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BOX-HOMOTOPY AND THE REDUCTION OF pro*-HTop
CATEGORY

NIKOLA KOCEIC BILAN anp IVANCICA MIROSEVIC
(communicated by Aleksandr Mishchenko)

Abstract

A new generalized definition of homotopy is proposed, including
a new class of continuous mappings that we call box-homotopies.
It turns out that to be box-homotopic is an equivalence relation on
Top(X,Y) and HTop(X,Y'), and that it is well adjusted with com-
position, which allows us to introduce a new category Hp Top, the
corresponding quotient category of the category HTop, and conse-
quently, pro-Hp Top. We propose a new functor R from pro*-HTop
to pro-HpTop, which represents morphisms in pro*-category as
morphisms in pro-category between more complex objects.

1. Introduction

In this article we observe a reduced power of a topological space, an object that
can be found in studies of Rudin, Kunen and Bankston (see, for example, [6, 3] or
[1]). Tt is a product of topological space X by itself countably many times, given the
box topology, and reduced to a quotient space by an equivalence relation saying that
two sequences of elements in X are related if they differ at most on a finite number
of coordinates. This quotient space will be denoted by X or XX .

We list some of its properties. For instance, it preserves separation properties from
the original space. Also, in X, intersections of countably many open sets, in other
words G sets, are open. In the literature such a space is called a P-space in the sense
of Gillman—Henriksen.

In the sequel we propose a generalization of the notion of homotopy, a relation
that we call box-homotopy and denote by ~. Naturally, all homotopic maps are box-

homotopic, and we provide an example showing that the converse does not hold.
Then we construct a new category, HoTop, with topological spaces as objects and
box-homotopy classes of continuous maps as morphisms, as it proves out that box-
homotopy is an equivalence relation on Top(X,Y’), and that it is well adjusted with
the composition.

Finally we propose a new functor R from pro*-HTop to pro-HoTop, which repre-
sents morphisms of pro*-category as morphisms of pro-category between more com-
plex objects. For instance, inverse systems in Example 7.2 of [2] are not isomorphic
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in pro-HTop, but they are isomorphic in pro*-HTop, and consequently, their images
under R are isomorphic in pro-Hp Top.

2. Preliminaries

Let us provide a brief survey of the required foreknowledge (see [2]).

Let X = (Xx,pav,A) and Y = (Y),, g, M) be two inverse systems in some cate-
gory C and f: M — A a function called the index function. A morphism (f, f,) : X —
Y consists of the function f and a set of morphisms f,: Xy — Y, one for each
i€ M, in C, such that, for every pair pu,pu’ € M, u < p/, there exists a A € A, A >
F(), £y such that

JuPrux = Qup frPg(ua-

The category inv-C has all inverse systems for objects, and all morphisms (f, f,)
between inverse systems as morphisms.

A morphism (f, f,) : X =Y is equivalent to a morphism (f’,f;b) X =Y,
denoted by (f, fu) ~ (f', f/u)7 if for every pn € M there existsa A € A, X > f(u), f'(p)
such that fuprx = f’upf/(#p\. The category pro-C has all inverse systems for objects,
and all equivalence classes f = [(f, f,)] of all morphisms (f, f,) between inverse sys-
tems as morphisms.

There are another two categories with the same objects, but with richer morphism
classes, containing the previous two as subcategories and we shall need one of them.
Let X = (Xx,pan, A) and Y = (Y),, quur, M) be two inverse systems in some category
Cand f: M — A a function called the index function. A morphism (f, f}) : X =Y
consists of the function f and a set of morphisms f/: Xy = Y, n €N, p € M, in
C, such that, for every pair p, i’ € M, pn < 1/, there exists A € A, X > f(u), f(i) and
n € N such that for every n’ > n,

T Praox = Qup [l Dy (uyn-

The category inv*-C has all inverse systems for objects, and all morphisms ( 1 f/’j)
between inverse systems as morphisms.

A morphism (f, fl’}) : X =Y is equivalent to a morphism (fﬂf’ﬁ) X =Y,
denoted by (f, f[}) ~(f, f/Z), if for every p € M thereexistsa A € A, X > f(u), f'(p)

and n € N such that f[j'pf(u)A = f/z/pf’(u)/\v for every n’ > n. The category pro*-C
has all inverse systems for objects, and all equivalence classes f* = [( 1 fﬁ)] of all
morphisms ( 1, f;}) between inverse systems as morphisms.

