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Abstract
We give a simple proof of Curtis’ theorem: if A, is a
k-connected free simplicial abelian group, then L™(A4,) is a
k + [logy n]-connected simplicial abelian group, where L™ is
the n-th Lie power functor. In the proof we do not use Curtis’
decomposition of Lie powers. Instead we use the Chevalley—
Eilenberg complex for the free Lie algebra.

1. Introduction

In [5] Curtis constructed a spectral sequence that converges to the homotopy
groups m,(X) of a simply connected space X. It was described in the language of
simplicial groups. This spectral sequence was an early version of the unstable Adams
spectral sequence (see [6, §9], [2]). Recall that a simplicial group G, is called n-
connected if m;(Go) = 0 for ¢ < n. For a group G we denote by 7, (G) the n-th term
of its lower central series. In order to prove the convergence of this spectral sequence,
Curtis proved a theorem, which we call Curtis’ connectivity theorem for lower central
series. It can be formulated as follows.

Theorem ([5]). If G is a k-connected free simplicial group for k > 0, then the sim-
plicial group v,(Ge) is k + [logy n]-connected.

Curtis gave a tricky proof of this theorem using some delicate calculations with
generators in free groups. Later Rector [11] described a mod-p analogue of this spec-
tral sequence where the lower central series is replaced by the mod-p lower central
series. Then Quillen [10] found a more conceptual way to prove the connectivity the-
orem for the mod-p lower central series using simplicial profinite groups. This result
was enough to prove the convergence of the mod-p version of the spectral sequence.
Quillen reduced this connectivity theorem to an earlier result of Curtis, which we call
Curtis’ connectivity theorem for Lie powers. Denote by L™: Ab — Ab the n-th Lie
power functor. Then the theorem can be formulated as follows.
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Theorem ([4]). If A, is a k-connected free simplicial abelian group, then the simpli-
cial abelian group L™(As) is k + [log, n]-connected.

Curtis’ proof of this theorem is quite complicated and takes up most of the paper
(see [4, §4-7]). He used the so-called “decomposition of Lie powers” into smaller
functors. The decomposition is a kind of filtration on the functor L™ (see [4, §4]). The
goal of this paper is to give a simpler proof of this theorem without the decomposition.
Instead of this we use the Chevalley—Filenberg complex for the free Lie algebra. We
also generalize the statement to the case of modules over arbitrary commutative rings.

Let R be a commutative ring. We say that a functor F: Mod(R) — Mod(R) is
n-connected if, for any k > 0 and any k-connected free simplicial module A,, the
simplicial module F(A,) is k + n-connected. In these terms we prove the following.

Theorem. The Lie power functor L™: Mod(R) — Mod(R) is [log, n]-connected.

We also note that this estimate of the connectivity of L™ is best possible for n = 2™.
This is an easy corollary of the description of homotopy groups of 2-restricted Lie
powers in the language of lambda-algebra given in [6] and [2] (see also [9, 8]).

Proposition. If R =7 or R = 7/2 the functor L*": Mod(R) — Mod(R) is not n +
1-connected.

Note that our proof of the main theorem is quite elementary. However, the propo-
sition is a corollary of some non-elementary results about the lambda-algebra.

Assume that g is a Lie algebra which is free as a module over the commutative
ground ring R. By the Chevalley—Eilenberg complex of g we mean the chain complex
whose components are the exterior powers A’g and whose homology is homology of
the Lie algebra with trivial coefficients H,(g). We consider the free Lie algebra as a
functor from the category of free modules to the category of Lie algebras. The free
Lie algebra has a natural grading whose components are the Lie powers L*(A) =
®D,.>1 L"(A). Here we treat Lie powers as functors from the category of free modules
L™: FMod(R) — Mod(R). The grading on the free Lie algebra induces a grading on
the Chevalley—Eilenberg complex whose components give exact sequences of functors
on the category of free modules:

0—A? = L* =0,
0= A —=Id® L* —» L* -0,
0 A 5 AM?®L% - (Ide L¥) @ AL — L' — 0,

0 A" .- = &y ALY @AR2 . @ AL ... 5 L =0
Kyt othn =i
ki-1+ko-2+4---+kp-n=n
(see Corollary 2.2), where A*s L denotes the composition of the Lie power functor
and the exterior power functor. We use these complexes for induction in the proof of
the main result.
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2. Graded Chevalley—Eilenberg complex

Throughout the paper R denotes a commutative ring. All algebras, modules, sim-
plicial modules, tensor products and exterior powers are assumed to be over R.

