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TOPOLOGICAL K-THEORY OF EQUIVARIANT SINGULARITY
CATEGORIES

MICHAEL K. BROWN anp TOBIAS DYCKERHOFF
(communicated by Brooke Shipley)

Abstract
We study the topological K-theory spectrum of the dg sin-
gularity category associated to a weighted projective complete
intersection. We calculate the topological K-theory of the dg
singularity category of a weighted projective hypersurface in
terms of its affine Milnor fiber and monodromy operator, and,
as an application, we obtain a lift of the Atiyah—Bott—Shapiro

construction to the level of spectra.

1. Introduction

Let F be a field. The seminal work [Seg74] provides a beautiful method for con-
structing the algebraic K-theory spectrum of F' from the sum operation on the cate-
gory C of finite-dimensional F-vector spaces. Namely, the sum equips the classifying
space

€y = ]_[ BGL(n, F)

n=0

of objects in € with a composition law which is associative and commutative up to
coherent homotopy. This composition law is captured in the datum of a simplicial
space Co whose k-cells are given by the classifying space

co= ] ( 1T EGL(Zm,F)>/GL(n1,F)xGL(ng,F)xu-xGL(nk,F)

ni,..ne \SC{1,....k} i€s

of k-tuples of vector spaces together with choices for all possible sums. The commu-
tativity is reflected in additional symmetries on the simplicial space C, providing it
with the structure of a I'-space. The general theory of I'-spaces described in [Seg74]
explicitly exhibits the “group completion” 2|C,| as an infinite loop space which, in
the case at hand, yields the algebraic K-theory spectrum of F.

Assume now that F' is the field C of complex numbers. As already pointed out
in [Seg74], we can simply modify the defining formulas for Cj, replacing the dis-
crete topology on the groups GL(n,C) with the classical Lie group topology. The
group completion of the resulting I'-space C, yields the topological complex K -theory
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spectrum Z x BU. This somewhat ad-hoc description of topological K-theory as
a “topologization” of algebraic K-theory can be spelled out more systematically:
namely, the classifying spaces Cj of objects can be considered as the C-valued points
of corresponding moduli stacks My, of objects. One can then define the complex topol-
ogization Mc¢ of any pre-stack M via the homotopy left Kan extension of the apparent
topologization functor

Affc — TJop, X — X¢

for complex affine schemes of finite type. In the above context, we have My (C) ~ C
and (My)c ~ €, so that topologization becomes an intrinsically defined operation.
Based on this idea, a theory of complex topological K-theory for C-linear differential
graded categories has been developed in [Blal6], based on a proposal of Toén (see
e.g. [Toél10]). It yields a functor

K'™P: Catqg(C) — Sp,

where Sp denotes the category of symmetric spectra.

In this work, we study the topological K-theory of equivariant singularity cate-
gories. In Sections 2-4, we provide some background on dg categories, singularity
categories, and graded matrix factorizations. In Sections 5 and 6, we establish results
concerning the topological K-theory of dg singularity categories of weighted projective
complete intersections, with special attention to weighted projective hypersurfaces.

Results. Given a graded Gorenstein algebra R over a field k, let D®8(R) denote
its dg singularity category (see Section 3). Let wy,...,w, be positive integers, let
Q = Clxy, ..., x,] be the graded ring with |z;| = w; for all 4, let f1,..., f. be a regular
sequence of homogeneous elements in @, and let S = Q/(f1,..., f.). We prove the
following (Theorem 5.5 below):

Theorem 1.1. Assume that ) |f;| < > w;. Equip the topological spaces U;{f; #
0} € C™ and C¢ ~ {0} with the S* actions given by
(@, x) = (20, ., 2, 2 (U, ue) = (2 g, 2 ey,
Then there is a canonical exact triangle of spectra
K'P(D(8)) — Ks1(C°\ {0}) — K (Us{f; # 0}) = .

Here, Kg(—) denotes the representable G-equivariant complex topological K-
theory spectrum, as defined in [May96, Chapter XIV] (as opposed to the K-theory
with compact support used in [Seg68]).

When ¢ = 1, we use the arguments in the proof of Theorem 1.1, along with applica-

tions of Bott periodicity and Knorrer periodicity, to prove the following (Theorem 5.11
below):

Theorem 1.2. Let f € QQ be a homogeneous polynomial of degree d. Fiz a factoriza-
tion d = km, where k,m are positive integers. There is a canonical exact triangle of
spectra

K., (C", Fp) — K'P(D5(Q/(f))) — K'P(D5(Q[ul/(f +u"))) =,

where [u| =m, Fy := f~1(1) C C" denotes the affine Milnor fiber of f (see Definition
(1.12) in Chapter 3 of [Dim92]), and the group pi,, € C* of m'™ roots of unity acts
on Fy via monodromy.
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If we take k=1 in Theorem 1.2, the ring Q[u]/(f + u*) is regular, and hence
D8(Q[u]/(f + u*)) is the trivial dg category. Thus, we obtain:

Theorem 1.3. Using the notation of Theorem 1.2, there is a canonical weak equiv-
alence of spectra

K, (C Fy) = K*P(D*(Q/(f)))-

Suppose w; = 1 for all 4, let ¢, = 22 +--- + 22 € Q, and let R,, = C[z1,...,7,]/
(gn). Setting k = 2 in Theorem 1.2, we obtain an exact triangle

K% (D%(R,)) — K'"P(D*%(R,_,)) — K(5" ") RN (1.4)

where K denotes(nonconnective) reduced topological K-theory, and we use Knéorrer
periodicity to reformulate the second term. Passing to Ky, we obtain a result of
[ABS64] expressing the complex topological K-theory of spheres in terms of Grothen-
dieck groups of Clifford modules (see Section 6). The triangle (1.4) provides a spec-
trum level version of this statement which was one of the initial motivations of this
work. We point out that the idea to relate localization sequences like the one in The-
orem 1.2 to the Atiyah—Bott—Shapiro construction has already appeared in [Swa85].
Our contribution is the proposal to use topological (as opposed to algebraic) K-
theory of dg categories, which is crucial for an interpretation on the level of spectra
(as opposed to Grothendieck groups).

Our approach to studying the topological K-theory of matrix factorization cate-
gories is inspired by their appearance in physics as categories of boundary conditions
for so-called Landau—Ginzburg models. The Landau-Ginzburg/Calabi-Yau (LG/CY)
correspondence (see e.g. [Wit93]), or rather its mathematical incarnation in terms
of triangulated categories as established in [Orl09], allows us to relate equivariant
matrix factorization categories to derived categories of coherent sheaves. The topolog-
ical K-theory of the latter categories can be understood systematically via localization
sequences and the comparison results of [Bla16, HLP15].
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discussions related to this work.

2. Differential graded categories

Let k be a field. In this section, we recall some background on k-linear differential
graded categories. We will begin by introducing some basic notions, following Toén’s
introduction to the subject in [To€11].

2.1. Preliminaries
A k-linear differential graded (dg) category € consists of the following data:

e a set Ob(C) of objects;

e for every ordered pair (X,Y) of objects, a cochain complex Home(X,Y) of
k-vector spaces;
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e for every ordered triple (X,Y, Z) of objects, a morphism
Home(X,Y) ®x Home(Y, Z) — Home (X, Z)
of complexes;
e for every object X, a morphism idx : k — Home (X, X) of complexes.

This data is required to be compatible in the evident way; see Section 2.3 of [To€11]
for details.
A dg functor ©; — Cy consists of

e amap F: Ob(C1) — Ob(Cy) of sets;

e for each ordered pair (X,Y) of objects of €1, a morphism Home, (X,Y) —
Home, (F(X), F(Y)) of complexes.
Again, we refer the reader to Section 2.3 of [To€11] for the conditions this data must
satisfy. Denote by Catgs(k) the category of k-linear dg categories with morphisms
given by dg functors.

Given a dg category €, the homotopy category of €, denoted by [€], is defined to
be the category with the same objects as € and morphisms given by Home)(X,Y) :=
H°Home(X,Y). A dg functor F': €; — G evidently induces a functor [F]: [C1] —
[C2] on homotopy categories.

A dg functor F' is a quasi-equivalence if

e The morphism Home, (X,Y) — Home, (F(X), F(Y)) of complexes is a quasi-
isomorphism for every ordered pair (X,Y") of objects of €1, and

e [F] is essentially surjective.

