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POSET-STRATIFIED SPACE STRUCTURES
OF HOMOTOPY SETS

TOSHIHIRO YAMAGUCHI anp SHOJI YOKURA
(communicated by Jonathan M. Rosenberg)

Abstract

A poset-stratified space is a pair (S, S =+ P) of a topological
space S and a continuous map 7: S — P with a poset P consid-
ered as a topological space with its associated Alexandroff topol-
ogy. In this paper we show that one can impose such a poset-
stratified space structure on the homotopy set [ X, Y] of homotopy
classes of continuous maps by considering a canonical but non-
trivial order (preorder) on it, namely we can capture the homotopy
set [X,Y] as an object of the category of poset-stratified spaces.
The order we consider is related to the notion of dependence of
maps (by Karol Borsuk). Furthermore via homology and cohomol-
ogy the homotopy set [X, Y] can have other poset-stratified space
structures. In the cohomology case, we get some results which are
equivalent to the notion of dependence of cohomology classes (by
René Thom) and we can show that the set of isomorphism classes
of complex vector bundles can be captured as a poset-stratified
space via the poset of the subrings consisting of all the character-
istic classes. We also show that some invariants such as Gottlieb
groups and Lusternik—Schnirelmann category of a map give poset-
stratified space structures to the homotopy set [X,Y].

1. Introduction

The homotopy set [X, Y] is the set of homotopy classes of continuous maps from a
topological space X to another one Y. In our previous work [40] we consider a preorder
on the homotopy set [X, Y] using the action of the self-homotopy equivalences £[X] of
X and the self-homotopy equivalences E[Y] of Y on [X,Y]. Using such a preordered
set (proset), we consider some classification of Hurewicz fibrations.

In this paper we consider another preorder on [X,Y] via the action of monoids
[X, X] and [V, Y] on [X, Y], instead of £[X] and E[Y]. Here we note that a homotopy
class [f] € £[X] has its inverse [f]~! € £[X], but a homotopy class [f] € [X, X] does
not always have an inverse [f]~! € [X, X], which is a substantial difference between
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[X, X] and £[X]. For example, we consider the following order:
[f] =r 9] <= 3[s] € [X, X] such that [f] = [g] o [s],

i.e., the following diagram commutes up to homotopy (f ~ g o s):

x-toy

A

X

This is a preorder. Then we consider the following equivalence relation ~ g using this
preorder <p:

[f] ~r 9] <= [f] =k lg] and [g] =k [f],
namely,
Asal, [s2] € [X, X] such that [f] = [g] o [s1], [9] = [f] o [s2],

i.e., the following diagram commutes up to homotopy:

xtovy

The relation ~p is an equivalence relation, called right equivalence relation and the
set of equivalence classes shall be denoted by [X,Y]r := [X,Y]/ ~g. The equivalence
class of [f] is denoted by [f]r. We define the order </, on [X,Y]g by

[flr =k [9lr <= [f] =k [g]-

This order </, is well-defined and becomes a partial order. Thus the canonical map
mr: ([X,Y],Sr) — ([X,Y]r, £%) is a monotone (order-preserving) map from a pro-
set to a poset. If we consider the Alexandroff topologies 7< . on the source ([X, Y], <g)
and 7<, on the target ([X,Y]r, <), this in turn gives us a continuous map
mr: ([X, Y], 7<) — ([X, Y]R,Tgh). In other words, this is a continuous map from
a topological space ([X,Y],7<,) to a poset ([X,Y]|r, =) which is considered as a
topological space ([X,Y]g, Té;?) with the Alexandroff topology. Such a map is called a
poset-stratified space in modern terminology (e.g., see [23]).

Remark 1.1. In the case when we consider the self-homotopy equivalences £[X]
of X, instead of the monoid [X, X], since each element [s] € £[X] has its inverse
[s]7! € £[X] (more precisely, 3s’: X — X such that sos’ ~idy and s’ os ~idx,
thus [s]~! = [s']), the above equivalence relation ~p is replaced simply by the follow-
ing equivalence relation ~¢p:

[f] ~er [9] <= 3s] € E[X] such that [f] = [g] o [s],

i.e., the following diagram commutes up to homotopy (f ~ g o s):

x-y

N

X
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Because f ~ g o s automatically implies that g ~ f o s’. On the set [ X, Y]eg of equiv-
alence classes, as in the case of [X,Y]g, one can define the following order for
[fler,9ler € [X,Y]er

[fler Sk [9ler <= Ts € [X, X] (not Is € £[X]) such that [f] = [g] o [s].

Here we emphasize that this order is not necessarily a partial order, but that the
above order <, on [X,Y]g defined by [fIr < [9]r < [f] <k [g] is a partial order,

because of the equivalence relation [f] ~p [g] defined by J[s1], [s2] € [X, X] such that
[f] = lg] o [s1], [g] = [f] o [s2]- One could think of such a pair ([s1], [s2]) as a “mock”
self-homotopy equivalence of X with respect to the pair (f,g).

Similarly we consider the preorder
[f] = lg] <= 3[t] € [Y, Y] such that [f] = [t] o [g],

i.e., the following diagram commutes up to homotopy (f ~ to g'):

x-y

N

Y

Then we consider the following equivalence relation ~ using this preorder <p:

[f1~L [g] <= [f] =L lg] and [g] =L [f],

ie., d[t1], [te] € [Y,Y] such that [f] = [t1] o [g], [g] = [t2] o [f], i-e., the following dia-
gram commutes up to homotopy:

xtoy

i

Y

The equivalence relation ~, is called left equivalence relation and the set of equiv-
alence classes shall be denoted [X,Y]r := [X,Y]/ ~. As in the case of <p and <,
the canonical map 7r,: ([X,Y], <) — ([X,Y]L, £7) is a monotone map from a proset
to a poset.

These poset-stratified spaces can be captured as functors from the homotopy cat-
egory of topological spaces to the category of poset-stratified spaces as follows:

Theorem 1.2. Let h'Top be the homotopy category of topological spaces.

