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HIGHER HOMOTOPY COMMUTATIVITY IN LOCALIZED
LIE GROUPS AND GAUGE GROUPS

SHO HASUI, DAISUKE KISHIMOTO anD MITSUNOBU TSUTAYA
(communicated by Donald M. Davis)

Abstract

The first aim of this paper is to study the p-local higher
homotopy commutativity of Lie groups in the sense of Sug-
awara. The second aim is to apply this result to the p-local
higher homotopy commutativity of gauge groups. Although the
higher homotopy commutativity of Lie groups in the sense of
Williams is already known, the higher homotopy commutativ-
ity in the sense of Sugawara is necessary for this application.
The third aim is to resolve the 5-local higher homotopy non-
commutativity problem of the exceptional Lie group Go, which
has been open for a long time.

1. Introduction

Let G be a compact connected Lie group. It is well known that the p-localization
G (p) decomposes into a product of spaces such that the number of the factor spaces
is not larger than the rank of G and the factor spaces become p-local spheres as p
gets large enough. Then we can say that the homotopy type of G/, becomes simpler
as p gets larger. Now it is natural to ask how the multiplication of G(,) changes
as p grows. McGibbon [McG84] determined the exact values of p such that Gy
is homotopy commutative. In particular, it turned out that G(,) becomes homotopy
commutative if p gets large enough, so as far as we consider homotopy commutativity,
we can say that the multiplication of G(,,) becomes simpler as p grows. One way to
refine McGibbon’s work is to consider the higher homotopy commutativity, that is,
to consider how high the homotopy commutativity of G,y gets as p grows. Saumell
[Sau95] went along this line to study the multiplication of G,y and showed that the
homotopy commutativity of G, gets higher as p grows.

There are two major definitions of higher homotopy commutativities; one is
Williams Cy-space [Wil69] and the other is Sugawara Cj-space [Sug6l, McG89].
The definition of Williams Cy-space is done by explicit conditions on higher homo-
topies parametrized by permutohedra, so it is somewhat intuitive. On the other hand,
the definition of Sugawara Cp-space is rather obstruction theoretic, so it is more
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applicable to practical problems. There is an implication [McG89, Proposition 6]
Sugawara Cy-space = Williams Cj-space .

For the converse, there is no known implication of Williams Cy-space on Sugawara
Ci-space in general even if k # [. The only known counterexample for the converse is
the case when k = £ = oo [McG89, Example 5].

In the above mentioned result of Saumell, the higher homotopy commutativity is
chosen to be the one in the sense of Williams, so it does not imply the one in the
sense of Sugawara. To state the results of McGibbon and Saumell, we need to recall
the definition of the type of a Lie group. Given a compact connected Lie group G,
the rational cohomology is the exterior algebra

H*(G,@) = AQ(xl,...,xg)

by the Hopf theorem, where z; € H?"~1(G;Q) and ny < --- < ny. We call the se-
quence of the numbers {ny,...,n,} the type of the Lie group G.

Theorem 1.1 (McGibbon and Saumell). Given a compact connected simple Lie
group G of type {n1,...,ne}, a primep and an integer k > 2, the following assertions
hold:

1. If p > kny, then Gy is a Williams Cy-space.

2. If p < kny, then G,y is not a Williams Cy-space, except in the case when
(G,p, k) is (Sp(2),3,2) or (Ga,5,k) such that k < 4.

The first aim of this paper is to refine McGibbon’s result by considering the higher
homotopy commutativity in the sense of Sugawara.

Theorem 1.2. Let G be a compact connected Lie group G of type {n1,...,n¢}, p a
prime and k a positive integer. If p > kny, then the p-localization G ) is a Sugawara
C-space.

In the proof, we analyze the Ag-type of G in the sense of Stasheff [Sta63]. The
key property of G is that G has the p-local Aj-type of the product of spheres (Propo-
sition 4.2).

Let P — B be a principal G-bundle. The gauge group G(P) of P is the topological
group consisting of bundle maps P — P covering the identity on B. For the homotopy
commutativity of gauge groups, little is known. For example, see [CS95, KKT13].
The second aim of this paper is to study the higher homotopy commutativity of
gauge groups in both the sense of Sugawara and Williams by applying Theorem 1.2.
We stress that the higher homotopy commutativity in the sense of Williams is not
sufficient for this application. Let EFG — BG be the universal bundle of G and E,G —
B,,G be the restriction over the n-th projective space B,G C BG.

Theorem 1.3. Let G be a compact connected simple Lie group of type {ni,...,n¢}
and p a prime. Then, given positive integers n and k, the following assertions hold:
1. Ifp > (n+ k)ng, then G(E,G) ) is a Sugawara C-space.
2. If (n+1)ng < p < (n+k)ng, then G(E,G) ) is not a Williams C-space.

Remark 1.4. Since the gauge group G(P) need not be connected, we define its p
localization by Q(P)(p) = Q(BQ(P)(p))
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To prove this theorem, we introduce a new higher homotopy commutativity
C(k1,...,kr)-space which is a generalization of C(k,)-space [KK10]. This result
proves the conjecture by the third author [Tsul6, Conjecture 7.8] for simple Lie
groups. For general principal bundles, we show the following.

Theorem 1.5. Let G be a compact connected simple Lie group of type {n1,...,ne}
and p a prime. Given a principal G-bundle P over a connected finite complex B, the
p-localized gauge group G(P) is a Sugawara Cy-space if p > (cat B + k)ny.

When B is a sphere, this criterion is not sharp. We also show the following better
criterion which refines the result of Kishimoto-Kono-Theriault [KKT13].

