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COMPATIBLE ACTIONS IN SEMI-ABELIAN CATEGORIES
DAVIDE DI MICCO AND TIM VAN DER LINDEN
(communicated by Ronald Brown)

Abstract

The concept of a pair of compatible actions was introduced
in the case of groups by Brown and Loday [6] and in the case
of Lie algebras by Ellis [14]. In this article we extend it to the
context of semi-abelian categories (that satisfy the Smith is Huq
condition). We give a new construction of the Peiffer product,
which specialises to the definitions known for groups and Lie
algebras. We use it to prove our main result, on the connection
between pairs of compatible actions and pairs of crossed modules
over a common base object. We also study the Peiffer product
in its own right, in terms of its universal properties, and prove
its equivalence with existing definitions in specific cases.

1. Introduction

The concept of a pair of compatible actions was first introduced in the category
of groups by Brown and Loday, in relation to their work on the non-abelian tensor
product of groups [6]. Later, in [14], the definition was adapted to the context of Lie
algebras, where it was further studied in [26, 13]. Since then, several other particular
instances of compatible actions have been defined or used, in various settings: see for
example [17, 9, 8], and [22, 23] where the non-abelian derived functors of ® were
studied.

The aim of this article is to provide a general definition in semi-abelian categories
(in the sense of [25]), in a way that extends these as special cases. In particular,
this will give us the tools to develop a unified theory, in such a way that computing
the non-abelian tensor product of compatible actions is the same as computing the
non-abelian tensor product of internal crossed modules. This process generalises the
diverse particular notions of non-abelian tensor product that appear in the literature
so far.

With this idea in mind, we first examine the case of groups from a new perspective,
aiming to use a diagrammatic and internal approach whenever this is possible. To do
so, we take advantage of the equivalence between group actions in the usual sense and
internal actions (introduced in [5, 2]) in the category Grp, as well as the equivalence
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between crossed modules of groups and internal crossed modules in Grp (see [24]).
Thus we may separate properties which are specific for groups from those that are
purely categorical.

The conditions which we single out in the category Grp in terms of the internal
action formalism become our general definition of “a pair of compatible actions”. This
definition makes sense as soon as the surrounding category is semi-abelian. However,
we shall always assume that the so-called Smith is Huq condition (SH) holds as well.
This is a relatively mild condition which excludes loops, for instance, but includes
all categories of groups with operations; see [28, 10]. This simplifies our work, since
under (SH) internal crossed modules allow an easier description [24, 28].

Our main tool is an extension, to the semi-abelian context, of the Peiffer product
M a1 N of two objects M and N acting on each other (via an action ¢2) of N on
M and an action £¥ of M on N). A notion of Peiffer product has already been
introduced in [11], in the special case of a pair of internal precrossed modules over
a common base object. Ours, however, is a different approach, and a priori the two
notions do not coincide. Our definition is a direct generalisation of the group and Lie
algebra versions of the Peiffer product, which were originally introduced respectively
in [32] and in [14]. It is well defined as soon as the two objects M and N act on each
other, whereas for the definition in [11] they also need to satisfy some compatibility
conditions. Moreover, when the actions & 11\\/7[ and & ]I‘GI are compatible, the Peiffer product

M > N is endowed with internal crossed module structures (M b M N , EMPal

and (N 25 M sa N, ¢MN),

We use this as an ingredient in the generalisation of a result, stated in [6] for groups
and in [26] for Lie algebras, to any semi-abelian category that satisfies the condition
(SH). We show namely that two objects M and N act on each other compatibly if
and only if there exists a third object L endowed with two internal crossed module
structures (M £ L, ¢5) and (N % L,£5). Amongst other things, this allows us to
deduce that our definition of compatibility for pairs of internal actions restricts to the
classical definitions for groups and Lie algebras. Another consequence of this result
is that the non-abelian tensor product introduced in the forthcoming article [12] has
two natural interpretations: either as a tensor product of compatible internal actions,
or equivalently as a tensor product of crossed modules over a common base object.

Finally, we study the Peiffer product via its universal properties. We also prove
that, under the additional hypothesis of algebraic coherence [10], our definition of
the Peiffer product coincides with the one given in [11].

Structure of the text

The paper is organised as follows. In the first section we collect preliminary defi-
nitions and results on internal actions in semi-abelian categories. We recall the def-
initions of the bifunctors b and ¢ as well as some related constructions. For a given
semi-abelian category A, we describe the category of points in A and the category of
internal actions in A, together with the equivalence between the two.

In Section 3 we examine the concept of a pair of compatible actions in the category
of groups. First we consider the definition of compatibility given in [6] and we translate
it into its diagrammatic form. Then we construct the Peiffer product as a coequaliser
and we prove that it coincides with the definition already known for the case of
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groups. In Proposition 3.10 we prove a result stated in [6], namely that two groups
M and N act on each other compatibly if and only if there exists a third group L
endowed with two crossed module structures (M %5 L, ¢k) and (N % L, £k).

Section 4 contains our main results. We work in the context of a semi-abelian
category A that satisfies the Smith is Huq condition (SH). We express the definition
of compatibility in this general context and show in Proposition 4.3 that whenever
we have a pair of internal crossed modules over a common base object, they induce
a pair of compatible internal actions.

Then we construct the Peiffer product of two internal actions in three distinct
ways: first we imitate what happens in the case of groups, constructing the Peiffer
product for each pair of objects acting on each other. In Proposition 4.5 we prove
that this is the same as taking the pushout of the two semi-direct products. Then we
give a more specific definition that requires the actions to be compatible. Finally, we
show in Proposition 4.8 that, if the compatibility conditions are satisfied, then the
two definitions coincide.

We prove in Proposition 4.9 that whenever the actions are compatible, their
Peiffer product is automatically endowed with internal crossed module structures

(M 225 M sq N, EM=NY and (N 25 M sa N, €45V This leads to Theorem 4.11,
which is a generalisation to semi-abelian categories of Proposition 3.10, proven for
groups in the previous section: two objects M and N act on each other compatibly
if and only if there exists a third object L endowed with two internal crossed module
structures (M 25 L,€5) and (N % L,£k). Via this result we obtain Corollary 4.12
and Corollary 4.13 as confirmations of the equivalence between our general definition
of compatibility and the specific ones in the cases of groups and Lie algebras.

We conclude the paper with a study of the Peiffer product via its universal proper-
ties (Section 5, in particular, Proposition 5.1 and Proposition 4.5). Here we also prove
that, under the additional hypothesis of algebraic coherence [10], our definition of the
Peiffer product coincides with the one given in [11]. Via results in [11], this further
implies that under an additional condition called (UA), the actions induced by two
L-crossed module structures have a Peiffer product which is again an L-crossed mod-
ule; furthermore, it is the coproduct in XMody (A) of the given L-crossed modules.
This generalises Proposition 3.4 in [13].