1. For any object S € Obj(hTop), we have an associated covariant functor
st?: hTop — Strat such that

(a) for each object Y € Obj(hTop),

st9(X) = ({18 X1 72,)s (18, X 7,.) =2 (18, X, £5))

! As remarked later, in a different context Borsuk [6, 7] considered such a relation when he charac-
terized his definition of f: X — Y depending on g: X — Y.
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(b) for a morphism [f] € [X,Y], st2([f]) is the following commutative diagram:
(18, X), 7<) == (8, X], <o)

f*i j/f*

([S’ Y]7T§R) e ([Sa Y]Ra é}{)

2. For any object T € Obj(hTop), we have an associated contravariant functor
sty hTop — Strat such that

(a) for each object X € Obj(hTop),
stp(X) i= (X, T),7e,), (X, Tl e, ) ™5 (XTI, £1))
(b) for a morphism [f] € [X,Y], st-([f]) is the following commutative diagram:

(V. T],7¢,) = (I, T]1, <f)

| w

(X T)7<,) == (X, T, =0)

In Example 3.7 we see an example where the homotopy sets are the same: [S, X] =
[S,Y], but their poset-stratified space structures are different: st¥(X) # st7(Y).

By considering homology and cohomology, and homotopy and cohomotopy, we
can get other more “algebraic” or “geometric” poset-stratified space structures on
the homotopy set. For example, consider the homotopy set [S!,S'] = Z. Then the
preorder a <r b is by our definition nothing but ds € Z such that a =b-s, i.e.,
b divides a, bla. For an integer n € Z = [S*, S!], i.e., n is the homotopy class of the
map z": ST — S! and consider (2"),: H1(S*) — Hy(S) or (2™).: m1(ST) — m1(S1),
which gives us the homomorphism xn: Z — Z. Then the image Im(xn) = (n) =
{kn|k € Z} is the subgroup generated by the integer n. The set Sub(Z) of all the
subgroups of Z is {(n)|n € Z} and the order (a) < (b) defined by the inclusion
(a) C (b), which means that s € Z such that a =05, thus bla. Thus the map
Imy, : ([SY, SY,SR) = (Z,ZR) — (Sub(Z),<) defined by Impg, (n)=Im((z").) =
(n) is a monotone map.

In the case of ([X,Y], <L) we consider the cohomology theory H*(—;Z) and we get
a canonical monotone map Impg-: ([X,Y],<1) — (Sub(H*(X)), <), which is defined
by Img-([f]) :=Im(f*: H*(Y) —» H*(X)) = f*(H*(Y)). Here Sub(H*(X)) is the
set of all the subgroups of H*(X) and the order S; < Sy for subgroups Si,S2 €
Sub(H*(X)) is the usual inclusion S; C Sy. This monotone map

Imy-: (X, Y], <.) — (Sub(H*(X)), <)

has a connection with Thom’s notion of dependence of cohomology classes [36].
Indeed, let us consider Y = K(Z,p) the Eilenberg-Maclane space, then we have

Img: ([X, K(Z,p)], 1) — (Sub(H* (X)), =).

Since HP(X,Z) = [ X, K(Z,p)], let fo: X — K(Z,p) be a map whose homotopy class
[fa] corresponds to the cohomology class o € HP (X, 7). Let 8 € HP(X,7Z) be another
cohomology class, thus we consider the corresponding homotopy class [fs]. Let

(/5] =1 [fal; 1e., At € [K(Z, p), K(Z, p)] such that [fs] = [t] o [fa] (fg ~ o fa), which
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implies that

Im(f5) = f3(H*(K(Z,p))) C Im(f3) = fo(H"(K(Z,p)))-

In particular, B € f5(H*(K(Z,p))), thus B € fi(H*(K(Z,p))), which implies by
Thom’s definition of dependence of cohomology classes [36] (also see [18]) that the
cohomology class B depends on the cohomology class o. Thus the upshot is that our
[f3] <L [fa], namely, that fsz depends on f, (using Borsuk’s definition of dependence
of maps) implies that 8 depends on «.

If we consider Y = G,,(C*) the infinite Grassmann of n-dimensional planes in C*>
for Impg-: ([X,Y],=1) — (Sub(H*(X)), £), then we get a natural “order” among the
isomorphism classes of complex vector bundles. Indeed, if we denote the set of isomor-

~

phism classes of complex vector bundles of rank n, then we know that Vect, (X) =
[X, G, (C®°)], which is by the correspondence [E] > [fg], where fr: X — G,(C>)
is a classifying map of E, i.e., E = f57", where 4" is the universal complex vector
bundle of rank n over G,,(C*). By the isomorphism Vect,, (X) = [X, G,,(C*)] we can
consider the preorder on Vect,, (X): [E] <1 [F| < [f&] <L [fr], where fg, fr: X —

G,,(C>) are respectively the classifying maps of E and F'. Then we have the following
well-defined monotone (order-preserving) map:

Imp: (Vect,(X), 1) = (Sub(H*(X;7Z)),S)

defined by Impg-([E]) :=Im (f};: H*(G,(C>);Z) — H*(X;Z)). By the definition of
characteristic classes, Im (ff: H*(G,(C*®);Z) — H*(X;Z)) is the subring consisting
of all the characteristic classes of E, denoted by Char(F). Therefore we have [E] <,
[F] = Char(E) C Char(F). We also get that [E] ~, [F] = Char(E) = Char(F).

We also show that the Gottlieb groups and Lusternik—Schnirelmann category of a
map give poset-stratified space structures to homotopy sets.

2. Preliminaries

In this section we give some preliminaries for later use.

A preorder on a set P is a relation < which is reflexive (a < a) and transitive
(a<bbSc=a<c). Aset (P,£) equipped with a preorder < is called a proset
(preordered set). If a preorder < is anti-symmetric (¢ < b,b £ a = a = b), then it is
called a partial order and a set with a partial order is called a poset (partially ordered
set).

Definition 2.1 (Alexandroff topology [1]). Let X be a topological space. If the inter-
section of any family of open sets is open or equivalently the union of any family of
closed sets is closed, then the topology is called an Alexzandroff topology and the space
is called an Alezandroff space.

