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ON SOME SEQUENCES OF MODULES OVER THE MOD p
STEENROD ALGEBRA

DANILA EMELYANOV anD THEODORE POPELENSKY

(communicated by Alexander Mishchenko)

Abstract
In [3] Toda conjectured the exactness of some sequences of
modules over the Steenrod algebra mod 2. One of the conjec-
tures was proved by Wall [1]. In this note we show that in
general the analogue of the Toda conjecture for p > 2 does not
hold. We give an upper bound on dimensions in which exactness
holds. Also we consider examples of exact sequences.

1. Introduction

For the Steenrod algebra A, consider the subalgebra Sy generated by the elements
Sqt, Sq%, Sq%, . .., SqQk. In the paper [3] Toda conjectured exactness of the sequence

Ay 255 Ay ) AsS, o £5 Ay ) AsS, 1, (1)

where @, (x) = - S¢* . The conjecture was proved by Wall in [1].

In this paper we discuss the generalization of the conjecture to the case p > 2.
Our main results are Theorems 1.1, 1.2 and 1.3 about exactness or non-exactness of
sequences of type (1). We describe their statements as well as the structure of the
paper at the end of the Introduction.

Fix a prime p > 2. The mod p Steenrod algebra A, contains the subalgebra A,
(with 1) generated over Z/p by the elements P?, i > 1, subject to the Adem relations

[a/p] .
- -1b-j5)—-1 _
fora<ph,  P'PP=Y (~1)% <(p )(b-7) )P“+b—JPJ.
— a—pj
j=
Here P° =1 and deg P* = 2(p — 1)i. A
Let S, be the subalgebra of jp generated by PP’ where 0 < j < 7, and let Z; be
the left ideal S,.S; of S, generated by S;. Note that Zo C Zy C Zy C - -, and if some
element is equal to zero modulo Z,., then it belongs to Z,_;.
Consider the two maps

ar and az: A, = A,/ ApS, o,
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defined by the formulas
ar(x) = 2P mod XPST,Q, ag(x) = :r(Ppr)a mod jpSr,Q,
for some fixed 1 < a < p— 1. Also consider two further maps
B and Bo: A,/ A,Sr—0 — Ay JAS 1,
defined by
Bi(z) = xP" mod A,S, 1, Ba(z) = x(PP") mod A,S,_1,

for some fixed 1 < b < p — 1. We prove that 51 and 3 are well defined (Lemma 2.4).

For the sequence (1) the equality ¢, o ¢, = 0 follows from the fact that (Sq? )2 €
S,_1. The corresponding statement for p > 2 is (P?")? € S,_;. Hence it is natural to
consider the sequence

A, 25 A JASe o 2 Ay JALS, 1, 2)

where the maps o; and 3; are chosen such that a + b = p. In this case 3; o oy = 0 for
any 4,7 = 1,2. The generalization of the Toda conjecture for p > 2 is the statement
that ker 3; = im o for suitable ¢, j.

Before we state the main results, note that jp is a free module over S,, where
S, is the subalgebra S, together with the identity element (see Lemma 6). Hence,
exactness of the sequence (2) is equivalent to exactness of the sequence

S, 08 8, T 0 2 S, )T, . (3)

In what follows all the modules under consideration are trivial in degrees different
from 2(p — 1)k, where k is an integer. Hence, for simplicity, for a given module M,
we denote by M®) the submodule of all elements of degree 2(p — 1)k, in particular,
M = % M®) We refer to n as the grading of the elements of M (),

The sequence (3) splits into the direct sum over all k of the sequences

S 25 (80 /Tea) ) (8, /T, )T, )

By Lemma 2.3 the homomorphisms §; and 5 coincide up to nonzero scalar mul-
tiple, and therefore they have the same kernel. Hence, we can consider only 5 = [3;

or = [s.

Our main results split into three cases r =0, r =1, and r > 2.

Case r = 0. Note that (P!)? = ¢! P9 for 1 < ¢ < p — 1, therefore it is enough to con-
sider the maps a(z) = az(z) = z(P1)® and B3(x) = fao(x) = 2(P')*. Both ideals Z,_;
and Z,_o are trivial.

Theorem 1.1. The sequence

A, 5 A, 5 A,

18 exact.

Case r = 1. Consider a(z) = PP and B(x) = tP?~VP thatisa=1and b=p— 1.
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Theorem 1.2. For the sequence
Sy k) By (g 7yt HR)
the following statements hold:

1. The sequence is exact for k < p.

2. For k =p the quotient (ker 3/im a)P**) has dimension 1. Moreover, the ele-
ment PLPP(PY)P~1 belongs to ker 8 and is not contained in the image of c.

In other words, for r = 1 and for our choice of a and § the sequence (4) is exact
up to a certain ‘critical’ grading and at the ‘critical’ grading dimker 3/im a = 1. The
same statement holds for » > 1, but with a different ‘critical’ grading.

Case 7 > 2. Consider B(z)=xz-P® VP and a(z) =z PP, that is a =1 and
b=p-—1.

Theorem 1.3. For the sequence
S 2 (8,/T,2) 7 By (5,2, 1) 0,
the following statements hold:

1. The sequence is exact for k < 2p"~1 4 p"~2.

2. Fork =2p"~! + p"~2 the quotient ker 3/ im « has dimension one, moreover, the
element 2PP" PP pP P pp’ Tt _ pp 2 pr" T pr Pt belongs to ker B, but is
not contained in the image of a.

In Corollaries 6.1, 8.2 we show that for any other choice of «; with 1 < a < p there
is no exactness for r > 1. This explains why we consider only case a =1, b=p —1in
Theorems 1.2, 1.3.

