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FLAG BOTT MANIFOLDS OF GENERAL LIE TYPE AND
THEIR EQUIVARIANT COHOMOLOGY RINGS

SHIZUO KAJI, SHINTARO KUROKI, EUNJEONG LEE AND
DONG YOUP SUH

(communicated by Donald M. Davis)

Abstract
In this article we introduce flag Bott manifolds of general
Lie type as the total spaces of iterated flag bundles. They gen-
eralize the notion of flag Bott manifolds and generalized Bott
manifolds, and admit nice torus actions. We calculate the torus
equivariant cohomology rings of flag Bott manifolds of general
Lie type.

1. Introduction

A Bott tower {M; |0<j<m} is a sequence of CP!-fibrations CP! — M; —
M;_1 such that M is the induced projective bundle of the sum of two complex line
bundles over M;_;. Each manifold M; is called a j-stage Bott manifold and it is
known that M; is a non-singular projective toric variety. On the other hand, a flag
manifold is the orbit space G/P of a complex Lie group G divided by a parabolic
subgroup P. A flag manifold is known to be a non-singular projective variety having
a nice torus action.

These two families of spaces are closely related by the Bott-Samelson resolution
(see [13, 17]). Both families have been actively studied as spaces with nice torus
actions, and have served as a test ground for various theories and problems. Schubert
calculus studies the cohomology of flag manifolds, in which topology, algebraic geom-
etry, combinatorics, and representation theory meet together (see [22] for a survey).
On the other hand, the cohomological rigidity problem of quasi-toric manifolds may
be regarded as one of the essential problems in toric topology, and some affirmative
results are known for Bott manifolds (see [6, 7, 8, 20]).

There are two known natural generalizations of Bott manifolds: flag Bott manifolds,
and generalized Bott manifolds. The flag Bott manifolds extend the relation between
Bott manifolds and Bott—Samelson manifolds. We refer the reader to [23] for the
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definition of flag Bott manifolds, and to [15] for this enlarged relation. And the
generalized Bott manifolds are toric manifolds studied in [10, 11, 24].

In this note, we introduce flag Bott manifolds of general Lie type which simultane-
ously generalize flag manifolds, flag Bott manifolds, and generalized Bott manifolds.
We give two closely related descriptions of the flag Bott manifold of general Lie type;
as the total space of an iterated flag bundle (Definition 3.1) and as an orbit space of a
Lie group (Definition 3.5). We see a torus acts on the flag Bott manifold in a natural
manner (Definition 4.1). Moreover, we determine its Borel equivariant cohomology
ring. Theorem 4.2 unifies the known formulae for the equivariant cohomology of flag
manifolds, flag Bott manifolds, and generalized Bott manifolds.

2. Flag bundle and its cohomology

Let K be a compact connected Lie group and 7" C K be a maximal torus of K.
Let Z C K be the centralizer in K of a circle subgroup of 7. Then, Z is known
to be connected. Indeed, for any element g € Z consider the subgroup H which is
generated by ¢ and the circle subgroup. Since H is abelian, it is contained in some
torus which is contained in Z. Therefore, g is in the identity component of Z. We
denote by W (resp. W(Z)) the Weyl group of K (resp. Z). The space K/Z of left-
cosets is called the generalized flag manifold, and there exists the universal flag bundle
K/Z < BZ — BK. For any map f: X — BK from a topological space X, we have
the pull-back bundle K/Z — Fy(Z) — X, which fits in the diagram

K|Z —— K/Z
L1

Fi(Z) —L— Bz (2.1)
U

X —— BK

The pull-back bundle is called the flag bundle over X associated to the classifying
map f with fiber K/Z.

Ezample 2.1. Let K = U(n) and f: X — BU(n). We denote by U(1)™ the set of all
diagonal matrices in K. It is well-known that U(1)™ is a maximal torus in K. We
exhibit three examples of the associated flag bundles over X.

Take the circle subgroup {diag(t,...,t,t?) |t € S'} C U(1)". Then its centralizer
Zy is the group of the block diagonal matrices U(n — 1) x U(1) C K. The associated
flag bundle Fy(Z;) is isomorphic to the projective bundle P(E) associated to the
complex vector bundle E classified by f.

We next take the circle subgroup {diag(t,t?,...,t") |t € S'} C U(1)". Then its
centralizer Zs coincides with the group of the diagonal matrices U(1)™. The associated
flag bundle F¢(Z5) is isomorphic to the full flag bundle

FUE)={VocViCcVC---CV,=EFE|rank(V;) =i}

associated to E.
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More generally, for positive integers p1, ..., pr > 0 with p; + - -+ + pr = n, the cen-
tralizer Z3 of the circle subgroup

{diag(t, ..., t,t2, ... t*,...t° . tF) [te STy cUu@)™
—— —— ——
P1 p2 Pk
is the group of the block diagonal matrices U(py) X -+ x U(py) C U(n). The associ-
ated flag bundle Fy(Z3) is isomorphic to the partial flag bundle
{VocWvicWC---C Vi C E|rank(V;) =p1 + - +p;}

associated to E.

