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Abstract
We extend Oprea’s result that the Gottlieb group G1(S2n+1/H)

is ZH (the center of H) and show that for a map f : A →
S2n+1/H, under some conditions on A, we have Gf

1 (S
2n+1/H) =

ZHf∗(π1(A)), the centralizer of the image f∗(π1(A)) inH. Then, we
compute or estimate the groups Gf

m(S2n+1/H) and P f
m(S2n+1/H)

for certain m > 1.

1. Introduction

Throughout this paper, all spaces are path-connected with the homotopy types of
CW -complexes and maps and homotopies are based. We use the standard terminology
and notations from homotopy theory, mainly from [10] and [23]. We do not distinguish
between a map and its homotopy class.

Let X be a connected space and Sm the m-sphere. The mth Gottlieb group Gm(X)
of X, defined first for m = 1 in [11] and then for m � 1 in [12], is the subgroup of the
mth homotopy group πm(X) consisting of all elements which can be represented by
a map α : Sm → X such that idX ∨ α : X ∨ Sm → X extends (up to homotopy) to a
map F : X × Sm → X. Following [12], we recall that Pm(X) is the set of elements of
πm(X) whose Whitehead products with all elements of all homotopy groups of X are
zero. It turns out that Pm(X) forms a subgroup of πm(X) called the Whitehead center
group and, by [12, Proposition 2.3], we also have Gm(X) ⊆ Pm(X). Some advanced
attempts to compute the groups Gm(X) and Pm(X) for spheres and projective spaces
have been made in [10].

Now, given a map f : A → X, in view of [12] (see also [19]), the mth generalized
Gottlieb group Gf

m(X) is defined as the subgroup of the mth homotopy group πm(X)
consisting of all elements which can be represented by a map α : Sm → X such that
f ∨ α : A ∨ Sm → X extends (up to homotopy) to a map F : A× Sm → X. According
to the literature, we say that the map F is affiliated to α. If A = X then the group
Gf

1 (X), also denoted by J(f), is called the Jiang group of the map f : X → X in
honor of Bo-Ju Jiang who recognized in [17] their importance to the Nielsen–Wecken
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324 MAREK GOLASIŃSKI and THIAGO DE MELO

theory of fixed point classes. The role the group J(f) played in that theory has been
intensively studied in the book [7] as well.

The mth generalized Whitehead center group P f
m(X), as defined in [19], is the

set of all elements α ∈ πm(X) whose Whitehead products [α, fβ] are zero for all
β ∈ πl(A) with l � 1. It turns out that P f

m(X) forms a subgroup of πm(X) and
Gf

m(X) ⊆ P f
m(X).

Given a free action H × S2n+1 → S2n+1 of a finite group H on S2n+1, Oprea [20]
has shown that G1(S2n+1/H) = ZH, the center of H. Further, in the special case of
a linear action of H on S2n+1, a very nice representation-theoretic proof of that fact
has been given in [5]. In this paper, we generalize Oprea’s results to the case of a free
action of a finite group H on a homotopy sphere Σ(2n+ 1). We show that for a map
f : A → Σ(2n+ 1) with 1 < dimA = d � 2n+ 1, πk(A) = 0 for 1 < k < 2n+ 1 and

H2n+1(π1(A);Z) = 0, we have Gf
1 (Σ(2n+ 1)/H) = ZHf∗(π1(A)), the centralizer of

f∗(π1(A)) in H. In particular, we obtain that the Jiang group obeys J(f) = ZHf∗(H)
for any f : Σ(2n+ 1)/H → Σ(2n+ 1)/H.

Further, we compute or estimate the Gottlieb groups Gf
m(Σ(2n+ 1)/H) and

P f
m(Σ(2n+ 1)/H) for certain m > 1, finite groups H and f : A → Σ(2n+ 1)/H.

In Section 2, Proposition 2.4 generalizes Gottlieb’s result [11] and states that

Gf
1 (K(π, 1)) = Zπf∗(π1(A)) for f : A → K(π, 1) and Theorem 2.10 states:

If p : X̃ → X is a covering map of a space X and f : A → X̃ then the isomorphism
p∗ : πm(X̃) → πm(X) for m > 1 restricts to isomorphisms

p∗| : Gf
m(X̃) → Gpf

m (X) and p∗| : P f
m(X̃) → P pf

m (X)

for m > 1.

The main result of this section, generalizing [20, Theorem A], is Theorem 2.17
which implies that

Gf
1 (Σ(2n+ 1)/H) = ZHf∗(K)

for f : Σ(2d+ 1)/K → Σ(2n+ 1)/H with d � n. Then, in Corollary 2.19, for the quo-
tient map γ2n+1 : Σ(2n+ 1) → Σ(2n+ 1)/H, we have:

(1) P
γ2n+1

1 (Σ(2n+ 1)/H) = G
γ2n+1

1 (Σ(2n+ 1)/H) = H provided H is abelian;

(2) P
γ2n+1
m (Σ(2n+ 1)/H) = γ2n+1∗(Pm(Σ(2n+ 1)))= γ2n+1∗(Gm(S2n+1)) form> 1.

Section 3 is devoted to Whitehead center groups of projective spaces and some
space forms. Subsection 3.1 makes use of some results from [10] to take up the sys-
tematic study of the groups Gm(Σ(2n+ 1)/Zl) for certain m > 1.

Finally, Subsection 3.2 applies [10] to present computations of Gm(S2n+1/H) for
m > 1 and H < S3.

2. Generalized Gottlieb and Whitehead center groups

Given spaces A and X, write XA for the space of continuous unbased maps from A
intoX with the compact-open topology. Write ev(g) = g(a0) for the basepoint a0 ∈ A.
Let f : A → X with f(a0) = x0 ∈ X and consider the component of XA containing f ,
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(XA, f). Then

Gf
m(X) = Im(ev∗ : πm(XA, f) → πm(X,x0))

for m � 1.
If f ∈ Pn(X) for some n � 1 then Gf

m(X) = P f
m(X) = πm(X) for any m � 1 be-

cause the Whitehead product [α, f ] is the obstruction to extending the map Sm ∨
Sn

α∨f−−−→ X to Sm × Sn → X for α ∈ πm(X).
Further, we have the following:

Proposition 2.1. Let f : A → X. Then:

(1) any map g : A′ → A leads to the inclusion relations Gf
m(X) ⊆ Gfg

m (X) and
P f
m(X) ⊆ P fg

m (X) for m � 1;

(2) if g : A′ → A is a homotopy equivalence then Gf
m(X) = Gfg

m (X) and P f
m(X) =

P fg
m (X) for m � 1;

(3) if f∗ : π1(A) → π1(X) is the induced homomorphism by a map f : A → X and

π1(X) acts trivially on πm(X) for all m > 1 then P f
1 (X) = Zπ1(X)f∗(π1(A)),

the centralizer of the image f∗(π1(A)) in π1(X). If f∗ : π∗(A) → π∗(X) is an
epimorphism then P f

m(X) = Pm(X) for all m � 1;

(4) given a map h : X → Y the induced homomorphism h∗ : πm(X) → πm(Y ) re-
stricts to homomorphisms h∗| : Gf

m(X) → Ghf
m (Y ) and h∗| : P f

m(X) → Phf
m (Y ).