For Alexandroff topology or spaces, e.g., see [1, 2, 3], [9, §4.2.1 Alexandroff Topol-
ogyl, [33], [39, Appendix A Pre-orders and spaces].

Note that any finite topological space, i.e., a finite set with a topology, is clearly an
Alexandroff space. (For finite topological spaces, e.g., see [5, 25, 26, 27, 29, 30, 34].)

Given a proset (X, <), we define U C X to be an open set if and only if 2 € U,
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x<y=ycU,ie, if and only if U is closed upwards®. In other words, if we let
U, :={y € X |z £ y}, then {U, | x € X} is the base for the topology. This topology
is denoted by 7<.

Lemma 2.2. For a proset (X,=), the topological space (X,7<) is an Alezandroff
space.

Because of this, the topology 7< is called the Alexandroff topology (associated to
the preorder).

Observation 2.3. A subset F is a closed set in the topology T< if and only if
reF,ySex=vyekF.

From this observation we can see that if P is a poset, not a proset, for any
point z € P, {z} ={ye€ Plz Zy}N{y € P|y < z}. In other words, in the asso-
ciated Alexandroff topology 7< any singleton {z} is a locally closed set, i.e., the
intersection of a closed set and an open set. Note that for example, for a two-point
proset ({a,b}, <) with the preorder < defined by a < b,b < a, the above observation
does not hold.

If we let Proset be the category of prosets and monotone (order-preserving) func-
tions of prosets and Alex be the category of Alexandroff spaces and continuous maps,
then we have a covariant functor 7 : Proset — Alex.

Conversely, for a topological space (X,7), we define the following order, called
specialization order, on X: x £, y <= x € {y}. Certainly this is a preorder, but not
necessarily a partial order. (For example, for any indiscrete topological space hav-
ing more than or equal to two points, it is never a partial order.) If f: (X, 71) —
(Y,72) is a continuous map, then f: (X,<,) — (Y,<,,) is a monotone function.
Therefore we have a covariant functor P: Top — Proset. We have that for any
proset (X,<), (PoT)((X,2)) =(X,S), ie., PoT = Idproset. However, in gen-
eral, for a topological space (X,7) we have (T o P) ((X,7)) # (X, 1), i.e., ToP #
Id7,p. The reason is simple: (7 o P) ((X,7)) is always an Alexandroff space, even
if the original space (X,7) is not an Alexandroff space, namely the topology of
(T oP)((X,7)) is stronger that the original topology 7. However, if we restrict the
covariant functor P: Top — Proset to the subcategory Alex of Alexandroff spaces,
then we have (T o P) ((X,7)) = (X, 7), i.e., T o P = Id gjc... Therefore we have that
PoT =Idproset, T ©P = Id gje..- Thus Alexandroff spaces and prosets are equiva-
lent.

For a proset (P,<), we can consider the reversed order, denoted <°P, by a <°
b <= b < a. Here we note that the Alexandroff topologies associated to the two
prosets (P, <) and (P, <°P) of the same set P are different.

A stratification of a topological space (which can be the underlying topological
space of a much finer object such as a complex algebraic variety, a complex analytic
space) is a special kind of decomposition with certain extra conditions. It seems that
there is no fixed or standard definition of stratification and there are several ones

2The Alexandroff topology is sometimes considered by defining an open set to be closed downwards
instead of closed upwards, e.g., see [3, 5, 25, 33]. When stratification theory or poset-stratified
spaces are considered as in the above cited references [9] and [39], upward closedness is used in
defining Alexandroff topology (e.g., see [23, Definition A.5.1] and [35, Definition 2.1 | as well).
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depending on the objects to study, such as topologically stratified spaces and Thom—
Whitney stratified spaces. In [35] Tamaki gives a nice review of several stratifications
available in mathematics.

Here is one definition of stratification:

Definition 2.4. Let X be a topological space. If a family {e)}rea of subsets of X
satisfies the following conditions, then {ey}rca is called a stratification of X:

1. exne, =0if X # p.

2. X = U)\ E\.
3. (locally closed set) Each ey is a locally closed set.
4. (frontier condition) ey Ne, # 0 = e\ C e,.

Just a decomposition requires only (1) and (2). Given a decomposition D of X, we
have the quotient map 7p: X — X /D, which means that one considers each piece
ex as a point. Then we can identify X/D = A. We consider the quotient topology,
denoted 7,,, on the target A, i.e., the finest or strongest topology on A such that
the quotient map 7p: X — X/D = A becomes a continuous map. Suppose that the
quotient topology 7., is an Alexandroff topology, which is the case when the decom-
position D is finite, i.e., A is a finite set. Then we get the preorder =, . If =, is
a partial order, then each piece e) = 7r51()\) has to be locally closed, because each
singleton {A} is a locally closed set as observed above. At the moment we do not
know if the converse holds, i.e., whether each piece ey being locally closed implies
that =, is a partial order.

As to the preorder on A, we can define it using the above “frontier condition” by
A =* 1 <= ex C €,. Then one can see that each piece ey being locally closed implies
that the above preorder <* is, in fact, a partial order. Furthermore the quotient
map 7p: X — X/D = A is a continuous map with the Alexandroff topology 7<-
associated to the order <* if and only if the Alexandroff topology 7<. is equal to
the quotient topology. In other words, if the decomposition space X/D = A with the
quotient topology is an Alexandroff space, then the order <* is the same as §TWD,
ie., A §TWD <= e\ C e,

Such a continuous map from a topological space to a poset considered as a topo-
logical space with the Alexandroff topology has been studied in recent papers (e.g.,
[4, 9, 23, 35, 41], etc.)

Definition 2.5. Let P be a poset. A poset-stratified space S over the poset P is a
pair (S,S = P) of a topological space S and a continuous map 7: S — P where P
is considered as the associated Alexandroff space.

Remark 2.6. The notion of poset-stratified space is due to Lurie [23]. For a poset-
stratified space (5,5 = P), S is the underlying topological space and 7: S — P
is considered as a structure of poset-stratification. If the context is clear, then we
just write a poset-stratified space S, just like writing a topological space S without
referring to which topology to be considered on it.