The cohomology of Ff(Z) can easily be computed for some coefficient rings.
A prime p is said to be a torsion prime of K if H.(K;Z) has p-torsion. Let R be
a PID in which torsion primes of K are invertible. For example, if K is U(n) or
Sp(n), then we may take R to be Z. When K is simply-connected, the torsion primes
are summarized in Table 1 (see [2, §2.5]). Note that if p is not a torsion prime of K,
it is not of any circle centralizer Z as well.

Lie type A B C D G2 F4 E6 E7 ES
torsion primes | 2 0 2 2 2,3 2,3 2,3 2,3,5

Table 1: Torsion primes.

Proposition 2.2. Let R be a PID in which the torsion primes of K are invertible.
Then, we have a ring isomorphism

H*(F¢(Z); R) = H*(X; R) ®pg-(Bx;r) H" (BZ; R),

where H*(X; R) has the H*(BK; R)-module structure induced by the map [ and
H*(BZ;R) also has the natural H*(BK; R)-module structure induced by the classi-
fying map of the inclusion Z — K.

Proof. Taking the cohomology of the lower square of (2.1) gives rise to a homomor-
phism

0: H*(X; R) ®@pu-(Br;r) H*(BZ; R) — H*(Fy(Z); R),

which we will show is an isomorphism. There are elements «; € H*(BZ; R) which
restrict to a basis of H*(K/Z; R) by [2, §4.2]. By the Leray—Hirsch theorem we see
H*(BZ;R) is generated by {a;} over H*(BK; R) and H*(F¢(Z); R) is generated by
{f*a;} over H*(X;R). Since ¢ is a ring homomorphism which is H*(X; R)-module
isomorphism, it is a ring isomorphism. O

Ezample 2.3. Let K = U(3) and W = &3 = (s1, s2). Here we may regard s; as the
permutation matrix of the 1st and the 2nd coordinates and sy as that of the 2nd and
the 3rd coordinates. Suppose that Z is the centralizer subgroup of the circle subgroup
{diag(t,1,1) | t € S} C U(1)3. Note that the Lie algebra of this circle subgroup is
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fixed by the permutation sy, and Z is isomorphic to the block diagonal matrices
U(1) x U(2), thus, we have K/Z = CP?, and

H*(BK;7) & Zlxy, 9, 23)%%, H*(BZ;Z) = L[y, 2o, x3)" (%),

where W(Z) = (s3) C G3. Let f: X — BU(3) be a map and E — X be the complex
vector bundle of rank 3 classified by f. The induced projective bundle P(E) coincides
with F¢(Z). Hence, by applying Proposition 2.2, we can compute its cohomology as
follows:

H*(P(E);Z) = H*(X;Z) @y~ (BKrz) H (BZ; Z)
~ H*(X;7) T
= (H(X3Z) ® Z[z1, w2 + a3, w2238)) /1,

o5 Z[x1, T2, 73]

where I = (z1+xo+ 235 —c1(E), 21202 + Tox3 + 321 — c2(E), v12023 — c3(E)). Observe
the following relations given by the ideal I:

Ty + 13 = c1(E) — 21,
Tox3 = co(E) — x1(20 + 23) = co(E) — x1(c1(E) — x1) = c2(E) — x1¢1(E) + 23,
r12023 = c3(F).
Denoting 1 by  and eliminating z2 and z3, we get the following formula:
H*(P(E); Z) & H*(X; Z)[z]/(2® — 2*c1(E) + zca(E) — c3(E)).

Similarly, for any complex vector bundle E — X of rank n + 1, we have that:

n+1
H*(B(E);Z) = H'(X; )] / <Z<—1>kx"+1-kck<E>> ,

k=1

which recovers the well-known Borel-Hirzebruch formula (see [3, Chapter V, §15]).

As a corollary of Proposition 2.2, we obtain a quick proof of [4, Proposition 21.17
and Remarks 21.18, 21.19].

Corollary 2.4. Let FU(E) — X be the full flag bundle associated to an (n+ 1)-
dimensional complex vector bundle. Then, we have that

n+1
H*(FUE),Z) = H*(X;Z)[wl,...,a:nﬂ]/ <H(1 +xp) — c(E)>
k=1

Proof. The flag bundle F/(E) — X with fiber F¢(n + 1) :== F¢(C"*1) fits into the
following diagram:

Fl(n+1) —— Fl(n+1)

[ [

FUE) —— BT

! |

x —r BU(n+1)

where f is the classifying map of the vector bundle £ — X and T is a maximal torus
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in U(n + 1). Applying Proposition 2.2, we have that

We identify H*(BT;Z) = Z[x1,22, ..., Tn1) and H*(BU(n+1);Z) 2 Z[cy, ca, . . .,
Cnt1), where ¢; is the ith elementary symmetric polynomial in x1, ..., 2,41 for any i.
The assertion follows from the fact f*(¢;) = ¢;(E). O

3. Flag Bott manifold of general Lie type

In this section, we introduce the main object of our study, flag Bott towers of gen-
eral Lie type. We give two closely related definitions of a flag Bott tower of general Lie
type, and prove that they are equivalent when relevant groups are simply-connected.
For 1 < j <m, let K; be a compact connected Lie group, T; C K; be a maximal
torus, and Z; C K be the centralizer of a circle subgroup of T}.

