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GENERALIZED GOTTLIEB AND WHITEHEAD CENTER
GROUPS OF SPACE FORMS

MAREK GOLASINSKI aND THIAGO DE MELO
(communicated by Donald M. Davis)

Abstract
We extend Oprea’s result that the Gottlieb group G (S*"*!/H)
is ZH (the center of H) and show that for a map f: A —
S2n+1/H, under some conditions on A, we have G (S*"1/H) =
Zy f«(m1(A)), the centralizer of the image f.(m1(A)) in H. Then, we
compute or estimate the groups G¥, (S*"*!/H) and P/ (S>"*1/H)
for certain m > 1.

1. Introduction

Throughout this paper, all spaces are path-connected with the homotopy types of
CW -complexes and maps and homotopies are based. We use the standard terminology
and notations from homotopy theory, mainly from [10] and [23]. We do not distinguish
between a map and its homotopy class.

Let X be a connected space and S™ the m-sphere. The m* Gottlieb group G, (X)
of X, defined first for m = 1 in [11] and then for m > 1 in [12], is the subgroup of the
m'™ homotopy group 7,,(X) consisting of all elements which can be represented by
amap «: S™ — X such that idx Va: X VS™ — X extends (up to homotopy) to a
map F: X x §™ — X. Following [12], we recall that P,,(X) is the set of elements of
Tm (X) whose Whitehead products with all elements of all homotopy groups of X are
zero. It turns out that P, (X) forms a subgroup of m,,, (X) called the Whitehead center
group and, by [12, Proposition 2.3], we also have G,,(X) C P, (X). Some advanced
attempts to compute the groups G,,(X) and P, (X) for spheres and projective spaces
have been made in [10].

Now, given a map f: A — X, in view of [12] (see also [19]), the m' generalized
Gottlieb group G, (X) is defined as the subgroup of the m'" homotopy group ,,(X)
consisting of all elements which can be represented by a map «: S™ — X such that
fVa: AvS™ — X extends (up to homotopy) to a map F': A x S™ — X. According
to the literature, we say that the map F' is affiliated to «. If A = X then the group
G{(X), also denoted by J(f), is called the Jiang group of the map f: X — X in
honor of Bo-Ju Jiang who recognized in [17] their importance to the Nielsen—Wecken
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theory of fixed point classes. The role the group J(f) played in that theory has been
intensively studied in the book [7] as well.

The m® generalized Whitehead center group P (X), as defined in [19], is the
set of all elements « € m,,(X) whose Whitehead products [a, ff] are zero for all
B € m(A) with [ > 1. Tt turns out that PJf(X) forms a subgroup of m,,(X) and
G1,.(X) C PL(X).

Given a free action H x §?"1 — §2+1 of a finite group H on S?**!  Oprea [20]
has shown that G1(S*"*1/H) = ZH, the center of H. Further, in the special case of
a linear action of H on S?"*!, a very nice representation-theoretic proof of that fact
has been given in [5]. In this paper, we generalize Oprea’s results to the case of a free
action of a finite group H on a homotopy sphere ¥(2n + 1). We show that for a map
fiA=22n+1) with 1 <dimA=d<2n+1, m(A)=0for 1 <k <2n+1 and
H2 (7 (A); Z) = 0, we have GJ (£(2n +1)/H) = Zg f.(m1(A)), the centralizer of
f«(m1(A)) in H. In particular, we obtain that the Jiang group obeys J(f) = Zp f.(H)
for any f: X(2n+1)/H — X(2n+1)/H.

Further, we compute or estimate the Gottlieb groups GY (X(2n +1)/H) and
PJ (3(2n + 1)/H) for certain m > 1, finite groups H and f: A — %(2n +1)/H.

In Section 2, Proposition 2.4 generalizes Gottlieb’s result [11] and states that
GI(K(m,1)) = Z,f.(m1(A)) for f: A— K(m,1) and Theorem 2.10 states:

Ifp: X — X is a covering map of a space X and f: A — X then the isomorphism

Dt T (X) = T (X) for m > 1 restricts to isomorphisms
pei: Gh(X) = GH(X) and p.: P}(X) — PH(X)

form > 1.
The main result of this section, generalizing [20, THEOREM A], is Theorem 2.17
which implies that
G{(22n +1)/H) = Zu f.(K)

for f: ¥(2d+1)/K — X(2n + 1)/H with d < n. Then, in Corollary 2.19, for the quo-
tient map yop41: 2(2n + 1) — 3(2n + 1)/ H, we have:

(1) PP (2(2n+1)/H) =G> (2(2n +1)/H) = H provided H is abelian;
(2) PRm (220 + 1)/H) =Yani1+ (P (Z(2n + 1)) = Yo 1 14 (G (S?™+1)) for m > 1.
Section 3 is devoted to Whitehead center groups of projective spaces and some

space forms. Subsection 3.1 makes use of some results from [10] to take up the sys-
tematic study of the groups G,,(X(2n + 1)/Z;) for certain m > 1.

Finally, Subsection 3.2 applies [10] to present computations of G, (S***1/H) for
m>1and H < S2.

2. Generalized Gottlieb and Whitehead center groups

Given spaces A and X, write X4 for the space of continuous unbased maps from A
into X with the compact-open topology. Write ev(g) = g(aop) for the basepoint ag € A.
Let f: A — X with f(ag) = zo € X and consider the component of X containing f,
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(XA, f). Then
G{n( ) = Im(ev,: erz(XAaf) = mm (X, 20))
for m > 1.

If f € P,(X) for some n > 1 then G, (X) = P} (X) = m,n(X) for any m > 1 be-
cause the Whitehead product [«, f] is the obstruction to extending the map S™ V
s 2y X to S™ x S* — X for a € T (X).

