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PERIODIC PROBLEM ON HOMOTOPY GROUPS OF CHANG
COMPLEXES Cr+27

ZHONGJIAN ZHU, PENGCHENG LI anD JIANZHONG PAN
(communicated by John R. Klein)

Abstract
In this paper, we find new examples, namely one class of
Chang complexes C"*27  such that their stable homotopy
groups are direct summands of their unstable homotopy groups.

1. Introduction

The study of homotopy groups of finite complexes is one of the central problems
in homotopy theory. The main tool for this problem is to decompose its loop space.
Serre [12] showed that, p-locally for p an odd prime, 252" has the homotopy type of
the product of S?"~! and Q54"~!. This decomposition reduces the computation of
the odd p-primary part of the homotopy groups of spheres to that of odd dimensional
spheres. Later Cohen-Moore-Neisendorfer [6] and Cohen [5] found a decomposition
of the loop space QM (Z/p",n), where M(Z/p",n) is the Moore space with the only
non-trivial homological group H, (M (Z/p",n)) = Z/p" for some prime p and p = 2
if » > 1. One application of these decompositions is determining the exponents of
homotopy groups of Moore spaces. Little is known about QM (Z/2,n). Recently Selick
and Wu [9, 10, 11] developed a functorial decomposition approach to QXX involving
the modular representation theory of symmetric groups. Furthermore, Wu [14] gave
another decomposition of Q23X using the free Lie power functor L,,. One can apply
the last decomposition result of Beben-Wu [1] to find p-local (for an odd prime p)
spaces with at most (p — 1) cells whose stable homotopy groups are summands of the
unstable homotopy groups. Later this result was generalized by Chen and Wu [4] to
the p = 2 case for 2-local spaces with 2 cells.

Motivated partly by Selick and Wu’s functorial decomposition, the first and third
authors [16] studied the decomposability of smash products of indecomposable com-
plexes in A2(n > 3), where A¥ is the homotopy category consisting of (n — 1)-
connected finite CW-complexes with dimension less than or equal to n+k (n >
k+ 1). Our next goal is to see whether the stable homotopy groups of indecompos-
able A2-complexes (with 3 or 4 cells) are summands of their unstable homotopy
groups or not.
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Since the decomposition of the 3-fold self smash product of any A2-complex has
been completely determined and X*Cn 2" is a wedge summand of L3(C?+27) (while
other A%-complexes with 3 or 4 cells have no such good properties), we concentrate
on the study of C"*2" in this article. It is helpful to note the difference between
Chen and Wu’s argument and ours. Their results depend strongly on the assumption
that the complexes considered have at most 2 cells when p = 2. They determined the
iterated self smash product of the spaces by using modular representation theory. We
have been unable to do the same for Chang complexes by using modular represen-
tation theory. Homotopy methods were used successfully to decompose iterated self
smash products of Chang complexes and algebraic information from modular repre-
sentation theory is essential to extract homotopical information on QXC? 2" from
the decomposition.

Cr 27 (n > 3), one class of elementary Chang complexes, were found by Chang
when he classified indecomposable homotopy types in A% (n > 3) [3].

For stable CW-complexes X; and Yj, (i =1, ...,t,j =1, ...,s), we have the iden-
tification:

t s fioo S
[\/Xia\/yj]: [ =)= oo € [ X0, Y]
= i=1 fsl o fst
The cell structures of Elementary Chang complexes are described as follows:
° 0]7““2 =5" U77 csntt
o (nt2:s — (Sn V; Sn+1)U . csntl = gn Unq CM;;
28
o ONt2=gn U(2r,n) C(S™v St = My Uin csontl,
° C;H—Zs — (Sn v Sn+1)U or . C(Sn V, Sn-i—l) — (MQnr V; Sn)U in CSn-H
0 , 28 23)
=5" U(2”‘,nq) C(Sn v M;S) = MQnTJrl Uinq CM;S+1;
where 77 is the suspension of the Hopf map, ¢ and g are the canonical inclusion and
projection respectively, n,r,s € Z*, n > 3 and My, denotes M(Z/p",n) for prime p.
Chang showed that all indecomposable homotopy types in A2 (n > 3) are spheres
S, St §nt2 ) elementary Moore spaces M. M (p is a prime, 7 € Z*) and
elementary Chang complexes listed above.
Our main results are given as follows.