The category of poset-stratified spaces is denoted by Strat. The objects are pairs
(8,8 5 P) of a topological space S and a continuous map 7: S — P from the space S
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to a poset P with the Alexandroff topology associated to the poset P. Given two

’
s

poset-stratified spaces (5,8 = P) and (S', S’ = P), a morphism from (S, S = P)

’

to (S’,8" =+ P’) is a pair of a continuous map f: S — S’ and a monotone map
q: P— P’ (i.e., for a < b in P we have ¢(a) < ¢(b) in P’, thus it is a continuous map
for the associated Alexandroff spaces) such that the following diagram commutes:

R

7| |

S/ - Pl

3. A poset-stratified space structure of [ X, Y]

Lemma 3.1. On the homotopy set [X,Y] we define the following orders, which are
preorders:

1. [f] £r 9] < T[] € [ X, X] such that [f] = [g] o [s], i-e., the following diagram
commutes up to homotopy:

x-y

N

X

2. [f] =1 9] < 3T[t] € [Y,Y] such that [f] = [t] o [g], i-e., the following diagram
commutes up to homotopy:

x-y

N

Y
3. [f] Sr gl <= 3[s] € [X, X], 3[t] € [Y,Y] such that [f] = [t] o [g] o [s], i-e., the

following diagram commutes up to homotopy:

x 1y

s e

X —Y
g

Lemma 3.2. On the homotopy set [X,Y] we define the following relations:

1. right equivalence relation: [f] ~g 9] < [f] <r 9] and [g] <r [f], i.e.,
3 [s1], [s2] € [X, X] such that [f] = [g] o [s1], [g] = [f] o [s2], i-e., the following
diagram commutes up to homotopy:

x-toy

The relation ~g is an equivalence relation and the set of equivalence classes
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shall be denoted by
(X, Y]r = [X, Y]/ ~r .
The equivalence class of [f] is denoted by [f]r.
2. left equivalence relation: [f] ~1 [g] <= [f] <L [g] end [g] =L [f], i-e., T [t1],

[to] € [Y, Y] such that [f] = [t2] o [g], [9] = [t2] © [f], i-e., the following diagram
commutes up to homotopy:

xtoy

ik

Y

The relation ~p, is an equivalence relation and the set of equivalence classes
shall be denoted by

[Xay]L = [X,Y]/ ~L -
The equivalence class of [f] is denoted by [f]L.

3. left-right equivalence relation [f] ~pr [9] < [f] SLr 9] and [9] =R [f],
i.e.,

Asal; [s2] € [X, X], 3[ta], [ta] € [V, Y] such that [f] = [ta] o [g] o [s1],
and [g] = [t2] o [f] o [s2]

i.e., the following diagram commutes up to homotopy:

xtoy

i

X —Y
g

The relation ~y,r is an equivalence relation and the set of equivalence classes
shall be denoted by

(X, YR = [X,Y]/ ~Lr .
The equivalence class of [f] is denoted by [f|LR.

Remark 3.3. As to the above relation [f] <r, [g], Stasheff (private communication)
informed us of Borsuk’s papers [6, 7] and Hilton’s paper [18] (cf. [19, 20]). Borsuk
introduced dependence of maps: f: X — Y issaid to depend on g: X — Y if whenever
g is extended to X’ D X, so is f. He gave an alternative naming for this notion: f is a
multiple of g or g is a divisor of f. It turned out that this naming was correct, because
Borsuk proved that f depends on g if and only if there exists a map t: Y — Y such
that f ~tog, ie., [f] <L [g] in our notation. Furthermore Borsuk defined two maps
f and g to be conjugate if they depend on each other, i.e., [f] ~1 [g] in our notation.
Dually, f: X — Y is said to co-depend on g: X — Y if whenever g lifts to the total
space E of a fibration over Y, so does g. Then the dual of the above Borsuk’s result is
that f co-depends on g if and only if there exists a map s: X — X such that f ~ go s,
i.e., [f] =g [g] in our notion. Thus, using Borsuk’s notion, [X,Y]r and [X,Y] are
the poset of the homotopy classes of co-conjugate maps and conjugate maps, resp. In
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this sense, [X, Y] r is the poset of homotopy classes of conjugate-co-conjugate maps,
abusing words. According to [19, 20], Thom [36] independently introduced the notion
of dependence of cohomology classes, but it turned out that Thom’s dependence is
subsumed in Borsuk’s dependence, and the above results about the co-dependence
marked the birth of Eckmann—Hilton duality.

We can define orders on [X,Y]g, [X,Y]r,[X,Y]Lr. For the sake of completeness
we write them down below.

Proposition 3.4. The following orders are well-defined and they are partial orders,

i.e., reflexive, antisymmetric and transitive:

1. For[flr,[9lr € [X,Y]r, [fIr =k l9]r <= T [¢] € [X, X] such that [f] =[g] o [¢],
i.e., the following diagram commutes up to homotopy (namely, f ~ go ¢):

x-y

"

X

2. For[f]p,lglr € [X,Y]r, [flr £1 gl <= 3 [¥] € [V, Y] such that [f] = [¢]o[g],
i.e., the following diagram commutes up to homotopy (namely, f ~ 1 og):

x-Ly

N

Y
3. For [flr,[9ler € [X,Y]Lr, [fler Spg [9lr <= 3[¢] € [X, X], Y] € [V, Y]
such that [f] = [¢] o [g] o [@], i.e., the following diagram commutes up to homo-
topy (namely, f ~1ogog):

x-Ly
p "

X —Y
g

Proposition 3.5. The following canonical maps are monotone maps:

1. wr: ([X,Y], SR) = ([X,Y]r, =k), 7r([f]) = [f]r;

2. 7w (X, Y], =0) = (X, Y], =1), mo(f]) = [f]es

3. wor: (X, Y], S0r) = ([X,Y]er, S1r), 7or(f]) = [flir.
Hence each is a continuous map from a topological space (which is an Alexandroff
space) to a poset with the Alexandroff topology. In other words the homotopy set
[X,Y] can have these three poset-stratified space structures.
Theorem 3.6. Let hTop be the homotopy category.

