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HOMOTOPY CARTESIAN DIAGRAMS IN n-ANGULATED
CATEGORIES

ZENGQIANG LIN anD YAN ZHENG
(communicated by Claude Cibils)

Abstract

It has been proved by Bergh and Thaule that the higher map-
ping cone axiom is equivalent to the higher octahedral axiom for
n-angulated categories. In this paper we use homotopy carte-
sian diagrams to give several new equivalent statements of the
higher mapping cone axiom. As an application we give a new
and elementary proof of the fact that the stable category of
a Frobenius (n — 2)-exact category is an n-angulated category,
which was first proved by Jasso.

1. Introduction

Let n be an integer greater than or equal to three. The notion of n-angulated
category was introduced by Geiss, Keller and Oppermann in [5] as the axiomatization
of certain (n — 2)-cluster tilting subcategories of triangulated categories. In particular,
a 3-angulated category is a classical triangulated category. Examples of n-angulated
categories can be found in [5, 4, 8]. Bergh and Thaule discussed the axioms of n-
angulated categories in [3]. They showed that for n-angulated categories the higher
mapping cone axiom is equivalent to the higher octahedral axiom.

The first aim and motivation of this paper is to understand the higher octahe-
dral axiom. The n-angle induced by the higher octahedral axiom is very mysterious
because it involves a lot of objects and morphisms. How do these objects and mor-
phisms behave together? What are the morphisms of n-angles hidden in the higher
octahedral axiom?

The second motivation is to discuss other equivalent statements of the higher
mapping cone axiom. As is well known, there are quite a few equivalent statements of
octahedral axiom such as the homotopy cartesian axiom, the base change axiom, the
cobase change axiom and so on, which are used to construct triangles under varied
conditions. Do their higher versions exist?

It turns out that homotopy cartesian diagrams provide a useful method to achieve
our two goals. The notion of homotopy cartesian diagrams in n-angulated categories
was first introduced in [3]. For triangulated case, homotopy cartesian square can be
found in [10, 9, 7]. Since a homotopy cartesian square is the triangulated analogue
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of pushout and pullback square in an abelian category, inspired by the definition of
(n — 2)-pushout and (n — 2)-pullback diagrams in (n — 2)-abelian categories [6], we
give an equivalent definition of homotopy cartesian diagrams to avoid dealing with
the signs (—1)% in the n-angle (see Remark 2.4 for details). Then we prove that the
higher mapping cone axiom is equivalent to the higher homotopy cartesian axiom,
which is implied but not state explicitly in [3]. Using homotopy cartesian diagrams,
we will give several other equivalent statements of the higher mapping cone axiom.

It has been proved by Jasso that the stable category M of a Frobenius (n — 2)-
exact category (M, X) is an n-angulated category [6, Theorem 5.11]. We will give an
alternative proof of [6, Theorem 5.11] by showing that the stable category M satisfies
the higher homotopy cartesian axiom. Our proof seems more elementary since the
standard n-angles in M are naturally induced by the (n — 2)-exact sequences in X
and the homotopy cartesian diagrams are naturally induced by the (n — 2)-pushout
and (n — 2)-pullback diagrams.

This paper is organized as follows. In Section 2 we first recall the definition of n-
angulated categories, then introduce the notion of homotopy cartesian diagrams and
provide some needed facts. In Section 3 we use homotopy cartesian diagrams to give
several new equivalent statements of the higher mapping cone axiom; see Theorem 3.1,
Corollary 3.4 and Corollary 3.6. In Section 4 we apply the new characterizations of
the higher mapping cone axiom to give a new and elementary proof of the fact that
the stable category of a Frobenius (n — 2)-exact category is an n-angulated category;
see Theorem 4.7.

2. n-angulated categories and homotopy cartesian diagrams

Throughout this paper, we always assume that n is an integer greater than or
equal to three. For convenience we recall the definition of n-angulated category from
[5]. Let C be an additive category equipped with an automorphism ¥: C — C. An
n-2-sequence in C is a sequence of morphisms

Xo=(X I x, 2 xy & I x ) I v,

Its left rotation is the n-Y-sequence

Xo L Xy By xy L e x ey, BT ek

An n-Y-sequence X, is ezact if the induced sequence
o= C(—, X)) = C(—, X)) > - =5 C(—, X,) =2 C(—,5Xq) — - -

is exact. A morphism of n-Y-sequences is a sequence of morphisms ¢, = (¢1, @2, - - - ,
©n) such that the following diagram

X, f1 X, f2 X4 f3 fn-1 X, fn nX,
iwl l@z i@os \L% izm
Yl g1 Yé g2 Y3 g3 L In—1 Yn dn ZYl
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commutes, where each row is an n-X-sequence. In this situation, we call p, a weak
isomorphism if for some 1 < i < n both ¢; and ;1 (with ¢, 11 = Xp1) are isomor-
phisms. We call @, an isomorphism if o1, @, ... , @, are all isomorphisms.