In Section 2 we discuss some preliminaries concerning the subalgebra A, and the
main tool in our proofs—the Z-basis of A,, developed in our paper [6]. Some im-
portant relations in the subalgebra S, modulo the ideals Z,_; and Z,_5 are proved
in Section 3. In Section 4 we prove Theorem 1.1 and consider another analogue of

the sequence Ay 2% Ay 2% Ay, vo(z) = 2S¢, namely, the sequence A, w—J> Ap i,
Ap,¥j(x) = 2Q;. The elements Q; form an exterior subalgebra of A,, for details
see [2]. In Sections 5 and 6 we prove Theorem 1.2. The parts (1) and (2) are sep-
arated for the convenience of the reader. Similarly, in Sections 7 and 8 we prove
Theorem 1.3. Finally, in Section 9 we make some remarks, including a discussion of
the case of the (whole) Steenrod algebra A,,.

2. Preliminaries

Recall the following property of mod p binomial coefficients which is frequently
used throughout the paper:

Lemma 2.1 ([5, 2.6], or Lucas’ Lemma). Let p be a prime number. Suppose a =
agp® + -+ a1p+ag and b =bip* + -+ bip+ by, 0 < aj,b; < p are the p-adic ex-
pansions of nonnegative integers a and b. Then

() = (o) (@) () o
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Lemma 2.2. In S, we have:
1. PP"P" = (a+ 1) PtV mod Z,_; for a < p.
2. (Ppr)a = a! P%" mod Z,_, for1<a<p.
3. per’ pbtr" = (71)“(p_i_b)P(“+b)pT mod Z,._1 for integers a,b € [1,p — 1].

Proof. 1. Applying the Adem relations to the product PP" P*" we obtain
ap"(p—1) -1
pT
One has ap"(p—1) =1 = (a—1)p"" + (p — a)p” — 1 hence the binomial coefficient
in the last equality is equal to p — a — 1 mod p.
Statement 2 follows from 1 by induction.

3. From the Adem relations we obtain P P%" = (—1)% ¢ P(*+tY)P" mod Z,_,, where
the binomial coefficient ¢ is equal to

o (bp’”(pl)l) _ <(b1)p’““+(pb)prl> _ (pbl) modp. O

ap” ap”

PV P = (_1)pr( )P(“H)pr mod Z,_;.

Consider two maps Bj, j=12:
Bj: Zp — jp/jpsr_l,

where (1 (z) = 2P and By(z) = z(PP )*, 1 <b<p— 1.
The following statement is a direct consequence of Lemma 2.2.

Lemma 2.3. Bg =b! Bl. In particular, ker 31 = ker 32 for1<b<p-—1.

Lemma 2.4. Assumer > 2. Then fori=1,2 and1 < b < p—1 we have B,(x) €T,
for any x € . In particular, the maps 3; induce well defined maps f3; : A,/ ApSr—o
— .Ap/.ApS»,«_l .

Proof. Tt is enough to check that PP’ P"" € Z,_; for j < r — 2. Obviously we have
j (s J b " - 1 _ 1 [ J
PY P = (—1)p ( P (p ; ) )Pbp 7 mod Z,_;.
p
Calculating the binomial coefficient we obtain

pr’ P’ = P mod 7, . (5)

Jj+1 J+1

Since PP’ P T4 ¢ S,_1, the product P(—1r"+» pr =4 belongs to Z,_1.
Applying the Adem relations (which is possible as r > j + 2) we obtain

pO=1)p"+p T pp”—pt T ! (_1)b e PP 7 mod T 1, (6)

where the binomial coefficient
e (TP )= 1) =1 _ (P =2 ([ €\ (1) [+ X
- Pt (b= 1)pr “\v-1)\o o) \1) \o 0
r-th j+1-th

is not zero. -
The equalities (5) and (6) imply P?’ P € T, ;. O
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From Lemmas 2.3 and 2.4 it follows that it is enough to consider only 5 = ;.
Lemma 2.5. Fora+b=p and i = 1,2 we have B o a; = 0 in the sequence
A, S A SRS, o D AL ALS . (7)

Proof. Remind that 3(z) = 2P"%". Then for a;(z) = 2P®" the statement follows
immediately from Lemma 2.2(3).
For ai(z) = z(P?")® proceed by induction on a applying Lemma 2.2(1). O

The natural generalization of the Toda conjecture is the exactness of the se-
quence (7).

Remark 2.6. Symbolic calculations show that «; and ao give different statements
about exactness of (7) for a > 1.

Now we are going to describe the main tool of our work, namely the Z-basis
constructed in our paper [6]. By <; we denote the left lexicographical ordering of
finite sequences of integers.

Definition 2.7. Let Z}} = PPt PP for > k > 0. Define a Z-monomial to be a
product

I _ rmny n
Zh=2Zm g,

where I is a sequence of pairs ((n1,k1),. .., (nm, kn,)) satisfying two conditions:
(1) (s ko) <z -+ <p (n2,k2) <p (n1, k1),
(2) if in the sequence I there is a subsequence of equal pairs:

(ne, k) >0 (g1 keg1) = - = (Mpgs, kpts) >1 (Mipst1s Brgstt)
then s < p for every such a subsequence.
In other words, Z-monomials are monomials of the form
I m\m
Z8 =z - (),

where (1, km) <r -+ <r (n2,k2) <z (n1,k1) and 0 < ¢; < p for all j.
Sometimes it is useful to consider the identity element 1 € A, as Z! with empty 1.

Theorem 2.8 ([6, Theorem 2.3]). The set of all Z-monomials forms an additive basis

of A,.
One of the useful properties of the Z-basis is illustrated by the following statement.
Lemma 2.9. The algebra A, is a free right module over S,.