1. For any object S € Obj(hTop), we have an associated covariant functor
st¥: hTop — Strat such that

(a) for each object Y € Obj(hTop),
st5(X) = (19, X], 7<), (18 X, 7<,.) =5 (1, X £h))
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(b) for a morphism [f] € [X,Y], st2([f]) is the following commutative diagram:
(18, X), 7<) == (18 X] . £ho)

f*i lf*

(15, Y], 7<) == ([S,Y]Rr, =k)
2. For any object T € Obj(hTop), we have an associated contravariant functor
st hTop — Strat such that
(a) for each object X € Obj(hTop),

560 (X) 1= (X, T],7<, ). (X, T]7e,) 5 (X, 710, £5))
(b) for a morphism [f] € [X,Y], st ([f]) is the following commutative diagram.:

(Y, T),7<,) —= (Y, T]1, <))

| E

([X’T]’Tg ) ([X T]L7—L)

Ezample 3.7. Let X =Y, = K(Q,3) x K(Q, ) and Y3 = K(Q,3) x K(Q,5). Recall
the Sullivan minimal model M (S) of a space S [13]. Then homotopy sets are identified
with DGA (differential graded algebra)-homotopy sets as

(1) (X, = [M(Y1), M(X)] = [(A(z,),0), (A(z,y),0)],

(2) [X,Ya] = [M(Yz), M(X)] = [(A(z, 2),0), (A(z,y),0)],
where |z| = 3, |y| = 2 and |z| = 5. They are isomorphic to Q x Q = {(a,b) | a,b € Q}
by the DGA-maps f(z) = az and f(y) = by for (1) and f(x) = ax and f(z) = bzxy for
(2), respectively. Then their right equivalence classes are (1) [X,Y1]r = {o,8,7,d}
and (2) [X,Ya]g ={c/,0',7,¢'} where a =o' =[(0,0)]g, 5=0"=[(1,0)]r, v =7
=1[(0,1)]g and § = ¢ = [(1,1)]r. However, their poset structures are given as the
following Hasse diagrams:

(1) 5 (2) o
ﬁ/ \7 6" ,
\a/ \//7

respectively. In particular, there does not exist 7/ <5 6" in (2) since (M (f)(z)) =

Y(zy) =0 if Y(M(f)(z)) =v(x) =0 for ¢: M(X) — M(X). For both cases, the

stratifications of Q x Q are given as
QxQ=eqsUegUeyUes =eq Ueg Uey Uesr,

where e, = eq = {(0,0)}, eg = egr = {(a,0) | a # 0}, ey = ey = {(0,b) | b# 0} and

es = ey = {(a,b) | ab # 0}. However, the topologies are different. Indeed, €5 = Q x Q

in (1) but €5 does not contain e in (2).

Ifamap f: Y7 — Yaisgiven by M(f): (A(z, 2),0) — (Ax,y),0) with M (f)(z) ==
and M (f)(z) = zy, the induced map of homotopy sets fi: [X,Y1] =Q x Q — [X, Y3]
= Q x Q is given by f.(a,b) = (a,ab). Then the poset map f.: [X,Y1|r = [X,Y2]r
is given by f(a) = fu(x) = o', fu(B) = ' and £o(5) = &
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4. Some applications

Definition 4.1. For a group G let Sub(G) be the set of all the subgroups of the
group G. For subgroups A, B € Sub(G) we define the order A £ B by A C B, which
is a partial order.

Lemma 4.2. Let H.(—) be the homology theory with a coefficient ring Z. Then the
following maps are well-defined and monotone (order-preserving) maps:
1 Impy, : ([X,Y], SR) = (Sub(H.(Y)), S),
Imp, ([f]) == Im(fs: Hi(X) = H.(Y)).
2. ImYy_: ([X,Y]r, =) = (Sub(H.(Y)), 2), ImYy, ([f]r) = Imu, ([£]).

We have the following commutative diagram:

(X, Y], Sr) =" ([X,Y]r, <)

id[x,y] \L \LIIH’I_I*

([X,Y], 2r) 1> (Sub(H.(Y)), 5)

Proof. Let [f] £r [g]. Thus 3t: X — X such that f ~ got. Hence f, = g. ots, i.e.,
the following diagram commutes:

H.(X) L~ H.(v)

v 7

H.(X)

which implies that Im(f.: H.(X) = H.(Y)) C Im(g.: H.(X) —» H.(Y)). Thus
Img, ([f]) C Impg, ([9]). Hence Imp, : ([X,Y],<gr) = (Sub(H.(Y)), <) is a monotone
map. For Im’;_ we just observe that if [f] ~g [g], i.e., It1: X — X, t2: X — X such
that f ~ got; and g ~ g oty, then it follows from the above that Im(f.: H.(X) —
H,(Y)) = Im(g.: H.(X) - H.(Y), ie.. I ([f]) = Imgy, ([g]). Thus Tmpr ([flz) =
Img, ([f]) is well-defined. O

Similarly we get the following:

Lemma 4.3. Let H*(—) be the cohomology theory with a coefficient ring %Z. Then
the following maps are well-defined and monotone (order-preserving) maps:

1. Tmpg-: ([X,Y], 1) = (Sub(H*(X)),S),
Img([f]) :=Im(f*: H*(Y) = H.(X)).

2. Tmy.: ([X, Y], £1) = (Sub(H*(X)), 2) , Imy- ([f]1) := Imp- ([f]).-
We have the following commutative diagram:

([Xv Y]a =) S ([X7 Y]L’ élL)

id[X,Y]\L J/IIII/I_I*

(1X.Y), £1) 1= (Sub(H* (X)), <)

Corollary 4.4. Let H.(—) and H*(—) be as above.
1. ForVSe€Obj(hTop), we have a covariant functor st¥; : KT op — Strat such that
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(a) for each object X € Obj(hTop),
Im
E’L%*(X) = (([S,X],TSR), ([S, X], 7<) — (Sub(H*(X)),<))