Definition 2.1 ([5]). Let C be an additive category, ¥ an automorphism of C and ©
a collection of n-Y-sequences. We call (C,X,0) a pre-n-angulated category and call
the elements of © n-angles if © satisfies the following axioms:

(N1) (a) © is closed under isomorphisms, direct sums and direct summands.
(b) For each object X € C the trivial sequence

(TX)e=(XHX 50> —=0=5X)

belongs to ©.
(¢) For each morphism f;: X; — X5 in C, there exists an n-3-sequence in ©
whose first morphism is fi.

(N2) An n-3-sequence belongs to O if and only if its left rotation belongs to ©.

(N3) Each commutative diagram

X, f1 X, f2 X, fs -1 X, In X,
| |
\L‘Pl \Ltpz | ¥3 | ¥n i&ol
g1 g2 ¥ gs In—1 ¥ 9n
Yi Y, Y3 . Y, XY,

with rows in © can be completed to a morphism of n-3-sequences.
If ©, moreover, satisfies the following axiom, then (C,X%,0) is called an n-
angulated category:

(N4) In the situation of (N3), the morphisms @3, @4, ... , ¢, can be chosen such that
the mapping cone C'(,):
(£8), ¢ oy (£8)
X, o7 224 X301, ~ 2224
(o) (S o)
$n In-—1 EXl ® KL $1 gGn ZXQ o EYl

belongs to O.

The following theorem shows that for n-angulated categories the higher mapping
cone axiom is equivalent to the higher octahedral axiom.

Theorem 2.2 ([3, Theorem 4.4]). Let (C,%,0) be a pre-n-angulated category. Then
O satisfies (N4) if and only if © satisfies (N4*):
Given the following commutative diagram

f1 fa f3 fa frn—2 frn-1 fn

X, X5 X3 Xy Xn-1 X, X
H Wzl 903: //14194 @n—ll // ltpn H
Xl g1 YQ 92 )XB ie, ;4 }2 94 . 9n—2 an—lgn/l(;n }Xn gn EXl
ifl ‘ 1/)3: / :dm T/)n—ll / :wn J/Efl
X, 225, he Zv: ho ZV4 Py D2 Z:—%l o Zvn i ¥ Xo
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whose rows are n-angles, there exist morphisms @;: X; —Y; for3 <i<n,¢;:Y; —
Zj for 3<j<n and ¢: Xy — Zi—1 for 4 <k <n such that each square in the
above diagram commutes and the following n-%-sequence

—fa O —fs 0 0
f3) <tp4 —g3> ( ®s5 —94}?>
Xy 2l X oY, ~ M B X ey ez, 2 M ey @ 2

frn—1 0 0

0 O

( {)6 —gs 0) ((—1)"1%—1 ~gn-2 O ) (1)
¢6  Ps5 ha o Pn—1 Yn—2 hn_3

Xn (S¥) Yn—l S¥) Zn—2
<(_1)7LWn —9n-—1 0 )
¢71r wn—l hn—2

(wn hnfl) Sfa-hn

Yn S5 Zn—l Zn E)(3
belongs to ©.

In the rest of this section we assume that all n-angles are in a pre-n-angulated
category (C, X, ©).

Definition 2.3 (cf. [3]). The following commutative diagram

X, f1 X, f2 fn-3 X, s fn—2 X,
J/cm \Lg@ itpnfz l/tpnf1
Yl g1 Yg g2 L 9In—3 Yn—Q In—2 Yn—1

in a pre-n-angulated category C is called a homotopy cartesian diagram if the following
n-Y-sequence
(), oy (E8), 4 oy (8)
X X@Y Y2 g1 X3®Y Y3 g2
fnz 0 ) (2)

N AP LS LI RS
is an n-angle for some morphism 0: Y,,_1 — XX7, where 0 is called a differential.