In particular, for f = idX , we obtain homomorphisms h∗| : Gm(X) → Gh
m(Y )

and h∗| : Pm(X) → Ph
m(Y ). Because Gm(Y ) ⊆ Gh

m(Y ) and Pm(Y ) ⊆ Ph
m(Y ), we

conclude that h−1
∗| (Gm(Y )) ⊆ Gm(X) and h−1

∗| (Pm(Y )) ⊆ Pm(X);

(5) if A = Sk then Gf
m(X) = P f

m(X) = Ker[f,−] for m � 1;

(6) if α : Sl → Sn then the induced map α∗ : πn(X) → πl(X) restricts to maps

α∗
| : G

f
n(X) → Gf

l (X) and α∗
| : P

f
n (X) → P f

l (X).

If a map α = Eβ is a suspension, then:

(i) the restricted maps α∗
| are homomorphisms;

(ii) (Em−nα)∗| : G
α
m(Sn) → Gm−n+l(Sn) for m � n.

Proof. Because (1)–(6)(i) are obvious, we show only (6)(ii). We write E for the sus-
pension functor on the category of pointed spaces and apply the following property
[25, Chapter X, (8.18) Theorem] of the Whitehead product:

[γEδ, γ′Eδ′] = [γ, γ′]E(δ ∧ δ′)

for γ ∈ πs(X), γ′ ∈ πt(X) and maps δ : Sr−1 → Ss−1 and δ′ : Sr
′−1 → St−1.

Now, notice that we may assume l,m � n and write ιk for the identity map of the
sphere Sk. Then, given ν ∈ Gα

m(Sn), we obtain:

0 = [ν, α] = [νEιm−1, ιnEβ] = [ν, ιn]E(ιm−1 ∧ β)

= [ν, ιn]E
mβ = [ν, ιn]E(Em−nβ ∧ ιn−1) = [νEm−n+1β, ιn] = [νEm−nα, ιn].

Consequently,

(Em−nα)∗| : G
α
m(Sn) → Gm−n+l(Sn)

and the proof is complete.
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Example 2.2.

(1) Recall (see e.g., [10, Chapter 1, (1.2)]) that the order of the Whitehead product

	[ιn, ιn] =

⎧⎪⎨
⎪⎩
1, for n = 1, 3, 7;

2, for n �= 1, 3, 7 odd;

∞, for n even.

This implies that

Gn(Sn) = Pn(Sn) =

{
πn(Sn), for n = 1, 3, 7;

2πn(Sn), for n �= 1, 3, 7 odd

and Gn(Sn) = 0 provided n is even.
Given a map f : Sn → Sn, write deg f for its degree and notice that α ∈
Gf

n(S
n)=P f

n (S
n) if and only if (deg f)α∈Gn(Sn). Applying the order of [ιn, ιn],

we deduce that

Gf
n(S

n) = P f
n (S

n) =

{
πn(Sn), for deg f even;

Gn(Sn), for deg f odd,

if n is odd. Further, Gf
n(S

n) = 0 provided n is even.

(2) Consider a finite group H with a free action H × Sn → Sn for an odd n � 1,
write Sn/H for the associated orbit space and γ : Sn → Sn/H for the quotient
map.
Let f : Sk → Sn/H be a pointed map with k � 1. Notice that for k > 1 there is
a unique map f ′ : Sk → Sn with f = γf ′. It is well-known (see e.g., [6, Chap-
ter VII, Proposition 10.2]) that π1(Sn/H) ∼= H acts trivially on πm(Sn/H) ∼=
πm(Sn) for m > 1. Then, by Proposition 2.1(5), we get:

Gf
m(Sn/H) = P f

m(Sn/H) = Ker[f,−] =

{
γ∗Gf ′

m(Sn), if k > 1;

γ∗πm(Sn) = πm(Sn/H), if k = 1,

for m > 1 and

Gf
1 (S

n/H) = P f
1 (S

n/H) =

{
H, if k > 1;

ZH

〈
f
〉
, if k = 1.

Now, we show:

Lemma 2.3. If f : A → X then P f
1 (X) ⊆ Zπ1(X)f∗(π1(A)).

Proof. Take α ∈ P f
1 (X). Then, the Whitehead product [α, f∗(β)] = 0 for all β ∈

π1(A). This implies αf∗(β) = f∗(β)α and the proof follows.

Because Gf
1 (X) ⊆ P f

1 (X), we see that

Gf
1 (X) ⊆ Zπ1(X)f∗(π1(A)),

which for f = idX implies the result of Gottlieb [11].
Gottlieb [11, Corollary I.13] has shown that G1(K(π, 1)) = Zπ, the center of the

group π. We generalize that result as follows:
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Proposition 2.4. If f : A → K(π, 1) then Gf
1 (K(π, 1)) = Zπf∗(π1(A)).

Proof. By the above, we have Gf
1 (K(π, 1)) ⊆ Zπf∗(π1(A)).

To show the opposite inclusion, take α ∈ Zπf∗(π1(A)) and consider the homo-
morphism ϕ : π1(A× S1) = π1(A)× Z → π given by ϕ(g, n) = αnf∗(g) for (g, n) ∈
π1(A)× Z, where Z is the group of integers. Since homotopy classes of maps into a
K(π, 1) are determined at the fundamental group level (see, e.g., [25, Chapter V,
(4.3) Theorem]), we obtain the required map A× S1 → K(π, 1).

We point out that a similar result as stated above has been already obtained in [13,

Lemma 2] and the inclusion Zπf∗(π) ⊆ Gf
1 (K(π, 1)) for any self-map f : K(π, 1) →

K(π, 1) shown in [7, Chapter VII, Theorem 10].

Example 2.5. (1) If π is an abelian group then G1(K(π, 1)) = Gf
1 (K(π, 1)) = π for

any f : A → K(π, 1).

(2) Let Q8 = 〈i, j〉 be the quaternionic group. Because the center Z(Q8) = Z2, we
see that G1(K(Q8, 1)) = Z2. Let f : S1 → K(Q8, 1) be the map determined by

the homomorphism Z → Q8 such that 1 �→ i. Then, Gf
1 (K(Q8, 1)) = ZQ8

〈i〉 =
〈i〉 and so we have the proper inclusion G1(K(Q8, 1)) � Gf

1 (K(Q8, 1)).

Recall that a space X is said to be aspherical if πm(X,x) = 0 for m > 1 and all x ∈
X. Following the ideas stated in [11, Section III, XX ], we can easily generalize [11,
Theorem III.2], [13, Lemma 2] and [15, Theorems 6.1 and 6.2] as follows:

Proposition 2.6. If X is a locally finite, aspherical, path-connected space and
f : A → X then:

(1) ev∗ : π1(X
A, f)

∼=−→ Gf
1 (X) = Zπ1(X)f∗(π1(A));

(2) πm(XA, f) = 0 for m > 1.