Proof. From Theorem 2.8 it follows that the Z-monomials Z,?ll e Z,Zj”', where n; > 7,

and the element 1 = Z? form a free basis of A, considered as a right S,-module. [
Therefore instead of the sequence (7) we can consider the sequence
3r % ST/I’I‘72 i Sr/Irfh

where S, is S, together with the identity element.
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3. Some calculations modulo the ideals 7Z,_5 and Z,_;

In this section we make some necessary calculations in the algebra S, modulo the
ideals Z,._1 or Z,_o which will be used later.

Consider a product X of the elements Ppo, P”l, ..., P?" such that PP’ is contained
in the product d; times and such that the rightmost term is PP Let L = > d; be the
length of the product. Define a collection of finite sequences a«y = (a0, ---,a@),r)

where a(; ; is the number of PP’ in the [ rightmost terms of the product X. For
example, (a(1),0,...,a(1),) = (0,...,0,1) and (a(r)0,---,a(r),r) = (do,...,d;).

Lemma 3.1. Assume dy <---<d.<p—1. Let N = Zdjpj, Then
X = AP mod Z,_, (8)

for some nonzero A\ € Z/p if and only if all the sequences a(;y are increasing (non-
strictly). Moreover, if d, =1 and k < r —1 is mazimal such that di # 0 then the
equality holds modulo the ideal Ty _1.

Proof. Denote by @; the product of the [ rightmost symbols in the product X. We
proceed by induction to prove that

0 a
Ql = ClPa(l),Op totay,rp mod I”r‘—la (9)

where ¢; is equal, up to sign, to a product of some binomial coefficients which we
discuss later. For | = 1 the equality (9) is trivial.

Let the (I 4 1)-th symbol be PP Then by the Adem relations
Ql+1 = ij Q= clPPj Pau),rpr-*-'"+a(z),op0 _ _blclij+a(z),1vpr+~~+a(z),op0 mod Z,_1,

where b, = ((a")'Tpr+"'+‘;‘;)'°po)(p71)f1). Therefore (9) holds for all [. Also we have

c1 =1 and ¢;41 = —bi¢;. Hence we are left to prove that all b; # 0 if and only if all
the sequences a(;) are nonstrictly increasing.

Fix some [. For simplicity, we write a; instead of aq ;. If a( is increasing we
have a; < a;yq for all i = 0,...,r — 1. Note also that a; +1 = aq41); < p — 1, hence
a; <p—1and a; < ajyi. Then we have a p-adic expansion

.
A= (arp"+---+aop”)(p—1)—1=(a, ~1)p"' + > (p—1+ai_1—a;)p'+(p—1—ao).
i—1

(10)

Hence b = (;) is equal either to (p_l‘”'a{*l_aj) or to (p_lf'ao); in both cases b; # 0.
On the contrary choose maximal / such that the sequence a(;) does not increase. As
ag+1) is increasing we have a, > --- > aj41 > a;, a; =aj_1 — 1, a;1 > --- = ao for
some j. From this it follows that (10) is no longer a p-adic expansion of A because the
coefficient of p/ is equal to p — 1 + a;_1 — a; = p. Modifying two summands in (10)
we obtain a p-adic expansion of A in which the coefficient of p7 is equal to zero, hence

b= () =o0.
For the last statement of the lemma it is enough to note that in this case all ‘error’
terms from the Adem relations belong to Zy_1. O]

Corollary 3.2. Forr > 2 we have PP PP’ "PP" € T,_,.
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Proof. The sequence a9 is equal to (0,...,0,1,0,1). Therefore, pripr T pr =
AP T ;mod 7,y with A = 0 by Lemma 3.1. O

Lemma 3.3.

1. For k < r we have

prt . prt — ppte " 0q T_o. (11)

2. Assume N has the p-adic expansion Y a;p’, a, # 0. Then
§=0
(PP (PP = APN mod Z,_y, where A = [[(a;!) # 0.
J

Moreover, if a, =1 and k < r — 1 is mazimal such that ay, # 0 then the equality
holds modulo the ideal Tj_ 1.

Proof. For the product from (1) the sequences a(;y have the form (0,...,0,1,...,1) for
all I. Hence A # 0 in equation (8) by Lemma 3.1. Moreover, the binomial coefficients
from the proof of Lemma 3.1 are easy to calculate:

b (PP =) =1 ek =D )
e P - P! o
therefore A = 1. Also note that in the equality (11) all the ‘error’ terms from the

Adem relations belong to Z, 5.
For the statement (2) we prove by descending induction on k that for N with

p-adic expansion N = > a;p’ we have
j=Fk
(PP")a - (PP")* = APYN mod Z,_y, where A = [] (a;1).
j=Fk

The base of induction (PP")% = (a,)!P*P?" mod Z,_; is the same as Lemma 2.2(2).

For the inductive step assume N = 3 ajpj, where 0 < a; <p—1for j >k and

j=k
0<ay<p—1. Let N = Mp"+1 + aup*, M > 0. Then PP PN = f(N(p;,})_l)PN*pk
modZ, 1. If a =0 then N(p—1) —1=Mp**l(p—-1)—1=---+(p—1)p~F+---

andif 0 < ap <p— 1then N(p—1)—1=M(p—1)p*1 + (ar — 1)p* T+ (p—ap)p* — 1.
In both cases (N(p;kl)_l) = —(ay, +1) and, finally, P*" PN = (a), + 1) PN 7" mod Z,_;.
O

Lemma 3.4. Let r > 2. Then for any Z-monomial x = Ztrl_1 e Z{p_l we have
w=NZ{ % Z[7?P" mod I,
where X\ £ 0, A\ € Z/p.