In this paper, we will often wish to consider dg categories only up to quasi-
equivalence, and so we will work in the co-category Lge(Catag(k)) of dg categories
localized along quasi-equivalences. A sequence C; — G2 — C3 of dg functors is called
a localization sequence if

614>62

oo

0*>63

is a pushout square in the co-category Lqc(Catqaq(k)) (i.e. a homotopy pushout square
with respect to the model structure on Catyg(k) in which the weak equivalences are
quasi-equivalences; see Section 3.2 of [To€11] for details).

For instance, given a small k-linear abelian category A, denote by ChP(A) the
k-linear dg category of bounded cochain complexes of objects in A, and denote by
Chb.(A) C Chb(A) the full dg subcategory spanned by the acyclic complexes. Then
the dg quotient

DP(A) = Ch’(A)/Chg(A)

is defined via a pushout square

Chl(A) —= ChP(A)

| J

0 Db (A)
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in the oo-category Lqe(Catag(k)). Db(A) is called the bounded derived dg category
of A. Note that D’(A) := [D’(A)] is the ordinary bounded derived category of A.

2.2. Topological K-theory of dg categories

As discussed in the introduction, Blanc has recently introduced a notion of topo-
logical K-theory of C-linear dg categories [Blal6]. We now recall the construction
in detail. Let Affc denote the category of affine C-schemes of finite type, let Seta
denote the category of simplicial sets, and let

(—)C: Affc — Setp

denote the functor which sends a scheme X to (the singular simplicial set associ-
ated to) its complex points equipped with the analytic topology. Let h: Affc —
Fun(Aff”, Seta) denote the Yoneda embedding

X = (Y = Hom(X,Y)),

where Hom (X, Y) refers to the constant simplicial set associated to the set Hom(X,Y).

We denote by (—)q the Seta-enriched left Kan extension of (—)c along h:

Affc — % Getn

=T

Fun(AffZP, Seta).

As above, denote by Sp the category of symmetric spectra. Given a simplicial set S,
let °°(.5)+ denote the suspension spectrum of S with base point adjoined, and denote
the induced functor Fun(Aff?, Seta) — Fun(Aff", Sp) by £°°(—)4, as well. Let T

denote the Sp-enriched left Kan extension of ¥°°(—)4 o (=) : Fun(AffgP, Seta) — Sp
along X°°(—):

2% (=) 10(—)e
Fun(AffZ”, Seta) e Sp

EOO(—)+¢ -
Fun(AffZ”, Sp).

Finally, we denote by | — | := LT the left derived functor of 7" with respect to the
étale A'-local model structure on the category of spectral presheaves on AffgY.

Now, let € be a C-linear dg category, and consider the object K (€) of Fun(Aff", Sp)
given by Spec(A) — K*8(A ®c €), where K*2(—) denotes the nonconnective alge-
braic K-theory spectrum.

Definition 2.1 ([Blal6, Definition 4.1]). The semi-topological K -theory spectrum of
€ is the spectrum |K(€)|, denoted K**(€).

Remark 2.2. This definition is inspired by Friedlander—Walker’s notion of semi-topo-
logical K-theory for quasi-projective complex algebraic varieties [FW02].

Let bu denote the connective topological K-theory spectrum of the point. By
Theorem 4.6 of [Blal6], there exists a canonical isomorphism K*(C) = bu in the
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homotopy category Ho(Sp). It follows that K**(€) is a bu-module. Choose a generator
B € ma(bu).

Definition 2.3 ([Blal6, Definition 4.13]). The topological K -theory spectrum of C
is defined to be the Bott-inverted semi-topological K-theory spectrum K*'(C)[371],
denoted K*'*P(@). We set K;°P(€) := m; K*P(C).

All of the key properties of K'P(—) which we will use in this paper are expressed
in the following theorem:

Theorem 2.4 ([Blal6, Theorem 1.1]). The functor K*P: Catqs(C) — Sp enjoys
the following properties:

1. K*P maps Morita equivalences to weak equivalences of spectra;
2. K'™P maps localization sequences to ezact triangles of spectra;

3. for a separated scheme X of finite type over Spec(C), we have K*P(Perf(X)) ~
K(Xc¢). Here, Perf(X) denotes the full dg subcategory of D°(coh(X)) spanned by
perfect complexes, and K(X¢) denotes the nonconnective topological K -theory
spectrum of the space X¢ of complex points of X.

There is a canonical map K*8(C) — K*P(€). When € = Perf(X) for some sepa-
rated finite type C-scheme X, this map agrees with the usual map K*8(X) — K(X¢).
We recall that this map is typically far from being an isomorphism, as the following
example illustrates:

Example 2.5. Let E be an elliptic curve over C. Then E¢ is homeomorphic to a
torus, so K°P(Perf(E)) = Z%2. On the other hand, by Example 2.1.9 of [Sch11],
K28 (Perf(E)) = Z & Pic(E), and Pic(E) is in bijection with the set Ec.

3. A theorem of Orlov

In this section, we discuss a result of Orlov [Orl09, Theorem 2.5] which we will use
in the proof of Theorem 5.5. Let k be a field, and let R = @;>0R; be a Noetherian
graded k-algebra such that Ry = k. We assume that R is Gorenstein; that is,

e R has finite injective dimension n over itself,

e RHomp(k, R) = k(a)[—n] for some a € Z which we call the Gorenstein param-
eter. Here, the round brackets denote a shift in the internal grading, and the
square brackets denote a shift in the cohomological grading.

We denote by mp = R the irrelevant ideal.

3.1. Noncommutative projective geometry

Consider the abelian category grR of finitely generated graded right R-modules and
the full subcategory torR C grR consisting of modules which are finite dimensional
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over k. We introduce the quotient category
qerR = grR/ torR
and obtain, as shown in [AZ94], an adjunction
p:grR+— qgrR: T,

where p is the projection functor and the right adjoint I' is fully faithful. We further
consider the adjunction

LigrsoR <— grR: 720,

where ¢ is the inclusion of the full subcategory gr> (R consisting of modules M satis-
fying M; = 0 for « < 0, and 7> is the degree truncation functor. Composing the two
adjunctions yields the adjunction

pL: gr;OR < qgrR : I'so,
where I'>¢ is still fully faithful.

Proposition 3.1. Let ¢: R — S be a homomorphism of graded Gorenstein algebras
such that S is a finite R-module of finite projective dimension. Then there is an
induced commutative square
DP(qgrS) — = D*(qgrR)
RFs\L \LRFR (32)
Db(grS) . Db(grR)
in the co-category Lqe(Catqag(k)).

Proof. We first produce the square on the level of homotopy categories. Namely, due
to the assumptions on ¢, the functor

Lo = — ®% S: DP(grR) — D"(gr9)

preserves complexes which are quasi-isomorphic to complexes of torsion modules and
hence induces a square

D" (qgrS) <2~ D*(qgrR)
o} I
D’ (grS) e D’(grR)

which commutes up to natural isomorphism. Passing to right adjoints, we obtain the
commutative square

D' (qgrS) —> D" (qzrR)
RI‘sl/ \LRFR (3.3)
D’ (grS) . D’(grR).
To lift this to a square in Lge(Catyg(k)), note that restricting the functor
p: D°(grS) — D*(qgrS)
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to the full dg subcategory spanned by the objects in RI'g(D’(qgrS)) yields a quasi-
equivalence. Therefore, in Lge(Catag(k)), we may identify the dg category D(qgrsS)
with the full dg subcategory in D’(grS) spanned by RI's(D’(qgrS)). By (3.3), the
dg functor ¢* maps this subcategory to the corresponding subcategory in Db(grR).
This yields the desired square (3.2) in Lqe(Catgg(k)). O

In the setting of Proposition 3.1, the truncation functors 7>( induce a square

*

Db (grS) ——= D’(grR)

T;O\L \LT>U
*

DY (gr5oS) —— DP(grsoR)

which we may compose with (3.2) to obtain the commutative square

"

D(qgrsS) D(qgrR)
RI‘>O\L \LRF%) (3.4)
D (gr05) = D*(ar50R)

in Lye(Catqg(k)).

3.2. Graded singularities

We denote by Perf R C D?(grR) the full dg subcategory spanned by those objects
which are isomorphic in D?(grR) to bounded complexes of finite projective R-modules.
We introduce the dg quotient

D8(R) := Db(grR)/ PerfR,
the graded singularity category of R. Set D*¢(R) := [D%8(R)].