Definition 3.1. An m-stage flag Bott tower Fo = {F; | 0 < j < m} of general Lie
type (or an m-stage flag Bott tower) associated to (Ko, Ze) = {(K;,Z;) |1 < j < m}
is defined recursively as follows:
1. Fj is a point.
2. Fj is the flag bundle over F;_; with fiber K;/Z; associated to a map
fji Fj—l — BKJ',
where f; factors through BT}.

The requirement for f; to factor through BT} means that we consider those bundles
which are the sum of line bundles.

Two flag Bott towers Fy and F}, are isomorphic if there is a collection of diffeomor-
phisms F; — F which commute with the projections p;: Fj — Fj_; and p}: F] —
FJ{_1 for all 1 < j < m.

Note that the fiber of each stage is a flag manifold, which admits a cell decompo-
sition involving only even dimensional cells. Moreover, the total space E of a fiber
bundle F' < E — B has the structure of a CW-complex whose cells are the product
of those in the base B and the fiber F' (see, for instance, [25, p. 105]). More precisely,
for the fiber bundle F' — E — B, the total space E can be decomposed into the pull
backs of all cells of B. The pull-back of a cell ¢ C B is homeomorphic to the prod-
uct F' X ¢ (because ¢ is contractible), and F' x ¢ is also decomposed into the product
of cells of F' and c. Because the product of two disks is homeomorphic to the disk,
this gives a cell decomposition of the total space E. Therefore, a flag Bott manifold
F; admits a cell decomposition involving only even dimensional cells as well, and in
particular, it is simply-connected.

Ezample 3.2. Let (K;,Z;) = (U(n; +1),T%*1), where T "1 is a maximal torus
of U(nj +1). We have K;/Z; = Fl(n; + 1) for each j, and we get an m-stage flag
Bott tower which is introduced in [23, Definition 2.1]. An m-stage flag Bott tower
Fo ={F; | 0 < j < m} is defined to be an iterated bundle

F, — Fp1 — -+ — F| — Fy = {a point},

of manifolds F; = F/ (@Z:ll ,(Cj )) where {,(Cj Visa complex line bundle over F;_; for
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each 1 <k <n;j+1and 1< j < m. Since the flag Bott tower in Definition 3.1 is the
generalization of flag Bott tower in [23], we call the latter a full flag Bott tower of
type A in this paper whenever we need to specify them.

Ezample 3.3. Let (K;,Z;) = (U(n; +1),U(n;) x U(1)). We have K,;/Z; = CP" for
each j, and we get an m-stage generalized Bott tower which is defined in [9, 10] to
be an iterated bundle

B, — Bp-1 — -+ — By — By = {a point},

of manifolds B; = P(@Z; ';1 5,(3 )) where §,(Cj )is a complex line bundle over B;_; for
each1<k<n;+1land1<j<m.

Remark 3.4. Tterated flag bundles have been studied well in the literature. For in-
stance, in [19], the author studies the cohomology rings of iterated flag bundles
associated to vector bundles which do not necessarily split into line bundles. He called
them Bott towers of flag manifolds. A Bott tower of flag manifolds admits a torus
action if the base space admits one and the vector bundle is equivariant. However,
the essential point of our construction is to restrict to vector bundles which are sums
of line bundles. In this case, we obtain two views of our flag Bott manifold of general
Lie type (in this section §3) and can introduce the bigger torus action (§4), which are
non-trivial.

We now give the second definition of flag Bott tower of general Lie type in the
form of an orbit space similarly to the full flag Bott tower of type A case (see [23,
§2.2]) as follows.

Definition 3.5. Let (K,, Z,) = {(K;,Z;) | 1 < j < m}. Given a family of homomor-
phisms {gog Z; - T |1<j<t< m}, the space F¥ is defined as the orbit space
EFf = (Ky x - x Kp)/(Z1 X -+ X Z,),

where (21,...,2m) € Z1 X - X Zy, acts on (g1,...,9m) € K1 X -+ X K, from the
right by

(g:l?"'?gm).(Zl?"')Zm) =

2
(9121,9052)(21)_19222,H@;S)(Zg 'g3z3, ... H% (25) gmzm>~
j=1

This action is easily seen to be free, and hence, F)¥ is a smooth manifold. Moreover,
the space F)¢ has the structure of K,,/Z,,-fiber bundle over F? | whose classifying
map f,, is given by the composition

(3.1)

FW

m—1

BT,

)B(H] e ng)) B BEK

m—1
— B (5 %

Here the first map is the classifying map of the principal H Z -bundle

m—1

nﬁ Zj — H Kj 4)F;§717
=1 j

and ¢: T}, — K,, is the inclusion. Therefore, FY := {Ff | 0 < j < m} is an m-stage
flag Bott tower of general Lie type associated to (K,, Z,).
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Conversely, when K are simply-connected for all 1 < j < m, we claim that every
flag Bott tower of general Lie type associated to (K,, Z ) can be described as the
orbit space as in Definition 3.5, which implies that two definitions of flag Bott tower
are equivalent.