Proof. From Lemma 3.1 we have

Zi7t ez = M PY mod 7, (12)
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and
252’2 ... ZZ[ZPV = 2PV mod Lo, (13)

where A1, A # 0, A\, A2 € Z/p, and N is the grading of the element Z[;l e ZZ:I.
From (13) we have

PPz 2P = PP PN T mod T, = —AobPY mod 7,5, (14)
where b is the binomial coefficient
p— (Y -p" Hp-1)—-1
_ e .

Assume there are dj terms PP* in the product x. From the assumption that x is
a Z-monomial it follows that p=d,_; =---=d;, > dy,—1 = -+ > dy > 0. Let d;- be
equal to d; for j > t; and let it be equal to d — j — 1 for j < ¢;. Then we have the
p-adic expansion of N —p"~!
(p— 1P+ dyop" 2 dgp,
which we write as N —p" ! = (p—1)p" ! +d,_,p" "2 +e. One has an estimate
e<d_g(pr 34 +p°) = d’r,g%. From this we deduce the necessary infor-
mation about the p-adic expansion of (N —p"~1)(p — 1) — 1, namely about the coef-
ficient of p"~!. We have
(N=p" D=1 =1=@-2p" +p" " +d _op" *(p-1) +ep-1)-1

=(p—2p" +d " P T (p—diy) +e(p—1) — 1.
This is all we need to know about the p-adic expansion of (N — p"~1)(p — 1) — 1 since
d._,>1and

P —di ) Felp—1) —1<p P (p—diy) +d 5 (0T~ 1) — 1
=p T = Ay — ) —d =1 <P -1,
Therefore
N —pr—1 —~1) =1 o d r=1 ...
P P

Taking into account equalities (12) and (14) it remains to prove that
ZI72PN = Ay PN 6d 7,

for some A3 # 0, A3 € Z/p.
Arguing by induction we see that

k r—2_ o k+1 r—2_ . k+1 k
prpN+p T tp :_kaN-i-p +4p T +p mod Z,_o,

where
by — ((N+pr‘2 +o T M) (- 1) - 1)
= . .
p
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Let us check that by # 0 in Z/p. Let

p=d; forr—2>j5>2k+1,
d — p—1=d; -1 forj=k,
J d; —1 for k > j > ti,

dj fOI"j<t1.

Then we have the p-adic expansion N +p" =2 + ... + pFtl 4 pb =pr=1 ... 4 ph+2
(p—1)p" + dgflpkf1 + -+ djp®, which we write as
ApMTt - (p— Dp* + df_p* T te,

where A > 0 is an integer and e < d}_,(p* 2 +---+p°) =d}_,(»*1)/(p — 1). Note
that d}_, > 0, otherwise z = (Z]~')? which contradicts the assumptions of the lemma.
It should be stressed that this is the key point of the proof of inequality by # 0. In the
next Lemma 3.5 we shall see the converse statement. We need to find the coefficient
of p* in the p-adic expansion of (N + p" =2 4+ -+ p*+1 4 pF)(p — 1) — 1. Write this
expression as
(A" 4 (o= P + i+ e)(p - 1) - 1

=Ap -1+ -2+ P T - ) +elp—1) (15)

= Bp"t + iyt " di ) +e(p - 1),
where B > 0 is an integer. One has the estimate p**(p—d}_,) +e(p—1)—1<
PPN = di ) + A, () — L=ph = PN — df_5) — 1 < p* — 1, from which

71 k
it follows that the coefficient of p* in (15) is equal to d}_,. Hence by, = (”'+d’“‘;;p +) =

), #0. m

Lemma 3.5.

1. Consider a product X of the elements PP*,PP""" ... PP" such that PP" is
contained in the product at least p times and such that the rightmost term is
PP". Then

XeZ .
2. If PP" is contained in the product X only once (as the rightmost term) then
X =0mod Z,_».
Proof. Without loss of generality we can assume that PP" is contained in the product

X exactly p times and that the leftmost term is PP" Denote by M the grading of X.
Then arguing as in Lemma 3.1 or Lemma 3.4 one can easily show that

X = APP PM" mod 7,4, (16)
for some A € Z/p. Note we have no evidence to say whether A vanishes or not. But
prtpM—r" — _ppM mod 7,4, (17)

where b= ((M_pk;ip_l)_l). From the assumptions on the terms of M we see that M —p*
= Ap" 4+ (p—1)p*. Then (M —p*)(p—1)—1 = (AP +(p—1)p")p—1) -1
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= A(p — 1)p**t + pF+i(p — 2) + p* — 1, hence in its p-adic expansion the coefficient
k

of p¥ is zero. Therefore b = ("'+Oppk +) =0, and X =0 mod Z,_;. This proves (1).

For (2) note that the same arguments apply but due to the restrictions on the gradings

of terms in X the ‘error’ terms from the Adem relations in equalities (16) and (17)

belong to Z,_». O

Lemma 3.6. For r > 2 we have
—2

PPT+pT71_pT Pp7‘—2Pp7‘—1 _ PIJT+PT71—P7‘72PPT72+PT71 _ 0 mod IT_Q,
Proof. Note that
Pp7‘+pr—17pr—2ppr—2ppr—1 _ Ppr+pT—17pr—2Ppr—2+pr—1 mod Ir_g
by Lemma 3.3.