In particular, if A is a 1-connected space then the space XA is path-connected
and π1(X

A, f) ∼= Gf
1 (X) = π1(X) for any f : A → X provided X is a locally finite,

aspherical and path-connected space.
Further, Gottlieb [12, Theorems 6-1 and 6-2] has shown:

Proposition 2.7. If p : X̃ → X is a covering map then

p−1
∗ (Gm(X)) ⊆ Gm(X̃) for m � 1.

For Whitehead center groups, we have:

Proposition 2.8. If p : X̃ → X is a covering map then

p−1
∗ (Pm(X)) ⊆ Pm(X̃) for m � 1.

If X is a simple space then

p−1
∗ (Pm(X)) = Pm(X̃) for m � 1.

Proof. Since p∗ : π∗(X̃) → π∗(X) is a monomorphism, the inclusion p−1
∗ (Pm(X)) ⊆

Pm(X̃) for m � 1 is straightforward. Let now X be a simple space and take α ∈
Pm(X̃), and β ∈ πk(X). If k = 1 then [pα, β] = 0 since X is a simple space. If k > 1
then there is γ ∈ πk(X̃) such that pγ = β. Hence, [pα, β] = [pα, pγ] = p∗[α, γ] = 0 and
the proof follows.
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To state the next result, we prove:

Lemma 2.9. If p : X̃ → X is a covering map and f : A → X̃ then:

(1) Gf
1 (X̃) = p−1

∗ (Gpf
1 (X));

(2) P f
1 (X̃) = p−1

∗ (P pf
1 (X)).

Proof. Because p∗ : π1(X̃)→ π1(X) restricts to p∗| : G
f
1 (X̃)→Gpf

1 (X) and p∗| : P
f
1 (X̃)

→ P pf
1 (X), we deduce that Gf

1 (X̃) ⊆ p−1
∗ (Gpf

1 (X)) and P f
1 (X̃) ⊆ p−1

∗ (P pf
1 (X)).

(1): We prove p−1
∗ (Gpf

1 (X)) ⊆ Gf
1 (X̃). Given α ∈ p−1

∗ (Gpf
1 (X)), we have a map

F : A× S1 → X such that the diagram

A ∨ S1� �

��

pf∨pα
�� X

A× S1
F

��

commutes up to homotopy. But, for any β : S1 → A× S1 there is a map β′ : S1 →
A ∨ S1 such that the composition S1

β′
−→ A ∨ S1

i
↪→ A× S1 is homotopic to β. Then,

Fβ = p(f ∨ α)β′ and, consequently, F∗(π1(A× S1)) ⊆ p∗(π1(X̃)). Hence, there is a
lifting F̃ : A× S1 → X̃ of the map F . Because pF̃|A∨S1 = F|A∨S1 = p(f ∨ α), we see

that F̃|A∨S1 = f ∨ α and so α ∈ Gf
1 (X̃).

(2): We show p−1
∗ (P pf

1 (X)) ⊆ P f
1 (X̃). Given α ∈ p−1

∗ (P pf
1 (X)), we have pα ∈

P pf
1 (X). Then, for any γ ∈ πm(A) with m � 1, we obtain p∗[α, fγ] = [pα, pfγ] = 0.

Because p∗ is a monomorphism, [α, fγ] = 0 and so α ∈ P f
1 (X̃) and the proof fol-

lows.

Theorem 2.10. If p : X̃ → X is a covering map and f : A → X̃ then the monomor-
phism p∗ : πm(X̃) → πm(X) for m � 1 yields:

(1) Gf
m(X̃) = p−1

∗ (Gpf
m (X));

(2) P f
m(X̃) = p−1

∗ (P pf
m (X)).

Proof. In view of Lemma 2.9, we may assume that m > 1. Because p∗ : πm(X̃) →
πm(X) is an isomorphism, we see that its restrictions

p∗| : Gf
m(X̃) → Gpf

m (X) and p∗| : P f
m(X̃) → P pf

m (X)

are monomorphisms.
First, we prove that p∗| : Gf

m(X̃) → Gpf
m (X) is surjective for m > 1. Given α ∈

Gpf
m (X), there are β ∈ πm(X̃) such that pβ = α and F : A× Sm → X extending pf ∨

α : A ∨ Sm → X. But the 2-skeleton (A× Sm)(2) = A(2) ∨ (Sm)(2), so we obtain that
π1(A× Sm) = π1(A

(2) ∨ (Sm)(2)) = π1(A
(2)) = π1(A). Because F|A∨Sm = pf ∨ α, this

implies that F∗(π1(A× Sm)) = (pf)∗(π1(A)) ⊆ p∗(π1(X̃)). Hence, the map F : A×
Sm → X lifts to F̃ : A× Sm → X̃. Because pF̃|A∨Sm = F|A∨Sm = p(f ∨ β), the map

F̃ extends f ∨ β : A ∨ Sm → X̃ and so β ∈ Gf
m(X̃).

Now, we show that p∗| : P f
m(X̃) → P pf

m (X) is surjective for m > 1. Given α ∈
P pf
m (X), there is β ∈ πm(X̃) such that pβ = α. Then, p∗[β, fγ] = [pβ, pfγ] = [α, pfγ]

= 0 for any γ ∈ πl(X̃) which implies [β, fγ] = 0 and so β ∈ P f
m(X̃), and the proof is

complete.
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Then, Proposition 2.8 and Theorem 2.10 yield:

Corollary 2.11. If p : X̃ → X is a covering map then Gm(X̃) = p−1
∗ (Gp

m(X)) and
Pm(X̃) = p−1

∗ (P p
m(X)) for m � 1. Further, if X is a simple space then Pm(X̃) =

p−1
∗ (P p

m(X)) = p−1
∗ (Pm(X)) for m � 1.

To extend [20, Theorem A] and state our main result, we need some prerequisites.
Let π be an abelian group. Given Φ: A× S1 → X, write f = Φ|A for its restriction
to the space A. The induced map Φ∗ : Hn(X;π) → Hn(A× S1;π) gives

Φ∗(x) = f∗(x)⊗ 1 + xΦ ⊗ λ,

where x ∈ Hn(X;π), the element λ is a chosen generator of H1(S1;Z) and xΦ ∈
Hn−1(A;π).

Now, take an integer m > 0. Recall that a map p : E → B is called a principal
K(π,m)-fibration if it is a pullback of the path fibration K(π,m) → PK(π,m+ 1) →
K(π,m+ 1) via the classifying map k : B → K(π,m+ 1). If ι ∈ Hm+1(K(π,m+
1);π) is the fundamental class of K(π,m+ 1), let k∗(ι) = μ ∈ Hm+1(B;π) and recall
that a map ϕ : Y → B has a lifting ϕ̄ : Y → E if and only if ϕ∗(μ) = 0.