Further, we have the following:

Proposition 2.1. Let f: A — X. Then:

(1) any map g: A’ — A leads to the inclusion relations GI, (X) C GI9(X) and
P (X) C PI9(X) form >1;

(2) if g: A’ — A is a homotopy equivalence then G, (X) = GI9(X) and Pl (X) =
PI9(X) form > 1;

(3) if fo: m(A) = m(X) is the induced homomorphism by a map f: A — X and
m(X) acts trivially on wm,(X) for all m > 1 then PJ(X) = Zr (x) f«(m1(A)),
the centralizer of the image fi(m1(A)) in m(X). If fo: m(A) = 7 (X) is an
epimorphism then Pl (X) = P,,(X) for allm > 1;

(4) given a map h: X =Y the induced homomorphism h,: mm,(X) —
stricts to homomorphisms h,: G, (X) — G (Y) and h,: Pf 7 (X)
In particular, for f=idx, we obtain homomorphisms h, : Gy (X) —
and hy: Pp(X) = PL(Y). Because G, (Y) € G (Y) (mdP (Y) C Ph(Y), we
conclude that h*_ll(Gm(Y)) C Gp(X) and h*‘ (Pn(Y)) C Ph(X);

(5) if A=SF then Gf (X) = P/ (X) = Ker[f, —] form > 1;

(6) if a: St — S" then the induced map o*: 7, (X) — m(X) restricts to maps

af: GI(X) = G{(X) and o] : P/ (X) — P/ (X).

If a map o = Ef is a suspension, then:
(i) the restricted maps of are homomorphisms;

(ii) (E™7"a): GR(S") = Gm—ngu(S™) for m = n.

Proof. Because (1)—(6)(i) are obvious, we show only (6)(ii). We write E for the sus-
pension functor on the category of pointed spaces and apply the following property
[25, Chapter X, (8.18) Theorem]| of the Whitehead product:

(VES, Y Ed'] = [v,/']E@ N )

for v € my(X), v € m(X) and maps 6: "~ — $5~! and §’: S” ! — St-1,
Now, notice that we may assume [, m > n and write ¢ for the identity map of the
sphere S¥. Then, given v € G2, (S™), we obtain:

0=[v,a| = [VEtm-—1,tnEB] = [V, tn] E(tm—1 A B)
= [, 1] E™B = [V, ty) E(E™ "B A1) = [VE™ "B, 1] = WE™ "a, 1)
Consequently,
(B"")7: G5,(8") = G nsa(8)
and the proof is complete. O
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Ezxample 2.2.
(1) Recall (see e.g., [10, Chapter 1, (1.2)]) that the order of the Whitehead product

1, forn=1,3,7;
Blenstn] =<2, formn#1,3,7 odd;

oo, for n even.

This implies that

m(S™), forn=1,3,7;

G,(S") =P,(S") =
(8% (8" {27Tn(S”), for n # 1,3,7 odd

and G, (S™) = 0 provided n is even.

Given a map f: S™ — S", write deg f for its degree and notice that o €
G{(S™) = P/ (S") if and only if (deg f)a € G,,(S™). Applying the order of [i,,, t,,],
we deduce that

" f .
o1y = prr — [ (E). o des  even
G, (S™), for deg f odd,

if n is odd. Further, G¥(S™) = 0 provided n is even.

(2) Consider a finite group H with a free action H x S” — S™ for an odd n > 1,

write S”/H for the associated orbit space and v: S™ — S™/H for the quotient
map.
Let f: S¥ — S"/H be a pointed map with k > 1. Notice that for k > 1 there is
a unique map f’: S¥ — S with f =~f’. It is well-known (see e.g., [6, Chap-
ter VII, Proposition 10.2]) that m1(S"/H) = H acts trivially on 7, (S"/H) =
T (S™) for m > 1. Then, by Proposition 2.1(5), we get:

{’Y*Gf,;(S”), it k> 1

GL(S"/H) = PLE"H) = Kerlf, ] = 77 0 ko

for m > 1 and

H if £ > 1;
Gi(s"/H)=Pl(s"/H) =" ’
{(s/m) = Pl(s"/ ) {ZHW -
Now, we show:
Lemma 2.3. If f: A — X then P} (X) C Z,,x)f«(m1(A)).

Proof. Take o € P{(X). Then, the Whitehead product [a, f.(8)] =0 for all 8 €
m1(A). This implies af(8) = f«(8)a and the proof follows. O
Because G{(X) C Plf (X), we see that
G{(X) € Zr, ) fo(m(4),

which for f =idy implies the result of Gottlieb [11].
Gottlieb [11, Corollary 1.13] has shown that G (K (7, 1)) = Zm, the center of the
group 7. We generalize that result as follows:
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Proposition 2.4. If f: A — K(m,1) then G (K(m,1)) = Z, f.(m1(A)).

Proof. By the above, we have GJ (K (,1)) C Z, f.(m1(A)).

To show the opposite inclusion, take o € Z f.(m1(A)) and consider the homo-
morphism ¢: 71 (A x St) =7 (A) x Z — 7 given by ¢(g,n) = a™f.(g) for (g,n) €
m1(A) X Z, where Z is the group of integers. Since homotopy classes of maps into a
K(m,1) are determined at the fundamental group level (see, e.g., [25, Chapter V,
(4.3) Theorem]), we obtain the required map A x S' — K(m,1). O

We point out that a similar result as stated above has been already obtained in [13,
Lemma 2] and the inclusion Z, f.(7) C G{(K(W7 1)) for any self-map f: K(w,1) —
K(m,1) shown in [7, Chapter VII, Theorem 10].

Ezample 2.5. (1) If 7 is an abelian group then Gy (K (7, 1)) = G{ (K (7, 1)) = 7 for
any f: A — K(m,1).