Apply the Adem relations to the product

h r—1 r—2 .
PPT+(P—1)IJT72PPT71+PT72 _ Z(_1)1+] <(p +p - .])(p - 1) - 1) PpT—‘,-prl_ij,

T _ r—2 _ maq
= pr+p—1p pJ

where h = [p"~! + (p — 1)p"~3]. The binomial coefficients for j < p"~! vanish since

for such j the inequality (p" = +p" 2 —j)(p—1)—1<p"+ (p—1)p"~2 — pj holds.
For r = 2 there are no other summands hence the product vanishes. For r > 3 there
are summands with p" =t +1 < j <p" ! + (p— 1)p" 3. In this case a,_1(j) = 1 and
ar—2(j) = 0. Assume k < r — 3 is the greatest integer such that ag(j) # 0. Then
by Lemma 3.3 we have P/ = AzPP" PP mod Z,_o for some A#0 and z € Sk.
Now PP PP’ ¢ Z,_5 by Lemma 2.4, hence P € Z,_, for any integer j € [p"~! + 1,
P+ (p—1p . O

4. Case r = 0, exactness

For r =0 we consider a(z) = z(P')* and B(z) = z(P')?, where a =1 and b =
p — 1. We need to prove that the sequence

A, A, 5 A, (18)
is exact.

Proof of Theorem 1.1. From (P1)? = 0 it follows that 8o a = 0.

Consider the set Z’ consisting of all Z-monomials of the form - - - (Z)? where ¢ > a
and denote by Z” the set of all other Z-monomials. Clearly the span of Z’ coincides
with im . On the other hand f is an injection of Z” into the set of all Z-monomials.
Hence ker 8 coincides with im a.

Another proof uses the same argument applied to the admissible basis of A,. [

It is worth noting that the sequence (18) is an analogue of the sequence
AQ & AQ i> A27

where ¢(x) = 2 - Sq'. Here ¢ o ¢ = 0 since Sq'Sq' = 0. This sequence is known to be
exact, and this can be proved by the same argument as in the proof of Theorem 1.1.
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In the algebra A the element Sq' coincides with the Bockstein element. On the
other hand, in the full mod p Steenrod algebra 4, the Bockstein element does not
belong to the subalgebra A,. The algebra A, contains a collection of elements Q;,
deg@Q; =2p’ — 1, j > 0, which form an exterior algebra: QJQ- =0, Q;Q; +Q;Q; =0
for any ¢ # j. They can be defined by induction: @)y coincides with the Bockstein
element, and for j > 0 we have Q11 = [P, Q;], for details see [2].

Define ;: A, — A, by the formula ¢;(z) = zQ),.

Proposition 4.1. The sequence

A, 2 A, A,

s exact.

Proof. The relation ¢; o ¢; = 0 follows from Q7 = 0.

Now consider any collection of the elements {f;} forming an additive basis
of A,. Then the collection of elements 0,Q;, -+ Q;, , where m >0, i3 < -+ < iy,
forms an additive basis of A,. For example, the modification of the Milnor elements
P(ri,72,...)Qi° Q" - -+ can be used.

To prove that if ¢;(x) = 0 then x = 1;(y) for some y it is enough to consider an
arbitrary basis element x. Now the statement easily follows from the commutation

relations QF = 0, Q;Q; + QiQ; = 0 for any i # j. O

5. Case r = 1, exactness

For r = 1 we consider a(z) = 2P® and B(z) = 2P, where a =1 and b =p — 1.
We want to prove the exactness of the sequence

SH 2y (81t Ly (8 /) @R, (19)

for any k < p

Proof of Theorem 1.2(1). For k < —p the modules Eﬁkl (S1)P*F) are trivial and the
statement is obvious. Consider the following cases:

(a.1) —p < k < 0: im o = 0 since its domain is trivial. Note (S;)®**) is one-dimen-
sional and is generated by the Z-monomial (ZJ)P**. By Lemma 2.2(2) and Lemma 3.3
we have B((Z0)P+F) = (Z0)ptkp(r—1p = \PP*+* mod T for some A € Z/p, A # 0.
On the other hand (S;/Zo)®*+%) contains the basis element (Z})~1=*(Z})P+* which,
by Lemma 3.1, is equal to ,uPPQHC mod Zy for some p € Z/p, pn # 0. Hence ker 5 = 0.

(a.2) k = 0: we have dim(S;)®*+*) = 1 with basis element Z} = PP. Tt belongs to
im « since a(1) = PP. Hence in this case ker f = im a.

(a.3) 0 <k <p: we have dim(S;)Pt*) =2 with basis elements Z](Z3)* and
Z9(Z9)k=1, and dim(S;)*®) =1 with the basis element (Z§)".

First of all note that a((Z9)*) = (Z9)* PP up to scalar multiple k! coincides with
Pk PP which is equal to (—1)%(?,") PP** and hence is not equal to zero.
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For ker 3 we need to calculate 3 on the elements Z1 (Z§)* and Z9(Z{)*~1. We have

B(ZH(ZY)*) = PP(PY)rP@=DP — p1pp prpe—Dp — (_1)kp (p; 1) prpr-Lptk

—1 2
— (_1)k+1k!<p L >kP” ** mod o, (20)
and

B(Z5(Z9)F~1) = Pt PP (PY)F PP = (k —1)! <Z B 1) (k —1)Ptpr+h-t

-1
= (k—1)! (Z 1) (k — D)kPP"+* mod Zo.
On the other hand, for the Z-monomial (Z])P=%(Z})* in S;/Zy we have that
(ZhHpr=k(ZhHk = APP*F for some nonzero A € Z/p. Therefore B(Z1(Z8)*) #01in Sy /Ty
and B(Z(Z8)*1) = 0iff k = 1. From these calculations it follows that dim ker 3 = 1.

From the previous arguments we see that ker 3 contains nonzero element a((Z3)%) =
(Z9)k PP, Hence ker 8 = im a. O

6. Case r = 1, non-exactness

For r = 1 we consider a(x) = zP? and f(x) = zP®~VP and we want to prove
that in the sequence (19) for k = p the quotient (ker 3/ima)®+*) has dimension
1. Moreover, the element Z}(ZJ)P~! belongs to ker 3 and is not contained in the
image of a.