2. Preliminaries on internal actions

In what follows, we let A be a semi-abelian category [25]: pointed, Barr exact,
Bourn protomodular with binary coproducts. This concept unifies earlier attempts
(including, for instance, [21, 15, 30]) at providing a categorical framework that
extends the context of abelian categories to include non-additive categories of alge-
braic structures such as groups, Lie algebras, loops, rings, etc. In this setting, the
basic lemmas of homological algebra—the 3 x 3 Lemma, the Short Five Lemma, the
Snake Lemma—hold [3, 1].

The category of internal actions Act(A) and the category of internal crossed mod-
ules XMod(A) in any semi-abelian category A are again semi-abelian. We give a
quick overview of some important definitions.

Recall that a regular epimorphism is a coequalizer of some pair of arrows. Any
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semi-abelian category is a regular category, which means that finite limits and co-
equalisers of kernel pairs exist, and regular epimorphisms are pullback-stable. A Barr
eract category is a regular category in which every equivalence relation is a kernel
pair. In a pointed setting, Bourn protomodularity is the condition that the Split Short
Five Lemma holds.

Definition 2.1 ([4]). A regular pushout is a commutative square of regular epimor-
phisms as on the left

A—tL.p A xp B—"2B
P
A —>pB A’%B’

such that the comparison morphism («, f): A — A’ x g B to the induced pullback
square on the right is a regular epimorphism as well.

It is well known that in a semi-abelian category, a commutative square of regular
epimorphisms is a regular pushout if and only if it is a pushout. In fact, this charac-
terises semi-abelian categories amongst finitely cocomplete homological categories (in
the sense of [1]: pointed, regular, protomodular). Regular pushouts can be recognised
as follows:

Lemma 2.2 ([4]). Consider a square of regular epimorphisms in a homological cat-
egory and take kernels to the left as in the diagram

kg f
Ky >A—>B

k O‘J, J7ﬂ
2 kf’ f/

Ky >A —— B

The induced morphism k is a reqular epimorphism if and only if the given square is
a reqular pushout. O

2.1. The bifunctor b
For an object A in a semi-abelian category A, internal A-actions are defined as
algebras over a certain monad Ab(—).

Definition 2.3. The bifunctor b: A x A — A is defined on objects as the kernel
ka (IA)
B> A+B—-""5 A

Using the universal property of kernels, its behaviour on arrows is determined by

(¢)

k
AbBDLA—&—B%A
fbg f+g f

/v , Farm /\L ’ (16‘,) i/
AbPB'>—"—> A"+ B A

Ezxample 2.4. In the category Grp the coproduct A + B is the so-called free product
of A and B, the group freely generated by the disjoint union of A and B, modulo
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the relations that hold in A or in B. This means that an element in A + B can be
represented as a word obtained by juxtaposition of elements in A and in B. Then it
is easy to deduce that AbB is the subgroup of A + B whose elements are represented
by the words of the form a1b; - - - a,b, such that ay---a, =1 € A. Furthermore, it
can be shown that each word in AbB can be written as a juxtaposition of formal
conjugations, that is

AbB = (aba™' | a € A,b € B).

The following example expresses the idea of the proof, which easy generalises to any
word in AbB.

a1b1a2b2a3b3 = (alblal_l)(alagbgaglal_l)(a1a2a3)b3

= (alblal_l)(alagbg(alag)fl)1(1b3171).

Remark 2.5. For any fixed object A € A, the triple (A4b(—),n*, u?) is a monad, where
for A, B € A we define n: B — AbB as in

B

ng, k (lA)

MB%?—9A+B—JL»A
A,B

and ps: Ab(AbB) — AbB as in

1a
4%mwniﬂﬁ»A+mwy—&l»A

% () 1
B - “A£B (5) A.

A,B

Lemma 2.6. In a semi-abelian category, consider reqular epimorphisms a: A — A’
and B: B — B’. Then both o+ 8 and abB are reqular epimorphisms as well.

Proof. The first statement is easily shown checking that, if « = coeq(z1,z2) and
B = coeq(y1,y2), then a+ B = coeq(x1 + y1,x2 + y2). For what regards the second
statement we build the diagram

1a
AbB D% A+ B % A
O¢+BJ7 (1A’> J70‘

— 0l A

1o, Farm ’ ’

APB >— A"+ B
Thanks to Lemma 2.2 it suffices to show that the right-hand square is a pushout in
order to obtain that abf is a regular epimorphism as well. This is easy to do by direct
verification of the universal property of pushouts. O

2.2. The cosmash product ¢
Cosmash products [7] may be used to define commutators [27, 19] and may help
expressing properties of internal actions. We start by exploring the relationship with b.



226 DAVIDE DI MICCO anxp TIM VAN DER LINDEN

Definition 2.7. Given two objects A and B in A, consider the morphism

San = (arn) = ((5) (1)) A+ B — axB

Since A is semi-abelian, the morphism ¥ 4 p is a regular epimorphism. (This is actually
true in the much more general context of a unital category: see [1].) By taking its
kernel we find the short exact sequence

hA,B EA,B
00— AoBr———>A+B———AxB——0

where A ¢ B is called the cosmash product of A and B.

Remark 2.8. Notice that the inclusion of Ao B into A + B factors through AbB,

because the latter is the kernel of (16‘) : A+ B — A. Moreover, we have another split

short exact sequence involving the cosmash product, namely

) FA
0—> Ao B AbB === B ——>0 (1)
B

where 74 — (1?3) o ka,p is the so-called trivial action of A on B: see Example 2.18
where this point of view is explained in detail. The exactness of the sequence can be
shown by constructing the 3 x 3 diagram

0 0 0

v tA,B M 4 M
0 ——>AoBr—— AB > B 0

iB,A thyB ka,B

R

0%3bA>ﬁA+B P~ B 0
B,A 1

| () I

\ V/ V/

0 0 0

from the bottom-right square by taking kernels, and then by noticing that the top-left
object is the kernel of the comparison morphism from A 4+ B to the pullback induced
by the lower-right square: since this morphism is precisely ¥ 4 g, its kernel is A ¢ B.
Moreover, the upper left square is a pullback and hence A ¢ B can be seen as the
intersection of the subobjects AbB and BbA of A + B. Furthermore, since A is semi-
abelian, in the split short exact sequence (1) the morphisms i4 5 and ng are jointly
extremal-epimorphic [1, Lemma 3.1.22]. Thus we obtain the regular epimorphism
(’25) . (Ao B)+ B — AbB.
Lemma 2.9. Let X be an object in a semi-abelian category A. Then the functor
(=)hX: A — A preserves coequalisers of reflexive graphs.

Proof. Consider a reflexive graph with its coequaliser

A B I >Q

(&
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and the induced diagram

d<>1X q01X
Ao X——=2BoX——>QoX

C<>1X
1A, X iB,X IiQ’X
dblx

X ——— ppx — X L opx

Cle
1x

X——= X ———9+ X
1x 1x

By using Corollary 2.27 in the first arXiv version of [19] we know that go 1x is
again the coequaliser of d ¢ 1x and co 1x. We already know that gblx is a regular
epimorphism by Lemma 2.6 and that (gb1x) o (db1x) = (gblx) o (¢blx), so it remains
to show the universal property.