By a mapping that holds inverse systems fixed, and that sends a morphism f =
[(f, fu)] in pro-C to a morphism f* = [(, fﬁ)] in pro*-C, where f} = f, for every
n € N, the functor J,: pro-C — pro*-C is given.

For a given pair of categories (C,D), where D is dense in C, the shape category
Sh(c,py has objects of C as objects, and its morphisms are F' = (f) = ([(f, fu)]) : X —
Y for f =[(f, f.)]: X =Y, where X and Y are systems associated with X and V'
(respectively) by D-expansions. Here, f ~ f’ means that,if¢: X — X' and 5: Y —
Y’ are canonical isomorphisms between expansions of the same object, f'i = jf
in pro-D. Obviously, the realizing category for the category Sh(c py is the category
pro-D. Specially, the category HPol, the homotopy category of polyhedra, is dense in
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the category HTop, and the realizing category for the category Sh(prop, Hpory = Sh is
the category pro-HPol.

For every f: X — Y of C and every pair of expansions p: X - X andq: Y =Y
there exists a unique f: X — Y of pro-D such that

X2 X

7 |
q
Y Y
commutes in pro-C. The shape functor S: C — Shic p) is defined by S(X) = X, X €
0b(C), and S(f)=F = (f), f € Mor(C).

3. Reduced power of topological space

Let F be a countable filter on N that consists of all A C N such that N\ A is finite.
Let X be a set. We will denote by X the quotient set [[ X/ ~, where (x,,) ~ (z},) for
N

(Tn), (z1) € ]I;[X if{n|z,=2a}eF.

We want to define a topology on X when (X, T) is a topological space. It is natural
to take a quotient topology which we get from [[ X by projection. Let us show that
N

the box topology on the cartesian product [[ X is, for our purpose, a better choice

N
to introduce a topology on X than the commonly used product topology.

Lemma 3.1. Let (X, T) be a topological space, and let [[ X have the product topology
Tp. Then the quotient topology on X is indiscrete. .

Proof. A collection B, = {H U, | U, €T, U,# X for only finitely many n} is a
basis for 7,. Let V € B,,. HeNnce7 V= ];I[Un where U, € T and {n|U, = X} € F.

Also, let p: ] X — X be a projection. Then
N

p(V)=p (1;][Un> = {[(a:n)] €eX| {n|z, €U,} € ]:}
:{[(a:n)]EXHn\xneX}e]:}:X.
If UC X is open in X, U # (), then p~*(U) is open in [[ X. Therefore, p~(U) =
N

V,S C B,. We have
P
ves

p(p~H(V)) :P<U v) = J»v)=x.

ves ves
Since p (p_l(U)) C U, we get X C U, and consequently, X = U. O

We will write gUn =p (HUn) = {[(xn)] eX| {n|z, €U,} € ]-"} for U, C X,
N
n € N.



58 NIKOLA KOCEIC BILAN anp IVANCICA MIROSEVIC

Lemma 3.2. If the cartesian product [[X is provided with the box topology Ty, the
N

collection

B= {gUn | U, €T, for everyn € N}
is a basis for the quotient topology on X.
Proof. Let us first show that B is indeed a topology basis. Let [(x,,)] € X. Since T is

a cover of X for every n € N there is U,, € T such that x,, € U,,. Thus, [(z,)] € gUn,

so B is a cover of X.
Let VUn, YV, € B. Then,

YUYV = {l(@)] € X | {n|an€Un} € F} 0 {[(za)] € X | {n| 2, €2} € F}
={l@)) € X | {n |z, €U, NVp} € F}
= E(Unmvn),

implying that the intersection of any two elements of B is an element of B.
Let us prove that B generates the quotient topology

T = {UQX | p~1(U) C []X is open in 7?,}.
N

Let U € 7. That means, if T = {Ux, A € A}, that p~(U) = |J [] U, for some A C
a€A N
AN and U, € T for every a € A. Since p is a surjection, we have

U g[Uan> =Ur (1};{Uan> = U V- O

acA acA acA

U=p(p(U)) =p<

Remark 3.3. Usually, when a product space [[ X is provided with the box topology,

N
it is denoted by %X , and when it is provided with the product topology, it is denoted
by X«.