Proposition 3.6. Let F, = {F; | 0 < j < m} be an m-stage flag Bott tower of gen-
eral Lie type associated to (Ko, Z,), where K; are simply—connected foralll <j<m.

Then there exists a family of homomorphisms {gp] ¥ Zi =Ty |1<j<t<m} such
that Fy and F{ are isomorphic as flag Bott towers.

Proof. We show by induction. Assume that a flag bundle F over F,? | is associated
to the classifying map

fm ::; 1—>BKm7

with fiber K,,,/Z,,, and also assume that f,, factors through BT,,, i.e. there exist
fm: F?_, — BT, such that the following diagram commutes.

f’nL BKm

>N
BT,,

we have a principal H me 1 Z; bundle. Denote its

FAD

m—1

From the construction of F?_,,

classifying map by u so that we have the pull-back of the umversal 1= =1 Zj bundle
as follows:

m—1 m—1
Hj:l Zj j=1 Zj

! [

]_[JlK—>E

| |

u m—1
Fp oy —— B(Hj:l Zj)

where £ = F (Hm 'K ;) can also serve as the universal space for any subgroup of
HJ 1 K

Since £ — B (H tz ;) is a fibration, the bottom pull-back square is a homotopy
pull-back at the same tlme Thus, the bottom square can be understood as restricting

u on a contractible space F so that the homotopy fiber of u is H K That is, we
have the following homotopy fibration

m— m—1
H —F, =B [][%]. (3.2)
e e

Note that each Kj is compact and simply-connected, so that homotopy groups
m(K;) and mo(K;) are trivial for 1 < j < m (see [5, Proposition 7.5 in Chapter V]).
Hence H'(K;) = H?(K;) =0 by the Hurewicz isomorphism theorem Since Z; is
connected, BZ; is simply-connected for all 1 < j < m. Recall that F)7 _, admits the
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structure of a CW complex with even dimensional cells only. Combining these facts
with the Serre spectral sequence with respect to the fibration (3.2) we see that

m—1
w:H | B[] % |:2| — H*(FS_1;2)
j=1
is an isomorphism.
Using the identification [X, BS'] & H?(X;Z) for a topological space X which has
the homotopy type of a CW complex (see [18, Proposition 3.10]), we see that f,,
factors up to homotopy as follows:

Fe Fon BT,

S e (3.3)

B Z))

Furthermore, we obtain ¢ € Hom (H;";ll Z;, Tm) such that By = 1 through the fol-
lowing bijection:
Hom(Z;, S') = Hom(m(Z;),Z) (see, for example, [14, Proposition 9.4])
=~ Hom(me(BZ;),Z)
= Hom(H2(BZ;);Z) (by the Hurewicz isomorphism theorem)
~ H*(BZ;;Z) (by the universal coefficient theorem).

Consider the isomorphism

~

m—1 m—1
Hom | [[ 2.7 | — | ][] Hom(2;,T0n) | , (3.4)
j=1 j=1

and denote the image of ¢ under the map (3.4) by

<p§-m):Zj—>Tm, for1<j<m—1.

By Definition 3.5, this sequence ((p;-m))
we will show is isomorphic to F. In fact, F' has the classifying map

1<j<m—1 defines a bundle F)¢ over F,_,, which

m—1>

fum: F?_ s BT,, 2% BEK,,,

and F? has the classifying map

FSO

o1 —— B (H?;l Zj) ¢, BT, B BK,,
Since f,, is homotopic to By owu by (3.3), they define the same bundle (see [12,
Theorem 2.1]). O

Remark 3.7. Assume that all Z;’s are maximal tori. If we fix the isomorphisms

Zj ~ (S1)"t1, then gogz): Zj — Ty can be represented by (ng + 1) x (n; + 1) matri-
O]

ces A ;€ M, g+1,n,-+1(Z) with integer entries through the obvious identification. For
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example, for (K, Z;) = (U(n; +1),T;) we have
(2) (diag(e Ftl o ,e‘/?lt”f“))

= diag(e\/*_1 POl Aﬁz)(lvh)th, e V-1 POUEAN A;'Z)(neﬂ,h)th),
as was introduced in [23], where A;L]) (k, h) is the (k, h)-entry of Ay) forl<k<ni+1
and 1 <h<n; + 1.