Let g be a Lie algebra which is free as a module. If we tensor the Chevalley—
Eilenberg resolution V4(g) (see [3, XIII §7-8]) on the trivial module R, we obtain
a complex Co(g) = R ®uy Ve(g) that we call the Chevalley-Eilenberg complex. Its
components are exterior powers of the Lie algebra C;(g) = A'g and the differential is
given by the formula

d(xl/\---/\xi):Z(—I)Ht[ms,xt]/\xl/\-~-/\:%s/\~~-/\it/\-~-/\$i.
s<t

The homology of this complex is isomorphic to the homology of the Lie algebra g
with trivial coefficients

Hi(g, R) = H;(Ce(g))-
Let g be a graded Lie algebra g = @n>1 gn. By a graded Lie algebra we mean a
traditional Lie algebra (not a Lie superalgebra) g together with a decomposition into

a direct sum of modules g = €, 9, such that [g,, gim] € gntm for all n,m > 1. The
degree of a homogeneous element z € g, is denoted by |z| = n.

For n > 1 we consider a submodule Ci(") (g) of C;(g) spanned by elements x1 A
.-+ A x;, where x1,...,2; are homogeneous and |z1]| + - - + |2;| = n.

Ci(")(g) =span{zi A---Ax; € Alg | |1+ -+ |zi| = n}.

It is easy to see that d(ci(n) (9)) € Cl(f)l (g), and hence we obtain a subcomplex ci™(g)
of Ce(g)-

Proposition 2.1. Let g = @n>lgn be a graded Lie algebra, where g, is free as a
module for each n. Then the Chevalley—Eilenberg complex Co(g) has a natural grading

Cu(a) =P ci(a),
n>1
and there is a natural isomorphism
i (g) = D ARigr @ APgy @ - @ AFng,,.
Kyt ko =i
ki1-14ko-24-+kp-n=n
Here the sum runs over the set of ordered n-tuples of non-negative integers (ki, ..., ky)

such that ki +---+k, =7 and k1 -1 +ko-24+---+k,-n=n.

Proof. For any modules A, B there is an isomorphism A'(A @ B) = @, ,,_, AF(4) @
A!(B). By induction we obtain the isomorphism

Al (@f_lAS)g EB A AL @@ AR Ay

ki+-t+kn=i

Using the fact that the exterior power commutes with direct limits, we obtain the



254 SERGEI O. IVANOV, VLADISLAV ROMANOVSKII aAND ANDREI SEMENOV

isomorphism, for any infinite sequence of modules Ay, A, ...,

Al (@Zl Ai) o~ k H@H:iAklAl AR A

Here we consider only those sequences of non-negative integers ki, ks, ... with only
finitely many non-zero elements, and hence, each summand in the sum is a finite
tensor product.

Take A,, = g,. If we have an element x1 A - -+ A x; with homogeneous x4 € g from
the R-submodule corresponding to a summand A*1g; ® A¥2gy @ - then |zy| +--- +
|zn| = k114 ko 2+ ---. The assertion follows. O

Let A be a free module. We denote by L*(A) the free Lie algebra generated by A
For any basis (as) of A, L*(A) is isomorphic to the free Lie algebra generated by the
family (as). The Lie algebra L*(A) is free as a module (see [13], [12, Cor. 0.10]). Its
enveloping algebra is the tensor algebra T*(A). The map L*(A) — T*(A) is injective
[12, Cor. 0.3]. Hence, L*(A) can be described in terms of the tensor algebra. Consider
the tensor algebra T*(A) as a Lie algebra with respect to the commutator. Then L*(A)
can be described as the Lie subalgebra of T*(A) generated by A (see also [6, §7.4]).

The Lie algebra L*(A) has a natural grading

L*(4) = P L™(4),

where L"™(A) is generated by n-fold commutators. Equivalently L™(A) can be
described using the embedding into the tensor algebra as L™(A) = L(A) N T™(A). The
homology of the free Lie algebra L*(A) can be described as follows H;(L*(A)) =0
for ¢ > 1 and Hy(L*(A)) = A. For simplicity we set

c{(A) == oM (L (4)).