First of all, by examining the squares on the right, we can see that they form a hor-
izontal morphism of vertical short exact sequences, and since 1x is an isomorphism,
we conclude that the top square is a pullback. This implies that it is also a pushout:
indeed when we take kernels horizontally we obtain an induced isomorphism between
them, which in turn implies that the given square is a pushout.

Now suppose that there exists a morphism z: BbX — Z such that zo (dblx) =
zo(chlx). Then zoig x o(dolx)=zoipg x o(colx) and hence there is a unique
morphism ¢: QX — Z such that ¢o(¢olx)=z0ipgx. Our claim now follows
from the universal property of the pushout. O

2.3. The ternary cosmash product

Following [20], in [19] Hartl and Van der Linden define the n-ary version of the
cosmash product. We are interested in the ternary case, and in some relations between
it and the binary case.

Definition 2.10. Given three objects A, B and C in A, consider the morphism
iaia O
Sape=(i5 0 )i A+ B+C — (A+B) x (4+C) x (B+0).

0 1c 1C

Its kernel is written
ha B,Cc
AoBo(Cp—-""—>A+B+C

and it is called the ternary cosmash product of A, B and C. Like in the binary case,
it is obvious that, up to isomorphism, the ternary cosmash product does not depend
on the order of the objects.

In [19] the authors define folding operations linking cosmash products of different
arities: for our purposes we only need to recall one of them.

Definition 2.11. Given two objects A and B we can construct a morphism

SpiPiAoAoB— Ao
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through the diagram
Ao Ao Brl2M" L A4 A B2 L (A4 A)x (A+ B) x (A+ B)
[ Gyso L))
>

v h
AoBr—2% S A4 B A x B.

The symmetry in the definition of cosmash products allows for numerous straight-
forward variations on this theme; in particular, we write Sﬁ’lB: AoBoA— A¢B
(two As and one B, replace the middle morphism with the one induced by ¢4, tp
and ¢4, and the one on the right by the projection on the last two factors followed
by (ij) X (10 )) and Sﬁ’QB: Ao BoB — Ao B (two Bs and one A, so use (ii) instead

B

of (}j)) We also need the following morphism from Ao B o C to (A + B)hC.

Definition 2.12. Consider the object (A + B)bC and define the morphism ja g ¢ as
in the diagram

AoBoC has.o
jA,B,Cv %\ (1A+B)
(A+ BpCr———> A+ B+C 0 A+B

k(atm),c T
$(A+B) x (A+C)x (B+C)

In particular, if A = B, then we have the commutative diagram

ha,A,B
j k
AoAoC —22% s (A4 ApC 29 A4 AvC
s 1a 1a
s;lol l(u)mc l(u)ﬂc
AoC > - AbC > A+C
tA,C ka,c
ha,B

Lemma 2.13. It is possible to cover the object (A + B)bC with the three components
(Ao BoC), (ADC) and (BbC).

Proof. By Lemma 2.12 in [19] we know that there is a regular epimorphism of the
form

(Ao BoC)+ (AoC)+ (BoC) ———(A+ B)oC.

Using Remark 2.8 we are able to construct the square

(AoBoC)+(AoC)+(BoC)+C+C M (AoBoC)+(AC)+ (BHC)

lo ja,B,C
6""(10) i(A+B),C Z:AblC
77A+B igble

((A+B)oC)+C < > (A+ B)hC
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from which we see that the vertical morphism on the right is a regular epimorphism.
O

2.4. The categories Pt(A) and Act(A)

In semi-abelian categories there is a concept of internal action, which via a semi-
direct product construction is equivalent to the concept of a point—a split epimor-
phism with a chosen splitting.

Definition 2.14. A point (p, s) in A is a split epimorphism p with a chosen splitting s,
that is p: A — B and s: B — A such that po s = 1. A morphism of points (p, s) —
(p/, 8") is given by a pair of vertical morphisms (f, g) such that the two squares formed
by parallel morphisms
P
A=——=8B
S
f g
Vo
A=—=D
s/
commute. Pt(A) is the category of points in A and morphisms between them. Since
the codomain of p is B, the point (p, s) is also called a point over B.

Having described the category of points, we now shift to internal actions, whose
category is equivalent to the former whenever the base category A is semi-abelian [5].

Definition 2.15. An internal action of A on X (or simply A-action or action) in A
is a triple (A, X, &) with £: AbX — X a morphism in A such that (X, &) is an algebra
for the monad Ab(—): A — A. This means that the diagrams

X o X Ab(AbX) —X 5 ApX

\ )l; and Labe |, E i&

AX ——— > X

—notations as in Remark 2.5—commute. A morphism of actions from (4, X,¢) to
(A, X', &) is given by a pair (f,g) of morphisms in A, with f: A — A" and g: X —
X', such that £ o (fbg) = g o £. The category of actions and morphisms between them
is denoted by Act(A).

Example 2.16. 1f we fix A = Grp we find that internal actions coincide with the usual
group actions. Indeed due to Example 2.4, in order to define such an internal action
£: AbX — X it suffices to specify where the elements of the form aza~! are sent, since
they generate the whole subgroup AbX. Now an internal action £ corresponds to the
group action 1: A x X — X given by v (a,z) :— £(axa™!). Conversely, starting from
a group action 1 we define ¢: AbX — X on the generators by {(ara™1) :(— ¢(a, ). It
is easy to show that these are actions in the appropriate sense. (£ being a morphism
and the axioms for it to be an internal action amount to the group action axioms for
the function v.) The correspondence just depicted determines an equivalence between
internal actions in Grp and group actions.

Remark 2.17. Whenever the base category A is semi-abelian we have an equivalence
Pt(A) ~ Act(A). The functor Pt(A) — Act(A) sends a point (p: A — B,s: B — A)
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to the action (B, K, §), where £ is the unique morphism making the diagram
1p
ko (V)
BYK, —">B+K, —>>B

& 1G)

\4 kp
Ky > A

commute. The functor Act(A) — Pt(A) sends an action (A, X, &) to the point
e
X xg A—=A,
ic
where the semi-direct product X x¢ A is defined as the coequaliser
ZX Of
Abxﬁfw)(%)( xe A,

A X

the morphism ¢ is the unique morphism such that

A+ X 25X xc A

TA,X v

A

commutes, and, finally, i¢ = o¢ 0 i4. We will sometimes write X x¢ A as X x A, when
there is no risk of confusion regarding the action involved. Notice that the morphism

ki—UgO’ixlX—)Xng

is the kernel of m¢: it is easy to see that m¢ o k = 0, whereas for the universal property
some work needs to be done—see, for instance, [29].

Ezample 2.18. The trivial action (A, X,7) is given by
T = (O)OkAxlAbX*)X.
1x ’

Then we have that (X %, A,0,) = Coeq(ix o ((12() oka x),ka x). Both (1A) and

(1(;) coequalise these two morphisms, so (following the example of the trivial action
in Grp) a first guess would be that

cora (= () ebaban) = (42 () (2))

In order to prove this, we may use the equivalence Pt(A) ~ Act(A). In particular, we
claim that the desired point is given by (m4: A x X — A,(14,0): A — A x X) and
hence it suffices to show that 7 = (12() o ka x makes the diagram

AbX A% A4 x

L
(0,1x)
x O A x

commute. This is done by direct and easy calculations.