Remark 2.4. (a) The n-angle (2) in the definition of homotopy cartesian diagram is
slightly different from the one in the definition given in [3]. But the two n-angles are
isomorphic:

f1 —f2 0 —f3 0
( ) X2®Y1 Y2 91) X369Y2 (tP3 92)

o) e S

XlﬁXQGBYl Xg@YQ

(TP{::; gn073> (Pn—1 gn-2)
Xn1®Y, 2 Y1 4>2X1
f’n/f O
((*1)"<P2n—2 gn—s)

i

((_1)n+1‘ﬂn71 gn—2 )

Xn10Y, o L —2evx,
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(b) Since a homotopy cartesian square is the triangulated analogue of a pullback
and pushout square in an abelian category, we can compare our definition with the
notion of an (n — 2)-pushout and (n — 2)-pullback diagram in an (n — 2)-abelian cat-

egory [6].

Lemma 2.5 ([5, Lemma 2.4, Lemma 2.5]). Let (C,%,0) be a pre-n-angulated cate-
gory, then the following hold:

(a) All n-angles are exact.

(b) Let po: Xo — Ye be a weak isomorphism of exact n-X-sequences. Then X, is
an n-angle if and only if Ye is an n-angle.

Lemma 2.6. Let
f1 f2 f3 fn-1 fn

Xe X1 Xo X3 Xn XXy
A S
Ye R = L 35 ¢

be a morphism of n-angles with X1 = Yy. Then as an n-X-sequence, the mapping cone
C(e) 1s isomorphic to M (pe) ® (X1)e, where

(*fz) (*f3 0) (_fn—l 0 )
M((p.) _ (X2 v&_) X3@Ys ¥3 g2 . Pn—1 Gn-—2 X, ®Y, .
i)y BN 53,) (Xp)e = (X1 = 0 = - — 0= BX; 5 5X)).

In particular, C(ps) is exact if and only if M(ps) is exact.

Proof. 1t is easy to check the following isomorphism of n-3-sequences:

G2h) L GE)
C((p.): XQ@Xl ¥2 91 Xg@YQ ¥3 g2
l(éff
M(pa) ® (X1)a: RS CLISS A N
—fn-1 O ) (7fn 0 ) (—Efl 0
Pn—1 Gn-2 X,L@Yn_l%le@yn In EXQEBEXl
((1) gln) J{(l Efl)
_ ) 0 i
vt 0ns) (5 ") i SN,

L2 P sy ayx, Y Unx,o¥NX,

We note that (X7)e is an n-angle since it is isomorphic to

X; 50— —s0-vx, S vy,

Thus C(p,) is exact if and only if M (p,) is exact. O
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Lemma 2.7. Let
fl f2 fd fn 1 fn

X. X, X, . X, X,
| H lo e ]
}/. g1 Y2 92 }/3 gs . In—1 Yn 9n ZXl
R H - .
7. Ny, gy e g s,

be a commutative diagram whose rows are n-angles. Then

X, f2 X, f3 fn-1 X,
l#’z lips \L‘Pn
}/—2 g2 Y3 g3 In—1 Yn

is a homotopy cartesian diagram with the differential X f1 - g,, if and only if
f2 f3 fn—1

X X5 X,

\L¢2 iwgtpa \Lwn‘Pn
B

Yot 2y s 7,

is a homotopy cartesian diagram with the differential Xf1 - h

Proof. By Lemma 2.5(a), the n-angles X,,Y, and Z, are exact. Since the class of
exact n-Y-sequences is closed under mapping cones, we obtain that the mapping
cones C(pe) and C(1epe) are also exact. It is easy to see that we have the following
commutative diagram

( f2) —f3 0) (—f4 0
M(ps): 2 XY, — 22 X, ey, P
H H PN P
M (heps): ) Conps 1) X4@ZSM>
MX @Y 1 (en-gn—1) Y Sf1-gn

1 0
( —fn-1 0 ) i(o d)n—l) l/ H
Yn—1¢n—1 hn— nPnshn— b n
S S U e P L Il s,

whose rows are exact n-Y-sequences by Lemma 2.6. The result holds by definition
and Lemma 2.5(b). O

3. Equivalent statements of higher mapping cone axiom

In this section we provide some equivalent statements of higher mapping cone
axiom to explain the higher octahedral axiom. We leave the dual statements to the
reader.
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Theorem 3.1. Let (C,X,0) be a pre-n-angulated category. Then © satisfies (N4) if
and only if © satisfies (N4-1):
Given a commutative diagram

X, f1 X, f2 X, fs frn-1 X, fn X,
| |
H \L‘Pz | 3 | ¥n H
g1 g2 \ gs gn—1 v 9n
X, Yy Ya . Y, v X,

whose Tows are n-angles, there exist morphisms ¢;: X; — Y; for 3 <i < n such that
the above diagram is commutative and the following

X2 f2 X3 f3 . fn—l Xn
\L@z \LWS J/‘Pn
sz g2 YE), g3 . In—1 Yn

is a homotopy cartesian diagram whose differential is X f1 - gy, .