Proof of Theorem 1.2(2). One has dim(S;)P+*) = 2 with the basis elements (Z7])?
and Z}(Z9)P~1. Both of them belong to ker3. Indeed, B((Z{)?) = (PP)P+!l =
PP(PP)P € Ty by Lemma 2.2, and as in formula (20) one deduces

L R e 1 o) [ B
p—
2 .
_ PIPpQJr(pfl) _ <(p + (p - 1i)(p - 1) - 1) PIPpZJr(pfl) — 0 mod IO~

On the other hand, dim(S;)®) = 1 with basis element Z}. Clearly a(Z}) = PPP? =
(Z1)? # 0. Hence dim(ker 3/ im a)P) = 1. O

Corollary 6.1. Choose integers a and b such that a+b=p and 2<a<p-—1.
Redefine a and B as a(z) =zP% (or a(z) =x(PP)*) and B(x) = xP". Then
dim(ker 3/im a)P) = 1 for the sequence (19).

Proof. Indeed, applying the same arguments as in the ‘non-exactness’ part of the

proof of Theorem 1.2 one can see that dim(ker 3)(??) =1 for a > 2 while ima = 0.
For a = 2 the image of « in the grading 2p is generated by (1) = P?? # 0 (or by
a(l) = (PP)? = —P? + P?~1P1 £ 0). On the other hand 3 vanishes on S{Qp) since
B((Z1)?) = (PP)?(PP)P=2 = 0 mod Iy and B(Z3(ZJ)P~1) = PLPP(P1)P~! = 0 mod Zy.
O
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7. Case r > 2, exactness

Consider B(z) =z - P®~V?" and a(x) = = - PP". We want to prove that for k <
2p" ! 4 p"~2 the sequence

S 2 (8T )® ) Ly (8, /T,y R (21)
is exact.
Proof of Theorem 1.3(1). Consider the following cases:
1. for k < —p" we have S¥) = 0 and (S, /T, _2)P %) = 0, hence the statement is
trivial;
2. for —p” < k < 0 we have Sﬁk) = 0 and the statement is ker 3 = 0;
3. for 0 < k < 2p"~! + p"~2 all three modules are nontrivial in general, hence the
statement is ker # = im a.

We start with (2). The basis of S, /Z,_5 consists of Z-monomials of the form
zr "'ZlZZIZ;l”'ZI:J:l'

In the grading N = p” — k, where —p” < k < 0, we have s = 0 and ¢t < p — 1. Denote
by a;(Z) the number of PP |0 < j <r—1,in the product Z = Z,Zl_l e Z,:t_l, t<p-—
1, of grading N. Then N = >_ a;(Z)p’ is the p-adic expansion of N. Note 0 < ag(Z) <
- < ar—1(Z) =t < p—1, hence Z is uniquely defined by the numbers ag, ..., a,_1.

On the other hand, consider the p-adic expansion N = 3" a;(N) p’ for 0 < N < p".
If0<ag(N) < - <ar—1(N) <p— 1 then there is a unique Z-monomial Z;:l e Z,::l
in grading N and dim(S,./Z,_2)Y) = 1. Otherwise dim(S, /Z,_2)Y) = 0. Hence it
remains to prove that ﬂ(Z;l_l e Z,:t_l) #0in S /Ly 1.

From Lemma 2.2(2) and Lemma 3.1 it follows that

Bzy e zpy =zt Zp P et = PN P mod 7,
where A # 0, A € Z/p. On the other hand, the basis of S,./Z,._; consists of Z-mono-

mials of the form Z; ---Z] . Consider the Z-monomial (Z)?~'~*Z} ---Z] €S, /T, ..
From the same Lemma 3.1 it follows that

(Z::)pilitZ/; e Z]:t = :uPNjL(pil)pT mod I?"—l;

where p € Z/p and p # 0. Hence ﬂ(Z,:l_l e Z,:t_l) # 0.

Now consider case (3). First of all we address the question of how many Z-
monomials of the form Z] ---Z] Z,Z;l e Z};:l have grading equal to N if p* < N <
pF 4 2pF—1 4 k-2,

From the restriction on N it follows that s < 1. If a Z-monomial x = Zl’1
~--Z[SZ,’;1_1 : -~Z,:t_1 contains PP" (that is s = 1) then it can contain at most two

PP Hence the only Z-monomials of this type are

thv Z:—lzr_l Z:(Z::ll)Qa Z:le_la

r—1°
where k <r — 1. If s =0 (the monomial = contains no P?") then from p* < N <
p* + 2pF~1 4 pF=2 it follows that t = p or t = p+ 1. It is easy to check that all these
monomials have different grading except two of them, namely Z7_,Z" "1, Z1(Z"~1)?
which have grading p” 4+ 2p"~!. In other words we have the following subcases:
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(3.1) p*" < N < pF 4+ 2pF71 +pF=2 and N # p" 4 2p" !, then dim(S, /Z,_5) ™) < 1;
(3.2) N =p" +2p"!, then dim(ST/IT72)(p"+2pv>1) Y
(33) z; ez t=port=p+1.

For (3.1) we prove that the restriction of 3 on (S,/Z,_2)®¥) has no kernel. Consider
Z:Z,:_l and let N =p" +p"~! + ... + pF. By Lemma 2.2(2) and Lemma 3.1 we have

Zr= P = \ple=p T bt oq 7,

One can show as an exercise in Lucas’ Lemma that A\ = 1.
Then

B(zrz;= ') = pr’ pe=Dp +p " et g7
_ _((pT(p— DAp =+ 4 ph)p—1) -1
pr
= —pPNTEDP mod 7, .

>pN+(p—1)pT mod Z,_,

On the other hand in (S,/Z,_;)N*+®=DP) there is the (nonzero) Z-monomial
(Zr)p=1Zr. Arguing as above one can show that in (S, /Z,_;)NV+E-1r")

(ZDP=1Zy = (p— DIPNFP=UP" mod 7, .