Then, following mutatis mutandis the proof of [20, Theorem 1], we can show a
fundamental lifting result due to Gottlieb [12]:

Lemma 2.12. Let p : E → B and p′ : E′ → B′ be principal K(π,m)- and K(π′,m)-
fibrations, respectively with a commutative diagram

E

p
��

f̄
�� E′

p′
��

B
f

�� B′

and Φ: B × S1 → B′ such that Φ|B = f . If μ′ = k′∗(ι′), where k′ classifies p′ and ι′ is
the fundamental class of K(π′,m+ 1) then there exists a map Φ̄ : E × S1 → E′ such
that Φ̄|E = f̄ and the diagram

E × S1

p×id
S1

��

Φ̄ �� E′

p′
��

B × S1
Φ

�� B′

commutes if and only if μ′
Φ = 0 ∈ Hm(B;π′) with Φ∗(μ′) = f∗(μ′)⊗ 1 + μ′

Φ ⊗ λ for
a chosen generator λ of H1(S1;Z).

Remark 2.13. As in [20, Remark, p. 68], we notice that without loss of generality
we can take the diagrams to be homotopy commutative.

Next, given a space X, consider its universal covering p : X̃ → X. As usual, we can
take its classifying map κ : X → K(π1(X), 1) to be an inclusion. If π1(X) acts triv-
ially on πm(X) for m > 1 then the pair (K(π1(X), 1), X) is simple. Hence, according
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to [3, Chapter 7, Section 7.4], the Moore–Postnikov tower

...

��

X(m+ 1)
pX(m+1)
��

X(m)
��

...

��

X(2)

��

X ��

��

qX(m)

��

��

X(1) = K(π1(X), 1)

for the classifying map κ : X → K(π1(X), 1) of the covering p exists, where X(m) is
called the mth stage of this tower for m � 1. Recall that the map qX(m) : X → X(m)
is an (m+ 1)-equivalence for m � 1.

From now on, we assume that A and X are spaces such that π1(A) and π1(X) act
trivially on πm(A) and πm(X) for m > 1, respectively. Given a map f : A → X, write
f(m) : A(m) → X(m) for the induced map of the mth stages for m � 0.

If α ∈ G
f(m+1)
1 (X(m+ 1)) and Φ̄ : A(m+ 1)× S1 → X(m+ 1) is the associated

map then the naturality (see, e.g., [3, Proposition 7.2.11] or [18, Theorem 2.1]) of
the Moore–Postnikov tower provides a homotopy commutative diagram

A(m+ 1)× S1

pA(m+1)×id
S1

��

Φ̄ �� X(m+ 1)

pX(m+1)

��

A(m)× S1
Φ

�� X(m).

Taking pA(m+1) : A(m+ 1) → A(m) to be an inclusion, the obstructions to the exis-

tence of a relative homotopy from Φ|A(m) to f(m) lie in Hk(A(m), A(m+ 1);
πk(X(m))) = 0 for k � 1. Hence, Φ|A(m) is homotopic to f(m) and Φ is the affili-

ated map to pX(m+1)∗(α) ∈ G
f(m)
1 (X(m)).

Then, Lemma 2.12 leads to the following generalization of [14, Lemma 7] and [20,
Theorem 2]:

Proposition 2.14. The map pX(m+1) : X(m+ 1) → X(m) induces a homomorphism

pX(m+1)∗ : G
f(m+1)
1 (X(m+ 1)) → G

f(m)
1 (X(m)).

Now, for α∈Zπ1(X)f∗(π1(A)), consider the map Φα : K(π1(A),1)×S1→K(π1(X),1)
corresponding to the homomorphism

π1(A)× Z → π1(X)

given by (g, n) �→ αnf∗(g) for (g, n) ∈ π1(A)× Z.
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If Hm(A(m− 1);πm(X)) = 0 for m > 1 then Lemma 2.12 leads to commutative
diagrams

A(m+ 1)× S1

pA(m+1)×id
S1

��

Φα(m+1)
�� X(m+ 1)

pX(m+1)

��

A(m)× S1
Φα(m)

�� X(m)

with Φα(m)|A(m) = f(m). Hence, we obtain a map

lim← Φα(m) : lim← A(m)× S1 → lim← X(m).

Let φ(A) : A → lim← A(m) and φ(X) : X → lim← X(m) denote the standard weak homo-

topy equivalences. Then, there is a unique (up to homotopy) map Φ̂α : A× S1 → X
which makes the diagram

A× S1

φ(A)×id
S1

��

Φ̂α �� X

φ(X)
��

lim← A(m)× S1
lim← Φα(m)

�� lim← X(m)

commutative. Certainly, Φ̂α|S1 = α. To see that Φ̂α|A = f , observe that if dimA = d <
∞, then there is a bijection of homotopy classes [A,X] ∼= [A,X(d)] ∼= [A(d), X(d)] and
Φ̂α|A corresponds to Φα(d)|A(d) = f(d) : A(d) → X(d). Thus, this bijection implies

Φ̂α|A = f and we may state:

Proposition 2.15. If f : A → X with dimA = d < ∞, α ∈ Zπ1(X)f∗(π1(A)) and

Hm(A(m− 1);πm(X)) = 0 for m > 1 then α ∈ Gf
1 (X). Hence, we have Gf

1 (X) =
Zπ1(X)f∗(π1(A)).

Since Gf
1 (X) ⊆ P f

1 (X) ⊆ Zπ1(X)f∗(π1(A)), we find that

P f
1 (X) = Zπ1(X)f∗(π1(A))

under the hypothesis of Proposition 2.15.

Example 2.16. (1) If X = K(π, 1) for some group π then Hm(A(m− 1);πm(X)) =
0 for m > 1.

(2) If dimA = 1 then there exists a homotopy equivalence A � K(π, 1), where
π is a free group. Hence A(m− 1) = K(π, 1) and, consequently, Hm(A(m−
1);πm(X)) = Hm(π;πm(X)) = 0 for m > 1.

Now, we are in a position to state the main result of this section:

Theorem 2.17. If f : A→X with 1< dimA= d <∞ and Hm(A(m−1);πm(X))=0

for 1 < m � d then Gf
1 (X) = Zπ1(X)f∗(π1(A)).

Proof. Since Hm(A(m− 1);πm(X)) = 0 for 1 < m � d, in view of Proposition 2.15,
we have to show that Hm(A(m− 1);πm(X)) = 0 for m > d.
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Let m > d. Then, in view of Whitehead Theorem, it follows that the m-equivalence

qA(m−1) : A → A(m− 1) induces isomorphismsHk(A;Z) �−→ Hk(A(m− 1);Z) for k <
m and a surjection Hm(A;Z) → Hm(A(m− 1);Z). Hence the group Hd(A(d);Z) is
free, Hm−1(A(m− 1);Z) = 0 for m > d+ 1 and Hm(A(m− 1);Z) = 0 for m > d.
Thus, by the universal coefficient theorem, we have

Hm(A(m− 1);πm(X)) � Hom(Hm(A(m− 1);Z), πm(X))

⊕ Ext(Hm−1(A(m− 1);Z), πm(X)) = 0

for m > d and the proof is complete.