COMPATIBLE ACTIONS IN SEMI-ABELIAN CATEGORIES 231

Ezample 2.19. The conjugation action (A, A, xa) is given by
XA = G:) okana: AbA — A.

Then we have that (4 x,, 4,0y,) = Coeq(iz o ((; ;‘) oka,a) ka,a). Both (1) and

(}f\) coequalise these two morphisms, so a first guess (again following the example

of Grp) would be that
Coeg (120 (1) o kankan) = (4 4.((7). (1))
A ’ ’ 0 1a
In order to prove this, we use the same strategy as in the previous example.

Remark 2.20. Notice that, by the definition of the semi-direct product, it is easy to
show that the diagram on the left

AX s Ay X AX : X
EJ/ \Lo'g igbk}ws \Lkﬂ.g
e Xxe

is a pushout. Thanks to this commutativity we can show that also the square on the
right commutes, which means that “computing an action” is the same as “computing
the conjugation in the induced semi-direct product”.

Remark 2.21. Notice that, if (B, X,¢: BbX — X) is an action and f: A — B is any
morphism, then also (A4, X, £ o (fblyx): AbX — X) is an action. Indeed the diagrams

X % Abx Ab(AbX) 2 AbX
— > BX A(BrX) — X by — s By
\l& mgl & llsbg l&
X Hx —x Spyx : X

commute. The action £ o (fblx) is often called pullback action of £ along f and the
reason is the following. Consider the diagram
kw
Xp—" s X Xer A ﬁ A
Tegt
RN
ﬂ»s
g Ug
where the bottom row is the point associated to £, whereas the first row is obtained
taking the pullback of 7¢ along f. Then it is easy to see that the action &’ coincides

with £o (fbly).

Remark 2.22. In order to recover a point over B, in general slightly less is needed
than a Bb(—)-algebra structure. Every time we have an action &: AbX — X we



232 DAVIDE DI MICCO anp TIM VAN DER LINDEN

can construct the corresponding action core °£: Ao X — X as the composition of £
and ig x: Ao X — AbX. Action cores (morphisms A ¢ X — X that satisfy suitable
axioms) were defined and studied in [19, 18]. The main point is that, in the semi-
abelian context, from an action core °¢: Ao X — X we can recover the action &.
Furthermore, crossed module structures can be expressed in terms of action cores.

Ezample 2.23. Consider an action ¢: AbX — X in Grp, sending a generator azxa !

of AbX to ®x € X. In order to understand how the action core °¢: Ao X — X looks,
we first need to make explicit what the inclusion ig x: Ao X — AbX does. It is easy
to see that A ¢ X is the subgroup of A 4+ X generated by the commutators, that is
the words of the form aza™'2z~! with ¢ € A and = € X. The morphism ia,x sends a
generator aza™ 'z~ to (aza™') (1z7'171). This means that the action core °¢ sends
an element of the form aza™'z7" to £((aza™") (1lz71171)) = 2wzt

Our last ingredient is the definition of an internal crossed module in a semi-abelian
category A. Internal crossed modules are equivalent to internal categories; the con-
ditions that make this happen were obtained in [24]. In order to have a description
which is as simple as possible, we require that A satisfies the so-called Smith is Huq
condition (SH), which means that the Smith/Pedicchio commutator [31] of two inter-
nal equivalence relations vanishes if and only if so does the Huq commutator of their
associated normal subobjects [1, 28]. Examples of semi-abelian categories that satisfy
(SH) include the categories of groups, (commutative) rings (not necessarily unitary),
Lie algebras over a commutative ring with unit, Poisson algebras and associative alge-
bras, as are all varieties of such algebras, and crossed modules over those. In fact, all
Orzech categories of interest [30, 10] are examples. On the other hand, the category
of loops is semi-abelian but does not satisfy (SH).

We now recall the description of internal crossed modules given in [24, 28] in the
context of a semi-abelian category satisfying (SH). Further details on this definition
(and on its general version which does not require (SH)) can be found in [24, 19, 28].
Let us just add here that the crossed module conditions may be expressed in terms
of action cores, and that when (SH) does not hold, this approach involves an extra
condition in terms of the ternary cosmash product.

Definition 2.24. In a semi-abelian category A with (SH), an internal crossed module

is a pair (X 9, A &) where 9: X — A is a morphism in A and &: AbX — X is an
internal action such that the diagram

XbX “PX Apx M0 Apa

XXJ/ *1 \L{ *o \LXA
X

commutes. *1 is the Peiffer condition, and x5 the precrossed module condition.
3. Compatible actions of groups

Definition 3.1. Consider two groups M and N acting on each other via

e MbN — N and &N NbM — M
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and on themselves by conjugation. We are able to define induced actions & AZV/}JFN and
%H\' of the coproduct M + N on M and on N, in such a way that the following
diagrams commute:

i]ublN Z-Nbll\l

MHN 28 (M 4 NN NoM X (0 4 N)pM
2
e e
N M
NbN 2 (0 4 NYON MM PN (M 4 NYpM
x $£%I+N XM \Lg}f\\gﬂ\’ (3)
N M

This is done by defining the action €377 : (M + N)»M — M on the generators
sms~! where m € M and s € M + N, inductively on the length of s:

m if s is the empty word,
M (smsTh) =  EMIN (N (mmn )8’ if s = s'n with n € N, (4)

MIN (' (mimm=1)s'=1) if s = s'm with m € M

and similarly for f% T
Remark 3.2. In particular, we have that the equalities

m)m/(nm)—l _ n(m(n’lm/)m—l) — nmn’lm/’ (5)
(mn)n/ _ (mn)n/(mn)—l — m(n(m’ln/)n—l) _ mnm’ln/’ (6)

(nm) n

m' = (

where the right-hand sides are given by the induced action of the coproduct, always
hold. Diagrammatically this is expressed by the commutativity of

~N,mb1 ka,NbIn

(NOM)M M (v f NYoM (MON)HN (M + NN
gﬁblM\L \M/{HN gf\”{blw\t \Lglz\V/HN (7)
MbM M NON N
XM XN

Definition 3.3. Two actions are said to be compatible if also the equalities

n’ (8)
hold for each m, m’ € M and n, n’ € N. If once again we examine these equalities

from a diagrammatic point of view, then we see that they are equivalent to the
commutativity of the diagrams

m —1 n —1
( n)m/ — mnm= ./ and ( m)n/ _ nmn

M,Nb1ns kn,mbly

(MONDM N (L NBM (NDMN (M + NN
51%1M\L \Lg%JrN gﬁ’{blN\L \W\»IHN 9)
NbM = M MHN o N

A second look at these four equalities leads us to the following remark.