(2) Let Qs = (i,7) be the quaternionic group. Because the center Z(Qs) = Zsa, we
see that G1(K(Qs, 1)) = Za. Let f: S' — K(Qs, 1) be the map determined by
the homomorphism Z — Qg such that 1+ i. Then, GJ (K (Qs,1)) = Zos (1) =
(i) and so we have the proper inclusion G1(K(Qs,1)) & G (K(Qs,1)).

Recall that a space X is said to be aspherical if 7, (X, z) =0 form > 1 and all x €

X. Following the ideas stated in [11, Section III, XX], we can easily generalize [11,
Theorem II1.2], [13, Lemma 2] and [15, Theorems 6.1 and 6.2] as follows:

Proposition 2.6. If X is a locally finite, aspherical, path-connected space and
f:A— X then:

(1) eve: m(XA, f) = G{(X) = Zn, o) fo(mi(4));
(2) T (XA f) =0 form > 1.
In particular, if A is a l-connected space then the space X# is path-connected
and (X4, f) = G{(X) =m(X) for any f: A — X provided X is a locally finite,

aspherical and path-connected space.
Further, Gottlieb [12, Theorems 6-1 and 6-2] has shown:

Proposition 2.7. If p: X5 Xisa covering map then
PG (X)) C G (X) form > 1.
For Whitehead center groups, we have:
Proposition 2.8. If p: X Xisa covering map then
P (Pn(X)) C Pp(X) form > 1.
If X is a simple space then
P (P(X)) = Pp(X) form > 1.

Proof. Since p.: 7. (X) — m,(X) is a monomorphism, the inclusion p; (P, (X)) C
P (X) for m > 1 is straightforward. Let now X be a simple space and take a €
P (X), and § € mp(X). If k =1 then [pa, 8] = 0 since X is a simple space. If k > 1

then there is v € 7, (X) such that py = . Hence, [pa, 8] = [pa, py] = p«]e,y] = 0 and
the proof follows. O
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To state the next result, we prove:

Lemma 2.9. If p: X — X is a covering map and f: A — X then:
(1) GI(X) =p (G (X));
(2) P/(X)=p (PP (X).

Proof. Because p, : m1(X) — w1 (X) restricts to E G (X)— G2 (X) and Pt P (X)
— PP (X), we deduce that GI (X) C p71(GY7 (X)) and P{(X) C p7 (PP (X)).

(1): We prove p; H(GP (X)) C GI(X). Given a € p;*(GP/ (X)), we have a map
F: A xS'"— X such that the diagram

pfVpa

AVS! X

=

A xSt

commutes up to homotopy. But, for any 3: S! — A x S! there is a map ': S! —

AV S! such that the composition S! B—/> AvS! < AxSlis homotopic to 3. Then,
FB =p(fVa)s and, consequently, F,(m (A x S')) C p.(m1(X)). Hence, there is a
lifting F': A x S' — X of the map F. Because pFlavst = Flavst = p(f V a), we see
that EAVSI = fVaandsoae G (X).

(2): We show p;(PP/(X)) C P{(X). Given a € p;1(PP (X)), we have pa €
Pf’f(X). Then, for any v € 7,,(A) with m > 1, we obtain p.|«, fv] = [pa, pfvy] = 0.
Because p, is a monomorphism, [a, fy] =0 and so «a € Plf(f() and the proof fol-
lows. 0

Theorem 2.10. Ifp: X — X is a covering map and f: A — X then the monomor-

phism pi: T (X) = w0 (X) for m > 1 yields:
(1) GL(X) =p, ' (GH (X))
(2) PLX) =p; (P (X))

Proof. In view of Lemma 2.9, we may assume that m > 1. Because p,: m,(X) —
Tm(X) is an isomorphism, we see that its restrictions

[N G! (X) = GP/(X) and Pt Pl (X) = PP/(X)

are monomorphisms. .
First, we prove that p,: G}, (X) — GB/(X) is surjective for m > 1. Given a €

GPf(X), there are 8 € T (X) such that pf = avand F: A x S™ — X extending pf V
a: AV S™ — X. But the 2-skeleton (A x 7)) = A2 v (S™)(?) 50 we obtain that
T (A x S™) = m (AP v (S™)?)) = 11 (AP) = 71 (A). Because Faysm = pf V «, this
implies that F, (7 (A x ™)) = (pf)«(71(A)) C py(m1(X)). Hence, the map F: A x
S™ — X lifts to F': A x S™ — X. Because pﬁ“A\/Svn = Flavsm = p(f Vv ), the map
F extends fV 3: AVS™ — X and so § € G, (X).

Now, we show that p,: Pl (X) — PP/(X) is surjective for m > 1. Given o €

PPf(X), there is 8 € T (X) such that pB = a. Then, p.[3, fv] = [pB,pfv] = [, pfr]
=0 for any v € m(X) which implies [3, f7] = 0 and so 8 € PJ,(X), and the proof is
complete. m
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Then, Proposition 2.8 and Theorem 2.10 yield:

Corollary 2.11. If p: X — X is a covering map then G, (X) =p; ' (GP,(X)) and

P (X) =p Y (PP (X)) for m > 1. Further, if X is a simple space then Pp(X)=
Py (PE(X)) = p; {(Pu(X)) form > 1.

To extend [20, THEOREM A] and state our main result, we need some prerequisites.
Let 7 be an abelian group. Given ®: A x S! — X, write f = ®| 4 for its restriction
to the space A. The induced map ®*: H"(X;7) — H"(A x S';7) gives

O (z) = ff(z) ® 1+ 20 @ A,

where x € H"(X;7), the element X is a chosen generator of H(S';Z) and z¢ €
H" Y (A4;7).