The space (f( , 7~'), abbreviated X, can be found in studies of Rudin, Kunen and
Bankston (for example in [6, 3] or [1]), and is referred to as a reduced box product
or a reduced power. In the sequel we will list some properties of this space, and we
will include some simple concise proofs with new denotation.

Theorem 3.4. If X is a discrete space, then X is a discrete space, too.

Proof. The statement is obvious. ]

Lemma 3.5. If (F,) is a sequence of sets such that F,, C X is closed in X for every
n € N, then an 1s closed in X.
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Proof. The complement of VF,, in X is given with
N

(an)c = {[(z2)] | {n | 20 € Fu} & F} = {{(z2)] | {n | zn € F} is cofinal in N}.

Therefore, its preimage by the projection p is

1 S | FS, neK
p «gﬂJ)_' U Qw%m where Wk"_{4& neN\K
KCN
cofinal in N
and that is an open set in %X . ]

Theorem 3.6. If X is a T; space fori=0,1,2 or 3, then X is also a T} space.

Proof. We will provide the proof of the statement for T and T3 spaces. The rest is
similar.

Let (X,7) be a Ty space and let [(z,)], [(¥n)] € X, [(#1)] # [(yn)]. That means
there is an infinite set A C N such that z,, # y, for every n € A. X is a T} space,
so, for every n € A there is an open neighborhood U,, C X of z, which does not
contain y,. For n € N\ A let U, = X. In this way we get a neighborhood gUn of

[(z5)] that does not contain [(y,)], implying that (X,7) is a 77 space.

Now, let (X, 7) be a regular space. According to the previous, X is a T} space. For
arbitrarily chosen [(2,,)] € X and F C X closed in X such that [(z,,)] ¢ F, there is a
basic set gUn such that [(x,)] € gUn, and F C X \ gUn. Then J:= {n |z, € U,} €

F. Since X is regular, for every n € J we can choose an open set V,, C X such that
T EMLQVH CU,.
For n ¢ J let us put V,, = X. We have
[(zn)] € VV,, CVV,, CVU,.
N N N
According to 3.5, the set gvn is closed in X. So, X\gm is an open set in X
containing F', and gVn N (X \ gvn) = 0. O
The next statement can be found in [6] and [3] in a more general form.

Theorem 3.7. X is a P-space.

Proof. We need to prove that an intersection of a countable collection of open sets
in X is an open set. It is sufficient to prove the statement for basic sets.

Let [(zn)] € ﬂ gU,’f, where UF € T for every k € N and for every n € N. Let

keN
F(n)={keN|k<n,z, €Uy} The set F(n) is finite, and therefore
Vo= () Uk
keF(n)

is open in X. Notice that F'(n) can be empty for a finite number of n € N. In that

case, let V,, be the whole space X. We claim that [(z,)] € gVn C ﬂ gUT’f. If we fix
keN
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some k € N, we have
{n|ke Fn)}={n|k<nuz, U} eF.
Also,
{nlkeFm)}C{n|V,.CU}teF

which implies

fOI‘ arbitrary k S N Therefore7
[(xn)} N n = N n?

and we conclude that m gU,’f is open in X. O
keEN

Remark 3.8. There are several definitions of a P-space in the literature. We use the
definition in the sense of Gillman—Henriksen.

According to [5], in a P-space, regularity and complete regularity are equivalent.
It can be easily seen from the fact that in a regular space X for every x € X and
F C X closed in X not containing & we can construct a sequence (V},) of open sets
in X such that

x eV, CX\F, foreveryneN

and

Vg1 CV,, forevery neN.
Then, € (| Vy, and if X is a P-space, the set [ V;, is open in X. It is also closed

neN neN
since () Vi, = (] Vi, and it is disjoint with F, so the map f: X — [0, 1] defined by
neN neN
1, z€ N Vi,
— neN
T@ =930, zeX\ N Vi,
neN

is continuous. Obviously, every regular P-space has a clopen base. Consequently, every
regular P-space is totally disconnected (every point in such a space can be separated
from every other point by a clopen neighborhood).