Given a finite group H acting freely and cellularly on S2n+1 write S2n+1/H for the
orbit space. Oprea [20, Theorem A] has shown that G1(S2n+1/H) = ZH. Then,
the relations

ZH = G1(S2n+1/H) ⊆ P1(S2n+1/H) ⊆ ZH

imply that P1(S2n+1/H) = ZH, what was already observed by Gottlieb [11, §3] and
follows from Proposition 2.1(3) as well.

Recall that a finite dimensional CW -complex Σ(n) with the homotopy type of the
n-sphere Sn is called an n-homotopy sphere for n � 1. The finite periodic groups,
which are the only finite groups that can act freely and cellularly on some homotopy
sphere, have been fully classified by Suzuki–Zassenhaus, see e.g., [2, Chapter IV,
Theorem 6.15]. It is well-known that the only finite groups acting freely and cellularly
on Σ(2n) are Z2 and the trivial group.

Given a free and cellular action H × Σ(2m+ 1) → Σ(2m+ 1) of a finite group H
on a homotopy sphere Σ(2m+ 1), write γ2n+1 : Σ(2n+ 1) → Σ(2n+ 1)/H for the
quotient map. It is well-known [8, Chapter XVI, §4, Application 4] that H must
have periodic cohomology with period 2m+ 2. Then, in view of [6, Chapter VII,
Proposition 10.2], the action of H on πk(Σ(2m+ 1)/H) is trivial for k > 1. Because
H2k+1(H;Z) = 0 for k � 1 (see e.g., [20, Lemma 6]), Theorem 2.17 yields the fol-
lowing generalization of [20, Theorem A]:

Corollary 2.18. If f : A → Σ(2n+ 1)/H with 1 < dimA = d � 2n+ 1, πk(A) = 0

for 1 < k < 2n+ 1 and H2n+1(π1(A);Z) = 0 then Gf
1 (Σ(2n+ 1)/H) = ZHf∗(π1(A)).

In particular, if f : Σ(2d+1)/K → Σ(2n+ 1)/H and d � n then Gf
1 (Σ(2n+1)/H)

= ZHf∗(K).

Proof. The first part is a direct conclusion from Theorem 2.17.

Let now f : Σ(2d+ 1)/K → Σ(2n+ 1)/H with d � n. Then πk(Σ(2d+ 1)/K) ∼=
πk(Σ(2d+ 1)) = 0 for 1 < k < 2d+ 1 � 2n+ 1. Next, notice that by [1] or [22] there
is a homotopy sphere Σ′(2d+ 1) admitting a free action of the group K such that
dimΣ′(2d+1)=2d+1� 2n+1 and the space forms Σ(2d+ 1)/K and Σ′(2d+ 1)/K
are homotopy equivalent.

Because H2n+1(K;Z) = 0 (see e.g., [20, Lemma 6]), the space Σ′(2d+ 1)/K sat-
isfies all required hypotheses of the first part and the proof follows.
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Suppose f : A → Σ(2n+ 1)/H satisfies the conditions above. First, notice that

Gf
1 (Σ(2n+ 1)/H) = P f

1 (Σ(2n+ 1)/H) = ZHf∗(π1(A))

and, if A is 1-connected,

Gf
1 (Σ(2n+ 1)/H) = P f

1 (Σ(2n+ 1)/H) = H.

This implies

Gf
1 (Σ(2n+ 1)/H) = P f

1 (Σ(2n+ 1)/H) = H

for any map f : Σ(2d+ 1) → Σ(2n+ 1)/H and 1 � d � n. Next,

P f
1 (Σ(2n+1)/H)=Gf

1 (Σ(2n+1)/H)=P1(Σ(2n+1)/H)=G1(Σ(2n+1)/H)=H

provided the group H is abelian.
Further, notice that given γ2n+1α ∈ Pm(Σ(2n+ 1)/H), we have [γ2n+1α, γ2n+1] =

γ2n+1[α, ι2n+1] = 0. Since the map γ2n+1∗ : πm(Σ(2n+ 1)) → πm(Σ(2n+ 1)/H) is a
monomorphism, we see that α ∈ Pm(Σ(2n+ 1)) which leads to

Pm(Σ(2n+ 1)/H) ⊆ γ2n+1∗Pm(Σ(2n+ 1)) = γ2n+1∗Gm(Σ(2n+ 1)).

But, π1(Σ(2n+ 1)/H) ∼= H acts trivially on πm(Σ(2n+ 1)/H) for m > 1. Conse-
quently, the above yields

Pm(Σ(2n+ 1)/H) = γ2n+1∗Pm(Σ(2n+ 1)) = γ2n+1∗Gm(Σ(2n+ 1))

provided H is abelian. Then, in view of Theorem 2.10, we have:

Corollary 2.19. Let H × Σ(2m+ 1) → Σ(2m+ 1) be a free and cellular action of a
finite group H on a homotopy sphere Σ(2m+ 1) and let γ2n+1 : Σ(2n+ 1) →
Σ(2n+ 1)/H be the quotient map. Then:

(1) P
γ2n+1

1 (Σ(2n+ 1)/H) = G
γ2n+1

1 (Σ(2n+ 1)/H) = H provided H is abelian;

(2) Gm(Σ(2n+ 1)/H)⊆G
γ2n+1
m (Σ(2n+ 1)/H)= γ2n+1∗Gm(Σ(2n+ 1)) for m > 1;

(3) we have Pm(Σ(2n+ 1)/H) ⊆ P
γ2n+1
m (Σ(2n+ 1)/H) = γ2n+1∗Pm(Σ(2n+ 1))

= γ2n+1∗Gm(Σ(2n+ 1)) for m > 1. In particular,

Pm(Σ(2n+ 1)/H) = P γ2n+1
m (Σ(2n+ 1)/H)

= γ2n+1∗Pm(Σ(2n+ 1)) = γ2n+1∗Gm(Σ(2n+ 1))

for m > 1 provided H is abelian.

Given a space X and a prime number p, write πm(X; p) for the p-primary compo-
nent of πm(X). Then, the result [9, Theorem 2.3] yields:

Corollary 2.20. If p is a prime not dividing the order of the finite group H then

γ2n+1∗(Gm(Σ(2n+ 1); p)) = Gm(Σ(2n+ 1)/H; p) = πm(Σ(2n+ 1)/H; p)

for m > 1.

3. Whitehead center and Gottlieb groups of some space forms

Throughout this section, we use the standard terminology and notations from
homotopy theory, mainly from [10] and [23]. We aim to compute or approximate
Whitehead center groups of some space forms.
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3.1. Whitehead center groups of FPn and Gottlieb groups of Σ(2n+ 1)/Zl

First, let F denote the field of reals R, complex numbers C or the skew R-algebra
of quaternions H and FPn the appropriate projective n-space for n � 1.

Write γn(F) : Sd(n+1)−1 → FPn for the quotient map, where d = dimR F and
in(F) : Sd = FP 1 ↪→ FPn for the canonical inclusion with n � 1, and recall from [4]
that

πm(FPn) = γn(F)∗πm(Sd(n+1)−1)⊕ in(F)∗Eπm−1(Sd−1).