Now, take an integer m > 0. Recall that a map p: E — B is called a principal
K (m,m)-fibration if it is a pullback of the path fibration K (7w, m) — PK(m,m + 1) —
K(m,m+ 1) via the classifying map k: B — K(m,m +1). If « € H™" (K (m,m +
1); ) is the fundamental class of K (7, m + 1), let k*(1) = p € H™H1(B;7) and recall
that a map ¢: Y — B has a lifting ¢: Y — E if and only if ¢*(u) = 0.

Then, following mutatis mutandis the proof of [20, THEOREM 1], we can show a
fundamental lifting result due to Gottlieb [12]:

Lemma 2.12. Let p: E — B and p': E' — B’ be principal K(m,m)- and K(n',m)-
fibrations, respectively with a commutative diagram
I
EFE——F

I b

B*f>B’

and ®: B x St — B’ such that ®p = f. If i/ = k"*(/), where k' classifies p" and ' is
the fundamental class of K(n',m + 1) then there evists a map ®: E x St = B’ such
that ®|p = f and the diagram

ExsS'--2_ L@

pX idsl i lp’

BxSlT>B’

commutes if and only if pp =0 € H™(B;n') with ®*(u') = f*(1/') @ 1 + plp @ A for
a chosen generator \ of H*(SY;7Z).

Remark 2.13. As in [20, REMARK, p. 68], we notice that without loss of generality
we can take the diagrams to be homotopy commutative.

Next, given a space X, consider its universal covering p: X = X. As usual, we can
take its classifying map k: X — K(m(X),1) to be an inclusion. If 7y (X) acts triv-
ially on 7, (X) for m > 1 then the pair (K (71(X),1), X) is simple. Hence, according
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to [3, Chapter 7, Section 7.4], the Moore—Postnikov tower

X(m+1)
1Px@men
X(m)
1

qx(m) l

X(2)
/ \L
X X(1) = K(m1(X),1)

for the classifying map x: X — K(m1(X), 1) of the covering p exists, where X (m) is
called the m'™ stage of this tower for m > 1. Recall that the map Ix(m): X = X(m)
is an (m + 1)-equivalence for m > 1.

From now on, we assume that A and X are spaces such that 71 (A) and m (X) act
trivially on 7, (A) and 7., (X) for m > 1, respectively. Given a map f: A — X, write
f(m): A(m) — X (m) for the induced map of the m* stages for m > 0.

If a € G{(mﬂ)(X(m +1)) and ®: A(m +1) x St — X (m + 1) is the associated
map then the naturality (see, e.g., [3, Proposition 7.2.11] or [18, Theorem 2.1]) of
the Moore-Postnikov tower provides a homotopy commutative diagram

Am+1) x S'—2 5 X(m +1)
PA(m+1>><idsll J{Px(m-u)

A(m) x St — X (m).

Taking pa(m41): A(m + 1) — A(m) to be an inclusion, the obstructions to the exis-
tence of a relative homotopy from @ 4(,) to f(m) lie in H*(A(m), A(m+1);
k(X (m))) = 0 for k > 1. Hence, ®|4(,,) is homotopic to f(m) and & is the affili-

ated map t0 px (m41)«() € G{(m)(X(m)).
Then, Lemma 2.12 leads to the following generalization of [14, Lemma 7] and [20,
THEOREM 2]:

Proposition 2.14. The map px (m+1): X(m + 1) — X (m) induces a homomorphism
Px(men+: G1TV (X4 1) = G (X (m)).

Now, for av€ Z,, (x) f«(m1(A)), consider the map @, : K (m1(A4),1) xS' = K (m1(X),1)
corresponding to the homomorphism

m(A) X Z — m(X)
given by (g,n) — o™ fi(g) for (g,n) € m(A) x Z.
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If H"(A(m — 1); 7, (X)) =0 for m > 1 then Lemma 2.12 leads to commutative
diagrams

Am+1) x S'—22D x4 1)

pA(m+1)><id§1l le(rn#»l)
A(m) x S X (m)

Pq(m)
with @ (m)|a(m) = f(m). Hence, we obtain a map

. T 1 .
lgntba(m). hglA(m) x St — lim X (m).

+—

Let p(A): A — hin A(m) and ¢(X): X — 1131 X (m) denote the standard weak homo-

topy equivalences. Then, there is a unique (up to homotopy) map Po: AxSI o X
which makes the diagram

¢(A)Xid§1l J:ﬁ(X)

lim A(m) x St —————— lim X (m)
—

llin Do (m) —

commutative. Certainly, i)a‘gl = «. To see that <i>a|A = f, observe that if dim A = d <
00, then there is a bijection of homotopy classes [A, X| = [A4, X (d)] = [A(d), X (d)] and
g4 corresponds to Py (d)a@) = f(d): A(d) — X(d). Thus, this bijection implies
®,4 = f and we may state:

Proposition 2.15. If f: A = X with dimA =d < oo, a € Z; (x)f«(m1(A)) and
H™(A(m —1); 7 (X)) =0 for m > 1 then o € G(X). Hence, we have GI(X) =
Zry(x) [+ (m1(A)).

Since GJ(X) C P{(X) C Z,,(x) f+(m1(A)), we find that

P{(X) = Zr,(x)f+(m1(4))
under the hypothesis of Proposition 2.15.
Ezample 2.16. (1) If X = K(m,1) for some group 7w then H™(A(m — 1); 7, (X)) =
0 for m > 1.

(2) If dim A =1 then there exists a homotopy equivalence A ~ K(m,1), where
7 is a free group. Hence A(m — 1) = K(m, 1) and, consequently, H™(A(m —
1); (X)) = H™(m; 7 (X)) = 0 for m > 1.