Proposition 3.5. Let ¢: R — S be a homomorphism of graded Gorenstein algebras
such that S is a finite R-module of finite projective dimension. Then there is an
induced commutative square

Db(grS) ——> Db(grR)
A (3.6)
DE(S) — DE(R)

in the co-category Lge(Catqag(k)).

Proof. Clear since, due to the assumptions on ¢, the dg functor ¢*: Db(grS) —
DP(grR) preserves perfect complexes. O

We denote by Ar the composite of the dg functors

Db(qgrR) RF—%O ”Db(gr>OR) oy D8 (R).

The following is a celebrated theorem of Orlov:
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Theorem 3.7 ([Orl09, Theorem 2.5]). Let R be a graded Gorenstein algebra with
Gorenstein parameter a. Then

1. if a >0, Ag is a localization with kernel given by the full dg subcategory of
Db(qgrR) spanned by the exceptional collection (pR(—a + 1), - ,pR),

2. ifa <0, Ag is fully faithful with orthogonal complement in D%8(R) given by the
exceptional collection (mk(—a+1),--- k).

Let ¢: R — S be a homomorphism of graded Gorenstein algebras such that S is a
finite R-module of finite projective dimension. Composing (3.6) and (3.4), we arrive
at the fundamental commutative square

DO (qgrS) —— > DO (qgrR)
AS\L o i/AR (3'8)
DE(S) — > D=(R)

in Lge(Catag (k)).

4. Z-graded matrix factorizations

Let k be a field, and let @ denote the graded polynomial ring k[z1, ..., x,], where
|z;| is a positive integer for each i. Let f € @ be nonzero and homogeneous of degree d,
and let S denote the graded hypersurface ring Q/(f).

It is often convenient to use an alternative model for the graded singularity cat-
egory D*8(S): the dg category of graded matrix factorizations of f. In this section,
we introduce graded matrix factorizations, and we briefly discuss some of their key
properties.

Definition 4.1. The k-linear dg category MFZ (f) of graded matriz factorizations of
f over @ is given by the following:
e An object of MFZ(f) is a pair of graded free Q-modules Fy, F} equipped with
a degree d map

so: Fo — Fy
and a degree 0 map

s1: F1 — Fy
satisfying sps; = f-idp, and s150 = f-idp,. We will denote objects by Fy %Fl'

e The morphism complex Homyp((Fo % Fy), (F} :ﬁf} F})) has underlying
graded k-vector space given by 1
Homg,q (Fo, Fo(Id)) & Homgrq (F1, Fy(1d))
in degree 2[, and
Homg, (Fo, Fi((1 + 1)d)) ® Homg,q (F1, Fy(ld))

in degree 2] + 1.
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’

The differential 9 on Homyg ((Fo — F), (F} = FY)) is given by
S1 5/1

d(a) = (so+ s1)a — (=1)*la(so + 51).

Remark 4.2. The data of a graded matrix factorization of f is equivalent to a sequence
of degree 0 maps

e — Fo(—Qd) s—0> Fl(—d) 6—1> Fo(—d) s—0> Fl g—1) Fo 8—0> Fl(d) —

of graded free Q-modules such that consecutive maps are given by multiplication by f.
Such sequences are obviously not complexes, but thinking of them as such can yield
useful intuition; for instance, observe that a degree m morphism of graded matrix
factorizations that is a cocycle is, from this point of view, precisely a degree m map
of “complexes”.

Remark 4.3. Since f is a non-zero-divisor in @), the ranks of the free @Q-modules F}
and Fy in Definition 4.1 are equal.

There is an equivalence of categories
@: [MFZ(f)] = D*®(S)

given, on objects, by (Fy <%>F1) — coker(s1), where the latter is considered as a
S1

complex concentrated in degree 0. This theorem is essentially due to work of Buch-
weitz and Eisenbud in [Buc86] and [Eis80]; it is proven explicitly by Orlov in The-

orem 3.10 of [Orl09]. Note that ® lifts to a quasi-equivalence MFZ(f) = D%(S) of
dg categories.
In particular, [MF%(f)] has a canonical triangulated structure. The shift functor

S
applied to a matrix factorization F' = (Fy é Fy) is given by
1

F[1] := (Fy(d) == F).

S0

One may also apply a grading shift to a matrix factorization F = (Fj %Fl); if
1

l € Z, define
F(l) = (Fo(l) == Fi(1)).
Observe that F[2] = F(d).

Example 4.4 ([BFK14, page 28]). Suppose n =1 and f = 2¢ (so w; = 1). Then
there exists a quasi-equivalence

MF”(f) = D*(Aq-1),

where DY(A,_1) denotes the dg bounded derived category of the Ay j-quiver. In
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particular, if d = 2, one has a quasi-equivalence

MFZ%(f) = Perf(k).

The matrix factorization k[x] %k[xl](—l) may be taken to correspond to the
1
complex in Perf(k) with k concentrated in degree 0.

Example 4.5. Suppose n = 2 and f = x1x2, where w; = 1 = ws. By Theorem 3.7,
there exist isomorphisms MFZ( f) = Db (Proj(S)) = Perf(k) x Perf(k) in Lye(Catag(k)).
The objects

ko1, 22] === K[o1, 2] (1), ke, 22] === K[o1, 2] (1)

of [MFZ( /)] may be taken to correspond to the two copies of the complex with k
concentrated in degree 0 in Perf(k) x Perf(k).

Let Q' :=X[y1,...,ym], where each y; has some positive integer weight, and sup-

pose f’ is a degree d element of Q. If F := (Fj gﬁoFl) and F' := (F}, == F]) are
S1 Sll

objects of MFZ(f) and MF%(f'), we define their tensor product, which is an object

in MFZ(f 4 f'), as follows:

ides, s1®id
—so®id 1d®s)

FoupF' = (Fy® F) @ (Fy @ F))(d) (Fo @ F)) & (Fy @ Fy).
ides; —-s1®id
so®@id  id® s

The tensor product of matrix factorizations may be viewed as a dg functor. To
make this precise, we recall the notion of a tensor product of dg categories. Given
two k-linear dg categories €1, C2, we define the tensor product €; ®k Cy to be the dg
category with objects Ob(C;) x Ob(C3), morphism complexes

Home, g, e, (X1, X2), (Y1,Y2)) := Home, (X1,Y1) ®x Home, (X2, Y2),

and the evident composition and units. It is easy to check that — ®@yp — yields a dg
functor

MFZ(f) @1 MFZ(f") — MFZ(f + f7).

Remark 4.6. We point out that, unlike the tensor product functor in the setting
of non-graded matrix factorizations of isolated hypersurface singularities, the map
MFZ(f) @x MFZ(f") — MF%(f + f') described above is not necessarily a Morita
equivalence (see Section 4.4 of [Toéll] for the definition of a Morita equivalence
of dg categories). For instance, take k = C, n=1=m, d=2, f = 2%, and f' = 4%,
Examples 4.4 and 4.5 imply that the tensor product functor is not a Morita equiva-
lence in this case (cf. [Brol6, Proposition 2.14]).

We recall Knorrer’s periodicity theorem for non-graded matrix factorizations.
Given a commutative ring T and an element h of T, let MF(T, h) denote the dif-
ferential Z/27Z-graded category of matrix factorizations of h over T'; for the definition
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of this category, see [Dycll, Definition 2.1]. Let [MF(T,h)] denote the homotopy
category of MF (T, h).

Theorem 4.7 ([Kn687, Theorem 3.1]). If k is algebraically closed, char(k) # 2, and
h e (z1,...,2n) CKk[[z1,...,2,]], there is an equivalence of categories

[MF (k[[x1,...,2a]], h)] =N [MF (K[[1, . .., T, u, v]], h 4 u? + v?))].

The following is a version of Knorrer periodicity for graded matrix factorizations:
Theorem 4.8. Let | be an integer such that 1 <1< d, and let k[u,v] be the graded
polynomial ring with |u| =1 and |v| =d—1. Let X be the object k[u, v] % k[u,v](l—d)
of MF%(uv). Then the dg functor

K: MF%(f) — MFZ(f + uv)
given, on objects, by — Qmr X and, on morphisms, by — ® idx is a quasi-equivalence.

This result appears to be well-known (see, for instance, Remark 2.9 of [Orl06]);
nevertheless, we provide a proof in Appendix A.