Remark 3.4. The meaning of (5) and (6) is that for each m € M and n € N
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o ("m)nm~In"1 acts trivially on M,
o (Mn)mn~tm~! acts trivially on N;

whereas the meaning (8) is that for each m € M and n € N

o ("m)nm~In~1 acts trivially on N;
o (Mn)mn~tm™! acts trivially on M.

If we define K < M 4+ N to be the normal closure of the subgroup generated by the

elements of the form ("m)nm=1n=1 or (Mn)mn~tm™!, we have that K acts trivially

on both M and N if and only if the two actions are compatible.
The previous remark leads to the following definition given in [16].

Definition 3.5. Given a pair of compatible actions as above, we define their Peiffer
product M <t N of M and N as the quotient

—: M 1 N.

Remark 3.6. Notice that the morphism ¢x and the Peiffer product M >1 NV can equiv-
alently be defined as the coequaliser in the diagram

(kN,M>

ky, N

(NDM) + (MbN) ————=2 M + N — > M N. (10)
ErrtHEN

In order to explain why this definition is equivalent to the previous one, consider the
morphism g given by the first definition. It is easy to show that

qx ©inr 0 &y = qi 0 kn
qx oin o &N = qr o kN,
since this is exactly what taking the quotient by K means. But this is the same as
saying
{CIK o (&8 + &) o inoar = qi © ki,

qx o (§3r +EN) o ian = gx © kar N,
which in turn is g o (€3] +&M) =gk o (zj\vl’x) The universal property of the co-
equaliser is given by the universal property of the quotient by K in a straightforward
manner.

Given a pair of compatible actions, let K < M + N be the normal subgroup of
Remark 3.4. Since K acts trivially on both M and N we can define induced actions
MeaN and €MV of M 1 N on M and N. They are such that the diagrams

(M + NHM L2 (M v N M (M + NHN 25 (M ba NN

T T
M+N M+N
N

commute. We can describe these actions of the Peiffer product through its universal
property, but in order to do so, we need a preliminary remark.
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Remark 3.7. The diagram

kN, M
(kM,N>
(NDM) + (MON) <——nii+ny

en+eN

M+ N

is a reflexive graph. Indeed, the composites (ZZ%) o (i +nM) and (& +&M)o

(2, +nM) are equal to 1p74n: one is obvious and the other one is clear once we
draw the diagram involved.

Lemma 2.9 implies that gbljs is the coequaliser of (’]zz’}‘;)blM and (€0 + EM)b1
and that gbly is the coequaliser of (ZZ’%)blN and (51\1\/7[ + 5%)“1\;. We want to use

these universal properties to define induced actions &3>V and ¢8>V of M 1 N on
M and N as in Figure 1. In order to do so, we need the next result.

kN, M bl as

((NOM) + (MbN))pM —22 > (A 4 N)pM (M > N)pM

(51]\\]44‘511{74»11% \ M<aN
vglw
M+N
i M

kN, M b1

((NDM) + (MbN))PN =255 (M) 4 NN — P o (M sa NN

(Ea+EN pin gMeaN
N
M+N v
N N

Figure 1: Induced actions of the Peiffer product.

qblns

Proposition 3.8. The action XN coequalises (zg’x)blM and (&3 4+ EM)b1yy.

Similarly, the action XN coequalises (::ﬁ\f)blN and (£ + &by

Proof. Consider a generator sms~! of ((NbM) + (MbN))bM and write s as juxta-

position of generators of NbM and MbN, that is s = s1 - s, with s; = njmjn;1 €
NoM or s; = mjnjm;1 € MbN. We are going to prove the equality
k N — I
(o) par) (sms ™)) = €44 (€] + €X) bLar) (s7ms ™)
by induction on k. First of all, notice that it is equivalent to the equality
a Y (sms ) = 1Y (e(syme(s) 7). (12)

where €(s) =— (3 + €M) (s) € M + N. In order to prove it when s is the empty word,
it suffices to notice that also €(s) is the empty word. Now suppose we proved (12) for
each word whose decomposition involves at most k& — 1 generators of NoM and MbN,
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consider s = 51 - -+ s and denote s’ = s1 - -+ s,_1: we have the chain of equalities
M (7s) = 4 (oo 1) = N () )
_ §M+N( ( (sk.)m)s/fl) _ M+N( ( /)(e(sk)m) (51)71)
= &1 N (e(s)e(sp)me(sp) "he(s) ) = ar T (e(s)me(s) ),

where
(51) ey, if s, = nkmkngl € NbM,
Sk) = . _
Mreny i s = mgpngpmy, Le MbN.

Finally, we apply the same reasoning to &y M+N, O

Proposition 3.9. We have two crossed module structures

(M 245 M s N, ¢MNy (N 125 M sq N, gMNy,

where the actions of the Peiffer product are induced as above and the morphisms ly;

and ln are defined through
Mc ‘ N
% %

M+ N (13)

lM lN
La

M N

Proof. We will show the claim only for £/ since the proof in the other case uses
the same strategy. We need to show the commutativity of the following squares

XM

MOM M
lelMi MpaN H
(Moa M — Sy

1Itll><Nbl1tlJ/ ilM

(M > N)p(M >t N) ———> (M = N)

XMpIN
For the commutativity of the upper square we have the chain of equalities
&N o (Iblar) = 17N o (gb1ar) o (ingblar) = &3 TN 0 (ind1ar) = Xt

given by commutativity of diagrams (3) and (11).

For what concerns the lower square, it can be shown to be commutative by direct
calculations, using the explicit definition of the coproduct action given in (4). First
of all we can precompose with the regular epimorphism ¢b1,;: we find

lMofMlX]N (qblM) —qOZMO§M+N
by (13) and the top commutative triangle in Figure 1, while

XmaN © (Larsan®lang) © (¢01ar) = q o xaren © (LargnDing)

follows from (13) and the equivariance of ¢ with respect to the conjugation actions
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xXMm+nN and Xarsqn. Hence the required commutativity is equivalent to the equation

quM+No(1M+NbiM):qoiMo§JJ\\44+N. (14)

Now we can take a word s € M + N, an element m € M. We observe that the two
morphisms in (14) send the general element sms~! € (M + N)bM to g (*m) and
q(sms~1), respectively. We prove the equality

q (*m) = q(sms ™) (15)

by induction on the length of s. First let s have length 0, so that it is the empty word:
we have that m = m = sms~! and hence (15). For the induction step we are going to
use the equality ¢("m) = q(nmn ') coming from the definition of the Peiffer product.
Suppose that (15) holds for words s with length [(s) < k. Given s with length & we
can write it as s = xs' withz =m € M orz =n € N and I(s") = k — 1: now we have
the chain of equalities

’

q(m) = q("'m) = (" (“m)) = q((“m)2"") = q@)g(“M)a(s7)
= q(z)q(s'ms' ")q(z7") = q(zs'ms’ " 27") = q(smsT1).

We conclude that (M 1y M s N, EMPINY and (N Ny M s N, EMPNY are crossed
modules. 0

Furthermore we know that the actions ¢4 and £ are in turn induced by ¢}>N

and EM>N through the morphisms [5; and Ly, that is

MbN M (0 b NYBN NoM 2 (0] b N)pM
e e
£N N gkf M

commute. This can be proved by using diagrams (2), (3), (11) and (13).