Proof. Assume that © satisfies (N4), then there exist morphisms ¢;: X; — Y; for
3 < i< n such that the mapping cone C(pe) is an n-angle. Since the class of n-
angles is closed under direct summands, the remaining part of (N4-1) follows from
Lemma 2.6.

Conversely, we assume that O satisfies (N4-1). Given a commutative diagram

X.: P LIS LI AL NN SR LN 5
i% l@z iZWI
Y.: Yl g1 Y2 g2 Y3 g3 In—1 Yn In ZYl
whose rows are n-angles. The following commutative diagram
! X, eV (w2f191) Y, 92 Y, 93
10
(E%)
0 g1
(X)edYe: Xiov— 2oy, oy o
0 -1 0
gn—2 Y, , (gn—l) NX, @Y, (24/71 gn) NX, B LY,
(56, 1)
0 10 Y1
gn—2 (gn,fl) ( 0 gn
Y1 YXiY, ——=XX, 0XY;

shows that Y, is an n-angle since (X1)e @ Y, is an n-angle. By (N4-1), the following
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diagram
f10
0 .
X, Y (0 1) XQ@Y1(f2 ) X3£>
|
H l(m g1) I 3
Y
X, (@2f1 91) g g2 Ys g
fn
Tz x, I x, (%) X, 0%y,
‘Lpnfl ! /
\L ( 0 ) \L(iﬁ) (2_1 0)
"y, e X e Y, —— 0 vX e Ry,

can be completed to a morphism of n-angles such that the following sequence

(*fz 0) (*fs 0) (*f4 0)
Y2 g1 Y3 g2 Y4 g3

Xo0Y; X39Ys X, PYs
(F=1,0)) (i:‘ go,l) =h 0
. thn@yn_l SN N X, @Y, ——L I v X, @ N,
is an n-angle, where ¢!, = — f,, by the commutativity of the above rightmost square.
O

Since the proof of (N4-1) = (N4) does not use (N3), we immediately obtain the
following corollary.

Corollary 3.2. Let C be an additive category with an automorphism % and © be a
class of n-3-sequences. Then (C,X%,0) is an n-angulated category if and only if ©
satisfies (N1), (N2) and (N4-1).

Remark 3.3. We can compare Corollary 3.2 with [1, Theorem 3.1], where the author
proved that (C, 3, ©) is an n-angulated category if and only if © satisfies (N1), (N2)
and (N4*).

Corollary 3.4. Let (C, %, 0) be a pre-n-angulated category. Then the following state-
ments are equivalent:

(a) © satisfies (N4).

(b) © satisfies (N4-2):

Given an n-angle X, f—1> X ﬁ) o f"—71> X, I = ¥ X1 and a morphism ¢1: X1 —
Y1, there exists a commutative diagram

Xl fl X2 f2 fn72 X f fn Z)){1

|
J{m | p2 W’n 1 H P1

Y
g1 92 In—2 Y- fn
L A S 2 (



HOMOTOPY CARTESIAN DIAGRAMS IN n-ANGULATED CATEGORIES 385

such that the second row is an n-angle and

X, f1 X, f2 frn—2 X,
J{m lsaz l/tpnf1
Yl g1 YVQ g2 L In—2 Yn71

is a homotopy cartesian diagram where (—1)" f,, - gn—1 is the differential.

(c) © satisfies (N4-3):

Given two morphisms f1: X1 — Xo and pa: Xo — Yo, there exists a commutative
diagram

X1L>X27ff>x3,ff>...,fil>X ,7>2X1
1, |
PR PO P P
such that each row is an n-angle and
X, P Xs fs fr—1 X,
lw l‘f’a lcpn
g2

gs gn—1

Y, Ys
is a homotopy cartesian diagram where X f1 - g, is the differential.