The results below are direct consequences of Proposition 2.1(5) and the result [4,
(4.1-3)] (see also [10, Lemma 2.4]).

Proposition 3.1.

(1) G
γn(F)
m (FPn) = P

γn(F)
m (FPn) = Ker[γn(F),−] for m,n � 1.

(2) P
γn(R)
m (RPn) = Pm(RPn) = γn(R)∗Pm(Sn) for m > 1, n � 1 and

P
γn(R)
1 (RPn) =

{
π1(RPn), if n is odd;

0, if n is even.

(3) (i) P
γn(C)
m (CPn) = Pm(CPn) = γn(C)∗Pm(S2n+1) for m > 2 and n � 1 odd,

and

P
γn(C)
2 (CPn) =

{
π2(CPn), if n is odd;

2π2(CPn), if n is even.

In particular, P η2
m (S2) = πm(S2) for m � 1.

(ii) P
γn(C)
2n+1 (CPn) = P2n+1(CPn) = γn(C)∗P2n+1(S2n+1) and 2P

γn(C)
m (CPn) ⊆

Pm(CPn) = γn(C)∗Pm(S2n+1) for m > 2n+ 1 and n even.

(4) (i) P
γn(H)
m (HPn; p) = γn(H)∗πm(S4n+3; p)⊕ in(H)∗EL′′

m−1(S
3; p), if p is an

odd prime.

(ii) P
γn(H)
m (HPn; 2) = γn(H)∗πm(S4n+3; 2)⊕ in(H)∗EL′′(S3; 2), provided

[ι4n+3, π
4n+3
m ] ∩ (n+ 1)ν4n+3E

4n+3π3
m−1 = 0,

where L′′
m−1(S

3) = {β ∈ πm−1(S3); [in(H)Eβ, γn(H)] = 0}. In particular,

P ν4
m (S4) =

{
ν4∗πm(S7; p)⊕ EL′′

m−1(S
3; p), if p is an odd prime;

ν4∗πm(S7; 2)⊕ EL′′(S3; 2).

(5) Pσ8
m (S8) =

{
σ8∗πm(S15; p)⊕ EL′′

m−1(S
7; p), if p is an odd prime;

σ8∗πm(S15; 2)⊕ EL′′(S7; 2).

(6) G
in(F)
m (FPn) = P

in(F)
m (FPn) = Ker[in(F),−] for m,n � 1.

(7) P
in(R)
m (RPn) = πm(RPn) for m,n � 1 provided n is odd, and P

in(R)
m (RPn) = 0

for 1 � m � n provided n is even.

(8) (i) P
in(C)
2 (CP 1) = 0 and P

in(C)
m (CPn) = πm(CPn) for m > 2 provided n � 1 is

odd.
(ii) P

in(C)
m (CPn)=πm(CPn) for 1�m< 2n+ 1, P

in(C)
2n+1 (CP

n) = 2π2n+1(CPn)

and P
in(C)
m (CPn) ⊇ 2πm(CPn) for m > 2n+ 1 provided n is even.
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(9) P
in(H)
4 (HP 1) = 0 and P

in(H)
m (HPn) = πm(HPn) for 4 < m < 4n+ 3,

P
in(H)
4n+3 (HPn) =

24

(n+ 1, 24)
γn(H)∗π4n+3(S4n+3)⊕ in(H)∗Eπ4n+2(S3)

and P
in(H)
m (HPn)⊇ 24

(n+1,24)γn(H)∗πm(S4n+3)⊕in(H)∗Eπm−1(S3) for m>4n+3

and n � 1.

Next, recall the well-known fact proved e.g., in [24] and needed in the sequel:

Theorem 3.2. If a compact Lie group G acts on a compact smooth manifold M ,
then the manifold M admits an equivariant triangulation. In particular, it has the
structure of a G-CW-complex.

Consequently, any action of a finite group on the n-sphere Sn is cellular.
Next, given a free and cellular action Z2 × Σ(n) → Σ(n), by [16, Lemma 2.5],

there is a homotopy equivalence Σ(n)/Z2 � RPn. Then, Gm(Σ(n)/Z2) ∼= Gm(RPn)
and Gm(Σ(n)) ∼= Gm(Sn) for m � 1. Hence, [21] implies:

G2n+1(Σ(2n+ 1)/Z2) = γ2n+1∗G2n+1(Σ(2n+ 1))

=

{
π2n+1(Σ(2n+ 1)/Z2), for n = 0, 1, 3;

2π2n+1(Σ(2n+ 1)/Z2), for odd n and n �= 0, 1, 3.

In virtue of the inclusion Gm(Σ(2n+ 1)/Z2) ⊆ γ2n+1∗Gm(Σ(2n+ 1)) for m > 1, the
group γ2n+1∗Gm(Σ(2n+ 1)) is an upper bound of Gm(Σ(2n+ 1)/Z2).

The results in the sequel mainly follows from [10]. More precisely, we make use
of [10, Theorems 2.41 and 2.45, Propositions 2.42 and 2.46, and Corollary 2.47].

Theorem 3.3. If m � 7 then we have the equality

Gm+2n+1(Σ(2n+ 1)/Z2) = γ2n+1∗Gm+2n+1(Σ(2n+ 1))

except for the following pairs: (m, 2n+ 1) = (3, 2l − 3) with l � 4, (6, 2l − 5) with
l � 5 and (7, 11). Furthermore:

(1) G2l(Σ(2
l − 3)/Z2) ⊇ 2π2l(Σ(2

l − 3)/Z2) for l � 4;

(2) G18(Σ(11)/Z2) ⊇ 2π18(Σ(11)/Z2).

Remark 3.4. According to J. Mukai’s conjecture,

G18(Σ(11)/Z2) = 2π18(Σ(11)/Z2) = 2γ18∗π18(Σ(11)) = 2γ18∗G18(Σ(11)).

This would imply that there is a proper inclusion G18(Σ(11)/Z2) � γ18∗G18(Σ(11)).

Since Σ(2n+ 1)/Z2 � RP 2n+1, [10, Proposition 2.42] yields:

Proposition 3.5. If one of the following conditions is satisfied:

(1) n ≡ 1 (mod 2) and m = 8, 9;

(2) n ≡ 1 (mod 2) with n � 3 and m = 10;

(3) n ≡ 0 (mod 2);

(4) n ≡ 3 (mod 4) with n � 6 and m = 11;

(5) n � 7 and m = 13
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then Gm+2n+1(Σ(2n+ 1)/Z2) = πm+2n+1(Σ(2n+ 1)/Z2).

Now, we aim to study Gm(S2n+1/Zl) for l > 2. First notice that the canonical
fibration

S1 → S2n+1/Zl → CPn

yields an isomorphism πm(S2n+1/Zl) ∼= πm(CPn) for m � 3.