Remark 4.9. Suppose char(k) # 2, k contains a square root of —1, d is even, and
lu| = 4 = |v|. Then the dg functor
u+iv

— @wmr (k[u, v] =—==Kk]u, v](fg)): MFZ(f) — MFZ(f +u? 4 v?)

U—11v
is evidently also a quasi-equivalence. We will denote this functor by K as well.

Remark 4.10. One may replace X with its shift or any of its grading twists in the
statement of Theorem 4.8, and the result still holds.

5. Topological K-theory of equivariant singularity categories

Let wy, ..., w, be positive integers, and let Q = C|x,...,z,] be the graded poly-
nomial ring such that |x;| = w;. Let f € Q be a quasihomogeneous polynomial of
degree d. The map

O {0} — C

is a fibration which we call the affine Milnor fibration, following Definition (1.12)
in Chapter 3 of [Dim92]. Due to the quasihomogeneity of f, for every A € C* and
a € C*, scalar multiplication by A provides a diffeomorphism f~1(a) = f~(\%a). It
is straightforward to see that multiplication by exp(27i/d) induces the monodromy
operator on each fiber f~1(a). This operator generates an action of the group pg C C*
of d*™ roots of unity which we call the monodromy action. We refer to the fiber F o=
f71(1) as the affine Milnor fiber. The affine Milnor fibration is homotopy equivalent
to the Milnor fibration of f as defined in [Mil68] (see [Dim92]).

One of our goals is to construct a canonical weak equivalence from the relative
fq-equivariant topological K-theory spectrum of the pair (C™, Ff) to the topological
K-theory spectrum of the dg category D*8(Q/(f)). We will first establish a more
general result for complete intersections which holds whenever the weighted number
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of variables is large enough. We will then use Knérrer periodicity to eliminate these
conditions in the case of hypersurface singularities.

5.1. Complete intersections

Consider a regular sequence of quasihomogeneous polynomials f, ..., f. of degrees
|fjl = d;. For each j, choose a factorization d; = k;m;, where kj,m; are positive
integers, and define g; := f; + uff € Qut, ..., uc], where |u;| = m;. Notice that the
degree of g; is again d;, and g1, ..., g. is a regular sequence in Q[uq, ..., u.].

One has a morphism of Artin stacks

u: [C"Fe/C*] — [C¢/C*]

given by (z1,...,Zn, U1, ., uc) = (U1, ..,u.), where the C* actions on C"*¢ and
C¢ are given by the weights of the variables (a1, ..., T, u1,...,u.) and (u1,...,uc),
respectively.

We fix the following notation:

P¢ := [C° \ {0}/C*] and P"*¢ := [C™*¢ \ {0}/C*],
X:=[{g1,...,9. = 0}/C] S PFe,

2= [{fi,... fo = 0}/C] C X,

o U:=X\2.

We have a diagram of stacks

2 d X u
|
P q( [C"te/C¥ v (5.1)

|

[{0}/C"] ——[C¢/C*] =—— P(C?).

Note that the two squares are pullback squares, and the horizontal arrows correspond
to open-closed decompositions. The morphism ¥ should be thought of as a relative
equivariant affine Milnor fiber: for every 1 < j < ¢, there is a pullback square

(Fy, /g, ] —=U
| I
[*/Md]‘] ]P)((CC)’

where Fy, := fj_l(l) is the affine Milnor fiber of f; equipped with the pg4; action
induced by monodromy.

Set S=Q/(f1,...,f.) and R=Qlu1,...,uc|/(g1,...,9:), and let ¢ : R — S be

the map given by setting the u; to 0. Let Db(qerS) LN Db(qgrR) be the dg functor
defined in Section 3. One evidently has a commutative square

D(qgrS) ——= Db (qgrR)

=1 IS

DY (coh Z) —== DP(coh X)



14 MICHAEL K. BROWN anp TOBIAS DYCKERHOFF

in Lqe(Catqg(C)); it follows from Proposition 2.17 of [Orl09] that qgrR 5y coh X is
an equivalence of categories, and similarly for S and Z.

Assume now that ) d; < > w;. Applying Theorem 3.7 to the square (3.8), we
have the following commutative diagram

e -

DP(coh 2) - DP(coh X)
Aso(—v)_l\L L \LARO(/:/)_
D(S) - D*%(R)

in Lge(Catag(C)), where a := (377, w;) — (325, dj) — 1, b:=a+ Y 5_, my, the top
vertical maps are induced by inclusions, and the two columns are localization se-
quences.

Using (5.1), we may refine the top square to obtain

- -

Db(coh[io} /C*])) — Db(cohicc /C*)) (5.2)
Db(coh Z) ——— DP(coh X).

This statement is obtained by verifying it for the respective abelian categories of
coherent sheaves and then passing to derived dg categories. Passing to topological K-
theory and forming cofibers of all horizontal maps, we obtain the diagram of spectra

K*?((O(-a),...,0)) ——= K"*((O(=b), -+ ,0)) ——— =V

| i l

K9P (DY (coh[{0}/C*])) ——= K P (DV(coh[C/C*])) ——= K1 (€ {0})

p*i . iq* lxp* (5.3)

KtOp(Db(COh Z)) . KtOp(Db(COh fXI)) —= Ka (Uz{fl #+ O})

Asoq_li iARog_l \L

KoP (D% (S)) K*oP (D% (R)) W,

where we use (the proof of) Lemma 3.6 and Theorem 3.9 of [HLP15] to determine
the middle two horizontal cofibers. Here, K (—) denotes the G-equivariant complex
topological K-theory spectrum as defined in [May96, Chapter XIV], as discussed in
the introduction.

Proposition 5.4. The map V — Kg1(C° N\ 0) in (5.8) is a weak equivalence. In par-
ticular, one has an exact triangle of spectra

Ko (T~ {0}) L5 Kgi (Ui{f; £0)) » W 25 .
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Proof. By the properties of the functor K'°P discussed in Section 2.2, if € is generated
by an exceptional collection, we have:

e K°°(C) =0,
e the canonical map Ki'8(€) — K °P(€) is an isomorphism.

Thus, since each of the categories in the top two rows of (5.2) is generated by an
exceptional collection, it suffices to show that the induced maps

ker(K§'(a)) — ker(K3(8)),

coker( K38 (r)) — coker(K2'8(3))

are isomorphisms, where a and [ denote the top and middle horizontal functors
in (5.2), respectively.

Let Kos(u) € (O(=b),...,0) C Db(coh X) denote the Koszul complex on the se-
quence uq,...,u.. Notice that a(O(i)) = Kos(u)(i) for all —a < i < 0. Similarly,
B(O(1)) is the ith twist of the Koszul complex on the coordinates of C¢ for all i € Z.
It follows easily that K&'®(c) and K&'®(f3) are injective, and a routine calculation
shows the induced map on cokernels is an isomorphism as well. ]

We now easily deduce the following:

Theorem 5.5. Assume that ) d; < w;. Equip the topological spaces U;{f; # 0} C
C™ and C¢ ~ {0} with the S* actions given by

Z2 (21, ) = (291, .., 2V ), 2 (U ue) = (28w, 2% ).

Then there is a canonical exact triangle of spectra
K'P(D%(S)) — K1 (T~ {0}) 5 Kgi (Uy{f; #0}) 5.

Proof. Take k; = 1 for all j (so m; = d; for all j), and consider (5.3). Notice that R is
regular in this case, and so D*8(R) is the trivial dg category. Now use Proposition 5.4.
O

5.2. Hypersurfaces

We now consider the case where ¢ = 1. Let f € Q be homogeneous of degree d,
and set S = Q/(f). Suppose d = km, where k, m are positive integers, and set R =
Q[u]/(f + u*), where |u| = m.

Recall that piq acts on the affine Milnor fiber Fy via monodromy. Let K, (C", Fy)
denote the relative K-theory spectrum of the inclusion Fy < C™ of p4-spaces (i.e. the
fiber of the pullback map K,,,(C") — K, (Fy) of spectra). The following is immediate
from (5.3) and Proposition 5.4:

Proposition 5.6. If > w; > d, there exists a canonical exact triangle of spectra
K., (C" Fy) = K'P(D*(S)) £ K*P(D¥(R)) = .
In particular, there exists a weak equivalence

K., (C", Fy) = K'P(D(S)).
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We now wish to use Knorrer periodicity (Theorem 4.8) to eliminate the assumption
> w; = d from Proposition 5.6. As above, let ¢: R — S be given by setting u = 0,
and define T" to be the dg functor

ukfl

— @ (Clu] === Clu](—m)): MFZ(f) = MFZ(f + u").

u

We will need the following:

Lemma 5.7. One has a commutative diagram

MFZ(f) —X = MFZ(f + u)

o s

D5 (S) D (R)

in Lge(Catag(C)), where * is as in Section 3, and the vertical maps ® are the quasi-
equivalences discussed in Section 4.