Proposition 3.10 (Remark 2.16 in [6]). Two actions as above are compatible if and
only if there exists a group L and two crossed module structure (M LN L,¢5) and
(N 4L ¢k such that the actions of M on N and the action of N on M are induced
from L and its actions.

Proof. (<) We first show that the actions 8 :— &K o (ub1y) and &5 :— €5, o (vb1yy)
are compatible. To see that they are actually actions it suffices to use Remark 2.21.
In order to prove (8)—we will show only one of the two equalities, since the proof
of the other follows the same steps—we are going to use the commutative diagrams
induced from the crossed module structures involving L, that is

MbvM M M NbN XN N
/,Lbl]uJ/ L H VblNJ/ L H
LhM —20 s 0 IbN — N N

1@% M 1Lbu$ \Lu

L —— L L —— L
XL XL
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This gives us the chain of equalities

(") gyt = POt () ) () )

— p(m)v(n) (m’lm/) — p(m) (V(n) (mflm/)) — p(m) (n (mflm/))
— u(m) (nmflml) — m(nm’lm/) — mnmflm/.

(=) This implication is given by Proposition 3.9. O

4. Compatible actions in semi-abelian categories

From now on we will consider A to be a semi-abelian category in which the condition
(SH) holds.

We are going to give a definition of compatible internal actions which is inspired
by Definitions 3.1 and 3.3, with some differences that we will explain here.

NoM X (A N M MObN 2N (0 4 NN
M M N N
MbM M (N N M NON NN (A1 4 NN
CA.0
x \L§%+N x \LE%JrN ( )
M N
MoNoM M (M4 NYM  MoNoN 2™ (M4 N)HN
st | e st~ | Jemn
NoM—— > M MoN—— o N
<o iy 05%

Figure 2: The diagrams (CA.0).

Definition 4.1. Consider two objects M, N € A which act on each other and on
themselves by conjugation and denote the actions as

Xn: MbM — M, Xn: NbN — N,
&N MbN — N, N NoM — M.
We say that the actions X and £ are compatible if there exist two actions
NN (M + NHN — N, V(M + NDYM - M

“induced” from &3, ¢4 and the conjugations, that is such that the diagrams (CA.0)
in Figure 2 as well as the diagrams (CA.M) and (CA.N) in Figure 3 commute.

This definition obviously implies the one given in the case of groups, but we will
see later (Corollary 4.12) that in Grp the two definitions coincide. The difference
between these two definitions is twofold.
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((NDM) + (MbN))pM — NI Ny

(kN'M)“Ml l AR (CAM)

ky, N
(M + N)pM o M
M
(Enr+EN PN

((NDM) + (MON))pN (M + NN
(ﬁf,’ﬁ)bhvl i AN (CAN)

(M + NN N

M+N
N

Figure 3: The diagrams (CA.M) and (CA.N).

e First of all, the commutativity of the two squares in (CA.0) involving the ternary
cosmash products is for free in Grp (and in Lieg as one can see from [13]).
Right now it is not clear to us what are the conditions the category A must
satisfy for the commutativity of these squares to be implied by the other four
triangles in (CA.0). Note that this is quite similar to the ternary cosmash prod-
uct conditions that appear in the description of internal crossed modules given
in [19].

e Likewise, note the difference between diagrams (CA.M) and (CA.N), and their
version for groups given by (9). The former two can be decomposed into the
latter, together with (7) and with additional conditions involving b and higher-
order cosmash products. Also this aspect would benefit from further investiga-
tion.

Remark 4.2. Notice that in the situation of the previous definition, the coproduct

actions f%‘LN and f% N are uniquely determined by the commutativities of (CA.0)

due to Lemma 2.13.

Proposition 4.3. Given a pair of coterminal crossed modules
(M 5 L. &5, (N = L,&x)
we can define actions X and €Y through the diagrams

N
v

i34
NbM M

bN N
s s

LbM kf

M

These actions are then compatible in the sense of Definition /.1.

Proof. First of all, notice that ¢3! and &5} are actually actions due to Remark 2.21.
Now, in order to show that they are compatible, we need to define the coproduct
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actions
AN (M 4+ NN — N, MIN (M + N)OpM — M,

such that diagrams (CA.0), (CA.M) and (CA.N) commute. These are defined as the
compositions

M+N M+ N
I3vas exNt

(M + N)HM M (M + NN

N
(“m /EJLZ (“m /51L\/
v LbM v LbN

Once again the fact that they are actions is given by Remark 2.21. In order to show
that the four triangles in (CA.0) commute, we simply calculate

AN o (inblar) = &5y o ((M)p1ar) o (ingblar) = &5y o (Hblar) = X,

MHV o (inbly) =& o (( )blM) (inblar) = €5 o (Vblyy) = &£,
Vo (inbln) = €5 © ((1)01n) o (inbln) = €§ © (uln) = €,

M+N ) =&k o ((£)p1n) o (inbln) = €K o (1x) = xn

using the crossed module conditions. For the first square in (CA.0), we use the dia-
grams

o (ZNblN

NM

MoNoM-5NY (Af 4 NYbpM MoNoM - Nom s
,mel lwy)w 1M<>V<>1Ml li
LoLoM """ o (L1 L)M MoLoM o> LoM o>M
sri’lMl i(ii)bm uolmlMl v "
LOMTLbM LOLOMWLOM?M

in order to obtain the chain of equalities

N o jarnar = €k o ((M)p1ar) 0 finenar = €5y o ipar 0 Sy o (movo L)

__0¢N N,M
= §MOSL2 .

These diagrams are induced by naturality and by the crossed module conditions. For
the one on the right, we may use Theorem 5.6 in [19], which (modulo the notation
® for o, together with (°¢%,)1,2 for °¢%, o SlL”Z and (°¢E,)a1 for °¢5 o SL M) tells us
that the diagram

LM ogL
M

MoMoLHLoM%M

1M<>/,L<>1LJ/ H

MoeLoL ——>LoM —>M
L,M 051%4

2,1

commutes: this is precisely the bottom rectangle in the right hand side diagram above,
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composed with the canonical isomorphism induced by the symmetry in the co-smash
products.

Through a similar reasoning we may prove the commutativity of the other square
n (CA.0). Finally, we need to show (CA.M), that is the fact that £37 7" coequalises
the morphisms

((NOM) + (MbN))p M (M + N)pM.

(€ +EN b 1Lar
Here we have the chain of equalities
ar o (€8 + EN L = Ry o

~ el

:511\‘/10

Mblar o (((&ky ovblar) + (€& o pbln))blng)
((2) o ((€xr o v01ar) + (68 0 401w))) b1ar)

ot ovbl b
uoij\,o/;,blN M

= &hro ((4p1ar) o (7)ol
o () o).

Through a similar reasoning we can show that (CA.N) commutes. |

We take the construction of the Peiffer product in (10) as a general definition.