In the sequel we need the following. Let H be a closed subgroup of a Lie group K
and write K/H for the associated orbit space. Then, K/H → BH → BK is a fibre
sequence and, by means of [12, Theorem 2-6], we obtain:

Lemma 3.6. The quotient map p : K → K/H leads to p∗(πm(K)) ⊆ Gm(K/H) for
m � 1.

If H is a finite subgroup of K then Proposition 2.7 and Lemma 3.6 imply
p∗(πm(K)) = Gm(K/H) for m > 1. In particular, if H is a finite subgroup of S3

then p∗(πm(S3)) = Gm(S3/H) for m > 1.

Let now U(n) be the nth unitary group and consider the canonical inclusion map
U(n)× Zl ↪→ U(n)× U(1) ↪→ U(n+1). Then, we may identify S2n+1� U(n+1)/U(n)
and S2n+1/Zl � U(n+ 1)/U(n)× Zl. Set pn : U(n+ 1) → S2n+1 and p′n : U(n+ 1) →
S2n+1/Zl for the appropriate quotient maps being fibrations U(n+1)

U(n)−−−→S2n+1 and

U(n+1)
U(n)×Zl−−−−−→S2n+1/Zl, respectively. Next, consider the map of exact sequences

induced by those fibrations:

πk(U(n+ 1))
p∗ �� πk(S2n+1)

γ2n+1∗
��

ΔC �� πk−1(U(n))� �

��

πk(U(n+ 1))
p′
∗

�� πk(S2n+1/Zl)
Δ′

C

�� πk−1(U(n)× Zl),

where ΔC and Δ′
C
are the appropriate connecting maps. Then, by Lemma 3.6, we

have:

KerΔ′
C = p′∗πk(U(n+ 1)) ⊆ Gk(S2n+1/Zl).

Recall that πm(X; p) denotes the p-primary component of πm(X) for a prime p.
Let J : πk(SO(n)) → πk+n(Sn) be the J-homomorphism and r : U(n) ↪→ SO(2n) be
the canonical inclusion. Taking JC = J ◦ r∗, the result [10, Lemma 2.33] implies:

Proposition 3.7.

(1) Ker
(
ΔC : πm(S2n+1) → πm−1(U(n))

) ⊆ γ−1
2n+1∗Gm(S2n+1/Zl). In particular, we

have γ2n+1∗πm(S2n+1;p)⊆Gm(S2n+1/Zl) provided πm−1(U(n); p)=0 for a prime
p.

(2) Let m � 3. If E ◦ JC|ΔC(πm(S2n+1)) : ΔC(πm(S2n+1)) → πm+2n(S2n+1) is a mono-
morphism then γ2n+1∗Gm(S2n+1) ⊆ Gm(S2n+1/Zl), where E is the suspension
homomorphism. In particular, under this assumption, Corollary 2.19(2) yields
that Gm(S2n+1/Zl) = γ2n+1∗Gm(S2n+1).

Now, we make use of Proposition 3.7 to obtain, as [10, Theorem 2.45], the following:
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Proposition 3.8.

(1) Let m = 1, 2. Then,

Gm+2n+1(S2n+1/Zl) =

{
0, if n is even,

πm+2n+1(S2n+1/Zl) ∼= Z2, if n is odd.

(2) G2n+4(S2n+1/Zl) ⊇{
(24, n)π2n+4(S2n+1/Zl) ∼= Z 24

(24,n)
, if n is even,

(24,n+3)
2 π2n+4(S2n+1/Zl) ∼= Z 48

(24,n+3)
, if n is odd.

In particular, G2n+4(S2n+1/Zl) = 2π2n+4(S2n+1/Zl) for n ≡ 2, 10 (mod 12)
with n � 10 except for n = 2i−1 − 2 or n ≡ 1, 17 (mod 24) with n � 17, and
G2n+4(S2n+1/Zl) = π2n+4(S2n+1/Zl) for n ≡ 7, 11 (mod 12).

(3) G2n+6(S2n+1/Zl) = π2n+6(S2n+1/Zl) ∼=
{
0, for n � 3,

Z2, for n = 2.

(4) G2n+7(S2n+1/Zl) = π2n+7(S2n+1/Zl) for n ≡ 2, 3 (mod 4).

Further, making use of Proposition 3.7, as in [10, Proposition 2.46], we can show:

Proposition 3.9. Gm(S7/Zl; 2) = πm(S7/Zl; 2) for 8 � m � 24 unless m = 15, 21.
Further, γ7∗{σ′η14, ν̄7 + ε7} ⊆ G15(S7/Zl; 2) and γ7∗{σ′σ14} ⊆ G21(S7/Zl; 2).

Then, as in [10, Corollary 2.47], we deduce:

Corollary 3.10.

(1) Gm(S5/Zl) = πm(S5/Zl) for 10 � m � 12;

(2) Gm(S5/Zl; p) = πm(S5/Zl; p) for an odd prime p;

(3) Gm(S4n+3/Zl) ⊇ (γ4n+3η
m
4n+3)∗π

4n+k+3
m for m = 1, 2;

(4) (i) Gm(S4n+1/Zl) ⊇ 2(12, n)(γ2nν
+
4n+1)∗πk(S4n+4),

(ii) Gm(S4n+3/Zl) ⊇ (12, n+ 2)(γ2n+1ν
+
4n+3)∗πm(S4n+6);

(5) Gm(S8n+5/Zl) ⊇ (γ4n+2ν
2
8n+5)∗π

8n+11
m ;

(6) G8n+11(S8n+3/Zl) = π8n+11(S8n+3/Zl) for n � 2;

(7) G8n+k(S8n+7/Zl) = π8n+k(S8n+7/Zl) for k = 28, 29 with n � 2.

3.2. Gottlieb groups of S2n+1/H
LetH ⊆ SO(2n+2) be a finite subgroup of the special orthogonal group SO(2n+2)

acting freely on the (2n+ 1)-sphere S2n+1. Certainly, a spherical (2n+ 1)-manifold
S2n+1/H has a finite fundamental group isomorphic to H itself. For n = 1, Thurston’s
elliptization conjecture (proved by Perelman) states that, conversely, all 3-manifolds
with finite fundamental group are spherical manifolds.

Then, in view of Proposition 2.7, Corollary 2.19 and Lemma 3.6, we may state:

Remark 3.11. If H ⊆ SO(2n+ 2) is a finite subgroup acting freely on S2n+1 then for
m � 1 we have:

(1) Gγ3
m (S3/H) = P γ3

m (S3/H) = Gm(S3/H) = Pm(S3/H) = γ3∗πm(S3) for n = 1;

(2) G
γ2n+1
m (S2n+1/H) = P

γ2n+1
m (S2n+1/H) = γ2n+1∗Gm(S2n+1) for n > 1.
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Next, write Vn,k for the Stiefel manifold given by orthonormal k-frames in an n-
dimensional Euclidean space and recall that Vn,k�O(n)/O(n−k)�SO(n)/SO(n−k).
Then, a free action of a finite subgroup H ⊆ SO(2n+ 2) ⊆ SO(2n+ 3) on S2n+1 �
SO(2n+2)/SO(2n+1) extends to a free action on V2n+3,2 � SO(2n+3)/SO(2n+ 1).
By means of the fibration

S2n+1/H → V2n+3,2/H → S2n+2

for n � 1, it was shown in [9] that

G2n+1(S2n+1/H) =

{
Z, for n = 0, 1, 3;

2Z, for any other n.