Proof. (a) = (b). By (N2) and (N1)(c), we have the following commutative diagram

-D)"S " i o n—1
Z an ( ) f X1 jl X2 f2 R f 2 anl f Xn
lwl H
—1)"p1- 27 e n—
Zian ( ) ik f )/i 9 }/2 % AR g 2 }/:n_l g ! Xn

whose rows are n-angles. Now (b) follows from (N4-1) and Theorem 3.1.
(b) (¢). For the morphism f1: X; — Xo, by (N1)(c) and (N2) we assume that

Xo ELN f"—1>X In - ¥Xq DA, Y X, is an n-angle. Then (c¢) follows from
(N4-2).
(¢) = (a). Given a commutative diagram
f2 ){3 f3 . frn—1 X,n fn EXl
g1 Y2 g2 Y,?) g3 In—1 Yn gn ZXl

whose rows are n-angles. By (c), there exists a commutative diagram

- .
X1*>X277>X37f3’>---7 Xuf>2X1

|
g/ \ g/ ’

Xlﬁyrf>y377>---fg": Y’77>2X1



386

such that each row is an n-angle and
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f5 , I3 frnoa ,
X5 X3 . X,
J/W l«pé @

g5 g In—1

2 ’ 3 n— /
Y5 Ys Y,

is a homotopy cartesian diagram where X f; - ¢/, is the differential.

(N3) that we have the following commutative diagram

X, X, f1 X, f2 X, I3 fr—1 X, fn
| |
0e H 165 16,
’ Y ’ ! Y ’
f f: Foz fan
X/ X, Pex, oxy B LX!
A J/W l@o’s itp;
! ! G .
}/./ X1 g1 YQ 9 YE))/ 93 1 YT; g
| |
Ye ‘ I 3 I Pn
g1 92 ¥ g3 In—1 ¥ 9n
Y, X1 Yy Y3 Y,

J2

f3

X5 X3 X,
lw iwwges lwnw;ﬂn
)/2 g2 Y3 gs In— Yn

It follows from

¥X,

Y X,

is a homotopy cartesian diagram and X f; - g,, is the differential. Thus (N4-1) holds

and (a) follows from Theorem 3.1.

O

Remark 3.5. The axiom (N4-1) and axiom (N4-2) are the higher analogues of homo-
topy cartesian axiom and cobase change axiom respectively. See [9, 7, 2] for reference.

Now we use the higher homotopy cartesian axiom (N4-1) to explain the higher

octahedral axiom (N4*).

Corollary 3.6. Let (C, %, 0) be a pre-n-angulated category. Then the following state-

ments are equivalent:
(a) © satisfies (N4).
(b) © satisfies (N4-4):

Given the following commutative diagram

X, 1 X, fa X4 f3 X, Ja frn—2 X, Jn-1 X, I DX,
H wl o e et e H
Xl g1 }/2 g2 )Xg g3 24 Y4 9ga gn—2 an_lgnfl : }Xn gn EXl
l’fl ‘ 1/)3: // :1#4 T/)n—ll // lwn \szl
X, 225, he Zv: ho Zy e fng :—y/l o Zvn i ¥ Xo
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whose rows are n-angles, there exist morphisms @;: X; —Y; for3 <i<n,¢;:Y; —
Zj for3<j<nandOy: X — Zp_1 for 4 <k < n such that the following diagram

X, f1 X, f2 X, f3 X, fa

P2 Y3 P4q

Xl g1 Yz g2 Y3 g3 Y4 ga

I 0 0 0

Mo 10 e 1% gy 10
2 3 2 4 3 5 4

Xo —X3Y, ————— X, ®Y;3 XsdY,

(01) (64 v3) (05 ¥a)

X, P2 Y, ho Zs hs3 7 ha

—f2 (goz) fa 0 0 fs 0 0 9 f6 0 0

1 sy O sy 10 @

04 Y3 05 s hs 06 Vs ha

X3 X, 0V X0V, 073 Xe@Ys D2y ——— -

frn—s frn—2 fno1 fn

Xn—2 Xn—l Xn ZXI
s o lsa
gn—3 Yn_2 gn—2 Yn_l In—1 Yn 9gn ZXl
(?) (9) Sh
(ol v () Cle )l s
Xn1®Y, o ——— X, 0V, 1 ——Y, —=3Xp
(On—1 Yn_2) (0n Yn_1) \Ldm
B hon— B — hn
- Zns - Ty ———= 2y, SX,
n— 0 0 0
< _fW7zi1 —9n-2 0 ) (?) ( “¥n “9n-1 0 ) ?) —Zf2
Opn-1 PYn—2 hn_3 0n  Yn—1 hp—2 (1[)7, hp—1 ) —Sfa-hn
X, B, 1@ 2, s Yn®Zn 1 Zn X3

(3)
is commutative where each row is an n-angle.
(c) © satisfies (N4-5):
Given two morphisms f1: X1 — Xo and ps: Xo — Yo, there exists a commutative
diagram (8) such that each row is an n-angle.