Hence, if X is a completely regular space, X isa completely regular space, too,
and it is totally disconnected.

Also, if X is zero-dimensional with respect to the small inductive dimension, or

totally disconnected, so is X (see [1]).

Ezample 3.9. The space % {0,1} /~ is discrete and it is an example of a reduced

power of a compact space that is not compact.

Example 3.10. An example of a P-space that is not discrete is a reduced power of
Sierpiriski space. If X = {0,1} has a topology 7 = {0, {1},{0,1}}, then {[(z,)]} is
not open in X whenever {n € N |z, =1} ¢ F.
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Ezample 3.11. The space R is completely regular since R is, and it is zero-dimensional
and totally disconnected.

More properties of X can be found in [5] and [6].

4. Box-homotopy

To clear the matter of continuity of mappings that we use in the sequel, we begin
with simple lemmata.

Lemma 4.1. The projection py,: %X — X to the n-th coordinate space is a contin-

wous mapping, for every n € N.
Proof. The statement is obviously true. O
Remark 4.2. The similar statement for the product topology is an elementary fact.

Lemma 4.3. Let X,, and Y, be topological spaces and f,: X, — Y, a mapping, for
every n € N. The mapping [[ fn: 11 Xn — [[Yn between products, both with either
N

N N
product topologies or box topologies, defined by
I;IIfn((xn)) = (fu(zn))

s continuous if and only if f, is continuous for every n.

Proof. Let us prove the statement in the case of box topology on products. The
product topology case is an elementary fact.
Let %Vn be a basic set in %Yn. That means that V,, is open in Y,, for every n € N.

We have

N

-1
_ ~1
() (%) =g (6 o).
If f, is continuous for every n € N, (f,)~" (V;,) is open in X,, for every n € N, hence
% ((fn)f1 (Vn)> is open in %Xn, implying that [] f, is continuous.
N

To prove the converse, let us fix any k € N, let Vj, C Y}, be an open set in Y} and
let V,, =Y, for n # k. Then,

-1
(g[fn) (V) = oW,
where W,, = X,, for n # k and W, = f;l(Vk). If T] fn is continuous, then %Wn is
N

open in %Xn. Hence, Wy, is open in X}, implying that fi is continuous. Since k was

arbitrarily chosen, we conclude that f, is continuous for every n € N. ]

Remark 4.4. The statement of the previous lemma is obviously valid if we replace
sequences with finite (of course, equal) number of spaces and mappings.
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Definition 4.5. Let X, Y be topological spaces, and f,g: X — Y continuous maps,
and let n € NU{w}. We will say that f is n-homotopic to g, f ~ g, if there is a
n

continuous mapping H: X x I — Y, where I"™ has the product topology, satisfying
H(2,0,0,0,...,0) = f(x),
H(x,1,1,1,...,1) = g(x),
when n € N, and
H(z,0,0,0,...
H(z,1,1,1,...) =

for n = w, for every x € X.

Proposition 4.6. Let n € NU{w} and let f,g € Top(X,Y). Then f is n-homotopic
to g if and only if f is homotopic to g.

Proof. The statement of the theorem is obvious if n =1 (T = ~).

Let us fix an n e NU{w}. If H: X x I — Y is a homotopy from f to g, then
the mapping H,,: X x I — Y defined by H,, = H o (id, xp1), where p;: I" — I is
a projection to the first coordinate, is an n-homotopy from f to g. It is continuous
because projection is continuous.

Likewise, if H,,: X x I™ — Y is an n-homotopy form f to g, then H: X x I - Y
defined by H = H,, o (id,, xAy), where Ay: I — I"™ is defined by A;(t) = (¢,¢,...),
is a homotopy from f to g. It is continuous for every n € NU {w} because of the
universal property for the product topology saying that a mapping to the product of
an arbitrary collection of topological spaces (with the product topology) is continuous
if and only if all its coordinate mappings are continuous. ]

To generalize the notion of homotopy, we give the following definition.

Definition 4.7. Let X, Y be topological spaces, and f,g: X — Y continuous map-
pings. We will say that f and g are box-homotopic, f ~9; if there is a continuous

mapping H: X x %I — Y satisfying

H(z,1,1,1,...) =
for every z € X.