All these constructions are natural in A. Denote by L™ the n-th Lie power functor
from the category of free modules to the category of modules

L": FMod(R) — Mod(R).

Moreover, we treat C{™ as a complex in the category of functors FMod(R) — Mod(R).
Then Proposition 2.1 implies the following corollary.

Corollary 2.2. For n>2 the complex C" of functors FMod(R) — Mod(R) is
acyclic and has the following components

c™ = D ML @ AL @ @ AL,
kyeoothn =i
ky1-1+ko-24--+ky,-n=n
where A*s L® denotes the composition of the Lie power functor and the exterior power
functor. Here the sum runs over the set of ordered n-tuples of non-negative integers
(k1,...,kpn) such thatky +---+kp =i and ky -1+ ke -2+ -+ k, -n=n.
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Remark 2.3. Note that CE") =0fori¢ {1,...,n}, and that there are isomorphisms

C%n) = A" and C(ln) = L". In other words CE") is an exact sequence that connects A™
and L™

cm. 0—>A"— ... > L" 0.

3. Connectivity of functors

For n > 0 we say that a simplicial module A, is n-connected, if m;(As) =0 for
< n.

Lemma 3.1. Let A, be an n-connected simplicial module and Be an m-connected
free simplicial module. Then Ae @ Be is n + m + 1-connected.

Proof. Consider their component-wise tensor product A, ® B,. The Eilenberg—Zilber
theorem implies that m;(Ae ® Be) = H;(NAe ® N B, ), where NC, denotes the Moore
complex of C,. Since N; B, is a direct summand of B;, it is a projective module. This
gives the following variant of the Kiinneth spectral sequence:

B, = @D Tor}(ms(As), me(Bs)) = mpiq(Ae @ Bs).
s+t=q
If s+t<n+m+1, then either s <n+1ort<m+ 1. Hence qu =0for p+g¢q<
n + m + 1. Therefore, Aq ® B, is n + m + l-connected. O
A functor from the category of modules to itself
F: Mod(R) — Mod(R)
is said to be n-connected if, for any k > 0 and any k-connected free simplicial module

A,, the simplicial module F(A,) is k + n-connected.

Lemma 3.2. Let F: Mod(R) — Mod(R) be an n-connected functor and G: Mod(R) —
Mod(R) an m-connected functor. Assume that G sends free modules to free mod-
ules. Then the composition FG is n + m-connected and the tensor product F @ G is
n + m + 1-connected.

Proof. The fact about the composition is obvious. The fact about the tensor product
follows from Lemma 3.1. O

Lemma 3.3. Let
O—-Fp—> - =>F—=>Fo—=>G—0

be an exact sequence of functors such that F; is m — i-connected. Then G is n-
connected.

Proof. The proof is by induction. For n = 0 this is obvious. Assume that n > 1 and
that the statement holds for smaller numbers. Set H := Ker(Fy — G). Then by the
induction hypothesis H is n — 1-connected. The long exact sequence

e — 7'('1(7'[(14.)) — ﬂ'i(]:()(A.)) — m(g(A.)) — 71'1‘,1(7'[(14.)) —

implies that G is n-connected. O
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Proposition 3.4. The exterior power functor A™ is n — 1-connected.

Proof. The décalage formula [7, Prop. 4.3.2.1] for exterior and divided powers A™, '™
gives a homotopy equivalence, for any free simplicial module B,,

A™(B,[1]) ~ T"(B,)[n].

Any O-connected free simplicial module A, is homotopy equivalent to a simplicial
module of the form B,[1], where B, is also a free simplicial module (it follows from the
same fact for non-negatively graded chain complexes). Moreover, if A, is k-connected,
we can chose B, so that B; =0 for i < k — 1. Hence m;(A"(Ad)) = m (A" (Bl[1])) =
Ti—n(I™(Bs)) =0 for i < k+n—1. O

Lemma 3.5. For any two sequences of positive integer numbers ui,..., U, and
V1, ..., Um the following inequality holds

m m

Z(US + log, vs) = 1+ log, (Z usv5> .

s=1 s=1

Proof. 1t is easy to prove by induction that []l", 2% v, > 237" | usv,. If we apply
logarithms, we obtain the required statement. O

Theorem 3.6. The Lie power functor L™ is [logy, n]-connected.