Theorem 1.1 (Main theorem). Let n > 3.
QXOnT2T o~ HQECfﬂ'("“)“’T X (some other space),
J
where 2 < ky < ky < --- is a sequence of odd integers such that k; is not a multiple

of any k; else for each j.

Corollary 1.2. Letp > 3 be an odd integer with p > k?iﬂ'l, then the group 772(0;’+37T)

is a direct summand of Tyt (p—1)(nt1) (CPT>7) forn > 3.
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Remark 1.3. From [16], 75 ,(Cr37) =2 7/27+1 Thus from Corollary 1.2, we get
that there is a Z/2""!-summand in ,,,(C?*37) for m > n + 2 and m = n + 2 (mod
2n + 2).

To make the calculations easier to follow, we prove Theorem 1.1 and Corollary 1.2
only for the case n = 3 in the following sections.
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2. Preliminaries

Let X = XX’ where X’ is a path-connected, 2-local finite CW-complex, let nX
and X" be the n-fold self wedge product and the smash product of X, respectively.
Let S, denote the symmetric group on n letters and let Z,[S,] denote the group
ring over the 2-local integers Z(s) generated by S,. There is an action of Zs)[Sy]
on X" by permuting coordinates and taking the summations. Let V = H,.(X;Z/2),
which is a graded Z/2-module. For any § € Z)[Sy], there is a map 6: X"\ — X"\,
which induces a map by permuting factors of homologies:

8,0 VO @,
Start with B = 1 — (1,2) € Z()[S2] and let
Bo = Bur Aid — (1,2,3, .., 0)(Ba_1 A id).
Then for any 21 @ 2o ® --- @z, € VE™,

/Bn*(xl Rrog @ - ®xn) = [[ o [[.131,332], cee wxn—lenH-

From [7], for odd n, the elements % By and id — % B, are orthogonal idempotents. Let

hocolimy X" be the mapping telescope of the sequence of maps X" I xnn Iy ,
then L, (X) := hocolimi g X" is a wedge summand of X"". Let pp: X"\ — L(X)
be the projection and let 4, : L,(X) < X" be the canonical inclusion. We have

1
(=Bn)s = insbns: Ho (X" 7)2) — H (X" 7.)2).
n
Moreover, from the notation 1.5 of [14]
H,(Ln(X);Z/2) = Ly (V),

where L, (V') is sub-vector space spanned by the Lie elements of tensor length n in
the tensor algebra T'(V').

Let 1 =X,e, be an orthogonal primitive decomposition of the identity element
in Z)[S,] in terms of primitive idempotents. For each «a, we take en(X) =
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hocolim,,, X". From [11, 15], we have

XM~ \[ea(X).

For n = 3, from [8], there is an orthogonal primitive decomposition 1 = €} + €} +
ey of the identity element in Z/2[S3], where €) =1+ 0 + 02, ey = (14 7)(1 + 70),
et =(1+70)(1+ 7) are primitive elements and o = (1,2,3), 7= (1,2) € S3. It is
known that e5(Z/2[Ss]) = e4(Z/2[S;3]) and thus €}, e5 are related by conjugation
in Z/2[S3]. By Theorem 1.9.4 of [2], we can lift this decomposition and conjugated
relation up to Zs)[Ss], i.e., 1 = e + ez + e3 and there is an element e € Z,)[S3], such
that e5 = e tese. Hence

XM~ e (X)) Vea(X) Ves(X).