To prove that the box-homotopy is an equivalence relation on Top(X,Y), we will
need the following lemma.

Lemma 4.8. A = {(z,z,z,...) |z €I} C %I is a retract of the space %II.

Proof. Let

(xn) € OI | (z,,) converges in I} C %I,

=1
D {(xn) € %I | (z,) diverges in I} C %I.
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C' is open since every (z,) € C has an open neighborhood

1 1
O - = —nI :
N(<:1cn Zn,mn+2n>ﬂ )CC

D is also open since every (z,) € D has an open neighborhood

1 1

Therefore, {C, D} is a separation of %II.
We claim that a mapping f: C' — %I defined by f((z,)) = (z,z,...), where z =
lim (x,), is continuous. Let %Vn C %I be an arbitrary basic set. If f’l(%Vn) # 0,

n—r 00

and (z,) € ffl(%vn) with = lim (z,), then
n— oo

I (<%<zn21n,xn+21n>) ﬂ%[) ={(z,z,x,...)} C%Vn.

Therefore, f is continuous.
Now, we can define r: %I — A\ by

B (l,l,...) (xn) €D
rl(en)) = {f(én)) (1) € C

Since {C, D} is a separation of %I, r is continuous. Also, /A = ida. Therefore, r is
a retraction from %]I to its subspace A. O
Theorem 4.9. To be boz-homotopic is an equivalence relation on Top(X,Y).

Proof. Reflexivity. The mapping H: X x %I — Y defined by H = f o py is continu-

ous according to 4.1, and it is a box-homotopy from f to f.
Symmetry. If H: X x %I — Y is a box-homotopy from f to g, then the map

G: X x %I —Y,G=Ho(id, x(1—1id,) x (1 —id,) x ---), is a box-homotopy from

g to f. According to 4.3 it is continuous.
Transitivity. Suppose Hy : X x %I — Y is a box-homotopy from f to g, and Hy: X X

%I — Y is a box homotopy from g to h. The mapping H: X x (H [O, %] UTI [%, 1]) —
N N
Y, where [T [0, 3] UTT [3,1] C %I has the subspace topology, defined by
N N

4)) % (2-idpg 4)) x )

1) x (2-idpy =) )

H/XXI;‘[[O’%} = Hyo (id, x(2-idy,

H/XXI;I[%J} = Hyo (id, x(2-idy

1
2

is continuous according to 4.3 and the pasting lemma because X x ] [O, %] and X x
N

]I;[ [3.1] are closed in X x <1;1[ [0, 1] U]l;[ [;,1}), and H/Xxlgl[o,%] and H/XXI;[[%J]
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coincide on their intersection X x {(%, %,

H(x,0,0,...) = Hy( .
H(xz,1,1,...) = Hy(z,1,1,...) =

Hence, if r is a retraction from %I to its subspace A\, the mapping H o (id, xr) is a

box-homotopy from f to h. O

Theorem 4.10. Let f,f': X =Y and g,9': Y — Z be continuous maps, and let

gof, g of: X — Z be the respective composite maps. If f > f and g ~ g', then
/ !

gofrgof.

Proof. Let Hy: X X %I — Y be a box-homotopy from f to f’, and Hy: Y X %I —
Z a box homotopy from g to ¢’. The map G; =go Hy: X X %I% Z is a box-
homotopy from go f to go f’, and the map Go: X X %I — Z defined by G5 =

Hyo ((f'oidy) xid, xid, X --+) is a box-homotopy from g o f’ to ¢’ o f’. Now, using
transitivity of the relation ~, we conclude that g o f ~ g of. O

Theorem 4.11. If two mappings are homotopic, then they are box-homotopic.

Proof. Let H: X x I — Y be a homotopy from f to g. We can define a box-homotopy
G:Xxl%]%YfromftogbyG:Ho(idxxpl). O

Remark 4.12. The converse does not hold due to the fact that the universal property
of product topology does not have its equivalent for the box topology. We will provide
a counterexample in the sequel.

The relation ~ divides the set Mor(Top) into equivalence classes, and it is a con-

gruence (it is well adjusted with the composition). Therefore, there exists the quotient
category Top/... We will denote it by HpTop, and the box-homotopy class of a mor-
0

phism f will be denoted by [f].