Definition 4.4. Given two objects M and N acting on each other via £ and ¢
we define their Peiffer product M <t N as the coequaliser

kN, M
kn, N

(NOM) + (MON) — =2 M+ N—— & o M N. (16)
ENHEN

An equivalent definition of the Peiffer product of two actions can be given through
the following proposition, which characterises it as the pushout of the two semi-direct
products induced by the two actions.

Proposition 4.5. Given a pair of actions E¥: MbN — N and &£Y,: NbM — M we
can obtain the Peiffer product M <t N as the pushout

o.N
M+N—™ o MxN

£NJ7 \ J;IIVINN (17)

4N x M

NXM——>M>x N

of the two semi-direct products.
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Proof. Recall that the semi-direct products are defined as the coequalisers

in o€y TN
NOM————<M+N—" 5 MxN,

kN, M

ino&N oM
MWC%;:3M+N——1—»NXM
M,N
By definition we know that ¢ coequalises each of these pairs of morphisms, and thus
we obtain the unique regular epimorphisms gy xas and garxy making the triangles

O.N O.M
M+N—" o MxN M+N—N o N M
XA 47(11\4%1\1 XA J7QN><M
Mxxi N M<i N

commute. To prove that (17) is a pushout, suppose there exist f: M x N — Z
and g: N x M — Z such that v :— foagﬁ =gooeu. It suffices to prove that
coequalises the morphisms defining ¢:

o () = (k) (T o) _ (T ooty _ ooty e ey

kN Yok, N 900, M okn, N 900 M oiNofxf 'yoiNof%
N N

This gives us a unique morphism ': M >t N — Z such that +' o qyrny = f and
~v' o qnwnm = g because oen and Ogur are epimorphisms. O

The idea behind the Peiffer product M < N is that it should be the universal
object acting on M and N with two crossed modules structures, as soon as these two
objects act on each other compatibly. This is meant to solve the following problem. If
we are in the situation of two compatible actions, we have induced coproduct actions
whose precrossed module conditions

M+N M+N

3 3
(M +NpM ——> M (M +NpN —"—— >N
1M+Nbi1WJ/ \LiM 1M+Nb1N\L \LZN (18)
(M+NWpP(M+N)—> M+ N (M+NpP(M+N)—> M+ N
XM+N XM+N
are generally not satisfied. (However, the Peiffer conditions always hold.)

Hence we want to do two things: we want to define actions of the Peiffer product
on M and N induced from the coproduct actions, and then we want to show that the
postcomposition with the quotient defining the Peiffer product makes the previous
squares commute, so that we obtain two crossed module structures.

Again by using Lemma 2.9 and Remark 3.7 we deduce that in order to define the

actions EM>N and €3NV of the Peiffer product as in Figure 4 (compare with the

group case, Figure 1) it suffices to show that & ]J\V/}+N coequalises the parallel morphisms
in (19) and that €X' TV coequalises the parallel morphisms in (20). These conditions
are equivalent to the commutativity of (CA.M) and (CA.N).

Now we have the desired actions of the Peiffer product, but in order to obtain the
crossed module structures we need to show that postcomposing with the quotient ¢
makes the diagrams (18) commute. In fact, we are going to prove more than this: the

Peiffer product is the coequaliser of those morphisms!
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kN, M
blas
ka, N

(NDM) + (MbN))PM ——s (M + N M 2% (M va N)pM

(éjyj"l‘fjl\vll)blM f}lngN (19)
% J\\}
(kN M)blN qb R
((NbDM) + (MbN))bNﬁ(M—i—N)bNH(MMN)bN (20)

(EM+EN b1n MpaN
M VEN
&N N

Figure 4: Actions EM>N and ¢A™N of the Peiffer product.

Definition 4.6. Given a pair of compatible actions & ]J\\/’[ and 5% , we define the strong
Peiffer product M <t N as the coequaliser in the diagram

14 nbing
XM+NO(1M+NMN s
((M+N)bM)+((M+N)bN) M+ N —> M xig N. (21)
MAN 4 M+N

Remark 4.7. 1t is important to notice that in principle there is a huge difference
between the coequaliser in (16) and the one in (21):

e the latter makes sense only if the two actions are already compatible—otherwise
the existence of the coproduct actions is not guaranteed; by definition, the strong
Peiffer product coequalises the compositions in (18);

e the former makes sense even when the two actions are not compatible; it is
obtained following the ideas from the particular compatibility conditions in the
case of Grp through Remark 3.4 and Remark 3.6.

This means that by taking (16) as a definition of M <1 N, we would not immediately
have that the Peiffer product is the universal way to coequalise the compositions
n (18). Obviously if we precompose the morphisms in (21) with (ixb1las) + (iab1n),
we see that gg coequalises also the morphisms defining ¢
k
gs o (&3 +EN) =as © ( N“)

YN,

but for the converse we need the following proposition.

Proposition 4.8. Consider two actions X and &5 which are compatible in the sense
of Definition 4.1. Then the Peiffer product M <t N as in (16) and the strong Peiffer
product M <ig N as in (21) are isomorphic.

Proof. In order to obtain the needed isomorphism it suffices to show that ¢ coequalises
the morphisms defining gg: since the converse already holds due to Remark 4.7, we
obtain the claim by the universal properties of the coequalisers. Recalling Lemma 2.13
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we just need to show that ¢ coequalises the two compositions in

(MbM) + (NbM) + (M o N o M) + (MbN) + (NbN) + (M o N o N)

[ inblng [ imdln ]
i1y |+ | indln
JM,N,M JM,N,N 1y nbinm
XM+NO(1JM+NMN
(M + N)pM)+ (M + N)pN) M+ N
]I\V;+N+§§\VJ+N

By the universal property of the coproduct we can consider each component separately
and since the last three are similar to the first three—it suffices to exchange M
and N—we are going to examine only the first three.

e Precomposing with the inclusion of MbM, we obtain

Iy nbing

GO XMLN O ( ) oi10 (ipdlar) = qo xaren © (iabing) = qoipr o X

1a4nbin

:qoiMo§%+N o (tpblar)
_ qo( M+N _|_§M+N)

e Precomposing with the inclusion of NbM, and using the definition of ¢ we obtain

0110 (ZMblM)

1 Nbing

qOXM+NO( )Ozlo(ZNblM):qOXM+NO(ZNbZM):quN,M

1y nbin
:qoiMofﬁ:qoiMofﬁ"_No(iNblM)

M+N M+N

=qo (& +Ev )

e Precomposing with the inclusion of M ¢ N ¢ M, we obtain

o il o (ZNblM)

Iv+nbinr

gOoXM+N © ( ) od1ojmNM = q0 XM+~ © (Lar4nDing) 0 jar,n, v

Iy nbin
=q OhN,MOS{YéM:‘IOkN’MOiN,MOS{gM
= qoiMOSAj\goiN,MOS{YﬁM
=qoin o &N ogn N

=qo (& MIN 4 §M+N) oi10jmN,M- [

This means that M >xg N =2 M <t N and that ¢ is the universal morphism mak-
ing (18) commute through postcomposition.