Consider the following maps

ea(X) 25 e3(X) 25 (X)) 25 e5(X).

By H.(ei(X); Z2)) = eiH. (X3, Zygy) fori = 1,2, 3, we get that the composite of two
adjacent maps above induces the identity map on Z)-coefficient homology groups.
Thus

e2(X) ~ ez (X).

We state the key proposition in the proof of the main theorem, whose proof is
given in Section 4.

Proposition 2.1. Letn > 3 be any odd integer, then L, (C>") has a wedge summand
C#n+1,r'

In order to simplify the writing, let H.(—) = H(—;Z) in the following sections.

3. Some lemmas on Chang complexes

Let v}, v5 1,05, 1,0, 5 be generators of H*(CP7;7/2), which are given in
Lemma 3.2 of [16] and denote their dual elements in H.(C*27:Z/2) by v, vpyi1,
Up+1, Unto. Note that Sqg?(vi) = v} .

Lemma 3.1. If a self-map f: CPT2" — C"27 induces an automorphism on
H,(Cnt27:7,/2) or on H, 1 (CrT27,7/2), then f is a homotopy equivalence.

Proof. If f induces an automorphism on H,, (C?*27:7/2), then it induces an auto-
morphism on H,, (C**27) and H"(Cr27,7/2).
2
Since H"(CnT27;7,/2) S, H"T2(Cn+27:7,/2) is an isomorphism, f induces an
automorphism on H"+2(Cr+27:7/2). From the following commutative diagram
Eat(Hp 1 (C7427Y), 2)2) S HPF2(C7427, 7,/2) —= Hom(Hy40(C7427), Z/2) = 0
Eﬂ(f*;Z/Q)l f*(g)l Hom(f*,Z/Q)l
Ext(H, 1 (CPF27), 2)2) = H"T2(C+27:7,/2) —= Hom(H,,12(CrT27),Z/2) = 0
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we have Fzt(f.;Z/2) # 0, which implies that
for Hupa (CPF27) = 2/2" =5 Hy gy (CFF27) = Z/27.

So f induces automorphisms on all nontrivial homology groups of C**27; by the
Whitehead theorem, f is a self-homotopy equivalence.

If f induces an automorphism on H,1(C"T27";7Z/2), then it also does on
H™ 1 (Cn+27:7,/2). The conclusion is easily obtained from the following commutative
diagram

Ewt(H, (CP27); 2)2) s H' (O 273 2,/2) —se Hom(Hyyr (C7F27),Z,/2)
Ezt(f*;Z/2)l f*(%)i Hom(f*,zml
Bat(H, (C27); 2)2) s HPH(CP 27, 2,/2) —s> Hom(Hyer (C7F27),2/2). O

Lemma 3.2. For any map f: CP2" — Cf’] ACP=2" (n>=17), f induces a trivial
homomorphism

fe=0: Hy(CIT27Z/2) — H,, (C) A CP " 2)2).

Proof. In order to simplify the writing, we prove this lemma for n = 7.
Suppose that H(C2";7Z/2) EEN H7(Cpy AC275Z/2) is non-trivial, then so is
fre H(CEANCPTZL/2) — HT(CY"; Z/2). From the following commutative diagram
H7(CP") @ 22— H7(CI7";7/2) Tor(Hg(C™),Z/2) =0
f*®Z/2l m#ml Tor(f*,Z/2)l
H7(CY NCET) @ L)2 = H7(C) A CP7";1L/2) —— Tor(Hg(C3 A CY7"), Z/2)