Proof. Let F := (F, S F1) be an object of MFZ(f). Write M = coker(s;), and let
s1

res(M) denote the R-module obtained by restriction of scalars, so that (¢* o ®)(F)
is the complex with res(M) concentrated in degree 0. Let F; := F; ®¢g R for i = 0, 1.
res(M) has an R-free resolution

u S1
—S0 uk—l

= Fy(=d = m) @ Fi(=d) ————— Fo(—d) @ Fi(-m)

R _ (’LL 51) _
Fo(—m) e — Fy.
On the other hand, setting F} = F; ®¢ Clu] for i =0, 1, we have

uk—l —s1
S0 u
R E—

so that, by (a Z-graded version of) Lemma 2.2.2 of [Buc86], there is an isomorphism

(F @uir (Clul(~m) === Clu)(~d)))

u

= coker(F}(—d) ® F(—m) Fy(—=m) @ FY),

res(M)[-1] 2 B(F @yir (Qul(~m) == QIul(~d))) = (T(F)[-1)

in D*(R). O
We will also need the following classical results:

Theorem 5.8 (Equivariant Bott Periodicity). Let G be a compact Lie group and
X a compact G-space. If V is a complex representation of G, there exists a weak
equivalence

Kg(X) = Kg(2VX).
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Theorem 5.9 (The Sebastiani-Thom Theorem). Let f € Clyy,...,y] and f € Cly],
.., y;) be quasihomogeneous polynomials. Then there exists a homotopy equivalence

Fy+Fp = Fryp,

where the left side is the topological join of Fy and Fy:. Further, this homotopy equiv-
alence preserves monodromy operators.

Theorem 5.9 was originally proved for isolated hypersurface singularities by Sebas-
tiani-Thom in [ST71] and was generalized to arbitrary quasihomogeneous polyno-
mials by Oka in [Oka73].

Now, let a and b be positive integers such that a + b = d. Consider the graded
ring Clv, w], where |v] =a and |w|="b, so that vw is homogeneous of degree d.
Recall that the affine Milnor fiber F,,, is equipped with the pg4-action given by
¢ (v,w) = (¢*,¢’w), where ¢ = exp(2mi/d). One easily checks that F,, equivari-
antly deformation retracts onto the subspace {(z, 1) € F,,, : |z| = 1}. Moreover, this
subspace is equivariantly homeomorphic to S! equipped with the z4 action given by
(-z=(%2. It follows that the suspension X F,,, is equivariantly homotopy equiva-
lent to the representation sphere SV associated to the 1-dimensional complex fi4-
representation V' given by z — (“z. Thus, by equivariant Bott periodicity and the
Sebastiani-Thom theorem, we have a weak equivalence

Ky, (Ff) = Ky, (Ff+vw)7
and hence a weak equivalence
Kud ((Cnv Ff) i Kud ((Cn+27 Ff+vw)

(note that, while F; is not compact, it is equivariantly homotopy equivalent to a
compact pg-space, so there is no problem with applying equivariant Bott periodicity
with X = Ff).

Now, set S" := S[v,w]/(vw) and R’ := R[v,w]/(vw), where |v| = a and |w| =b.
Let ¢: R — S’ be given by setting v = 0. Since Knorrer periodicity is induced by
tensoring with a fixed matrix factorization, Lemma 5.7 implies that the square

o

D(S) —— D*5(R)
P (5.10)
7
D(S") — > D5(R))

commutes, where the vertical arrows are quasi-equivalences given by Knorrer period-
icity. Thus, by iterating Knorrer periodicity sufficiently many times, we may eliminate
from Proposition 5.6 the requirement concerning the degree of f:

Theorem 5.11. There exists a canonical exact triangle of spectra

K., (C" Fy) = K'P(D*(S)) £ K*P(D*¥(R)) = .
In particular, there exists a weak equivalence

K., (C", Fy) = K'P(D(S)).



18 MICHAEL K. BROWN anp TOBIAS DYCKERHOFF

Remark 5.12. Passing to K'*P, Theorem 5.11 and (5.10) yield an isomorphism of
exact triangles of spectra of the following form:

K, (C", Fy) Ktop(D5(8)) —F > Ko (D5(R))

l: ig l: (5.13)

Ky, (C"2, Fyypu) ——= K*P(D%(S")) —— K'P(D*(R')).

Observe that (5.13) exhibits a precise sense in which graded Knorrer periodicity
and equivariant Bott periodicity are compatible. We refer the reader to Theorem 3.34
of [Brol6] for a similar compatibility result, at the level of algebraic K, groups,
involving Knorrer periodicity for non-graded matrix factorizations. Note that we have
not provided a new proof of Bott periodicity, since, as discussed in Section 2.2, Bott
periodicity is used in the construction of the functor KP.

5.3. An example: computing a push-forward on topological K-theory

Assume n > 2 and w; = 1 for all i. Set g=2?+---+22 € Q, S=Q/(q), and
R = Qu]/(q + u), where |u| = 2. Let Z C P"~! denote the projective hypersurface
defined by ¢, and let X denote the quotient stack [Spec(R) ~ {0}/C*] = P"~L. Let
i: Z — X denote the closed embedding.

By Theorem 3.7, one has semi-orthogonal decompositions
(1) Db(coh2) = (O(—=n+3),...,0,¥(D%(S))),
(2) D’(cohX) = (O(—n +1),...,0).
Here, ¥ is the quasi-fully faithful embedding D*(S) — DP(coh 2) given by the com-
position
DE(S) & D (grs0S) <+ DP(grS) =% D(coh 2),
where b is the functor described in Appendix B. Note that (1) is originally due to
Kapranov [Kap88, §4].
We set
K™P(2) := K*P(Db(coh 2)),

K°P(X) := K*P(D’(coh X)).
The main goal of this section is to compute the map
i K5PP(2) = K$P(X).

The morphism i,: K*P(Z) — K'"P(X) of spectra is a special case of a map which
appears in diagram (5.3) above. We include this example in order to make the abstract
computations in the previous sections a bit more concrete.

The most difficult part of this computation is understanding where i, sends
U(K°P(D%8(S))); this will require some calculations involving graded matrix fac-
torizations of quadrics.
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5.3.1. Push-forward on Kglg
The semi-orthogonal decompositions (1) and (2) above, along with Examples 4.4
and 4.5 and Knorrer periodicity, imply that one has isomorphisms

0 1 odd,
K[°P(2) = { 721 even and n odd, and  K°P(X) = {
AR i even and n even,

0 iodd,
Z®™  § even.

Observe also that one has a commutative square

K®(2) —> K3®(X)

' '

KEP(2) —> KEP(X),

where the vertical maps are the forgetful maps. By Examples 4.4 and 4.5, along with
Knorrer periodicity, D%8(q) is quasi-equivalent to either Perf(C) or Perf(C) x Perf(C),
and so the vertical maps are isomorphisms. Hence, it suffices to understand the push-
forward on algebraic K-theory.

One has a canonical isomorphism

KJE((O(—n+3), - ,0)) x KJ'8(D%8(8)) "%, K3'8(2),

where inc denotes the map induced by inclusion. The behavior of i, on the image of
inc is not difficult to understand; for each [ € Z, one has a short exact sequence

0— Ox(l—2) % Ox(l) = i, (0z(1)) — 0.

Thus, i[O (1)] € K28(X) is equal to [O(1)] — [O(I — 2)].

Understanding the image of W(K2'8(D%(S))) under i, is a bit more subtle. Let
C € D8(S) denote the complex with the residue field S/(x1,...,x,) concentrated in
degree 0. Using Example B.1, one sees

i.(¥[C)) = (092" — [0(-1)®2" ).

