(2),(2")] — ap|Z, Z'] + o (2")(a)P(2Z) = ahe(Z, Z).
Similarly he(Z,aZ') = ahe(Z,Z"). O

From the above computation, h. € CLg, (£, M) and £*(h.) in CLE (X, £, M) is
a cocycle whose class in HL%D (X, £, M) does not depend on the sections. The proof
of this fact is quite similar to the one given in [24], so we omit it. Consequently, we
get the map
To(Cross(X, £ M)) — HLY (X, £, M).

Conversely, for any f € CL*(£, M), x*(f) is a cocycle in CL%D(%,E,M) which
means that o f = 9*(k), for some x € CL$, (X, M). Define R := M @ Ker()) as an
A-module, which is a Leibniz A-algebra with respect to the bracket

[(va)’ (mlvxl)] = (f([Xa X/Dv [X’ X/])>

m,m’ € M; X, X" € Ker(). Since f is A-linear and the kernel of a Loday QD-Rine-
hart algebra homomorphism is a Leibniz A-algebra, then the defined bracket is A-
bilinear.

Define the maps [—,—]: £x R — R, [—,—]: Rx £ — R by

Y, (m, X)] = ([0(Y), m] + (¥, X), [Y, X]),
[(m, X), Y] = ([m, 0(Y)] + f(X,Y), [X,Y]),

X € Ker(9),m € M,Y € £. These maps define a Leibniz action from the Loday QD-
Rinehart £ over R.

Finally, define p: R — £ by p(m,X) = X, for all (m,X) € R, which is a Leibniz
K-algebra homomorphism. Moreover, with the above Leibniz actions, u: R — £ is

a crossed module of Loday QD-Rinehart algebras since p is A-linear and Im(u) =
Ker(19).
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