we have f. ® Z/2 # 0, which implies that

~

fot Ho(CP") =Z/2" = Hz(Co NCY™) =7/2".
Since Sq¢?: H'(X;7Z/2) — H?(X;Z/2) is an isomorphism for X = C?", C75, ACET
we get that f*: HY(C) ACY";Z/2) — H?(CY'"; Z/2) is nontrivial.
By the following commutative diagram
Ext(Hg(C) NC2™); 2L)2) — H?(C) NC2"; 1/2) == Hom(Hy(Cy NC2™), 2./2) = 7./2
Eat( . ;Z/z>l f*(#O)i Hmn(f*,Z/?)i
Ext(Hg(C?"); 7)2) s H(C?7: 7/2) ——= Hom(Ho(C2"),Z/2) = 0

we have Fzit(f.;Z/2) # 0, which implies that

)

fer Hs(CP") =Z/2" = Hg(C) ANCY™) =7/2".
It follows that f*: H®(Cy A CP";Z/2) — H®(CP";Z/2) is an isomorphism.
Let w}, w; be the generators of H*(C};7/2).
Sq*: HO(C ACYT1L/2) — HS(C) A CP57/2) is non-trivial because Sg*(wj; ©
vg) = Wi @ v} + w3 @ v # 0.
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Therefore, we get a contradiction by the following commutative diagram

HS(C3 A OO 2/2) > HO(C9732,/2) = 0

sq2¢ol qul

H3(CS A CPTs Z/Q)HHS(C’?’T;Z/Q). 0

IR

We will use the following coﬁber sequences
C1: ¢t 28 g1 12 o5 22, 05 2, g5,
L o3 278 510 5(10 4 254 6

C2: 8° —= C) — Cp — 5" —= O,
which come from the cofiber sequences Cof 5 of C*** and Cof 3 of C* in Section 3.2
of [16], respectively.
Lemma 3.3.

(1) In the following cofiber sequence induced by cofiber sequence C1,

icAid , gc/Nid

4 2" g5 Nid
SEACET = O ACPT —— CENCPT 2B SIS ACET
there is a section sy: C2 N C3" — C>" N C37" such that (g Aid)sy ~ id.

(2) In the following cofiber sequence induced by cofiber sequence C2,

2" jgAid Nid Nid
§3 N O 2RI, 05 p OB 190, 05 5 g5 20, gt A OB

there is a section sg: S*AC2T — C3 A C>" such that (go N id)sy =~ id.

Proof. We only prove (1), the proof of (2) is exactly the same as that of (1).

Let f=ic Aid and g = go Aid. Since (i)« (resp. (go)«) is an injection (resp.
surjection) in degree 4 homology, so f. (resp. g.) is an injection (surjection) in degree 7
homology. We have a short exact sequence

0 — H.(S* A CP"2/2) L5 H(CO7 A CPT:2)2) L5 Ho(CO ACPTZ/2) — 0
From Theorem 1.1 of [16], C2" A C2" ~ 2C)" V (C) A CP"). Let

(P1,P>,P3)T
i,

o7 A CBT OO v OO v (€3 A OB,

where P;(i = 1,2, 3) are the canonical projections, to the first, second and third wedge
summands, respectively; AT is the transpose of a matrix A.

By Lemma 3.2, H7(Psf;Z/2) = 0. Hence there is a map P = P, or P = P, such
that H7(Pf;Z/2) # 0. By Lemma 3.1,

4 [ , - P ,
Pf:S AC?T—>C,5.T/\C,5.T—>OET

is a homotopy equivalence.

Let h:= (Pf)~1P: 3" n O Ly Cgr LS A AC37" where (Pf)~! is the
homotopy inverse of Pf. Then hf ~ id, h is a retraction for f; equivalently, there is
a section s1: C2 A C3" — C>" A C3>7 such that (qc Aid)s; ~ id. O

Next we study the homotopy type of Lz(C>7).
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Lemma 3.4. L3(C2") ~ CP7 vV 2(CE ACPT).