To understand where W o i, sends the rest of K5'%(D(S)), it will be useful to model
D%(S) by the dg category MFZ(q) of graded matrix factorizations of ¢. By Exam-
ples 4.4 and 4.5, we know:

° Kglg(MFZ(x%)) (where |z1]| =1) is free abelian of rank 1, generated by L :=

[Clar) == Clan](-1)].
o KJE(MFZ(22 + 23)) (where |21] = 1 = |a5]) is free abelian of rank 2, generated
by
X = [Clon,22)(1) = Clas, 2] (~2)
and
X' i= [Cfo, 2)(~1) T Cla, ) (-2)].

Notice that ®(L) = C and ®(X & X’) = C, where ® is the equivalence discussed
in Section 4. Thus, letting K denote the Knorrer periodicity functor, we have:
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e if n is odd, the underlying graded free module of K*= (L) has total rank QHTH,
and ®(K "7 (L)) € D(q) is a summand of C,

e ifn is even, the underlying graded free modules of K “=° (X) and K% (X’) have
total rank 2%, and both ®(K "z (X)), ®(K "z (X)) € D*(q) are summands

of C.
It follows that
o if nis odd, (i, 0 o ®)(K ™7 (L)) = (092 7 |~ [0(-1)%2 7 | € K3'*(x),

o if n is even, (i, 0 W o@)(K"sz(X)) =(ix0Wo @)(KRTJ(X’)) = [@@2%2] _
[0(-1)%2 % ] € Kg®(X).

Equip K3'%(X) with the basis {[O(=n + 1)],...,[0]}, and equip K2'®(Z) with the
basis

o {[O(=n+3)],...,[0],[K"= (L)]}, if n is odd,

o {[O(=n+3)],...,[0],[K"= (X)],[K"z (X))}, if n is even.

We have proven:

Proposition 5.14. If n is odd, i,: Ki'8(2) — K3'8(X) is given by the n x (n —1)
matrix

1 0 0 0 0
0 -1 0 0 0
1 0 -1 0 0
0 1 0 0 0
0 0 1 0 0
O 0 0 --- -1 0
0 0 0 0 -2
0O 0 0 - 1 2%

If nis even, iy: K2'8(2) — K&'8(X) is given by the n x n matriz

1 0 0 0 0 0
0 -1 0 0 0 0
1 0 -1 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
O 0 0 --- -1 0 0
0O 0 0 --- 0 -2% 9%
0o 0 0 --- 1 2% 2%

5.3.2. Topological K-theory of the complement
The complement of Z in X is U := [Spec(Clxy,...,zn]/(¢ —1))/pz2]; let j: U — X
denote the open embedding, and set K*P(U) := K*P(D’(cohU)). By the proof of
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Lemma 3.6 of [HLP15], one has an exact triangle
Ktor(2) Ly gror(x) L Ktor(uy L
of spectra, and hence an exact sequence
0 — K'P(U) — KP(2) =5 KiP(X) L5 KIP(U) — 0.
One now easily deduces from Proposition 5.14 that

VAS (Z/Z%QZ) i even, n even,
Y/ i odd, n even,
7Z® (Z/2%Z) 1 even, n odd,
0 i odd, n odd.

K2 () =

By Theorem 3.9 of [HLP15], there exists a canonical weak equivalence K P (1) =
K,,(Fy), where F; denotes the Milnor fiber of ¢, and s acts by monodromy. In this
case, the action of po is free (the nontrivial element of p9 sends « € F, to —z), and
so we have

Km(Fq) = K(Fq/NQ) = K(RPnil)-

Hence, we have recovered the well-known calculation of the topological K-theory
of real projective space (cf. [Ati67, Proposition 2.7.7]).

6. The Atiyah—Bott—Shapiro construction

We now apply Theorem 5.11 to obtain a spectrum-level version of the Atiyah—
Bott—Shapiro construction. We begin by recalling the classical Atiyah—Bott—Shapiro
construction [ABS64, Part III]. For each n > 1, denote by C,, the complex Clifford
algebra associated to the form q,, := 2% + - - + 22. Also, set C to be the Z/2Z-graded
C-algebra with C concentrated in degree 0. Let M (C),) denote the Grothendieck group
of the abelian category modz /o7 (Ch,) of finitely generated Z/2Z-graded Cp-modules.
Note that

V| Z&7Z n even,
M(Cn) = { zZ n odd.

The inclusions i, : C,, — Cj,41 induce maps i : M (Cy41) — M (C,,) via restriction
of scalars. Set A,, :== M(C,,) /i (M(Chy1)). The Atiyah—Bott-Shapiro construction is
the family of canonical isomorphisms

A, = KO(S™)
for each n > 0 provided by [ABS64, Theorem 11.5].
Fix n > 1, and let R, denote the graded hypersurface ring Clz1,...,2,]/(qn),

where |z;| =1 for all i. Let ¢: R,y1 — R, be the map given by setting x, 11 =0
The triangle

K'P(D¥(R,)) “ K'P(D¥(Ryi)) — K(F,) (6.1)
arising from Theorem 5.11 implies that there exists a canonical isomorphism

coker (KiP (D (R,)) £ KiP (D (Ro1))) = KO(F,,).
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Notice that K;°(D%(R,,)) = M, Ki*®(D*(R,41)) = M,,_, and F,, is homo-
topy equivalent to S"~!. The goal of this section is to canonically identify the map
0" K°P(D%(R,)) — K P (D% (R,,41)) with the map i*: M,, — M,,_1, thus demon-
strating that the triangle 6.1 recovers the Atiyah—Bott—Shapiro construction.

We will need the following technical result, which is adapted from Lemma 12.2 of
[Yos90]:

Lemma 6.2. Let Q = Clxy,...,x,], where |x;| is a positive integer for each i. Let
f €Q be a homogeneous element of degree 2|z,|, and suppose f = g+ x2, where
g€ Q :=Clxy,...,xn_1] C Q. Then there exists an equivalence of additive categories

H: [MF2(f)] = [MFZ(f)]
such that, for each object F := (F, % Fy) e [MFZ(f)];

(1) there exists a graded free Q-module Gg and a degree |x,| endomorphism ¢ of
GFr such that

o id+ob

s Gr(—leal),

(b) letting e: gr@Q" — gr@ and r: gr@ — grQ’ denote the extension/restriction
of scalars functors, one has (e or)(¢) = ¢,

(a) H(F, %Fl) = Gp

(2) there is a natural isomorphism (F — F) = H(F, — Fy) in [MFZ(f))].
81 S1

Proof. Set S := Q/(f). There is a well-known equivalence of triangulated categories

coker: [MFZ(f)] = MCM#Y(S),

where the category on the right is the stable category of graded maximal Cohen—
Macaulay S-modules. The equivalence is given, on objects, by

(Fo % F1) — coker(sy)

and by the evident map on morphisms.

Set S’ :=@Q'/(g), and let 7: grS — grS’ denote the restriction of scalars functor.
Let F:= (Fy <%>F1) be an object of [MF%(f)]; observe that, by a graded version

s1

of the Auslander—Buchsbaum formula, 7(coker(F)) is a graded free Q'-module. Set
Gp = T(coker(F)) ®¢ Q, and let ¢: Gp(—|x,|) = GF be the map induced, via the
functor 7(—) ®¢s Q, by coker(F)(—|z,|) -2 coker(F). We define H to be given, on
objects, by

s Ty id+¢
(Fo % F)— (Gp — Gr(=lznl)),

and in the obvious way on morphisms. H clearly has properties (1)(a) and (1)(b), and
as for (2), it is straightforward to check that the natural map coker(F') — coker(H (F))
is an isomorphism. O

Remark 6.3. The functor H constructed in the proof of Lemma 6.2 does not preserve
shifts. In particular, it is not a triangulated functor.
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Corollary 6.4. Let Q = Clxy, ..., x,], where |x;| is a positive integer for each i. Sup-
pose f € Q is a homogeneous element of the form g + 2, where g € Clxy,...,x,_1] C
Q. Let R: MFZ(f) — MF%(g) be the dg functor given by setting x, = 0. Then one
has a commutative triangle

KYEMF?(f) — > K2EMFZ(f + u?)

A

K§*MF?(g),
where |u| = |x,|, K denotes the Knérrer periodicity functor
U+ixy,
— Ot (Clrn, o] 2 Cla, u)(—|ia])): MFE(g) > MFZ(f + u?)

(see Remark 4.7), and T is the functor

— @ur (Clu] === Clul(—le,]): ME?(f) = MEZ(f + u?).

Proof. Let F = (FO%Fl) be an object in MF”(f). Choose an equivalence of
categories H: [MF%(f)] — [MF%(f)] as in Lemma 6.2, and write

H(F) = G =22 G| ).