Proof. (a) = (b). By Theorem 3.1 and (N4-1), there exist morphisms ¢;: X; —Y;
for 3 <i < n such that the diagram (3) involving the first two rows is commuta-
tive and the third row is the n-angle given by the homotopy cartesian diagram. By
(N4-1) again, there exist morphisms t;: Y; — Z; for 3 < j < n and 0;: Xy — Zy_4
for 4 < k < n such that the diagram involving the third row and the fourth row is
commutative, and the n-angle given by the homotopy cartesian diagram is the direct
sum of the fifth row and the trivial n-angle (7T'Y2)s. Other commutative squares are
trivial.
(b) = (c). It follows from (N1)(c).
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(¢) = (a). The first three rows in diagram (3) implies that © satisfies (N4-3). Thus
(a) follows from Corollary 3.4. O

Remark 3.7. If we replace ), by (—1)*1¢y for 4 < k < n in the last row of dia-
gram (3), then we have the following isomorphism of n-angles
fo 0 O
(*906 —g5 0 )
—¢6 VY5 ha

fa O fs 0 0
( I3 ) (*904 *93) (*905 —g4 0 )
- —¢a Y3 ¢5 s hg

Xy~ X, 0V — A X p Y, @ 2y~ L XY B 2y o L
-1 0 O
(1 O) (0 —1 0)

0-1 0 0 —1

—fa O -fs 0 0
(f;;) ( pa *93) (*905 —9a ’? )
X3 Y X, oY X e vie zs 2 Xa Ve 2,

—f6 0 0
( w6 —gs 0)
b6 Y5 ha/
fnfl 0 0
—Pn-1 —gn—-2 0 ( _Spwi —gn-1 O )
(=1)"on-1 Yn—2 hn_3 (=D)""'¢n a1 hn-z (w" hn—1 ) —X fa-hn
= XY @4y = V84— Z, — XX
-1)" 0 0
<( 0) -1 0) (_()191) -1
—fn-1 0 0 0 0 -1
((_1)71'150711 —9n-—2 0 ) ((*inpn ;z}gnfl N 0 )
bn—1 Yn—2 hn_3 n n—1 n—2 (wn P ) Ef hn
T Xn@Yn—l ®Z7L—2 I Yn@ n—1 4; n i> EXS
where the second row is the n-angle (1) given by the higher octahedral axiom (N4*).

Indeed, (N4-4) is nothing but the proof of (N4) implying (N4*). Moreover, by (N4-4)
we easily obtain the morphisms of n-angles hidden in (N4*).

4. An application

In this section we apply the idea of homotopy cartesian diagram developed in
Section 3 to give a new proof of [6, Theorem 5.11]. We first recall some basic definitions
and facts on Frobenius n-exact categories from [6].

Definition 4.1. Let C be an additive category and f;: X; — X2 be a morphism in C.
An (n — 2)-cokernel of fi is a sequence

fn—
(fo, fa, oo s fa1): Xo f—2>X3 ELN LN

such that the induced sequence

0—-C(X,,Y)—=>CXn-1,Y)— - = C(X3,Y) > C(X2,Y) = C(X1,Y)

Xn

is exact for each Y € C. In this case, the sequence

D EIELNG LR NS SINELENG

is called right (n — 2)-ezxact. The notion of (n — 2)-kernel and of left (n — 2)-exact
sequence are defined dually. A sequence

0o x x, & Iy, e xS

is called (n — 2)-ezxact if it is both right and left (n — 2)-exact.
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Definition 4.2. A commutative diagram

X, f1 X, f2 o fn-3 X, s fn—2 X, .
\Ls’ﬁl \Lwrg l/tﬂnfz itpnfl
g1 g2 9In—3 In—2
Y Yo e Y. 2 Y

is an (n — 2)-pushout diagram if the following sequence

—f1 —f2 0 —fs 0
Xl (991) XQ@Yl Y2 91) X369Y2 <<P3dy2>

. (P2 els) (#n-1 gn-2)

X 1®©Y o Y,.1—0

is right (n — 2)-exact.

Let M be an additive category and X be a class of (n — 2)-exact sequences in M.
The pair (M, X) is called an (n — 2)-ezact category if it satisfies some axioms which
are similar to those of exact categories (see [6, Definition 4.2] for details). We will
frequently use the following lemma and its dual.