Proof. L3(C>") is a wedge summand of (C2)"3. From Theorem 1.1 of [16], C>" A
Cor ~ 2097 v (C;? A C27), hence
5,7\A3 413, 5 9,r 5 5 5,
(Cr")™ = 40" v A(Cy NCPT) V(Cp ANCy ANCPT),
where C*" and C) A C" are indecomposable [16].
From (2), dimH.,(L3(C>");Z/2) = dimL3(V) = 20, where V = Z/2 (v3, vy, U4, vs).
So we easily get the homology groups of L3(C>")
Hy(L3(CP))
k= 10 11 12 13
Pz/;2r | Pz/2" | PZ/2" | PZ/2"
2 3 3 2

Let Z :=Cy ANCYANCYT.
All non-trivial reduced homology groups of Z are given as follows:
Hi(C2ANCENCET)
k= 9 10 11 12 13 14
] 7]2" \ 7]2" \ Z]2" ®Z)2" \ Z/]2" Z)2" \ 7]2" \ 7]2" ‘
Firstly, we show that if Z ~ U VvV V, with HoU = Z/2", then H,,U = Z/2".
From [15], we have a 2-local homotopy equivalence

5 5 5 13 5 10
C3NCEACE ~ 208 v (C3 A CL),

where C10 = $2HP?, with Sq*: HS(C10;Z/2) =» H'(CL0;7Z/2).
Thus
CONCENCY NCYT = 2(CP ANCPT)V (CONCL ACYT).

The nontrivial reduced homology groups of L = C;;’ A CL A CBT are given as fol-
lows
H(Co NCLOACET)
k= 12 13 14 15 16 17 18 19
[ Z/2" ] Z/2T \ Z/2" | Z]2" \ /2" | Z/2" [ Z[2" | Z]2" |

(Sql) 0— H2?(L; Z/2) H18(L Z/2) HQO(L 7Z/2) — 0 is exact;
(Sq2) H'?*(L; Z/2) —— H'%(L;Z/2) is injective;

(Sa3) H'%(L; Z/2) H20(L 7/2) is an isomorphism.

C° A C"’ AC3AC2" and C13 A C>" are self dual under Spanier-Whitehead-Duality
D3y A12 — Af,y, sois L.

Suppose L ~ X V'Y with X indecomposable and H12 X = Z/2", then H'?(X;Z/2)
=~ H'2(L;Z/2) =7/2. By (Sq3), H**(X;Z/2) = H**(L; Z/2) = Z/2, and thus H19 X =
7,)2. From (Sql), H'8(X;Z/2) = H'S(L;7/2) = 7./2® 7,/2. Hence Hi7X = Hyg X =
Z/2". Since L is self dual and X contains both the bottom and top cells of L, X is
also self dual. We have Hy13X = H14 X = 7/2". From (Sq2), H15X ® H16X # 0, hence
HisX = HigX = 7/2" by self duality of X. Thus H,,(Y") = 0 for any m, which implies
that Y is contractible. Thus we get L is indecomposable.
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C’5 /\C5 /\C’5 Cor ~ (C’5 ANU)V (C’5 AV) ~ 2(013 Coryv (C’5 ACACET).

Smce C’13 A C’5 " and C) ACJY ACP" are indecomposable and by observing the
bottom cells we get Cg Clo C5 " is a wedge summand of C5 AU, hence C’5 AV is
homotopy equivalent to 013 AC3" or 2013 AC3". By the Kunneth formula, HlOV 0.
Hence H1gU =Z/2".

From the analysis above, the nontrivial 10-dimensional homology groups of L3(C>")
must come from the wedge summand 4(Cj A C") of (C7)"%. So L3(CP™) =~ 2(Cp A
C2™) Vv @, where Q is a space whose only nontr1v1a1 homology groups are HHQ &

H12Q = 7Z,/2". Since the sequence H'(Z; Z/2) —— H'*(Z; Z/2) —— HY(Z;Z/2) is
exact, the Moore spaces M3} and MJ? cannot be wedge summands of Z. Hence Q is
not equivalent to MJ} v MJ2. By the classification of indecomposable complexes in
A2(n > 3), Q ~ C!3". This finishes the proof of Lemma 3.4. O
Define a map
$: CB3T ~ SEANSEANCET — OB ACET ANCPT

by ¢ = (id A s182)(T ANid)(id Nig A id), where T(X AY) =Y A X. Then ¢ (14 @ 14 @
u) =v4 ® 0y ®@u for u € {vs,v4,04,v5}, where ¢, is the induced map of ¢ on Z/2-
homology groups and ¢, is the generator of H,(S™;Z/2).