Set G’ := G ®¢q Q[u], and observe that there exists an isomorphism (K o R)(H (F)) =N
T(H(F)) in [MFZ(f)] given by the pair of maps

114

i1

(1 Z)
11

GG ——— GG, G (—|t)) 8 G (—|on]) == G (—|zn)) © G (—|2n]). O
Let [MF(Q, g,,)] denote the homotopy category of non-graded matrix factorizations

of g, (see Definition 2.1 of [Dyc11] for the definition of the dg category of non-graded
matrix factorizations). Let A denote the equivalence of categories

o

IMF(Q, gn)] — modz27(Cr)

constructed on pages130-131 of [Yos90]; this equivalence was originally established
by BuchweitzEisenbud-Herzog in [BEH87]. Let F': [MF%(g,)] — [MF(Q, ¢,,)] denote
the forgetful functor. Also, as in Section 5.3.1,

o let L € MF”(2?) denote the matrix factorization Clz;] % Clz1](—1), and

e let X, X’ € MF%(2? 4 23) denote the matrix factorizations

T14iTs T1—1iT2
C[.’El,l'z](—].) ﬁ> (C[(El, (EQK—Q) and (C[acl, "I/'Q}(_].) m> (C[xl,xg](—Q),

respectively.
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Recall that Kgdgl\/[FZ (¢n) is a rank one free abelian group generated by [K %(L)]
when n is odd and a rank two free abelian group generated by [K TLTJZ(X )] and
[KHTJ(X’)] when n is even.

Lemma 6.5. The map c: Kglg(MFZ(qn)) — M, given by

n—1 n—1

[K7= (L)] = [(AoF)(K ™= (L))] if nis odd, and

K5 (X)] = [(Ao F)(K ™7 (X)), [K** (X)] = (Ao F)(K 7 (X)) if n is even,

is an isomorphism. Moreover, the diagram

K38 (MF?(q,.)) — > K& (MF*(gu—1))

cl .* I

Mn . Mn—l

commutes, where R is as in Corollary 6.4.

Proof. By a Theorem of Buchweitz—Eisenbud-Herzog, the forgetful functor F' is
essentially surjective (see Proposition 14.3 of [Yos90]); thus, ¢ is surjective. Since
Kglg(MFZ(qn)) and M, are free abelian groups of the same rank, ¢ is an isomorphism.
The second statement is immediate from the construction of the functor A. O

Applying Lemma 5.7, Corollary 6.4, and Lemma 6.5, we obtain canonical isomor-
phisms M,, — K(t)OpDSg(Rn)7 M,_1 — KSOP'DSg(RnH) making the diagram

-

Mn : Mn—l

gi |=

KPDsE(R,) — 2> KIPD (R, 1)

commute.

Remark 6.6. The idea of recovering the Atiyah—Bott—Shapiro construction from a
localization sequence in K-theory is not new; a similar approach is taken by Swan in
Section 10 of [Swa85]. However, our presentation in 6.1 of the reduced nonconnective
topological K-theory spectrum of S"~! as the cofiber of a map between two spectra
which agrees with the map i*: M,, — M, _; upon passing to my (i.e. a “lift” of the
Atiyah—Bott—Shapiro construction to the level of spectra) appears to be new.

Appendix A. Proof of Theorem 4.8

Proof of Theorem 4.8. Since MFZ(f) and MF%(f + uv) are pretriangulated [BFK14,
Corollary 3.6], it suffices to show the induced functor

K: [MFZ(f)] = [MFZ(f + uv)]

on homotopy categories is an equivalence. Given an additive category A equipped
with an automorphism 7', let A/T denote its orbit category, as defined in [Kel05].
We recall that A/T has the same objects as A and morphisms from X to Y given by
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@, Hom4 (X, T%(Y)). Recall that Q denotes the graded ring k[z1, ..., z,], with |z
a positive integer for all i. Consider the commutative square

[MF”(£)] IMFZ(f + uv)]

P |-

IMF(Q, f)] —— [MF(Q[u, v], f +uv)],

where [MF(Q, f)] and [MF(Q]u, v], f + uv)] denote the categories of non-graded ma-
trix factorizations of f and f + wwv over the polynomial rings @ and Q[u,v], F' and F’
are the forgetful functors, and K is the non-graded Knérrer functor given by tensoring

with kfu, v] %k[u,v]. It is well-known that K is an equivalence; see, for instance,

[Orl06].

We consider the orbit categories [MFZ(f)]/(1) and [MFZ(f 4+ uv)]/(1), where (1)
denotes the automorphism given by twisting. Since K commutes with twists, the
above square factors like so

IMFZ(f)] ——5 > [MF%(f + uv)]

IMEZ(f)]/(1) —=— [MF%(f + u0)}/(1)

ﬁ\L B ilﬁ'

[ME(Q, /)] —"— MF(Q[u, v]. f +uv)],
where o and o’ are the canonical maps. By Lemma A.7 of [KMVdB11], 8 and 8’
are fully faithful. Hence, K is fully faithful. It follows easily that K is fully faithful
as well.
We now show essential surjectivity. Let X € MFZ(f 4+ uv). Choose Y € MF(Q, f)
such that K(Y) = F'(X). Let

R: [MF(Q[u, v], f +wv)] — [MF(Q, f)]
denote the functor which sets u and v to 0. Clearly (Ro K)(Y) =Y & Y[1]. Thus,
(K o R)(F'(X)) 2 F'(X) @ F'(X)[1].

In particular, F'(X) is a summand of (K o R)(F'(X)). Since 8’ is fully faithful,
we may conclude that o/(X) is a summand of K(Z) for some Z € [MFZ(f)]/(1).
We denote the corresponding inclusion by g: o/ (X) < K(Z) and write g = ®ic19;
for the decomposition of g into its homogeneous components so that g;: o/(X) —
K(Z)(i) is the image of a morphism in [MFZ(f 4 uv)]. It follows that X is a sum-
mand of @ K(Z)(i) = ®ier K (Z(i)) in [MFZ(f + uv)]. Since K is fully faithful, and
[MFZ(f)] is idempotent complete [BFK14, Corollary 3.6], we're done. O

Appendix B. The left adjoint of 7.: D’(gr-oR) — D%(R)

Let R = @®;>0R; be a graded Gorenstein algebra over a field k. Recall from Sec-
tion 3.2 the map m: D’(grsoR) — D (R). Lemma 2.4 of [Orl09] implies that
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has a fully faithful left adjoint b that embeds D*®(R) as the left orthogonal of
P>o — Db(gr>(]R), where P ; is the smallest thick subcategory of Db(gr>(]R) con-
taining R(e) for all e < —j. Burke-Stevenson describe the functor b explicitly in
Section 5 of [BS13]; we recall their description here, since we make use of it in
Section 5.3.

Given an object M € D*(R):
1. Choose a complex P of graded projective R-modules such that

o P'=0 fori>0,
e for all j € Z, there exists k; such that P=* € P, for all i > k;, and
e P is quasi-isomorphic to M

2. Denote by PT the subcomplex of P consisting of summands of R(j) with j < 0.
Construct a complex @Q of graded projective R-modules as in (1), this time quasi-
isomorphic to RHom,, r(PT, R), where, given graded R-modules L and N,

Hom,, (L, N) := @) Homgr(L(—j), N).
JEZL

3. Finally, b sends M € D*(R) to RHom, (@, R)™, the subcomplex of
RHom,, (@, R) consisting of summands of 1(j) with j > 0. This complex does

indeed lie in Db(gr>0R), since R has finite injective dimension as a graded mod-
ule over itself.