Now, let Sp(n) be the nth symplectic group and H < Sp(1) be a finite subgroup.
Write i′n : Sp(n)×H ↪→ Sp(n)× Sp(1) ↪→ Sp(n+ 1) for the canonical inclusion map.
Then, we may identify S4n+3 � Sp(n+ 1)/Sp(n) and S4n+3/H � Sp(n+ 1)/Sp(n)×
K. Set pn : Sp(n+ 1) → S4n+3 and p′n : Sp(n+ 1) → S4n+3/H for the quotient maps

being fibrations Sp(n+ 1)
Sp(n)−−−−→ S4n+3 and Sp(n+ 1)

Sp(n)×H−−−−−−→ S4n+3/H. We con-
sider the map of exact sequences induced by those fibrations:

πk(Sp(n+ 1))
p∗ �� πk(S4n+3)

γ4n+3∗
��

ΔH �� πk−1(Sp(n))� �

��

πk(Sp(n+ 1))
p′
∗

�� πk(S4n+3/H)
Δ′

H

�� πk−1(Sp(n)×H),

where ΔH and Δ′
H
are the appropriate connecting maps. Then, by Lemma 3.6, we have:

KerΔ′
H = p′∗πk(Sp(n+ 1)) ⊆ Gk(S4n+3/H).

Write c : Sp(n) ↪→ SU(2n) for the canonical inclusion. Then, taking JH = J ◦ r∗ ◦ c∗,
by the result [10, Lemma 2.33], we obtain a key fact determining Gk(S4n+3/H):

Proposition 3.12.

(1) Ker
(
ΔH : πk(S4n+3) → πk−1(Sp(n))

) ⊆ γ−1
4n+3∗Gk(S4n+3/H). In particular, we

have γ4n+3∗πk(S4n+3; p)⊆Gk(S4n+3/H) provided πk−1(Sp(n); p)=0 for a prime
p.

(2) Let k� 5. If E3 ◦ JH|ΔH(πk(S4n+3)) : ΔH(πk(S4n+3))→πk+4n+2(S4n+3) is a mono-
morphism then γ4n+3∗Gk(S4n+3) ⊆ Gk(S4n+3/H), where E is the suspension
homomorphism. In particular, under this assumption, Corollary 2.19(2) yields
Gk(S4n+3/H) = γ4n+3∗Gk(S4n+3).

Now, we make use of Proposition 3.12 to obtain, as [10, Theorem 2.49], the fol-
lowing:

Theorem 3.13. Gk(S4n+3/H) ⊇ (24, n+ 2)(γ4n+3ν
+
4n+3)∗πk(S4n+6). In particular,

we have G4n+6(S4n+3/H) ⊇ (24, n+ 2)γ4n+3∗π4n+6(S4n+3) ∼= Z 24
(24,n+2)

for n � 2.

Observe that Theorem 3.13 yields:

Corollary 3.14.

(1) G8n+9(S8n+3/H) = 0 and G8n+10(S84+7/H) = γ8n+7∗π8n+10(S8n+7) for n �≡ 0
(mod 3).
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(2) G4n+14(S4n+3/H) = γ4n+3∗π4n+14(S4n+3) for n ≡ 5, 9 (mod 12) with n � 5 and
n ≡ 15, 23 (mod 24).

Next, applying Proposition 3.12, as [10, Corollary 2.53], we obtain:

Corollary 3.15. G16n+k(S16n−1/H) = γ16n−1∗π16n+k(S16n−1) for k = 20, n � 1 and
k = 21, n � 2.

Finally, as [10, Proposition 2.54], Proposition 3.12 yields:

Proposition 3.16.

(1) G21(S11/H) ⊇ 2γ11∗π21(S11);

(2) G22(S11/H) ⊇ 8γ11∗π22(S11) ∼= Z63;

(3) G22(S15/H) ⊇ 4γ15∗π22(S15) ∼= Z60.
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[10] M. Golasiński and J. Mukai, Gottlieb and Whitehead center groups of spheres,
projective and Moore spaces, Springer, Cham (2014).

[11] D. Gottlieb, A certain subgroup of the fundamental group, Amer. J. Math. 87
(1965), 840–856.

[12] D. Gottlieb, Evaluation subgroups of homotopy groups, Amer. J. Math. 91
(1969), 729–756.

[13] D. Gottlieb, Covering transformations and universal fibrations, Illinois J. Math.
13, no. 2 (1969), 432–437.

[14] H.B. Haslam, G-spaces modF and H-spaces modF , Duke Math. J. 38 (1971),
671–679.

[15] S-T. Hu, Concerning the homotopy groups of the components of the mapping
space Y Sp

, Nederl. Akad. Wetensch., Proc. 49 (1946), 1025–1031. Indag. Math.
8 (1946), 623–629.

[16] B. Jahren and S. Kwasik, Free involutions on S1 × Sn, Math. Ann. 351, no. 2
(2011), 281–303.

[17] B-J. Jiang, Estimation of the Nielsen numbers, Acta Math. Sinica 14, 304–312
(in Chinese); translated as Chinese Math. Acta 5 (1964), 330–339.

[18] D.W. Kahn, Induced maps for Postnikov systems, Trans. Amer. Math. Soc.
107, no. 3 (1963), 432–450.

[19] R. Kim and N. Oda, The set of cyclic-element preserving maps, Topology Appl.
160, no. 6 (2013), 794–805.

[20] J. Oprea, Finite group actions on spheres and the Gottlieb group, J. Korean
Math. Soc. 28, no. 1 (1991), 65–78.

[21] J. Pak and M.H. Woo, Gottlieb groups on lens spaces, Bull. Korean Math. Soc.
36, no. 3 (1999), 621–627.

[22] C.B. Thomas and C.T.C. Wall, The topological spherical space form problem. I,
Compos. Math. 23 (1971), 101–114.

[23] H. Toda, Composition methods in homotopy groups of spheres, Ann. of Math.
Stud. 49, Princeton (1962).

[24] S. Waner, Equivariant homotopy theory and Milnor’s theorem, Trans. Amer.
Math. Soc. 258, no. 2 (1980), 351–368.

[25] G.W. Whitehead, Elements of homotopy theory, Grad. Texts in Math. 61,
Springer-Verlag (1978).

Marek Golasiński marekg@matman.uwm.edu.pl

Faculty of Mathematics and Computer Science, University of Warmia and Mazury,
S�loneczna 54 Street, 10-710 Olsztyn, Poland

Thiago de Melo tmelo@rc.unesp.br

São Paulo State University (Unesp), Institute of Geosciences and Exact Sciences,
Av. 24A, 1515, Bela Vista, CEP 13.506–900, Rio Claro–SP, Brazil



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