Lemma 4.3 ([6, Proposition 4.8]). Let (M, X) be an (n — 2)-ezact category. If the

sequence
f1 f2 frn—2 frn—1
0= X 5 X, 2 25X, 75X, =0

is an (n — 2)-exact sequence in X, then the following statements are equivalent:
(a) The diagram

fn* f’n/f
D (RS P
\Lﬁp1 \LQDZ i‘P'ﬂ*Z itpnfl
Yl g1 Y2 92 9n-3 Yn_Q 9n—2 Yn_l

is both an (n — 2)-pushout and an (n — 2)-pullback diagram.
(b) The sequence

—f1 —f2 0 —f3 0
0—>X1 (901) X2€9Y1 (<P2 gl) Xg@YQ <<P3 92)
(L,;nf:; gno,g,) (Pn—1 gn-2)
e Xp 1 ®Y, s ——— Y, 1 =0
is an (n — 2)-exzact sequence in X.
(¢) There exists a commutative diagram
0 X, 1 X, f2 o fn-3 X, o In X, fr—-1 X, 0
\Lgm \L@z i/tpnfz itpnfl H
0 Yl g1 }/2 g2 L 9n—3 Yn72 9In—2 Yn71 gn—1 Xn 0

whose rows are (n — 2)-ezact sequences in X .
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Let (M, X) be an (n — 2)-exact category. Recall that an object I € M is called
X-injective if for any (n — 2)-exact sequence

0— X ox, &y Iy Il w0
in X and any morphism g € M(Xy, I), there is a morphism h € M (X5, I) such that
g = hfi. We denote by Z the full subcategory of M consisting of X-injectives. We say
(M, X) has enough X-injectives if for any object X € M, there is an (n — 2)-exact
sequence

in—1

05 X B LX) 2 LX) - "5 1 (X)) 25y 50

in X such that I;(X) € Z. We say (M, X) is Frobenius if it has enough X-injectives,
enough X-projectives and if X-injective objects and X-projective objects coincide.
From now on, we assume that (M, X)) is a Frobenius (n — 2)-exact category. We
denote by M the stable category M/[Z]. Given a morphism f: X — Y in M, we
denote by f the image of f in M under the canonical functor M — M.
The following lemma is clear. It is a variant of [6, Lemma 2.1].

Lemma 4.4. Assume that we have the following two commutative diagrams

f1 f2 fn—2 fn-1

0 X1 Xo ce Xno1 Xn 0
\Lﬁpl \Ltpz itpn—l l/«pn
0 Yl g1 -[1 92 . gn—2 In72 gn—1 Yn 0
and
0 X, f1 X, fr Jrn—2 X, frn—1 X, 0
lﬂf’l \L‘Plz i%_l i«o;
0 Yl g1 Il 92 L 9n—2 In_z gn—1 Yn 0

whose rows are (n — 2)-ezact sequences in X and I; € . Then @, = ﬁ in M.

Following [6, Proposition 5.8], there exists an automorphism %: M — M. For
convenience we recall the definition of . For each X € M, we choose an (n — 2)-
exact sequence

in—2 in—1

05X 5 LX) 3 LX) > 25T, 5(X) 258X -0

in X such that I;(X) € Z. For each morphism f: X — Y, we have the following
commutative diagram

in—2 in—1

0 X "% (X)) —2 LX) 2> Lia(X) s 90X —— 0
if \LIl(f) ifz(f) \LIn—2(f) \sz
J1 j Js Jn—2 Jn—1

0 Y L(Y)—Z5 L(Y)

I s(V) e 2y — 0

with rows in &. By Lemma 4.4 the morphism ¥ f does not depend on the choice of
I;(f). We define X f = X f. It is easily seen that the functor ¥ is an automorphism
of M.
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Given an (n — 2)-exact sequence

(N LN NELNNELEND SIRIKIENS
in X, we call the sequence

f1

f In— In— —1)" fn
X1:>X2:2>...:2>Xn_1 - S

X, =YX,

a standard n-angle if there exists the following commutative diagram

0 X, f1 X, f2 fr—2 X, fr—1 X, 0
|, e
0*>X1 $11(X1)L$2 n,Q(Xl) nt ZXl 0

We denote by O(X) the class of n-3-sequences which are isomorphic to standard
n-angles.