Example B.1. Suppose R is a graded hypersurface ring of the form

k[xl, e ,Z‘7J/(Q)7

where |z;| =1 for all i, and ¢ = 22 +--- +22. Take M € D*(R) to be the residue
field R/(x1,...,x,) concentrated in degree 0. We compute b(M).

e Step (1): take P to be a minimal graded R-free resolution of M:

- = R(—n)®™ — R(—n + 1)%™ — R(—n + 2)%mn-2 — ...
- R(-1)®™ 5 R—0—---

Notice that the exponents remain constant after n — 1 steps in the resolution,
because R is a hypersurface ring of Krull dimension n — 1. It is well-known that
m = 2"1; see, for instance,  BEH87].

e Step (2): notice that P = P¥, in this case. Also, we have

RHom,, p(M, R) ~ M(a)[-n + 1],

where a is the Gorenstein parameter n — 2. Thus, we can take () to be a minimal
free resolution of M (a):

= R(a—n)®™ = R(a— (n—1))%™ — ...
= R(a—2)%"2 - R(a—1)%" — R(a) > 0—---,

where R(a) sits in cohomological degree —n + 1.
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e Step (3): RHom,, (@, R) is the complex
-+ —=0— R(—a) > R(—a+1)%m™ — ...
v = R(—a+n—1)%" = R(—a+n)®™ — ...,
where R(—a) sits in degree —n + 1. Hence, RHom,, z(Q, R)~ is the complex
C:i=---—0—R1"" = R2)%™ = R(3)¥™ — ...,

where R(1)™ sits in degree 0.
Let ¢: R(—n)®™ — R(—n +1)®™ be the map arising in P, and set N :=
coker(¢). The complex with N(n —2) concentrated in degree 0 is, of course,
quasi-isomorphic to the twist

s R(=3)9™ o R(—2)%™ » R(-1)%™ -0 — .-

of the tail of P, where R(—1)®™ sits in degree 0. Thus, RHom,, z(N(n —2), R)
= (. Since C only has nonzero cohomology in degree 0, we have that

C ~ Hom,, r(N(n —2),R)

(we are using that N(n —2) is maximal Cohen-Macaulay, here). Thus, b(M)
is the graded maximal Cohen-Macaulay R-module Hom,, (N (n — 2), R), con-
centrated in degree 0.

One can easily compute the matrix factorization associated to Hom,, p(N(n—2), R)
under the equivalence ® of Section 4. In general, given an MCM module L, let L*

denote its graded R-dual Hom,, (L, R). If L = coker([ 2L Fy), where Fy — F
s1

is a matrix factorization of g, then

L* = coker((Fp)*(—2) i, (F1)*(—2));

that is, L* corresponds to the matrix factorization (Fj)*(—2) <:>i (Fp)*(—2). We

apply this to our example. Notice that N(n — 2) corresponds to a matrix factoriza-
tion of the form Q(—1)®2""" % Q(=2)%2""" where Q = K[x1, ..., x,] (recall that
1

m = 2"~"). Thus, Hom,, p(N(n — 2), R) corresponds, under ®, to the matrix factor-

. . @an—1 50 @an—1
ization Q =—=Q(-1) .
S1

References

[ABS64] M. F. Atiyah, R. Bott, and A. Shapiro, Clifford modules, Topology
3 (1964), 3-38.

[Ati67] M. F. Atiyah, K-theory, vol. 2, W.A. Benjamin New York, 1967.

[AZ94] M. Artin and J. Zhang, Noncommutative projective schemes, Adv.

Math. 109 (1994), no. 2, 228-287.



28

[BEHS?7]

[BFK14]

[Bla16]
[Brol6]

[BS13]

[Bucsé]
[Dim92]
[Dyc11]

[Eis80]

[FW02]
[HLP15]
[Kap88]
[Kel05]
[KMVdB11]
[Kné87]

[May96]

[Mil68]

MICHAEL K. BROWN anp TOBIAS DYCKERHOFF

R.-O. Buchweitz, D. Eisenbud, and J. Herzog, Cohen-Macaulay mod-
ules on quadrics, Singularities, representation of algebras, and vector
bundles, Springer, 1987, pp. 58-116.

M. Ballard, D. Favero, and L. Katzarkov, A category of kernels for
equivariant factorizations II: further implications, J. Math. Pures
Appl. 102 (2014), no. 4, 702-757.

A. Blanc, Topological K-theory of complex noncommutative spaces,
Compos. Math. 152 (2016), no. 3, 489-555.

M. K. Brown, Knorrer periodicity and Bott periodicity, Doc. Math.
21 (2016), 1459-1501.

J. Burke and G. Stevenson, The derived category of a graded Goren-
stein ring, Commutative Algebra and Noncommutative Algebraic
Geometry (2013).

R.-O. Buchweitz, Mazimal Cohen-Macaulay modules and Tate-co-
homology over Gorenstein rings, preprint (1986).

A. Dimca, Singularities and topology of hypersurfaces, Springer Ver-
lag, New York, 1992.

T. Dyckerhoff, Compact generators in categories of matriz factoriza-
tions, Duke Math. J. 159 (2011), no. 2, 223-274.

D. Eisenbud, Homological algebra on a complete intersection, with
an application to group representations, Trans. Am. Math. Soc. 260
(1980), no. 1, 35-64.

E. M. Friedlander and M. E. Walker, Semi-topological K -theory using
function complexes, Topology 41 (2002), no. 3, 591-644.

D. Halpern-Leistner and D. Pomerleano, Equivariant Hodge theory
and noncommutative geometry, arXiv:1507.01924 (2015).

M. M. Kapranov, On the derived categories of coherent sheaves on
some homogeneous spaces, Invent. Math. 92 (1988), no. 3, 479-508.

B. Keller, On triangulated orbit categories, Doc. Math. 10 (2005),
no. 551581, 21-56.

B. Keller, D. Murfet, and M. Van den Bergh, On two examples by
TIyama and Yoshino, Compos. Math. 147 (2011), no. 02, 591-612.

H. Knorrer, Cohen-Macaulay modules on hypersurface singularities
I, Invent. Math. 88 (1987), no. 1, 153-164.

J. P. May, Equivariant homotopy and cohomology theory, CBMS Reg.
Conf. Ser. Math., vol. 91, Published for the Conference Board of the
Mathematical Sciences, Washington, DC; by the American Mathe-
matical Society, Providence, RI, 1996, With contributions by M. Cole,
G. Comezana, S. Costenoble, A. D. Elmendorf, J. P. C. Greenlees,
L. G. Lewis, Jr., R. J. Piacenza, G. Triantafillou, and S. Waner.

J. W. Milnor, Singular points of complex hypersurfaces, no. 61,
Princeton University Press, 1968.



TOPOLOGICAL K-THEORY OF EQUIVARIANT SINGULARITY CATEGORIES 29

[OkaT73] M. Oka, On the homotopy types of hypersurfaces defined by weighted
homogeneous polynomials, Topology 12 (1973), no. 1, 19-32.

[Orlo6] D. O. Orlov, Triangulated categories of singularities and equivalences
between Landau—Ginzburg models, Sb. Math. 197 (2006), no. 12,
1827-1840.

[Orl09] , Derived categories of coherent sheaves and triangulated cat-

egories of singularities, Algebra, arithmetic, and geometry, Springer,
2009, pp. 503-531.

[Sch11] M. Schlichting, Higher algebraic K-theory (after Quillen, Thomason
and others), Topics in Algebraic and Topological K-Theory, Springer,
2011, pp. 167-241.

[Seg68] G. Segal, Fquivariant K -theory, Inst. Hautes Etudes Sci. Publ. Math.
(1968), no. 34, 129-151.

[Seg74] , Categories and cohomology theories, Topology 13 (1974),
no. 3, 293-312.

[ST71] M. Sebastiani and R. Thom, Un résultat sur la monodromie, Invent.
Math. 13 (1971), no. 1, 90-96.

[Swa85] R. G. Swan, K-theory of quadric hypersurfaces, Ann. Math. (1985),
113-153.

[To€10] B. Toén, Saturated dg categories III, Lecture notes from Workshop
on Homological Mirror Symmetry and Related Topics, University of
Miami, January 18-23, 2010: available at https://math.berkeley.
edu/~auroux/frg/miamil0O-notes/ (2010).

[Toé11] , Lectures on dg-categories, Topics in algebraic and topological
K-theory, Springer, 2011, pp. 243-302.

[Wit93] E. Witten, Phases of n = 2 theories in two dimensions, Nuclear Phys.
B 403 (1993), no. 1,159-222.

[Yos90] Y. Yoshino, Cohen-Macaulay modules over Cohen-Macaulay rings,

vol. 146, Cambridge University Press, 1990.

Michael K. Brown mkbrown5@wisc.edu

Department of Mathematics, University of Wisconsin-Madison, 480 Lincoln Dr, Madi-
son, WI, 53706, USA

Tobias Dyckerhoff tobias.dyckerhoff@uni-hamburg.de

Fachbereich Mathematik, Universitat Hamburg, Bundesstrafle 55, 20146 Hamburg,
Germany




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