Now, we are in a position to state the main result of this section:

Theorem 2.17. If f: A— X with1 <dim A =d < oo and H™(A(m—1); 7, (X)) =0
for 1 <m < d then G{(X) = Z,,(x) f«(m1(A)).

Proof. Since H™(A(m — 1); 7, (X)) =0 for 1 < m < d, in view of Proposition 2.15,
we have to show that H™(A(m — 1); 7, (X)) = 0 for m > d.
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Let m > d. Then, in view of Whitehead Theorem, it follows that the m-equivalence
qa(m—1): A — A(m — 1) induces isomorphisms Hy(A; Z) = Hy(A(m —1);Z) for k <
m and a surjection H,,(A;Z) — H,,(A(m — 1);Z). Hence the group Hy(A(d);Z) is
free, Hp—1(A(m —1);Z) =0 for m >d+1 and Hy,,(A(m —1);Z) =0 for m > d.
Thus, by the universal coefficient theorem, we have

H™(A(m — 1); 7, (X)) ~ Hom(H,,(A(m — 1); Z), 7, (X))
D Ext(Hy—1(A(m —1);Z2), 1,(X)) =0

for m > d and the proof is complete. ]

Given a finite group H acting freely and cellularly on S?"*1 write S?"*1/H for the
orbit space. Oprea [20, THEOREM A] has shown that G1(S*"*1/H) = ZH. Then,
the relations

ZH = G(S*""/H) C P (S*™T/H) C ZH

imply that P, (S?*""!/H) = ZH, what was already observed by Gottlieb [11, §3] and
follows from Proposition 2.1(3) as well.

Recall that a finite dimensional CW-complex X (n) with the homotopy type of the
n-sphere S™ is called an n-homotopy sphere for n > 1. The finite periodic groups,
which are the only finite groups that can act freely and cellularly on some homotopy
sphere, have been fully classified by Suzuki-Zassenhaus, see e.g., [2, Chapter IV,
Theorem 6.15]. Tt is well-known that the only finite groups acting freely and cellularly
on X(2n) are Zs and the trivial group.

Given a free and cellular action H x X(2m + 1) — X(2m + 1) of a finite group H
on a homotopy sphere X(2m + 1), write yan41: Z(2n+1) = X(2n+ 1)/H for the
quotient map. It is well-known [8, Chapter XVI, §4, Application 4] that H must
have periodic cohomology with period 2m + 2. Then, in view of [6, Chapter VII,
Proposition 10.2], the action of H on 7 (X(2m + 1)/H) is trivial for k& > 1. Because
H?**Y(H;7Z) =0 for k > 1 (see e.g., [20, LEMMA 6]), Theorem 2.17 yields the fol-
lowing generalization of [20, THEOREM Al:

Corollary 2.18. If f: A= 3(2n+1)/H with 1 <dimA=d<2n+1, m(A) =0
forl <k < 2n+1 and H2" (71 (A); Z) = 0 then G (2(2n + 1)/H) = Zy f.(71(A)).

In particular, if f: 3(2d+1)/K — X(2n+1)/H and d < n then G{(E(?nJrl)/H)
=Zuf.(K).

Proof. The first part is a direct conclusion from Theorem 2.17.

Let now f: 3(2d+1)/K — 3(2n+1)/H with d < n. Then 7;(X(2d +1)/K) =
m(E(2d+ 1)) =0for 1 < k < 2d+ 1 < 2n + 1. Next, notice that by [1] or [22] there
is a homotopy sphere ¥/(2d + 1) admitting a free action of the group K such that
dim ¥/ (2d + 1) =2d 4 1< 2n+ 1 and the space forms X(2d 4+ 1)/K and ¥'(2d + 1)/ K
are homotopy equivalent.

Because H*"T1(K;Z) = 0 (see e.g., [20, LEMMA 6]), the space ¥/(2d + 1)/K sat-
isfies all required hypotheses of the first part and the proof follows. O



GENERALIZED GOTTLIEB AND WHITEHEAD CENTER GROUPS OF SPACE FORMS 333

Suppose f: A — X(2n + 1)/H satisfies the conditions above. First, notice that
G{(2@n +1)/H) = P/ (S@2n+ 1)/H) = Zy f.(m1(A))
and, if A is 1-connected,
GI(2(2n+1)/H) = P/ (2(2n+1)/H) = H.
This implies
Gl(s@2n+1)/H) = P{(2(2n+1)/H) = H
for any map f: X(2d+1) = X(2n+1)/H and 1 < d < n. Next,
Pl (2(2n+1)/H)=GI(£2n+1)/H) = P/(2(2n+1)/H) =G, (£(2n+1)/H) = H
provided the group H is abelian.

Further, notice that given vo, 1100 € P, (X(2n + 1)/H), we have [yap 110, Yont1] =
Yant1[Q, tan+1] = 0. Since the map Yopt14: Tm (X(2n 4+ 1)) = 71 (Z(2n + 1)/H) is a
monomorphism, we see that « € P, (X(2n + 1)) which leads to

P(22n+1)/H) C vyont1+ P (E2n 4+ 1)) = yan+1+Gm (2(2n + 1)).
But, m(X(2n+1)/H) = H acts trivially on m,(3(2n+1)/H) for m > 1. Conse-
quently, the above yields

P20+ 1)/H) = 12011, Pn(S(20 + 1)) = Y24 1.Gon (520 + 1))
provided H is abelian. Then, in view of Theorem 2.10, we have:

Corollary 2.19. Let H x X(2m + 1) — 3(2m + 1) be a free and cellular action of a
finite group H on a homotopy sphere £(2m+1) and let yopt1: X(2n+1) —
Y(2n+1)/H be the quotient map. Then:

(1) PP (2(2n+1)/H) =G> (2(2n +1)/H) = H provided H is abelian;
(2) Gn(E@2n+1)/H)CGER(S2n+1)/H) =7Y2n41:Gm(X(2n + 1)) for m > 1;
(3) we have P, (X(2n+1)/H) C P (S(2n+1)/H) = Yont1+ P (S(2n + 1))
= Yon+1+Gm (2(2n + 1)) for m > 1. In particular,
Pn(2(2n+1)/H) =P+ (X(2n+1)/H)
= Yont1+ P (3020 + 1)) = Y2n11:Gm(5(2n + 1))
for m > 1 provided H is abelian.