5. The reduction of pro*-HTop category

If a morphism [(f™)]: (X) — (Y) between rudimentary systems in pro*-Top is

given, we will denote by gf” the mapping from (X) to (V') induced by [] f™: %X —
N
%Y, ]I;[f"((xn)) = (f"(zn)), for (z,) € %X.

Theorem 5.1. The mapping gf" is a well defined morphism of pro-Top.

Proof. Let (f™) € inv*-Top((X),(Y)). The map [[f™: %X%%Y is continuous
N

according to 4.3. Suppose p: %X — X and g: %Y — Y are quotient maps. Then,
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q (H f") : %X — Y is continuous and, for (z,,), (/) € %X such that (x,) ~ (2),

(a (1)) @ = (o (117) ) (6t

Thus there is a unique continuous map ¢g: X — Y such that
gop=gqo (Hf") ~
N
Obviously, g = gf”. Let (f™), (f™) € inv*-Top((X),(Y)) such that f* = f™ for

all but finitely many n € N. Then (H f") ((xn)) ~ (H f’”) ((xy)) in %Y for (z,,) €
N N
%X. Hence, [ f™ and [] /™ induce the same map gf”.
N N

Lemma 5.2. Let X and Y be two topological spaces and let py: DX — X and
qn: %Y — Y be projections to the n-th coordinate space, for every n € N Then, the
mapping

i = (p1 X qu,p2 X 2, .. ) (%X) X (%Y) — (X xY)

is a homeomorphism.

Proof. The mapping 7 is obviously a bijection. A basic open set in %(X xY) is of
the form %(Un x V), where U,, C X is open in X and V,, C Y is open in Y, for every

n € N. Its preimage under 7 is

((p1 x @) 7" (U1 x V1)) N ((p2 % g2) "1 (U2 x V2)) N
= ((p1)~*(U1) x tvi))n ( Uz) x (g2) " (V2)) N+
- (@(pnrlwn)) x (Q(qn)_l(Vn))

- (DUn) x (Dvn),
N N
and that is an open set in (%X ) X (%Y). Therefore, i is continuous. Moreover, since
((g0) * (g)) ~ s < v
N N N
i~ is continuous as well. O

Theorem 5.3. Let (f™), (f'™) € inv*-Top((X), (Y)) such that f™ is homotopic to f™
for every n € N. Then gf" ~ gf’”.

Proof. Let, for every n € N, a map H,: X x I — Y be a homotopy from f™ to f™.
Let ¢ be the homeomorphism from Lemma 5.2. The mapping H : %X X %I — %Y

defined by H = (H Hn> o1 is continuous by Lemmas 4.3 and 5.2, and it induces
N
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a continuous map H: X x %I — Y. Indeed, for any fixed (t,) € %I, if (z,,) ~ (20,),
then

{n| Hy(xp,tn) = Hy(x),,t,)} € F.
Thus (Hy (2, tn)) ~ (Hu(a), tn)). It is easy to verify that g/)”(x{(o,o,... )y = gf” and

H/i(x{(l,l,...)} = gfm- O
Lemma 5.4. The mapping j: %I — % (%I) defined by

3((@n)) = ((Yn)s (W) -+ )
where y,' = Tom-1(2,_1) for every m,n € N, is a homeomorphism.
Proof. Notice that the mapping ¢: Nx N — N, ¢(m,n) =2m"1(2n — 1) is a bijec-

tion commonly used for proving that the Cartesian product of two countable sets is
countable. Therefore, j is a bijection.

Let O ( g Vm> be a basic open set in (DX).
meN N \N

1 m)) _ ;-1 1 2., ...) —
Ix <m‘:€|N <nENVn >) ~x (nENVn . nENVn 8 ) kENUk’
where Uy, = V" for k = ¢(m,n). Therefore, j, is continuous.
The openness of j, is proved analogously. ]

Remark 5.5. The similar statement is valid if I is replaced by X, for every X €
Ob(Top).

Theorem 5.6. Let (f™), (f'™) € inv*-Top((X),(Y)) such that f™ is box-homotopic
to f'™ for every n € N. Then gf” ~ gf’”.