Lemma 3.5. The composition map
hi= ppag: CF37 Ly (C27)3 B2y [y(C27) = CF37 v 2(C2 A COT) L 3
is a homotopy equivalence, where p is the canonical projection.
Proof. Notethat H,(C3";7,/2) — (p39)-, *(Lg(C"E”’);Z/Q)i—3*—>H*((C§’T)A3;Z/2)takes
Ly ® g @ u to [[vg, Dy],u] for u € {v3,vy, Uy, v5}, hence iz, (p3d)« is a monomorphism,

which implies that (p3¢). is a monomorphism. From Lemma 3.2, for any wedge sum-
mand C’Z’ A C2" of Lz(C27), the map f = papsd induces the trivial homomorphism

fer Hiy(CYP752/2) — Hi (C) ACYPTZ)2),

where Lg(C2") ~ C}*7 Vv (CE ACPT) LN C5 A C2" is the canonical projection to this
wedge summand.
Then the lemma is easily obtained from Lemma 3.1. O

4. Proof of Proposition 2.1
Let
1 1= igpsd: C137 o G4 A G4 A CEr L (CF)NS B2y o (0Bm) B2y (B3,
o1 = h~Yppg: (COTYN 22 [o(Cor) By o1 M s
where A1 is the homotopy inverse of h in Lemma 3.5. So

P101 = h™ ' Ppsizpsd = h™'Pp3¢ = h™'h =~ id. (1)
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Let ¢r, = iokt1p2r+1(d1 Aid)(id A ¢g—1), i.e., the composite of the following maps

ANk 1
—

C«8k+5,r ~ (54)/\2 A C«8k73 r (34)/\2 (05 r)/\2k 1 013 A (05 r)/\2k 2

P1/id (05’”)“’““ P2k+1 L2k+1(0;f’”) 12k+1 (OE,T)/\%H,

and ¢y, = (id A ¢1)(pr—1 Aid), i.e., the composite of the following maps

_ Yr—1/id _
(C?.’T)AQk_H _ (C«E,T)AQk 1 A (Cf,r)/\2 1 (54)/\2k 2 A (CE,T)A?)
LINEL, (G0N A OB o OBRHS,

Proof of Proposition 2.1. Since ioxy1parr1 factors through Loy (C27), C§k+5’r isa
wedge summand of Loy1(C>7) is a direct corollary of Lemma 4.1. O

Lemma 4.1. @01 is a homotopy equivalence.

Proof. By Lemma 3.1, it suffices to show that p.dr. on Hggi3(CEF+57:7,/2) is an
automorphism:

C§k+5,r ~ (54)/\2k A Cf,r PrPk 08k+5,r ~ (54)/\2k A 05,7“.

Actually, we shall prove that ©p.drs(152F @ v3) = 1" @ v by induction.

From (1), p1¢1 =~

For C8F=37r ~ (54)A2k_2 ACPT LS C8F=37 o (SH)NZF=2 A O assume that
the induced endomorphism 1.0 _1. on H,(C3*=37:7/2) is the identity on gen-
erators 1572 @ v3 € Hgp_5((S*) k=2 A CP7; 7,/2).

Denote by ad(x)(y) = [y, z] and ad'™*(z)(y) = [ad'(z)(y), x] for i > 1. The coeffi-
cients are taken mod-2, hence [u,v] = [v,u] and ad([u,v])(u) = [[u, v],u] = [u, [u,v]].