Lemma 4.5. Let (M, X) be a Frobenius (n — 2)-exact category. Assume that the
following is a commutative diagram

0—> X1 — 5 [ (X1) 2> —L (X)) s 50X, 0
\Lfl l/g1 \Lgn—Q H
0— =X, Lo xy Py Pk 0

whose rows are (n — 2)-exact sequences in X and I;(X1) € Z. Then the sequence

f f bi Sn— fn
XI5 X S X S X, S X,

belongs to ©(X).
Proof. By Lemma 4.3 we have the following morphism of (n — 2)-exact sequences

(%) (o 1) (o' 1)

04>X1 4>11(X1)€BX2 IQ(Xl)EBXg

10 | [oo

OﬁXl Z%]&(Xl) 2 ]'2()(1)1%3

—ip—2 O
gn—-3 fn-2

I (X)) @ Xy — ) g
| oo |
S L _o(Xy) S X, — 0.
Thus the sequence
X1 ng%XgLi>~-~h;>an:n>ZX1
belongs to O(X) by definition. O

Remark 4.6. We point out that our definition of standard n-angles is different from
the definition given in [6]. They are the same up to isomorphisms by Lemma 4.5 and
[6, Lemma 5.10].
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The following theorem was first proved by Jasso. We will give a new proof.
Theorem 4.7 ([6, Theorem 5.11]). Let (M, X) be a Frobenius (n — 2)-ezact category,
then (M, %, 0(X)) is an n-angulated category.

Proof. By Corollary 3.2, we only need to show that ©(X") satisfies (N1), (N2) and
(N4-1). Here we only prove (N4-1).
Given a commutative diagram

f 2 fs faocr (=)™ fu
X1 Xo X3 Xn =2.X1
[ [
NN
g1 g2 Vo ogs g1 ¥V (=1)"gn
X, Y5 Ys Y, =>%.¢1

with rows standard n-angles, we need to show that there exist morphisms ¢;: X; — Y;
for 3 <4 < n such that ¢;fi—1 = gi—1pi—1 and f,, = gy, and the following

f2 f3 Sfn—1
X2 X3 A Xn
g2 g3 gn—1

is a homotopy cartesian diagram whose differential is (—1)"Xf1 - gn.
Indeed, we assume that

(N LN SRECN A LR LENS )

and

0= X, Ly, Zyyy &5 ... 2y, 50
are (n — 2)-exact sequences in X. Since g1 = @af1, there exist two morphisms
a: X1 — I and b: I — Y5 such that [ € Z and g1 — @2 f1 = ba. Since I € Z, there
is a morphism c¢: Xs — I such that a = cf;. Thus, g1 = (@2 + be) f1. Consequently,
there exist morphisms ¢;: X; — Y; for 3 < i < n such that the following diagram

0 X, f1 X, fa X4 f3 frn—1 X, 0
| |
H \Langrbc | ¥3 | ¥n
g1 g2 ¥ g3 gn—1 v
0 X1 Yo Y3 Y, 0

is commutative. Hence, the sequence

(pathe) Fa) Ghael) ( )
0— X2 p2+bc XB@Y-Z w3 g2 $Yn—1 Gn-—2 Xn@Ynfl Pns9n—1 Yn 0

is an (n — 2)-exact sequence in X’ by the dual of Lemma 4.3, which induces the
following standard n-angle

(&) (&) (Ea)

Xo—— 5 XsbYs — 5 X, dYs

—fn-1 O
(w_l gn_z) (n,gn—1) (-1)"h
=X, 0Y, Y, XX
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for some morphism h: Y,, = ¥ X5. The following commutative diagram

f1 f2 f3 fn—2 fn-1

0— X, Xo X, . Xy — X, —>0
T S
0—X 2>y, 2oy 2. T2 oy, T oy, 0
Sy A
0 X1 > (X)) -2 L(X1) 25 2 L (X)) — e BX, - 0

and Lemma 4.4 implies that f, = gnn. Comparing the following two diagrams

g1 g2 9gs3 In—2 gn—1

0—X; Y Y3 e Y1 — Y, 0
Ny Lk

0> X1 2 (X)) 2 L(X1) 5 2 L (X)) — T X, 0
lfl | o s lzfl

0> Xy 2% [(Xs) 2o L(Xo) Lo 2 L (X)) T e B X > 0

and

0 . Xl g1 Y2 g2 . In—2 . In—1 Yn O
no (9) . l (9)

O . ig (Wﬁ X3 g;; (Tpf; 902 . ( LPJ:Ln—ill gnO 2 X @Y: L @’nngn 1 Yn . O
- e
0> Xy — o [(Xy) — 2 T g o(Xe) — e BX, 0,
we have h = ¥ f1 - g, by Lemma 4.4. We are done. O
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