Proof. Let, for every n € N, a map H,,: X X %I — Y be a box-homotopy from f™ to

™. Let i and j, be the mappings from Lemmas 5.2 and 5.4. The mapping H : %X X
%I — %]Y defined by

(HH ) oio (iddpox Xj,)

is continuous by Lemmas 4.3, 5.2 and 5.4, therefore it is a box-homotopy between
H f™and H f'™, and it induces a continuous map H: X x DI — Y, a box-homotopy

between V f" and V 1. O
The following simple example shows that box-homotopic maps need not be homo-
topic.

Ezample 5.7. Let (f™),(g") € inv*-Top((I),(I)) such that f* =0 and ¢g" =1 for
every n € N. The maps f" and g™ are homotopic for every n € N, and, as we have seen,
V m, Vg I — I are box-homotopic by Theorem 5.3. But, they are not homotopic.
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Indeed, if H: I x I — I is a homotopy between gf” and gg”, then H([(zy)],0) =
[(0,0,...)], and H([(zn)],1) = [(1,1,...)] for every [(z,)] € I. Then for every [(z,)],
a map [ — [ defined by ¢ — H([(z,)],?) is a path from [(0,0,...)] to [(1,1,...)] in
I, and that is a contradiction because I is totally disconnected.

Now, let [([f™])] € pro*-HTop((X),(Y)). Recall, ([f™]) and ([f""]) are equivalent
if there is an ng € N such that [f"] = [f""] for every n > ny.

We claim that ([f"]) and ([f""]) induce the same box-homotopy class {g f"} .
O
Indeed, let (f™) and (f™) be two sequences of continuous maps between spaces X

and Y such that f™ ~ f'™ by a homotopy H,, for every n > ng. We can define a
mapping H : Ig(X x I)— %]Y by

q o H — Hn7 n 2 n07
" Hnoa n g no,

where ¢, : %Y — Y is a projection. H is continuous, and H o4, where ¢ is the map-
ping from Lemma 5.2, induces a box homotopy H: X x %I =Y, H([(z,)], (tn)) =
[H((zy,t,))], between gf" and gf’”. Indeed,

E[([(xn)] :(0,0,...)) = [(fn(xn))} )

H([(zn)], (1, 1,0)) = [(f ™ (2n))] -

Therefore, by the correspondence pro*-HTop — pro-Hp Top defined by
R((Xx, [pax] M) = (X)\v [gp,\,v]m ,A) ;

for (Xx, [pan],A) € Ob(pro*-HTop), and

R 20D = (£ [522])]

for [(f, [fﬂ)] € Mor(pro*-HTop), the function R is well defined. By chasing an
appropriate diagram one can easily check that [( f, {g f "} D)} is indeed a morphism

of pro-Hp Top and that functorial properties are valid.

The functor R is neither faithful nor full. For instance, morphisms f = [(f")], g =
[(g™)] € pro*-HTop((X), (Y)) such that f™ and g™ are box-homotopic but not homo-
topic for every n € N, are different, and, by 5.6, R(f) = R(g). Also, morphisms in
pro-Hp Top between inverse systems of non-P-spaces do not come from pro*-HTop
under R.

In this way we get a functor that reduces the category pro*-HTop to the cate-
gory pro-Hp Top, making the objects more complex, but the number of morphisms is
significantly reduced, which makes analyzing and constructing isomorphisms easier.
~ We can go further on and in a similar manner define a certain correspondence
R: pro*-Hp Top — pro-Hp Top by

R((Xx, [pan]g . A)) = (X’\’ [gp,\,v}m 7A) ’
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for (Xx, [pan]g.A) € Ob(pro*-Hp Top), and

f%([(f, [fﬁ]D)D B Kf’ [gfl‘l]uﬂ 7

for [(f7 [fm D)] € Mor(pro*-Hp Top). It proves out that R is also a well defined func-
tor.

Now, if we apply the known coarse shape theory techniques, recalling that every
topological space admits a polyhedral resolution, the sequence of functors

s J 7 J

HTop —— pro-HPol ———— pro*-HPol L pro-Ho Top ——
R J

pro*-Hp Top —— pro-Hp Top ——

5 J
pro*-Hp Top B pro-HoTop —— - - -

induces a sequence of classifications coarser than the coarse shape type. Here, S acts
as a shape functor by fixing an expansion of a topological space.
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