Given a space X and a prime number p, write 7,,(X;p) for the p-primary compo-
nent of 7, (X). Then, the result [9, Theorem 2.3] yields:

Corollary 2.20. If p is a prime not dividing the order of the finite group H then
Yo 1e(Gon (D20 + 1);p)) = Go(E(20 + 1)/Hip) = mu(S(2n + 1)/ Hip)
form > 1.

3. Whitehead center and Gottlieb groups of some space forms

Throughout this section, we use the standard terminology and notations from
homotopy theory, mainly from [10] and [23]. We aim to compute or approximate
Whitehead center groups of some space forms.
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3.1. Whitehead center groups of FP" and Gottlieb groups of ¥(2n + 1)/Z,
First, let F denote the field of reals R, complex numbers C or the skew R-algebra
of quaternions H and FP" the appropriate projective n-space for n > 1.
Write v, (F): SU"+D=1 5 FP" for the quotient map, where d =dimgF and
in(F): ST = FP! < FP" for the canonical inclusion with n > 1, and recall from [4]
that

T (FP™) = 4 (F) 71 (S @ 4, (F) w BT 1 (ST71).

The results below are direct consequences of Proposition 2.1(5) and the result [4,
(4.1-3)] (see also [10, Lemma 2.4]).

Proposition 3.1.

(1) G ®EpP) = P ™ (FP) = Ker[yn (F), =] for m,n > 1.

2) Pr®(RP) = P,,(RP") = 7n(R), P (S") form >1, n>1 and
m (RP™), if n is odd;

P ®(®rpr) =
0, if n is even.

3) (1) PL©(CP") = Pp(CP™) = 7, (C), P (S*Y) for m>2 and n>1 odd,
and
m(CP™),  if n is odd;

P“/n((c) CP") =
2" ) 2o (CP™), if n is even.

In particular, P"2(S?) = m,,(S?) for m > 1.
(i) B3ty (CP") = Py (CP") = 90 (€)uPana (8*1) and 2P (CP™) €
P (CP™) = 4,(C) P, (S* 1Y) for m > 2n + 1 and n even.
(4) (@) P HP"p) =y (B (874 p) @ i (). ELy,_y(S%p), if p is an
odd prime.
(i) PL®(EP";2) = v, (H) o1 (S22, 2) @ 4, (H), EL" (S%; 2), provided
[L4n+37 W?Jrg] (n + 1)V4n+3E4n+37r§nfl = 07

where L1 _1(S?) = {B € mm-1(S?); [in(H)EB, v, (H)] = 0}. In particular,

Pri(st) = Vi (ST p) @ ELY 1 (S%;p), if p is an odd prime;
" v (ST;2) @ EL (S 2).

(5) Pos(s%) — 08« (SY5p) © EL”_(S7;p), if p is an odd prime;
" 08«Tm (S1%;2) © EL"(S7;2).
6) G ®(EpPr) = P®(FP) = Ker[in(F), ] for m,n > 1.
(7) P, pi® (RP”) = T (RP™) for m,n > 1 provided n is odd, and pin® (RP™) =0
for 1 <m < n provided n is even.

(8) (i) P. Z"(C (CPY) =0 and pip© (CP™) =, (CP™) for m > 2 provided n > 1 is
odd
(i) P© ((CP”) = (CP™) for 1<m<2n+1, Py (CP™) = 21y, 1 (CP™)
and Ppy© ((CP") 2271, (CP™) for m > 2n + 1 provided n is even.
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(9) Pi"™®(®PY) =0 and Pir™ (HP") = 1, (HP™) for 4 <m < 4n + 3,

24 .
)%(H)*W4n+s(84”+3) ® in ()« ETan42(S%)

in (H n
P P = 5

and Py (HIP™) 2 2y (H) iy, (S @1 () B 1 (S%) for m>4n+3
andn > 1.

Next, recall the well-known fact proved e.g., in [24] and needed in the sequel:

Theorem 3.2. If a compact Lie group G acts on a compact smooth manifold M,
then the manifold M admits an equivariant triangulation. In particular, it has the
structure of a G-CW-complez.

Consequently, any action of a finite group on the n-sphere S™ is cellular.

Next, given a free and cellular action Zg x 3(n) — X(n), by [16, Lemma 2.5],
there is a homotopy equivalence X(n)/Zs ~ RP™. Then, G, (X(n)/Zs) = G,,,(RP™)
and G, (X(n)) = G,,(S™) for m > 1. Hence, [21] implies:

Gont1(2(2n +1)/Z2) = yont1,Gont1(3(2n + 1))
o1 (B(2n +1)/Zy),  for n=0,1,3;
) 2/ (220 + 1)/Zy), for odd n and n # 0,1, 3.

In virtue of the inclusion G,,(X(2n + 1)/Z2) C Y2n+1,Gm(2(2n + 1)) for m > 1, the
group Yon+1,Gm(E(2n + 1)) is an upper bound of G, (2 (2n + 1)/Zs).

The results in the sequel mainly follows from [10]. More precisely, we make use
of [10, Theorems 2.41 and 2.45, Propositions 2.42 and 2.46, and Corollary 2.47].