Proof. The proof is by induction. For n = 1 we have L! = Id and this is obvious.
Assume that n > 2 and that the statement holds for all smaller numbers. Consider
the acyclic chain complex an) (Corollary 2.2). Using Lemma 3.3 we obtain that it is
enough to check that the functor

™ = ) AL @ AR2L?2 @ .. @ AL
k1 ‘1+k’;2<|j2.;<tkilj:"n:’rb
is [logy n]-connected for ¢ > 2. It is enough to prove this for each summand.

Fix an n-tuple of (k1,...,k,) such that k; +- -+ kp, =i >2and ky; - 1+ ko -2+
<-4 ky -n = n. Note that ¢ > 2 implies k,, = 0. Some of the numbers k; are equal to
zero. Denote by ji,...,jm the indexes corresponding to non-zero numbers k;, # 0.
By Lemma 3.2 the functor A% L7 is k; — 1 + [log, j]-connected for j < n. Then again
by Lemma 3.2 the tensor product

ALY @ ARL2 @ @ AR LY
is > (kj, — 1+ [logy js]) + m — 1-connected. Using Lemma 3.5 we obtain

m m
Z (kjs —1—|—log2js) +m-1= Z (kjs —|—log2js) —1 > logyn.
s=1 s=1
The assertion follows. O

4. Connectivity of L*"

For k > 0 we denote by R[k + 1] the chain complex concentrated in degree k + 1,
whose k + 1-st component is equal to R. The corresponding Dold—Kan simplicial mod-
ule is denoted by K (R, k + 1). Note that K(R,k + 1) is a k-connected free simplicial
module.
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Proposition 4.1. Let R=7 or R=7Z/2 and n > 0. Then L?" is not n+ l-con-
nected. Moreover, for any k > 0

Tni14x(L2 (K(R, k + 1)) # 0.

Proof. (1) Let R=7Z/2.Fixk and set Vo =K (Z/2,k+1). Denote by L., : Vect(Z/2) —
Vect(Z/2) the 2-restricted Lie power functor (see [1, §2.7], [6, §7.5]). The homotopy
groups 7. (L2 (V,)) are described in terms of the lambda-algebra in [6, Th. 8.8] (see

also [2] and the discussion after Theorem 7.11 in [6]):
Tiirt (Lies(Va)) = A" (k + 2),

where A»"(k + 2) denotes the vector sub-space of the lambda algebra A with the basis
given by compositions A;, - -+ A; , where 4541 < 245, 91 + -+ i, =% and 43 < k+ 2.
In particular, A\ € A™"(k + 2) # 0. Hence

Tos14k(LEae(Va)) # 0.

For an arbitrary simplicial Lie algebra g, and t > 1 we define the map Ar g —
gt+1 by the formula 5\1(30) = [sox, s1x], where sq, 51 are the degeneracy maps. Denote
by ig+1 the unit of (V4)gr1 = R. Then A} (igr1) € (L(Ve))ntk+1 is the element repre-
senting \p € A" (k + 2) 2 7, 1141(L2(Vs)) (see [6, Prop. 8.6]). By the definition of
A1, the element \}(i11) lies in the unrestricted part L2" (V,) of L2.(V,). Therefore
A7(ig41) represents a nontrivial element of 7,14 (L?" (Vs)) and hence

Tk (L2 (Va)) # 0.

(2) Now assume that R = Z and set Ay = K(Z, k 4 1). We denote by L7 , the Lie

power functor over Z/2, which we already discussed, and by L7, the Lie power functor
over Z. Then for any free abelian group A we have L7(A) ® Z/2 = Lj ,(A® Z/2).
The universal coefficient theorem gives the following short exact sequence

n

0 — (L3 (As)) @ Z/2 — mi(L3)5(Va)) — Tory(mi_1(LF (As)),Z/2) — 0.
Since the functor L2" is n-connected, 7,1 x(L2" (As)) = 0. Therefore
Tnse6(LE (A0) ® 2/2 % w1 (L2 (Va)).
We already proved that m,111% (L%Q(V.)) # 0. Hence 114k (L%ﬂ (A.)) # 0. O
Remark 4.2. Proposition 4.1 can be also deduced from results of D. Leibowitz [8] or

from unpublished results of R. Mikhailov [9], where he describes all derived functors
in the sense of Dold-Puppe of Lie powers in the case R = Z.
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