By Wilson’s Theorem (p — 1)! +1 =0 in Z/p. Hence ﬂ(ZTTZ,:_l) #0.

Case (3.2) is more involved. First of all we need to calculate B(Z/_,Z’"}) and
B(ZI(ZI~1)?). We go along the proof of Lemma 3.1 carefully calculating binomial
coefficients. We, consequently, apply the Adem relations and keep summands not
from the ideals of factorization:

B(zZr_,zr=hy=pr' pr pr plo-p”

T 2
_ _Pprflppr (p (p — 1)1 — 1) Pprfl_,'_(p_l)pr mod IT_2
P
= pr P pr T 0 od 7,y = — PP PP od 7,4

= 2P ' od 7,4,
and
ﬁ(Z,f(Zf::llf) _ pr"pr T pp" T ple=1p" _ pp" pp" ! pp T -1 104 T
= 2pr PN od T,y = 4P T mod 7, 4.
In (ST/ZT_l)(f’Ml"’zPPl) by Lemma 3.4 we have the equality
(Z0)P (2 )? = AP mod I,y
for some X #£ 0, A € Z/p. Indeed by Lemma 3.1

(Z:)p_S(Z:71)2 — )\P(p_l)Pr+2pr71 mod Ir—la
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for some X # 0,\ € Z/p. Then

r—1

(ZP)P=2(Z7_1)? = N PP ple=tr't2r

Y (((p —p"+2p" H(p-1) - 1) prttr Tt oy pr T2 0 T ..

p"’
Therefore the kernel of 8 on (S, /I,,,Q)(pr‘wprfl) has dimension one and is generated
by the element z = Z7(Z7~})? —2Z"_,Z’~{. Now we are going to show that z €
im a. To be more precise we show that a((Z."})?) = —z.

The main difference with the previous arguments is that now we make calcula-
tions in S, and apply the Adem relations modulo the ideal Z,_5. For the product
PP PP PP we have
2" p—1)—1 1
p’f‘
— 2Pt L opr PP nod 7,y

Pp7~PpT71PpT71 _ QPPTPQPr—l _ _2< >Pp'r+2p7‘1 n 2Ppr+pr—1ppr7

One can check that PP PP’ PP" = 2PP"+20" " 1110d Z,_, (see also Lemma 3.1).
Hence it is enough to establish the equality

Ppr_,’_prflpprfl _ Pprflpprpprfl mod Z,_s.
This is the most tricky part of the proof of case (3.2). The Adem relations give

r—1

PprlppTPprl _ (Pprer 4 Ppr+pr—17pr—2ppr—2 4 y)Ppr71

)

s 1

where y € Z,_5. By Lemma 2.4 we have yP?" € T,_5, and PP +¢" —p" " pp" > pp’”
€ Z,_o by Lemma 3.6, which finishes the proof of (3.2).

Case (3.3): An element Z,Zl_l . "le:lv where t =p or t = p+ 1, by Lemma 3.4
belongs to im . Note that there are no other Z-monomials of the same grading in

S,/Z,—2, hence ker 8 = im « in this grading. ]

8. Case r > 2, non-exactness

In this section we prove that for the sequence (21) for k =2p"™~! + p"=2 the
quotient ker 3/im « has dimension one and, moreover, the element 277 7" ") —
Zr_,Z"~1 belongs to ker 3, but is not contained in im c.

Proof of Theorem 1.3(2). In (S,/Sy_3)® T2P""+2") there are three Z-monomials
containing PP, namely Z!_Z! 5, ZIZI 1 Z"~3, ZT_,Z' . First of all we calculate
the image of these elements under the map 3: S, /Z,_2 — S,./Z,.—1 which maps z to
xP®=VP" But for future purposes we consider the more general map £ : S,/Z,_5 —
S,-/Z,—1 which was defined above by the formula 3 (z) = zP" for some fixed integer

1<b<p—1.

Lemma 8.1. In S, /Z,_1 we have (ZT)P=2Z7_ Z7_, = PP"+20" 40"  Algo
1 B2, 2;75) = bPr" T+ T mod 7,4,
2. B(Zrzr=1zrmy = (b— )PP 2T T mod 7,y
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3. Bu(Zr_,Zi =}y = 26pr 2T T mod 7,y
Proof of Lemma 8.1. Following arguments from the proof of Lemma 3.1 and Lem-
ma 2.2(2) one can check that for the Z-monomial (Z7)P=2Z7 | Z"_, there is the
equality

r—2

(Zryp=277 77, = (p—2)IPP 2 T od 7, .

By Wilson’s theorem (p — 1)! + 1 = 0 mod p, hence (p — 2)! = 1 mod p.
For (1) one checks that, modulo the ideal Z,._1,
r r—1 _ p‘r'fl p7' p7'72 p‘r'fl bp7 _ p’r'fl p’r' p’r'72 bp7~+p1'—1
By(Zr_ Zr=ty =P pr pr tpr T ptt — pr pr prt i p
— pr Pp " pbp+p" T4pt? bp;orﬂP(b-i-l)pr-i-prfl-‘rprf2
— pp+Dp +2p" " g T ..
For (2) one checks that, modulo the ideal Z,_1,
ror—lor—1y _ pp" pp" " pp" " pp" T pbp" _ pp" pp" " pbp"+p" T +p"
ﬂl(ZTZT_lzr_Q) P 7‘P r 1P r 2P r 1P ( P T‘P ( IP (s r—1 r—2
_ pp’ pbp2p"p T (b — I)P(b+1)p”+2p"*1+p"*2 mod Z,_;.
For (3) one checks that, modulo the ideal Z,_1,
r r=1y _ pp" " pp"T pp" pp"T " pbp" _ pp"T " pp' " pp” pbp"+p
ﬁl(ZT72ZT71) P'r‘ 2P7‘ IP 7‘P7‘ IP T PT‘ 2P7‘ 1P T‘P [
_ prr—ZPpr—lp(b+l)pr+pr—l _ 2prT72P(b+1)pr+2prfl