Remark 3.8. The simply-connectedness assumption on K in Proposition 3.6 can be
weakened. The assumption is used only to assert w* is an isomorphism. When u*
is surjective, we can choose a map ¢ which makes (3.3) commutative, and hence,
homomorphisms <p§-€): Z;j — Ty for 1 < j < ¢ < mso that F is isomorphic to F, as
flag Bott towers. In fact, in [23, Proposition 2.11] the case of full flag Bott manifolds
of type A when (K, Z;) = (U(n; +1),T}) is considered and a particular choice for
1) is made.

We now have two descriptions which are equivalent when all K; are simply-
connected of a flag Bott tower of general Lie type. The latter description encodes
not only the iterated bundle structure but also an action of a torus as we will see in
the next section.

4. Equivariant cohomology rings of flag Bott manifolds of
general Lie type

For a topological space X with an action of a topological group G, its equivariant
cohomology H{ (X)) is defined to be the singular cohomology H*(X¢) of the Borel
construction Xg = EG x¢ X of X. Here EG is a contractible space on which G acts
freely, and EG xg X = EG x X/ ~ where (h,z) ~ (gh, gz) for any (h,z) € EG x X
and g € G. In this section, we define an action of a torus T on the flag Bott manifold

Fy of general Lie type and compute the equivariant cohomology H#(Fy%).

For 1 <7 <m,let K; be a compact connected Lie group, 7; C K; be a maximal

torus, and Z; C K; be the centralizer of a circle subgroup of T;. Conblder an m-

stage flag Bott tower {F; £10<j <m} determined by a family of homomorphisms
{<p§ Zj =Ty |1<j << m}. We define a torus action on Fy, as follows:

Definition 4.1. Let T = H;n:l T;. We have a well-defined action of T on F}¥, given by

(tl""7tm) : [glv"'vgm] = [tlglv"wtmgm}v

where (t1,...,tm) € T and [g1,...,9m] € F)¥. The well-definedness can be seen from
the fact that the images of ga;e) lie in the commutative groups T}.

Let us compute the equivariant cohomology ring of F¥ with respect to the action
of T. Let H T act on [} ' K by the left multiplication The action of [} ‘T

on [T/ ' K; commutes with that of [T/, Z; given by {goj } asin (3.1), so we have
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the principal [}, ' Z;-bundle

m—1 m—1
[ % — Exgrag I K — Exprg B
j=1 j=1

We denote its classifying map by

m—1

® .

et P — B 1] %
=1

u: B x

Since F2 can be identified with the associated flag bundle of f,,: F° | — BK,,

m—

with fiber K,,/Z,,, its Borel construction with respect to the T action fits into the
following pull-back diagram

Km/Zm E— Km/Zm
! !
ET xy F¥ —— BZ, (4.1)
) l
ET xg F?_, I, BK,,

where the factor T}, in T acts trivially on F¥_,. Here, fn,: ET x7 F¥_| — BK,, is
the following composition:

m—1
1xu
ET xp F?_, = BT,, x E l_IlT Xt Bl —
J

(4.2)
—1
T, x H Zj B(mul)oB(1x¢) BT, Be BKm,

where mul is the multiplication of T}, and ¢ := Hm_11 ga( ™)

By applying Proposition 2.2 to (4.1) we have the followmg result:

Theorem 4.2. Let K; be a compact connected Lie group, T; C K; a mazimal torus
with dimension nj, and Z; C K; the centralizer of a circle subgroup of T for
1<j<m. Let {F“’ [0<j< m} be an m-stage flag Bott tower determined by a

family of homomorphisms {ga( ). Z;j - Ty | 1< j<t<m}. Let R be a PID in which
torsion primes of all K; are mvertzble Then the equivariant cohomology ring of F7,
with respect to the action of T defined by Definition /.1 is

Hy(F7; R) = HY(Fy i R) @+ (BK,.5r) H (BZn; R),
where the H*(BK,,; R)-module structure on H3(F,

m—13

R) is induced by Fn.
We use the following well-known identification to get an explicit formula for

HA(F£; R):

m?

H*(BTp; R) ~ Rltmp | 1 <k <] 2 Rlun],
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H*(BKm;R> =~ R[ym,k ‘ 1 < k < nm]W(Km) le:t R[ym]W(K""),
H*(BZm; R) ~ Rlymui | 1 <k < nm]V @ 2 Ry, W (Zm)

)

where Uy, 1, and y,, 1 are all degree 2 elements for all m, k. Here, we use the fact
that the Weyl group W(Z,,) of Z,, may be regarded as the subgroup of the Weyl
group W(K,,) of K,,; therefore, the invariant polynomial ring H*(BK,,; R) ~
H*(BT,,; R)"Wm) is a subring of the invariant polynomial ring H*(BZ,,; R) ~
H*(BT,,; R)W(Zm) (see [1]). We also note that we use the symbol u,,, as the genera-
tors defined from the acting torus 7T;, and the symbol y,, as the generators defined
from the maximal torus 7,, C Z,, C K,,.

Since Ty, acts trivially on F?