Theorem 3.3. If m < 7 then we have the equality

Gmton+1(B2n +1)/Z2) = vop41,Gmtont1(E(2n + 1))

except for the following pairs: (m,2n + 1) = (3,2 —3) with | >4, (6,2! —5) with
1 >5 and (7,11). Furthermore:

(1) Go(2(2! = 3)/Zs) D 271 (X(2! — 3)/Zs) forl > 4;
(2) Gia(2(11)/Zs) D 2mis(2(11)/Zy).

Remark 3.4. According to J. Mukai’s conjecture,
G18(2(11)/Zs) = 2m18(2(11) /Zg) = 2y18.m18(2(11)) = 279158, G15(X(11)).
This would imply that there is a proper inclusion G1g(3(11)/Z2) G 7118.G1s(3(11)).
Since ¥(2n + 1)/Zq ~ RP?"*1 [10, Proposition 2.42] yields:

Proposition 3.5. If one of the following conditions is satisfied:
1) n=1 (mod 2) and m = 8,9;

(

(2) n=1 (mod 2) with n >3 and m = 10;
(3) n=0 (mod 2);

(4) n=3 (mod 4) withn > 6 and m = 11;
(5) n>7and m =13



336 MAREK GOLASINSKI aND THIAGO DE MELO

then Gm+2n+1(2(2n + 1)/22) = 7rm+2n+1(2(2n + 1)/22)

Now, we aim to study G,,(S*"T1/Z;) for | > 2. First notice that the canonical
fibration

St — §**t/7, — CP"

yields an isomorphism 7, (S*"*1/Z;) = ,,(CP™) for m > 3.

In the sequel we need the following. Let H be a closed subgroup of a Lie group K
and write K/H for the associated orbit space. Then, K/H — BH — BK is a fibre
sequence and, by means of [12, Theorem 2-6], we obtain:

Lemma 3.6. The quotient map p: K — K/H leads to p.(mm(K)) C G (K/H) for
m > 1.

If H is a finite subgroup of K then Proposition 2.7 and Lemma 3.6 imply
i (T (K)) = Gm(K/H) for m > 1. In particular, if H is a finite subgroup of S3
then py (7, (S?)) = G, (S3/H) for m > 1.

Let now U(n) be the n*" unitary group and consider the canonical inclusion map
U(n) x Z; < U(n) x U(1) = U(n+1). Then, we may identify S?"*+1 ~ U(n+1)/U( )
and S?"*t1/Z; ~U(n +1)/U(n) x Z;. Set pp,: U(n+ 1) — S andpl,: U(n+1) —
S2n+1 /7, for the appropriate quotient maps being fibrations U(n+1) — Y, sent1 gnd
U(n+1) MS%“/ Zy, respectively. Next, consider the map of exact sequences
induced by those fibrations:

(U + 1)) — 2wy (S — 25 o (U

H [

(U n + 1)) T)’]Tk(SQTH_l/Zl) T} kal(U(n) X Zl)

where Ac and A7 are the appropriate connecting maps. Then, by Lemma 3.6, we
have:

Ker AL = pl.m(U(n 4 1)) C GL(S*" /7).

Recall that 7,,(X;p) denotes the p-primary component of 7,,(X) for a prime p.
Let J: m,(SO(n)) = Tpin(S™) be the J-homomorphism and r: U(n) < SO(2n) be
the canonical inclusion. Taking J¢ = J o r,, the result [10, Lemma 2.33] implies:

Proposition 3.7.
(1) Ker(Ac: mpn (S 1) = w1 (U (1)) € Yar1n G (S* Y/ Zy). In particular, we
have Yan 41T (S* T p) C G (SP Y/ Z) provided 70, —1 (U (n); p) =0 for a prime
P.
(2) Letm 3. IfE 9] JC|A¢(7T (S2n+1)) Ac( (S2n+1)) — 7Tm+2n(S2n+1) 1S a mono-
morphism then Yon11+Gm (S 1) C G, (S /7)), where E is the suspension

homomorphism. In particular, under this assumption, Corollary 2.19(2) yields
that G, (S Z)) = Yop 114G (S,

Now, we make use of Proposition 3.7 to obtain, as [10, Theorem 2.45], the following:
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Proposition 3.8.
(1) Let m =1,2. Then,

0, if n is even,

Gomyanr (S211/2,) =
+omta( /2) Tmton+1 (S Zy) = Ly, if n is odd.
(2) Gonpa(S*"*1/2y) 2

{(24,n)7r2n+4(82"+1/2 )27 2, if n is even,

@4,n)
, ifnis odd.

(24»72L+3) (SQn—H/Z )

48
(24,n+3)

In particular, Gonya(S* /7)) = 270, 4(S?" /7)) for n = 2, 10 (mod 12)
with n > 10 except for n =271 —2 or n = 1,17 (mod 24) with n > 17, and
G2n+4(82"+1/21) = 7T2n+4(82n+1/Zl) for n = 7, 11 (mod 12)

0, orn =3,
(3) ConsolS"H/Z) = maya( 1z = { &
Zo, formn = 2.
(4) Gopy7(S*" Y 7)) = Topy7(S*" Y/ Z;) for n = 2,3 (mod 4).

Further, making use of Proposition 3.7, as in [10, Proposition 2.46], we can show:
Proposition 3.9. G,,,(S7/Z;2) = 7, (S7/Z1;2) for 8 < m < 24 unless m = 15,21.
Further, yr.{o'ma, v7 +e7} C G15(S7/Z1;2) and y7.{0' 014} C G21(S7/Zy1;2).