r—1

— 2p PP 2T g 7, m
From Lemma 8.1 it follows that on the subspace spanned by the Z-monomials
Zr 2Ny, ZrZI 17, ZT 4 Z! 1 the kernel of 3, has dimension 2.
Now we calculate the image of a in (S, /Z,_)® +2P""+2"*) We show that

dim(im o) P2 =

by establishing the equality
a(Zr7 7=~z Z 2+ 20 27 mod T,y (22)

and that o vanishes on all other Z-monomials of grading 2p™~! + p" 2.

First of all note that, by using Lemma 3.3(1) in the second equality,
a(Z::%Z::;) :Pprflpp'r‘72pprflppr:Pprflpp’r‘72+p7‘71+pr:Ppr+2p7‘71+p7‘72mod IT?Z.
To prove equality (22) we transform Z7Z7 "+ Z"~2 modulo the ideal Z, _»:

r—1

. _ r r—1 r—2 r—1 I8 r—1 r—2
ZrZi 17—y =prpr propr = prproproire

R e L Y R R
Hence we have the equality
707 7 = —a(Z0 Tz + PP T P mod 7,
It remains to prove the equality

1

r -1 —2 -1 r— —2 -1 —1
PPt AT ppt T ppt T pp T P ppt prT e nod 7, .
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By the Adem relations we have

1

Ppr—lpperrf _ (Ppr—1+pr n Ppr+pr71_pr72ppr72 i y)Ppril,

r—1__ 1

where y € Z,_3. Then prrfl € Z,_5 by Lemma 2.4 and PP P N S S
Z,—2 by Lemma 3.6. Finally, by the Adem relations we have

Ppr—ZPpr—IPperTfl _ Pp'r'72Pp'r~71+p7~Ppr71 _ (Pp7'72+pr71+pr + y/)Pp'rfl
_ Pprr»72+pr71+pry~Ppr71 mod IT72’

since y/ € Z,_3 and again y'PP?" ' € T,_5 by Lemma 2.4. Hence (22) is established.
Now we check that a vanishes on the other basis elements of grading 2p" ! + p"~2.
There is only one basis element which does not contain PP’ with j < r — 2 and does
not coincide with PprileriszPl, namely X = PP PP T P For this element
X we have a(X) = 0 mod Z,_5 by Corollary 3.2. Assume X is another basis element
of grading 2p"~* + p"~2. Then it should contain PP’ with j < r —2. Let j be the
smallest integer such that X contains P?’. Then X contains PP’ at least p times. By
Lemma 3.5(2) we have a(X) = 0 mod Z,_».

To finish the proof of part (1) of Theorem 1.3 note that from Lemma 8.1 applied
to b=p—1 we have 2Z7_,Z/ ") — Z"_,Z!~| € ker B, but as we have just checked
this element does not belong to im a. O

Corollary 8.2. Choose integers a and b such that a+b=p and2 < a < p—1. Re-
define o and B for the sequence (4) as a(x) = P (or a(z) = 2(PP")*) and B(x) =

2P, Then (im a)® 27" +2""*) = 0 and dim(ker 8)®" 20" +7""") > 2. Moreover,
278 7T Ta — ZT_ 71 € ker .

r72)

Proof. The estimate for the dimension of ker 4 in grading p" + 2p"~! + p"~2 follows
from Lemma 8.1. For a >,11the, giomain of o in grading p" + 2p" "' +p" "2 —ap” is
trivial, hence (im )@ +2P" 4277 = 0, O

9. Some remarks

Interesting results concerning ker 8 (and the kernel of the left multiplication by
PP") for b = 1 were obtained in [4]. Also it should be noted that in Milnor’s paper [2]
properties of the solutions of the equation P! = 0 were discussed. Theorem 1.1 gives
another description of this space of the solutions.

The sequence

Ay 225 Ay /Sy 0 Ay 255 Ay /S,y Ay,

where ¢, (x) = Sq¢? - x, was proved to be exact in [7]. One can show that the analogue
of this sequence for p > 2 is exact for » = 0 and is not exact for » > 1.

Also let us explain why similar results (exactness for 7 = 0 and non-exactness for
r > 1) are valid for the whole Steenrod algebra A,. Recall that the algebra A, has
an additive basis consisting of elements of the form Qg°Q5* --- P(r1,72, ...), see [2]
for details. For us it is enough to know that the elements Q);, 7 = 0, form an exterior
algebra and the collection of all the elements P(r1,7a,...) is a basis of A,. From

—_ - —{

this it follows that additively A, is a direct sum of subspaces Q°Q7* - - - A, which
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are obviously invariant under right multiplication by any P*,k > 1. The quotients
A, / A,S,—1 also decompose in a direct sum of similar type. Hence for any r > 0 the
sequence

Ay 25 Ay AS s s A ALS

splits into a direct sum of sequences isomorphic, up to a shift of degree, to the
sequence (2).

Finally, we note that neither Toda in his famous series of papers on homotopy
groups of spheres, nor Wall in [1] gave an application of the sequence (1). So now it
is quite tempting to find an application of the sequences (1) and (2), which shows
a difference between the p =2 and p > 2 cases. Presumably it can be found in the
Adams spectral sequence for stable homotopy groups of spheres or possibly in certain
spectral sequences converging to the Fy term of the Adams spectral sequence. We
prefer to postpone this discussion to a next paper.
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