1, we have that

Hi(F%; R) ~ Hi(F), 3 R) ®p-(BK,,:r) H (BZn; R)
= H’]I'(Fnﬁ 13 R) ®R[ym]W(Km) R[Ym]W(ZM)
~ (HT’ (FfL i R) @ H* (BTm)) ®R[ym]W(Km) R[ym]W(Zm)
= (HT’ (F;fl 15 R) ® R[um]) ®R[ym]W(Km) R[ym]W(ZM)’
where T = H;":_ll T;. It is easy to check that the image of y,, r € H*(BT,,) (k=

1,...,ny,) by the induced homomorphism of the composition maps (4.2) can be writ-
ten as

m—
umk E ymk

where (<p§-m))* : H*(BT,,) — H# (FY _,) is the induced homomorphism of B@Em) o 1.

Using the inductive application of the above argument, we have the following explicit
formula:

Corollary 4.3. Let u; andy; stand for (uj1,...,ujn;) and (Yj1,--.,Yjn,;), respec-
tively for j =1,...,m. Then, we have

Hi(F7; R) =~ Rlwy, .. W] @r (Rly1, - yu))V P /{0, L),

where W(Z) = [, W(Z;), and Iy, for 1 << m, is the ideal generated by the
polynomials

-1
h(ye) —h (ué + Z <I>§-Z) (y5)> ’
for h € R[ye]w(m) and
& (ve) = («05-”)*(@/@,1), RN W)) '

Corollary 4.4. Suppose that Fo ={F; |0 < j <m} is an m-stage flag Bott manifold of
type A defined by a set of integer matrices {A;f) € Min,41)yx(n;+1)(Z) | 1 <j<L<m}
as in Remark 3.7. Then, we have that

Hi(F; Z) = Zlug, y; | 1 <G <ml/(I, .. 1),
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where I is the ideal generated by the polynomials

-1
ck(ye) — ck (W + Z (I)E.é) (Ye)) :

j=1
Here ¢y, are the kth elementary symmetric polynomials for 1 < k < ny + 1. Since the
homomorphism cp§€): T; — T} is determined by the matriz Ay): Hy(BTj) =7m+ —
Hy(BT,) = 2, by letting A = (AL (k, b)) € Min,41)x(n,+1)(Z) for 1<k <
neg+1and 1 <h<nj+1, the kth entry of Zf;l @g-e)(yg), 1<k<ng+1, s

{—1 /mj+1
3 (z A9 k) ) |

j=1 \ h=1
The next two remarks show that (4.1) may define different torus actions on iso-

morphic F¥’s depending on the defining data (K,, Zs) and {goge)}.

Remark 4.5. Let (K1, Z1) = (SU(2), Tsy(2)). The corresponding flag Bott manifold
of general Lie type is SU(2)/Tsy(2) ~ CP'. Then S* ~ Tgy (o) acts on SU(2)/Tsy (2)
by the left multiplication (see Definition 4.1). This action is not effective but
diag(—1,—1) € Tsy(2) acts trivially. By Corollary 4.3, the equivariant cohomology
of SU(2)/Tsy 2y with this action is

Hryy o (SU(2)/Tsu(2): Z) = Zlura, y1a]/1,

where [ is the ideal generated by

U%,l - yil
because W (SU(2)) ~ Zs acts on H*(BS') ~ Z[z] by x — —z. Hence, we have that
Hi o (SU) Tty 2) ~ Ty 1)/ (02— 12.1). (43)

On the other hand, for (Ki,7;) = (SO(3),Tsos)) the corresponding flag Bott
manifold of general Lie type is again SO(3)/Tso(s) ~ CP'. This time, S* ~ Tsos)
acts effectively on SO(3)/Tso(s) by the left multiplication. Theorem 4.2 is not appli-
cable for R = Z coefficients since two is the torsion prime of SO(3). However, the
standard argument shows

Hf ., (SO(3)/Tso3): L) = L[u, v]/{uv). (4.4)

One can see that rings (4.3) and (4.4) are not isomorphic, and this is because they
represent the equivariant cohomology rings with different S'-actions.

Remark 4.6. Consider (K,, Z,) = {(SU(2),T1), (SU(2),T3)}. Since SU(2)/T ~ CP!
and m2(BSU(2)) is trivial, Ff ~ CP! x CP! for any <p§1): Ty — T5. On the other
hand, we can see the torus actions defined by (4.1) are distinct for different (pél). In

this sense, Definition 3.5 encodes more structures (torus equivariant structures) than
Definition 3.1.