Claim 1.
(1) 53*([$,y] & Z) = 0; 63*(2 Y [x,y]) = [[x,y],z];
53*([[55,?;],2]) = [[x,y],z],
(i) Barrrx([[z, 9], 2] @ y @ w) + Borr+([[7, y], y] @ 2 © w) = 0,
where x,y, 2 € H,(X;7/2) and w € H,(X"?*73,7/2).

Proof of Claim 1. (i) of Claim 1 is obvious. We prove (ii) of Claim 1 in the follow-

ing.

[z, 9], 2] @y + [z, 9], y] @
=rRrQYRY+YRrRrRY+yYRYRrRr+rRyy .

Note that Sopr14(z Rz @y Ry @ w) and Port+1+(Yy @y @ ¢ ®  ® w) are zero. By
the Jacobi IdentitYa H[yv l’}, ZL’], y] + [[[.’E, y]v y]v l’} = [[yv l’], [ya SUH = 0> hence 52k+1*(y ®
TRTRQYW) + Popt1: (2 Ry Ry ®2x®w) =0. Thus we complete the proof (ii) of
Claim 1. O

Claim 2. ﬂ2k+1*([[’04,’54},’03] ® [7)4, @4]®k_1) = adk([v4764])(v3) fork>1

Proof of Claim 2. We prove Claim 2 by induction on k.
For k =1, B3.([[v4, V4], v3]) = [[v4, Va], v3] = ad([vs, Va])(v3).
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Assume that Bog_14([[va, V4], v3] ® [v4, 04]%F72) = ad* (v, 04])(v3). Then

Bott 14 ([[va, D], v3] ® [v4, B4]®F 1)

= Bok+1([[Va, 04), v3] @ [v4, 04)%F 72 @ v4 @ Ty)
+B2k+ 15 ([[Va, V4], v3] @ [v4, 174]®k_2 ® Vg ® vyg)
= [[Bak—1+([[v4, Da], v3] @ [v4, D4]F72), v4], Va]
+{[Bak—1x([[V4, Va], v3] @ [v4, D4]®F2), v4], v4]
= [[ad* " ([va, 0a])(v3), va], a] + [ [ad" " ([v4, Ta])(v3), Ta], v4]
= [[ad*~1([va, D4])(v3), [va, Da]]] (Jacobi’s identity)
= ad*([v4, 04])(v3).

We complete the proof of Claim 2. O
Claim 3. ¢p.(15%" © v3) = ad®([va, 0a]) (v3).

Proof of Claim 3. We prove Claim 3 by induction on k.
$1(t4 ® 14 ® v3) = [[v4, V4], v3] = ad([v4, V4])(v3).
Assume that ¢p_ 1, (15?72 @ v3) = ad* ' ([vs, T4]) (v3).

Orx (1527 @ v3) = dogy1, Parr1. (1 Aid)u(id @ Pp—1.) (15 @ 15272 @ v3)
= Borr1e(d1 N id)o (15 © adF = ([vg, Da]) (v3))
= Bakr1e(61 N id)u (157 © [04, 4] ® ad® % ([v4, 04]) (v3))
Bk 114 (01 Nid) (15 © ad¥ 2 ([v4, 04]) (v3) © [v4,Va])

Observation A.

Bog1x(d1 Aid), (157 @ [v4,04] © ad¥ =2 ([v4,04])(v3))
= Bopr14(¢1 AN id) (152 @ v4 @ T4 @ ad®2([vg, 4])(v3))
+-Boks1x (1 A id)« (1F% @ 04 @ v4 @ ad®2([vy, 04]) (v3))
= Bokt1x([[v4, 4], 4] @ D4 @ ad* =2 ([v4, Ta])(v3))
+B2k+ 1+ ([[Va, 4], 0a] @ v4 @ ad*?([v4,04]) (v3))
= 0. (by (ii) of Claim 1)