Our aim now is to show that MMN and MNN are indeed actions, which moreover
) )
induce two crossed module structures.

Proposition 4.9. The morphisms XN and >N are internal actions. We have
crossed module structures

(M My M pa N, €3N (N Ny M pa N, €M™V

where the morphisms lpr and Iy are defined as in (13). Further, as in Proposition /.3,
the compatible actions induced by these crossed module structures coincide with the
actions &5, and €M .

Proof. We are going to prove the claim only for £4/>V and [/, since the reasoning
can be repeated for fMNN and .
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In order to see that &M>V

steps:

is automatically an action it suffices to follow these

o show that NN = (gh1yy) o 775\\44+N using the diagram

M .
| -
k
(M + NYM>—""2 S (M + N) + M
qblM\L \LQ“'ll\l
knrq
(M b NYoM —2" s (M N) + M

e show the first axiom:

N omN = N o (dla) omyy TV = &7V omr TN = Lo

e gh(ghlyy) is a regular epimorphism due to Lemma 2.6;
e show the second axiom

MY o = N o (LSl

using the commutativity of the outer rectangle

(M + N)p((M + N)pM) G AN (M + N)pM
qb(qblM)L iqblM
(M < N)b((M < N)bM) T (M 1 N)bM
bl | et
(M ba NYoM ™ M

which follows from one of the axioms for the action §%+N (namely, the diagram

on the right in Definition 2.15).

It remains to be shown that (M BINGYES: N, EM>NY g indeed a crossed module. This
amounts to the commutativity of the squares

MbM a M
lelMl H
gMmaN

(Mo NpM —= S

11\/1[><NHMJ/ ilM

XMpaN

(M N)p(M 1t N) ——— (M < N)
For the upper square we have the chain of equalities
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In order to show that the lower square commutes, consider the diagram

J7 M
gblnr
gMeaN

(Mo NYpM —= S

1M|><1NbZMJ/ J/lM

(M > N)D(M < N) —222 5 (M pq N)

Since gbl,s is a regular epimorphism, it suffices to prove that the outer diagram is
commutative. We decompose it as

M+N
(M +NpM ————> M
1M+NbiMJ/ J/il\l
(M +Np(M+N)—2 S M+ N
qbq$ iq
X MpaN

(M Nbp(M <t N) ———> M N

It is easy to check that the lower square commutes and thanks to this, by using
Proposition 4.8, we find that the whole rectangle commutes.

Finally, we know that the actions &3/ N and I3V ar are in turn induced by
§M'><‘N through the morphisms I;; and [y, that is

5]\/[[><1N and

lelN

(M 1 NN NP g NYp M

\ isMMN and k isMMN

commute. This can be proved by using the definition of l;; and {5 and the commu-
tativity of diagrams (CA.0), (19) and (20). O

Remark 4.10. Notice that in the previous proposition we are implicitly using the (SH)
condition: indeed we are using Definition 2.24, which requires (SH), as a definition
for internal crossed modules.

Combining Proposition 4.3 and Proposition 4.9 we obtain the following character-
isation of compatible actions, the main result of this article:

Theorem 4.11. In a semi-abelian category that satisfies (SH), two actions €X' and
&N are compatible if and only if there exists an object L endowed with crossed module
structures

(M = L,&5) (N = LX)
which, via the commutative triangles
134 I3V

induce the given actions. (I
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As a consequence, our definition of compatible internal actions is indeed an exten-
sion of the particular definitions for groups and Lie algebras.

Corollary 4.12. In Grp Definition 4.1 coincides with Definition 3.3.
Proof. This is a combination of Theorem 4.11 with Proposition 3.10. O

Corollary 4.13. The definition of compatible actions of Lie algebras given in [14]
coincides with Definition /.1 restricted to the category Lieg.

Proof. This is obtained through Theorem 4.11 by using Theorem 2.17 from [13]. O

5. Universal properties of the Peiffer product

The Peiffer product M > N is the universal way to associate a coterminal pair of
crossed modules to a pair of compatible actions.

Proposition 5.1. Consider a pair of compatible actions X and &5, and the pairs of
coterminal crossed modules inducing them. The pair given by the Peiffer product is
the universal one, in the sense that it is initial: for any pair of crossed modules

(M 5 L,ek) (N5 L,e%)

inducing &M and €Y, there exists a unique morphism m M <t N — L making the
diagram

commute.

Proof. Tt suffices to show that (’:) : M + N — L coequalises the two morphisms defin-
ing M 1 N. Indeed that would give us a unique morphism |’V‘ | such that

M+N-—2~M=N

and then by precomposing with the inclusion we would get

p=()ein=[llegein=[}[oly, v=()oin=}loqgoin=]lolv.

Therefore we have to show that the two compositions
kN, M
<kM,N) (5)
(NbM) + (MDHN) M+N—"=>1L

EntHEN
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are equal. This is done via the chain of equalities

m N My otk ovblay _ 5 OkN,M> _ (kN,M>
(u) © (gM +€N) - (uo{k,oubl]v) B (é’;;okM,N N (V) ° kar v -
Lemma 5.2. Consider two pairs of coterminal crossed modules
M M
\LM \Lu'
N-——=1L N—>L

14
such that they induce the same actions between M and N, that is such that the
diagrams

l/bl]yj HblN

NbM ——> LbM MbN ———— LbN
sl TS et e T ek
LHM M 3y LN 2N N

commute. Up to isomorphism, they induce the same Peiffer product M <1 N.

Proof. The induced actions &MY and &N (vesp. €Y and ¢ Y) coincide
when restricted to MbM, NbM and M o N o M (resp. MbN, NbN and M o N o N),
therefore it suffices to use Remark 4.2 to obtain that f%*N = %*N (resp. 5%“1\[ =

K,VI A ). As a consequence they induce isomorphic Peiffer products and isomorphic

crossed module structures. O

Finally, we use Proposition 4.5 to show the link between our definition of Peiffer
product and the one given in [11].

Remark 5.3. We know from Proposition 3.2 in [11] that, as soon as (M £ L, ¢k)
and (N % L,¢k) are (pre)crossed modules, we have induced actions of L on M x N
and N x M with corresponding (pre)crossed module structures. In general this is not
true for M <1 N, but if A is algebraically coherent, by Proposition 4.1 and Proposi-
tion 4.3 in [11], and by Proposition 4.5 we obtain that our definition of Peiffer product
coincides with the one given by Cigoli, Mantovani and Metere: consequently, M >1 N
is endowed with a precrossed module structure (m M N — L, Ypmqn) as soon
as M and N are so. Finally, when A satisfies the condition (UA) as well (see [11]
for more on this condition), Theorem 5.2 in [11] tells us that the Peiffer product
precrossed module turns out to be a crossed module as soon as M and N are so.
Actually then it is the coproduct of (M £ L,£k) and (N % L, ¢%) in the category
XMody,(A) of L-crossed modules in A.

Remark 5.4. We do not know whether L acts on M > N when A is not algebraically
coherent. And even if so, it is not clear to us whether this action defines a precrossed
module structure.
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