Remark 4.7. For an m-stage flag Bott manifold F,, associated to {(U(n; + 1),
U)™+) | 5=1,...,m} (see Example 3.2), the torus T does not act effectively
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on Fp,. If we write t; = diag(t;1,...,tjn,41) € U(1)™ T =T; C U(n; + 1), the sub-
torus

Ti= (1o ti) € T | trgsr = - = byangn = 1) 2 (§)m+4mm

acts effectively on F,, (see [23, §3.1]). Then the equivariant cohomology ring
Hi.(Fy,; Z) with respect to the effective torus action of T is given by

H’;‘(Fmvz) &= Z[uﬁyj | 1< .7 < m]/<u1,ﬂ1+1a s 7um,nm+17[{a .. -vI;n>a

where I’ are defined in Corollary 4.4. Moreover, by ignoring the generators u; we get
the singular cohomology ring of F,,:

H*(Fm§Z) = Z[Yj ‘ 1<75< m]/<J17 S Jm>7
where Jy is the ideal generated by the polynomials

-1
(ye) —cx [ D (I’;-Z)(Ytz)
=1

Ezample 4.8. Consider F3 := Sp(3) X3 Sp(3) xps Sp(2)/T? with @gf): Tm — T
((n1,n2,n3) = (3,3,2)) for 1 < j < £ < 3 determined by the matrices Ag»é):

AP (1,1) AP,2) AP,3)

AP = AP @21) AP (2,2) AP (2,3)| € Msy5(2),
AP 3,1 AP B,2) AP 3,3)
[ 4(3) (3) (3)

s AP, APa,2) AP,3

A§) A%?’)( ) %3)( ) %3)( )Eszg(Z),
1“1 (271) Al (272) Al (273)

A(3) _ Agg)(lv 1) Agg)(la 2) Aég)(lv?’) M.

2 = | LB 3) ®) € M2x3(Z)
AP 1) AP 2,2) AP (2,3)

Here, we think of Sp(n) as matrices with quaternion entries, and its maximal torus
is chosen to be the diagonal matrices whose entries are complex numbers with unit
lengths. Then by Corollary 4.3 (or by [16, §6.2]), we have that

H’]T‘(F?MZ) = Z[uh112,113’}’17}’2»}’3]/“1’12,I3>7

where y; = (45,15 Yjn; ), Wy = (Uj1,- . Ujn, ), Yj k& and u; are degree 2 elements,
and

Li=(1+ y%,l)(l + y%,z)(l + y%3) -1+ U% (1 +uf 2)(1+ ui 3)s

3 3 2
L=0+y5,)1+ys)(1+y53) — H <U2k+ <ZA2 yl,h>> )

k=1 h=1
2

[

2 /3
Li=1+y3)1+y5s) - H 1+ U3,k+Z<ZA§3)(k»h)‘yj,h>
j=1 \h=1

Ezample 4.9. Consider F3 := SU(4) xps Sp(3) xps Go/T? with g0§-£): Tmi — T™
((ny,m2,m3) = (3,3,2)) for 1 < j < £ < 3. Since two is the torsion prime of G, we can
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apply our theorem with coefficients in R = Fs, i.e., the finite field of order 3. Let the
homomorphisms {cp( ) | 1 < j < <3} be determined by matrices A;Z) € Mp,xn,;(Z),

where we identify T2 C Go with the set of matrices diag(ty,ta,t] ;") € SU(3) C
G2 C SO(7) for SU(3) = G2 N SO(6) following [21]. Then, by Corollary 4.3 together
with [21, p. 300], there are y; = (yj,1,- -+, Yjn; ) W = (Uj1,. .., Ujp;) for j =1,2,3
such that

Hi(F3;F3) = Faluy,ug,us,y1,y2,y3]/(L1, L2, L3),

where

Li=0+yi1)(I+y12)(T+y13) — (L +ur1)(1+ur2)(1+u3),

3 3 2
Ly=(1+y3 )0+ +yss) - 1+ (Uz,k + (Z AP (k. h) 'y1,h>> ;

k=1 h=1
Ly =1+ (ys,1 —ys,2)*)(1 + y§ 1y?2, 2 (Y1 +ys.2)%)
= (14 ha (s + 2 (y3) + 2 (v3)) ) (14 iz (s + 2 (33) + 0§ (79) ) )

In the last relation, we use the notation

hy(w1,22) = (71 — 72),

hig(z1,29) = x%x%(ml + x2)2,

for

3 3
T =ug1+ (Z AP 1) -y h) + (Z AP, n) 'y27h> ;
h=1 h=1
3

3
Ty =uz2 + (Z AP (2,n) 'yl,h> + (Z A (2,n) 'y2,h> :
h=1 h=1

Here, Ay)(/ﬂ, h) is the mod 3 reduction of the (k, h)-entry of the matrix A;l).

References

[1] A. Borel. Sur la cohomologie des espaces fibrés principaux et des espaces
homogenes de groupes de Lie compacts. Ann. of Math. (2), 57:115-207, 1953.

[2] A. Borel. Sous-groupes commutatifs et torsion des groupes de Lie compacts
connexes. Tohoku Math. J. (2), 13(2):216-240, 1961.

[3] A. Borel and F. Hirzebruch. Characteristic classes and homogeneous spaces. 1.
Amer. J. Math., 80:458-538, 1958.