Hence

G1ex (152F @ v3)
= Bob1e(d1 Aid)u (1% @ ad* =2 ([vg, Ta]) (v3) @ [v4, D4])
= Bok1e(d1 Aid)u (152 @ [04, 4] ® ad* 3 ([04,04]) (v3) @ [v4, a])
+Bok+1 (1 A zd)*( 2 @ ad®*3([vg, 14)) (v3) @ [v4, 74])%?)
= Bop 14 (¢1 AN id) (152 @ ad* 3 ([va, T4])(v3) @ [v4,74]®?)  (as Observation A)
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= Bar1(d1 A id). (5% ® ad([vs, Ba]) (v3) @ [v4, 04)®F72)
= Bopr1x (01 N id) (152 @ [v4, V4] @ v3 @ [v4, 04]®F72)
+Bop 14 (P1 Aid) (152 ® v3 @ [vg, T4)PF 1)

= Borr1x([[va, V4], v3] @ [vg,74]%% 1) (as Observation A)

= ad®([v4, 04])(v3). (by Claim 2)
This finishes the proof of Claim 3. O
Claim 4. (pk*<[1}4, ’174] & adk_l([m, 174])(?]3)) =0.
Proof of Claim 4. Note that

e = (id A 1) (pr—1 Aid)
= (id A 1) (id A 1 Aid) (pr—2 A id)

- (id A pr) -+ (01 A id)
= (idAN 1) - ((p183) Aid) (note that @183 = 1).

By (i) of Claim 1, we have gp.([z,y] ®---) = 0.
This finishes the proof of Claim 4. O

Now we have

Prxtren (1F2F @ v3)
= ks (ad"([va, Ba]) (v3))
= P ([va, 7] ® ad* " ([v4,74]) (v3)) + ks (ad* " ([v4,74]) (v3) @ [v4, a])
= opx(ad* 1 ([vg, 14]) (v3) @ [v4,74])  (by Claim 4)
= (id A 1)« (pr—1 Nid)w(ad* " ([va, 0a]) (v3) © [v4, Ta])
= (id A 1)« (pr—1x(ad* " ([v4, 0]) (v3)) @ [v4, Tu])
= (id ® 1) (Pr-1+(Pr—1.(15* 7> @ v3)) ® [04,74])  (by Claim 3)
(id @ 1) (19%F 72 @ v3 @ [v4,04])  (by inductive condition )

®2k 2® 01+ (V3 ® [v4,T4])

®2k 2

(
® 01+ (P3+(v3 ® [v4,74]))  (note that o183 = ¢1)
_ i@% 2® o14([[vs, 0a),v3])  (by (i) of Claim 1)
= 15772 @ 014 (91. (15 @ v3))

— 8% gy,

Therefore, we complete the proof of Lemma 4.1. ]

5. Proof of Theorem 1.1 and Corollary 1.2
The following Proposition 5.1 is easily obtained from Theorem 1.6 of [14].

Proposition 5.1. Let X = XX’ be a path-connected 2-local finite CW-complex. Let
2 < ki <ky<--- be a sequence of odd integers such that no k; is a multiple of any
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other. Then there exists a topological space A such that

OYX ~ HQZij (X)x A
J

localized at 2.

Proof of Theorem 1.1 for n = 3. By Proposition 2.1 and the Hilton-Milnor The-
orem [13], we get

QX Ly, (C) QRO TLr o« (some other spaces).
Hence Theorem 1.1 is easily obtained from Proposition 5.1. O

Proof of Corollary 1.2 for n = 3. 7, (XC*17) is a summand of ,,(C") for

any odd integer p > 3 from Theorem 1.1.

Let p be large enough such that p > %. By the Freudenthal suspension theorem,

BCPEET) 22w (C).
apn). O

Thopap—a(SCOPTLT) Thtap—al
(

Therefore, 7§ (CS") is a summand of 74—
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