(b) for a morphism [f] € [X,Y], st3;_([f]) is the following commutative diagram.:

ImH*

(15 X], 7<) — (Sub(H. (X)), =)

) j/f*

(15 Y], 7<) 5 (SUb(HL(Y), )
. ImYy_ gives rise to a natural transformation Im’y_: std(—) — 5ti*(—), namely

for a morphism [f] € [X,Y] we have the following commutative diagram:

/

Im
stS(X) —= stf (X)

. 1

sty (Y) T sty (V)

Hy

Namely we have the following commutative cube:

(18, X)) ———— (8X)r)
\ Im'H \*
I+ (1S, X1r, =k) - i (Sub(H. (X)), <)
f
([SaY]7T§R) P id(s.v] ([SaYLT§R) fe
T T
(IS.Y]r, =R) , (Sub(H.(Y)), =)

ImH*

. For any object T € Obj(hTop), we have an associated contravariant functor
st hTop — Strat such that

(a) for each object X € Obj(hTop),
st (X) = (X, )<, ), (X, T), e, ) 255 (Sub(H* (X)), <))

(b) for a morphism [f]€[X,Y], sti ([f]) is the following commutative diagram:

Im gy«

(Y, T, <, ) — (Sub(H"(Y)), =)

f*i J/f*

(X, T 7<) o (Sub(H* (X)), =)

Tm 7=

. Im'y. gives rise to a natural transformation Tm'y. : sth(—) — sti" (=), namely
or a morphism [f] € [X,Y] we have the following commutative diagram:
hi XY have the followsi tative di
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Im’,; *
st (Y) — = sti (V)

| Ir

st (X) ——stfl" (X)
M 7

Namely we have the following commutative cube:

(7). 75,) ———= (v Thre,)

N I l B S,

5 7175) —— | <[X,T1,fm>\ -
U XTIy (S (X)), 2)

The case of Impy«: ([X,T],<1) = (Sub(H*(X), <) is related to Thom’s depen-
dence of cohomology classes [36] mentioned in the introduction. To explain this, we
recall the definition of dependence of cohomology classes (e.g., see [18]).

Definition 4.5 (R. Thom). The cohomology class 8 € H4(X; B) depends on the
cohomology class a € HP(X; A), where A, B are coefficient rings, if, for all (perhaps
infinite) polyhedra Y and all maps f: X — Y such that « € f*(HP(Y; A)), we have
8 f*(HU(Y;B)).

Thom [36] proves the following proposition (see [18]). For this we recall that the
cohomology theory is representable by the Eilenberg-Maclane space, i.e., H (X, A) &
[X, K(A,j)] where K(R,j) is the Eilenberg-Maclane space whose homotopy type is
completely characterized by the homotopy groups 7; (K (A, j)) = A and m;(K (A, j)) =
0,7 # j. Then by the Hurewicz Theorem we have H;(K(A,j);Z) 2 m;(K(A, 7)) =A
and Hy(K(A,7)) =0 for d < j. Hence by the universal coefficient theorem we have
the isomorphism

®: H/(K(A,j);A) = Hom(H;(K(A,§);Z),A)
= Hom(m;(K(A,7)),A) = Hom(A, A).
Let u := ®~1(idy) for the identity map idy: A — A. Then the isomorphism
0: [X,K(A,j)] = H(X,A)
is obtained by O([f]) := f*u where f*: H/(K(A,j);A) — HI(X,A).

Proposition 4.6 (Thom [36]). Let o € HP(X;A) = [ X, K(A,p)] and let fo: X —
K(A,p) be a map such that the homotopy class [f,] corresponds to a. Then 3 €
HY(X, B) depends on o if and only if B € fE(HI(K(A,p); B)).

Using this proposition we can get the following result. By the monotone (order-
preserving) map

Imp-: (X, K(A,p), 1) = (Sub(H*(X; B)),S)
the image Impg-([fa]) = fE(HY(K(A,p); B)) is nothing but the subgroup of all the
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cohomology classes B € H1(X; B) depending on the cohomology class a.

We also see that let o,/ € HP(X, A) and let fo, for: X — K(A,p) be the corre-
sponding maps. Then, if f, depends on fu/, i.e., [fo] =L [far] by our terminology (in
other words, we can define the order of the cohomology classes a@ <1, o by this), then
we have (a €)Impg-([fo]) C Imp=([for]), i-e., Imp«([fa]) £ Impy«([for]). Thus, that
a depends on o is equivalent to that Img«([fo]) < Impg«([for])-

Here is another application to vector bundles and characteristic classes (e.g., see
[31, 17]). Let Vect,, (X) be the set of isomorphism classes of complex vector bundles
of rank n. Then it is well-known that

Vect,, (X) 2 [X, G, (C™)],

where G, (C*) is the infinite Grassmann manifold of complex planes of dimension n,
i.e., the classifying space of complex vector bundles of rank n. This isomorphism is
by the correspondence [E] <— [fg], where fr: X — G,,(C*) is a classifying map of
E, ie., E= fpy", where y" is the universal complex vector bundle of rank n over
G, (C™).

By the isomorphism Vect,, (X) = [X, G,,(C*>)] we can consider the preorder of [E]
and [F]:

[E] =1 [F] <= [fe] =z [fF],

where fg, fr: X — G,(C>) are respectively the classifying maps of E and F'.
Then we have the following well-defined monotone (order-preserving) map:

Tmyr: (Veetn(X), <1) — (Sub(H*(X;7Z)), <)

defined by Impg-([E]) := Im(fg: H*(Gp(C®);Z) —» H*(X; Z)) By the definition of
characteristic classes, for each element oo € H*(G,,(C*)), the pullback f} () is called
the characteristic class of E defined by the class «, and denoted by a(E) := fi(«). It
is well-known (e.g., see [31]) that H*(G,(C*®)) = Z[c1,ca, ... ,¢p] is generated by 1
and the Chern classes c1,ca, ... , ¢, of the universal bundle v™. Here 1,c1,c¢a, ... , ¢y
are linearly independent. Im (fg H*(Gp(C®);Z) — H*(X;Z)) is nothing but the
subring consisting of all the characteristic classes of E, which could be also denoted
by
Z[Cl(E)a CQ(E)7 cee ,Cn(E)]

Here we should note that 1,¢;(E), ca(E), ... ,cn(E) are not linearly independent in
general. Let us denote this subring by Char(E). Therefore we have [E] <, [F] =
Char(E) C Char(F'). We also get that [E] ~, [F] = Char(E) = Char(F).