[4] R. Bott and L.W. Tu. Differential forms in algebraic topology, volume 82 of
Graduate Texts in Mathematics. Springer-Verlag, New York, Berlin, 1982.

[5] T.Brocker and T. tom Dieck. Representations of compact Lie groups, volume 98
of Graduate Texts in Mathematics. Springer-Verlag, New York, 1985.

[6] S. Choi. Classification of Bott manifolds up to dimension 8. Proc. Edinb. Math.
Soc. (2), 58(3):653-659, 2015.



[7]
(8]
[9]
[10]
[11]
[12]

[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]
[21]

[22]

(23]

[24]

FLAG BOTT MANIFOLDS OF GENERAL LIE TYPE 389

S. Choi and M. Masuda. Classification of Q-trivial Bott manifolds. J. Sym-
plectic Geom., 10(3):447-461, 2012.

S. Choi, M. Masuda, and S. Murai. Invariance of Pontrjagin classes for Bott
manifolds. Algebr. Geom. Topol., 15(2):965-986, 2015.

S. Choi, M. Masuda, and D.Y. Suh. Quasitoric manifolds over a product of
simplices. Osaka J. Math., 47(1):109-129, 2010.

S. Choi, M. Masuda, and D.Y. Suh. Topological classification of generalized
Bott towers. Trans. Amer. Math. Soc., 362(2):1097-1112, 2010.

S. Choi, S. Park, and D.Y. Suh. Topological classification of quasitoric mani-
folds with second Betti number 2. Pacific J. Math., 256(1):19-49, 2012.

R.L. Cohen. The topology of fiber bundles, lecture notes. http://math.
stanford.edu/~ralph/fiber.pdf, 1998.

M. Demazure. Désingularisation des variétés de Schubert généralisées. Ann.
Seci. Ec. Norm. Supér. (4), 7:53-88, 1974. Collection of articles dedicated to
Henri Cartan on the occasion of his 70th birthday, I.

W.G. Dwyer and C.W. Wilkerson. The elementary geometric structure of
compact Lie groups. Bull. Lond. Math. Soc., 30(4):337-364, 1998.

N. Fujita, E. Lee, and D.Y. Suh. Algebraic and geometric properties of flag
Bott—Samelson varieties and applications to representations. arXiv:1805.01664,
2018.

W. Fulton and P. Pragacz. Schubert varieties and degeneracy loci, volume 1689
of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1998. Appendix J
by the authors in collaboration with I. Ciocan-Fontanine.

M. Grossberg and Y. Karshon. Bott towers, complete integrability, and the
extended character of representations. Duke Math. J., 76(1):23-58, 1994.

A. Hatcher. Vector bundles and K-theory. http://www.math.cornell.edu/
~hatcher, 2003.

C. He. Equivariant cohomology rings of the real flag manifolds. arXiv:
1610.07968v3, 2016.

H. Ishida. Filtered cohomological rigidity of Bott towers. Osaka J. Math.,
49(2):515-522, 2012.

K. Ishiguro. Invariant rings and dual representations of dihedral groups.
J. Korean Math. Soc., 47(2):299-309, 2010.

S. Kumar. Kac-Moody groups, their flag varieties and representation theory,
volume 204 of Progress in Mathematics. Birkhduser Boston, Inc., Boston, MA,
2002.

S. Kuroki, E. Lee, J. Song, and D.Y. Suh. Flag Bott manifolds and the
toric closure of a generic orbit associated to a generalized Bott manifold.
arXiv:1708.02082v2, 2017.

M. Masuda and D.Y. Suh. Classification problems of toric manifolds via topol-
ogy. In Toric topology, volume 460 of Contemporary Mathematics, pages 273—
286. Amer. Math. Soc., Providence, RI, 2008.



390 SHIZUO KAJI, SHINTARO KUROKI, EUNJEONG LEE axp DONG YOUP SUH

[25] S.P. Novikov. Topology. I, volume 12 of Encyclopaedia of Mathematical Sci-
ences. Springer-Verlag, Berlin, 1996. General survey, translated from Current
problems in mathematics. Fundamental directions, vol. 12 (in Russian), Akad.
Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1986, transla-
tion by B. Botvinnik and R.G. Burns, translation edited by S.P. Novikov.

Shizuo Kaji skaji@imi.kyushu-u.ac.jp
Institute of Mathematics for Industry, Kyushu University, Fukuoka 819-0395, Japan

Shintar6é Kuroki kuroki@xmath.ous.ac.jp

Faculty of Science, Department of Applied Mathematics, Okayama University of Sci-
ence, 1-1 Ridai-cho Kita-ku Okayama-shi Okayama 700-0005, Japan

Eunjeong Lee eunjeong.lee@ibs.re.kr

Center for Geometry and Physics, Institute for Basic Science (IBS), Pohang 37673,
Korea

Dong Youp Suh dysuh@kaist.ac.kr

Department of Mathematical Sciences, KAIST, 291 Daehak-ro, Yuseong-gu, Daejeon
34141, South Korea




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 100
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