Then, as in [10, Corollary 2.47], we deduce:

Corollary 3.10.
(1) Gn(S°) 7)) = 7 (SP)Zy) for 10 < m < 12;
(2) G (S5/Zy;p) = 7 (SP ) Zy;p) for an odd prime p;
(3) Gm (S4n+3/Zl) ('74n+377ﬁl+3)*7ri:i+k+3 form =1,2;
(4) (1) Gm(S*H1/Z;) 2 2(12, 1) (Yanvif, 1)« TR (ST ),
(il) Gm(S*F3/Z;) 2 (12,74 2)(Vant1Vih 4 3) T (ST 1)
G, (Sgn+5/Zl) (74n+2V8n+5>*7T8n+117
(6) Gsny11(S"F3/Zy) = meny 11 (S 43/ Zy) for n > 2;
(7) Ggnak(SP"H7/Z) = Tgn 1k (SB"HT/Z) for k = 28,29 with n > 2

—~
(@)
~

3.2. Gottlieb groups of S+ /H

Let H C SO(2n+2) be a finite subgroup of the special orthogonal group SO(2n+2)
acting freely on the (2n + 1)-sphere S?*"*1. Certainly, a spherical (2n + 1)-manifold
S27*1 /H has a finite fundamental group isomorphic to H itself. For n = 1, Thurston’s
elliptization conjecture (proved by Perelman) states that, conversely, all 3-manifolds
with finite fundamental group are spherical manifolds.

Then, in view of Proposition 2.7, Corollary 2.19 and Lemma 3.6, we may state:

Remark 3.11. If H C SO(2n + 2) is a finite subgroup acting freely on S?"*! then for
m > 1 we have:
(1) Gy (S*/H) = Py (S*/H) = Gou(S*/H) = Pro(S*/H) = yumn(S°) for n = 13
(2) G7n2”+1 (SZn-',-l/H) — P/”;{ETL‘FI (SZn+1/H) _ ’72n+1*Gm(S2n+1) for n > 1.
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Next, write V,, , for the Stiefel manifold given by orthonormal k-frames in an n-
dimensional Euclidean space and recall that V;, , ~O(n)/O(n—k)~S0(n)/SO(n—k).
Then, a free action of a finite subgroup H C SO(2n + 2) C SO(2n + 3) on S+ ~
SO(2n+2)/S0O(2n+1) extends to a free action on V3.2 ~ SO(2n+3)/SO(2n + 1).
By means of the fibration

S/ H —= Vanyso/H — S+

for n > 1, it was shown in [9] that

Z, forn=0,1,3;

G n SQn—l—l H) =
2n+1( /H) 27, for any other n.

Now, let Sp(n) be the n'" symplectic group and H < Sp(1) be a finite subgroup.
Write i/, : Sp(n) x H < Sp(n) x Sp(1) < Sp(n + 1) for the canonical inclusion map.
Then, we may identify S*"*3 ~ Sp(n + 1)/Sp(n) and S *3/H ~ Sp(n+ 1)/Sp(n) x
K. Set p,: Sp(n+1) — S4”+3 and pl o Sp(n+1) — S¥+3 /H for the quotient maps
being fibrations Sp(n + 1) S, gant3 ang Sp(n+1) Spln) i S +3/H. We con-
sider the map of exact sequences induced by those fibrations:

e (Spln + 1)) — s (S* 43y — 25 (Sp(n)

| [

me(Sp(n+ 1)) —— m (S 13 /H) — mr—1(Sp(n) x H),
Py H

where Ay and Ay; are the appropriate connecting maps. Then, by Lemma 3.6, we have:
Ker Al = plmp(Sp(n + 1)) C G (S*™ 3 /H).

Write ¢: Sp(n) < SU(2n) for the canonical inclusion. Then, taking Jig = J o7, o ¢y,
by the result [10, Lemma 2.33], we obtain a key fact determining G (S*"*3/H):

Proposition 3.12.

(1) Ker(Am: mp(S*"3) = m_1(Sp(n))) € Va5 Gr(S*F3/H). In particular, we
have Yan+3:Tk (S35 p) CGR(S*F3 ) H) provided 7,1 (Sp(n); p) =0 for a prime
p.

(2) Letk>5. If E® o Jujay( Wk(S4n+d)% Ag(m(S*F3)) = T an12(S1T3) ds a mono-
morphism then Yiny3.Gr (S ) C G1(S™*3/H), where E is the suspension
homomorphism. In particular, under this assumption, Corollary 2.19(2) yields
Gr(S" 13/ H) = qan13.Gr(S"F3).

Now, we make use of Proposition 3.12 to obtain, as [10, Theorem 2.49], the fol-
lowing:
Theorem 3.13. G (S™*/H) 2 (24,n + 2) (Van+3Vin43)« e (STF6). In particular,
we have Gan16(S™3/H) D (24,1 + 2)Yant35Tante(SNT3) = forn > 2.

Observe that Theorem 3.13 yields:

Corollary 3.14.

(1) ng+9(88n+3/H) =0 and G8n+10(SS4+7/H) = ’78n+7*ﬂ'8n+10(88n+7) fO?" n 5_'5 0
(mod 3).

2
(24,n+2)
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(2) Guni14(S*™ 3/ H) = yani34Tan14(S*3) forn = 5,9 (mod 12) withn > 5 and

n = 15,23 (mod 24).

Next, applying Proposition 3.12, as [10, Corollary 2.53], we obtain:

Corollary 3.15. G651 (S Y/ H) = yi6n_1+T1600 k(ST fork = 20, n > 1 and
k=21, n>2

Finally, as [10, Proposition 2.54], Proposition 3.12 yields:

Proposition 3.16.
(1) Go1(S™/H) D 2711.m21 (SM);
(2) Ga2(S™/H) D 8y114maa(SM) = Zgs;
(3) G22(S'®/H) D 4y15.722(S'%) = Zgo.
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