Remark 4.7. In the case of real vector bundles, the complex infinite Grassmann
G, (C>), the Chern class ¢; and the coefficient ring Z are respectively replaced by
the real infinite Grassmann G,,(R>°), the Stiefell-Whitney class w; and the coefficient
ring Zs.

Remark 4.8. Instead of homology H,.(—) and cohomology H*(—), we can consider
homotopy version of these, i.e., homotopy groups 7.(—) and cohomotopy “groups”
7*(—). In this case we consider the based homotopy set [X,Y].. We note that the
cohomotopy set 7P (X) := [X, SP] (e.g., see [22]). Note that in the case when p =1,
H(X) = [X, S = [X,K(Z,1)] = H'(X;Z) is an abelian group.
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Remark 4.9. For any locally small category C, in a similar manner as above we can
consider a poset-stratified space structure on the hom set home(X,Y") for any objects
X,Y € Obj(C), and using reasonable covariant functor H, and contravariant functor
H* on the locally small category C we can do similar things as above. For example,
derived categories, triangulated categories, and derived functors, etc.

When it comes to the homotopy groups 7., we have another application. We let
Map(X,Y; f) be the path component of Map(X,Y) containing f. Let * be the base
point of X and we consider the evaluation map

ev: Map(X,Y; f) =Y, ev(g) = g(x).

Definition 4.10 ([38]). For a continuous based map f: X — Y, the n-th evaluation
subgroup G, (Y, X; f) of the n-th homotopy group 7, (Y) is defined as follows:

GV, X; f) = Im(ev*: Tn(Map(X,Y; f)) — ﬂn(Y)).
This is a generalized version of the following Gottlieb group G, (X) [15, 16]:
Gn(X) = Im(ev*: T (aut1 X) — ﬂn(X)),

where aut1 X = Map(X, X;idx) and idx is the identity map.
The n-th evaluation subgroup G, (Y, X; f) can be described as follows:

Lemma 4.11 ([38]). The n-th evaluation subgroup of a continuous based map
f: X —>Yis

X x g <5 gn
G.(Y,X; f) = {a emp(Y) | iXT 3¢ ia is homotopy commutative}
vy

f
from the adjointness.
As to the case of generalized Gottlieb groups, we need to reverse the order.

Proposition 4.12. The following map (called “the n-th generalized Gottlieb evalua-
tion subgroup map”)

is well-defined, i.e., f ~ f' implies that G, (Y, X; ) = Gp(Y, X; ).

Proposition 4.13. The following map (called “the finer n-th generalized Gottlieb
evaluation subgroup map”)

g [XY]R = S(ma(Y) g7 ([flr) = Gu(Y. X;[f]) = Ga(Y, X f)

is well-defined, i.e., [f] ~g [g] implies that G, (Y, X; ) = Gn(Y, X;g). Namely the
following diagram commutes:

(X, Y] /2> [X,Y]r

R
e

S(mu(Y))
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Proof. For two maps f, g: X — Y, suppose that f ~ g o h for some map s: X — X.
Then G, (Y, X;g9) C G,(Y, X; f). Indeed, there is the homotopy commutative dia-
gram for a € G, (Y, X; g):

X— X xxgn

NG
VA T

X4>X><S”

sx1

by ¥ :=¢o(sx1). Then Y oix ~ f and ¢ oign ~ a. Hence a € G,,(Y, X; f). More-
over, suppose that g ~ f os’. Then similarly we obtain G, (Y, X; f) C G, (Y, X;g). O

As a corollary of the above proof, we have the following:

Theorem 4.14.

1. If [f] £r [g], then we have G,(Y,X;g) C G, (Y, X; f), i.e., gn([g]) < gn([f])-
Hence g, ([X,Y], %) = Sub(m,(Y), =) is a monotone map.

2. If[flr [ |r, then we have G, (Y, X;9) CG, (Y, X; f), i.e., 62([g]r) £ 0Z([f]R)-
Hence gf: ([X,Y]r, £7F) — Sub(m,(Y), <) is a monotone map.

We also have the following commutative diagram:

(1X, Y], £) —" (X, Y], <)

id[x,ﬂi gnl

(X, Y], =F) —= (Sub(mn(Y)), =)

Corollary 4.15.

1. ForV¥S € Obj(hTop), we have a covariant functor st2.,,.: hTop — Strat such
that

(a) for each object X € Obj(hTop),
st80re (X) = (18, X, 7<), (18, X], 7<yp) 2% (Sub(ma (X)), £))
(b) for amorphism [f] €[X,Y], st2,.: ([f]) is the following commutative diagram:

(18, X, 7<op) > (Sub(ma (X)), £)

) J/f*

(8, Y], m<or) == (Sub(mn(Y)), =)

2. gl gives rise to a natural transformation gft: st¥(—) — st2.,, (=), namely for
a morphism [f] € [X,Y] we have the following commutative diagram:

5tf(X> L 5tGott (X)

| |

st (V) 7 ‘Stgott (Y)

n
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Namely we have the following commutative cube:

(15, X], 7<) 7r id[s, x] (19, X], 7<or) .
T / o ‘ —
fe ([5: X]r, =%") - i (Sub(mn (X)), )
I
([57 Y]a’réol’) P idgs.v [S, Y],TZORP) I
(1S, Y]r, <R") (Sub(m, (Y)), <)

ar

Remark 4.16. When it comes to the case [X,Y]r we do not have similar results as
above.

Let G.(Y, X; f) =D, Gn(Y, X; f) Cmi(Y) := P mn(Y). We let
g(X,Y) = {G*(Y,X,f) | f € Map(X, Y)}

be the poset with the partial order by the inclusions G, (Y, X;g) C G.(Y, X; f) for
some maps f and g from X to Y. Then 7.(Y) = G.(Y, X; *) is the maximal element
of G(X,Y). In particular, when X =Y, the Gottlieb group G.(X) := G.(X, X;idx)
is the minimal element of G(X, X). Thus

Corollary 4.17. The map G: ([X,Y]r, <%F) = (G(X,Y),=) given by G([flr) =
G(f) == G.(Y, X; f) is a poset map.

Example 4.18. Let X = S™ and Y = (8™ x S™), for an even integer n. Here (S™ x
S™)g is the rationalization of S™ x S™ [21]. Then [X,Y]r = Q& Q/ ~r = PL(Q)U
(0,0) as a set with (a,b) ~g (a’,b') when a’ = ka and ¥’ = kb for some k € Q — 0. It
is ordered only by [a,b] < (0,0) for any [a,b] € P1(Q). On the other hand, G(X,Y)
is the set of four points whose order is given as the Hasse diagram:

G(i1 +1i2) =0
/ \
Glin) = 0@ Q Gliz) = Q& 0
\ /
G(x)=QaQ

for the k-factor inclusion iy: S™ — (S™ x S™)o and the constant map *. Then the
poset map G: [X,Y]|r — G(X,Y) is given by G((0,0)) =Q® Q, G([1,0])) =0 Q,
G([0,1]) = Q® 0 and G([a,b]) = 0 when ab # 0.

Definition 4.19 ([42, Definition 2.1]). The n-th generalized dual Gottlieb set of a
map f: X - Y is

oA
x L8 v K(Z,n)

G"(X,[,Y):= {a € H"(X) | fl o > Tincl. is homotopy commutative}

Y — =Y VK(Zn)
iy

for the diagonal map A: X — X x X.
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Proposition 4.20. The following map (called “the finer n-th generalized dual Got-
tlieb map”)

or: [X,Y]L = S(H"(X)) gr([fle) == G"(X, f,Y)
is well-defined, i.e., [f] ~p [g] implies that G™"(X, f,Y) = G"(X,q,Y). Namely the

following diagram commutes:

(X, Y] —=[X,Y]L
\ igz
g
S(H™(X))
Proof. For two maps f, g: X — Y, suppose that g ~ so f for some map s: Y — Y.

Then G™(X, f,Y) C G"(X,g,Y). Indeed, there is the homotopy commutative dia-
gram for a € G™(X, f,Y):

Y\/KZn)

\/
IV i/

Y —— Y VK(Zn)
iy

K(Z7 n)

by ¢ := (sV 1) o). Then ZX og~¢andign oa~ ¢. Hencea € G"(X,g,Y). Further-
more, suppose that f ~ s’ og. Then similarly we obtain G"(X,¢,Y) C G"(X, f,Y).
O

Remark 4.21. For generalized dual Gottlieb sets, we obtain similar properties as eval-
uation subgroups.

Ezample 4.22. Let cat(f) be the Lusternik—Schnirelmann category of a map f: X —
Y [13, p. 352]. Then cat: [X,Y] = (Z>(, <) is a monotone map. In the case of cat,
we have the three finer poset-stratified space structure on the reversed ordered posets
[X,Y]Rr, [X,Y]r and [X,Y]LR as follows:

1. If [g] SR [f], 1€, g~ fos with s: X — X, then we have [13, Lemma 27.1(ii)]
cat(g) = cat(f o s) < min{cat(f),cat(s)} < cat(f).
Hence we have cat(g) < cat(f). So there is a poset map catr: [X,Y]|r —
(Z3¢, =). Here catr([f]r) := cat(f).
2. If [g) <1 [f], 1e., g~to fwitht: Y — Y, then we have
cat(g) = cat(t o f) < min{cat(t), cat(f)} < cat(f).
Hence we have cat(g) = cat(f). Thus catr: [X,Y]r — (Z3q, <) is a poset map.

Here caty ([f]Rr) := cat(f).
3. If [¢] SLr [f], ie.,g~ho foswiths: X - X and ¢: Y — Y, then we have

cat(g) = cat(t o f o s) < min{cat(¢),cat(f),cat(s)} < cat(f).

Hence we have cat(g) < cat(f). Thus catzr: [X,Y]Lr — (Z3(,Z) is a poset
map. Here catpr([f]r) := cat(f).
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Namely we have the following commutative diagrams:

(X, V] 2= [X,Y]g [X,V] /> [X,Y]L (X, Y] 22 (X, Y]Lr
id[x,y]\L \LcatR id[x,y]\L icatL id[X’Y]\L \LcatLR
(X, Y] — (Z20,5) (X, Y] —> (Z2, %) (X, Y] —> (Zz, %)

Remark 4.23. Finally, we remark that the referee pointed out that our machinery
might be relevant to, for example, the following examples:

1. The theorem of Dehornoy [10, 11, 12] about natural orders on braid groups
(e.g., see [14]), which has given rise to considerable activity in low-dimensional
topology, such as generalizations to knot group.

2. Elmendorf’s theorem in equivariant homotopy theory, which describes G-equi-
variant homotopy types in terms of fixed-point spaces indexed by the orbit
category of homogeneous spaces G/H and G-maps between them (e.g., see [24]):
this yields natural stratifications of G-spaces.

3. Some related connections between homotopy theory and (equivariant) posets,
e.g., such as a theorem saying that the category of (G-)posets admits a model
structure that is Quillen equivalent to the standard model structure on the
category of topological (G-)spaces® (e.g., see [28, 32, 37]).

Furthermore the referee pointed out that he/she suspects that in the long run such
poset structures will find an interpretation as part of Connes—Consani’s recent theory
“Homological algebra in characteristic one” [8].

In this paper we deal with only the homotopy set [X,Y]. However, if other things,

e.g., the above examples and Connes—Consani’s recent theory, are relevant to our
machinery, then it would be quite interesting.
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