Theorem 1.6. Let G be a compact connected simple Lie group of type {ni,...,n¢}
and p a prime. If p > kng 4 n;, then the p-localized gauge group G(P)(,) of any prin-
cipal G-bundle P over S?™ is a Sugawara Cj-space.

In Theorem 1.1 (2), there are exceptional cases for Sp(2)(3) and (Gz2)(5). Sp(2)(s)
and (Gz)(s) are known to be homotopy commutative [McG84]. But the remaining
cases for (Gz)(s) has been open. The third aim of this paper is to resolve this problem.

Theorem 1.7. The localized Lie group (Gz)(s) is not a Williams C3-space.

This result provides a counterexample to the conjecture about the higher homotopy
commutativity of the S(zzf)ﬂ—bundle B (p) over S?p) by Hemmi [Hem91, p. 107].

This paper is organized as follows. In Section 2, we recall A,-spaces and A,-
maps. In Section 3, we study the characterizations and properties of Sugawara Cp-
spaces and C'(k1, . .., k,)-spaces. In Section 4, we investigate the Ag-types of localized
compact connected simple Lie groups. Theorem 1.2 is also shown there. In Section 5,
we recall the theory of gauge groups. In Section 6, we study the higher homotopy
commutativity of gauge groups and prove Theorems 1.3, 1.5 and 1.6. In Section 7,

we prove Theorem 1.7 by computing Chern characters.

2. Higher homotopy associativity

In this section, we recall the theory of higher homotopy associativity we need in this
paper. Higher homotopy associativity is formulated by Stasheff [Sta63]. To describe
it, we need the associahedra Ko, K3, . ... The i-th associahedron K; is homeomorphic
to the (¢ — 2)-dimensional disk. The boundary sphere is exactly the union of the
images of the boundary maps

8k:ICTxICS—>ICi

for r+s—1=4 and 1 < k < r, each of which is an embedding into the boundary.
The degeneracy maps

Sk - K:l — K:i,1
for 1 < k <7 are also defined. For details, see [Sta63].

Definition 2.1. Let G be a based space. Then a family of maps {m;: K; x G** —
G}, is said to be an A,,-form on X if the following conditions are satisfied:
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1. ma(x,z) = ma(z,*) = x,

2. Mpys—1(O0k(p,0);T15 ., Trgs—1)
=My (P5T1, . Bl 1, M (O3 Tk ooy T4 1)y Thmsy - - oy Trgs—1),
3o mi(p5x1, e &) = M1 (SEP; X1y v oy Tl 1y Thog 1, - -+, L) 1 T = *,

A pair (G, {m;}) of a based space G and an A,-form {m;} on it is called an A,,-space.

We also recall A,-maps between A,-spaces [IM89]. In the definition, we need
the multiplihedra Ji, Jo, ... The i-th multiplihedron is homeomorphic to the (i — 1)-
dimensional disk. The boundary sphere is exactly the union of the images of the
boundary maps

O Jr X Ks = T;
forr+s—1=4and 1 <k <rand
§: Kp X Tsy X oo x Ts, = Ti
for s; 4+ - -+ + s, =1, each of which is an embedding into the boundary. The degener-
acy maps
di: Ji = Jia
for 1 < k < i are also defined. For details, see [IM89].

Definition 2.2. Let (G, {m;}) and (G’, {m}}) be A,-spaces and f: G — G’ a based
map. Then a family of maps {f;: J; x G** — G'}"_, is said to be an A,,-form on f
if the following conditions are satisfied:

L fi=/f,
2. fr+8—1(5k(pv ‘7)5 LTiyeo- azr-l—s—l)
= frlp;xr, . 1, Ms(0; Thy o oy T s41)s Thomsy e - oy Trds—1),
3o fsrtts, (0(Py 01,y 00); Ty e ooy sy hots,.)
= m;.(p; Js1 (0'1;331, cee ,1‘31), s Js, (0'7';$31+~~+sr,1+17 cee 7x51+~~~+87‘))7
4. fz(p, T1,y... ,(Ei) = fi,l(dkp;xl, ooy L1y Lht1y- - ,LUZ') if T = *.

A pair (f,{f;}) of a based map f and an A,-form {f;} on it is called an A,,-map. In
particular, if the underlying map of an A,-map is a homotopy equivalence, it is said
to be an A, -equivalence.

If (f,{f:}) is an A,-equivalence between non-degenerately based A, -spaces G and
H, then the homotopy inverse of f also admits an A,-form [IM89]. The following
lemma is not difficult to prove.

Lemma 2.3. Let (G,{m;}) and (G',{m}}) be A,-spaces and (f,{f:}): G = G’ an
Ap-map. If f': G — G’ is a based map homotopic to f, then there is an A,-form
{f1} on f" such that (f',{f!}) is homotopic to (f,{f:}) as an A,-map.

If (G,{m%}) and (H, {m!}) are A,-spaces, the product space G' x H admits the
product A, -form {m&>} defined by

szXH(p7 (l‘la yl)a ) (x'myl)> = (mzc(paxla cee 7xl)amfl(p7 Yiyee ey yl))

We call (G x H,{mE*"},) the product A, -space of (G,{mS&}) and (H,{mH}).
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Stasheff introduced [Sta63] the A, -structure of an A,-space, which is a kind of
iterated Dold—Lashof construction or partial universal principal bundle. We reformu-
late it as follows.

Definition 2.4 (Stasheff). Given a based space G, the following data is called an
A,,-structure on G:

(i) a commutative ladder of based spaces

E E . E,_1
| |
Bo B . By1

where By is contractible,

(ii) a homotopy equivalence n: G — Ey,

(iii) a factorization F;_q h—°> D;_1 i) E; through a contractible space D;_1 of the
above map E; 1 — F; for each i.

We say that the A, -structure is cofibrant if the basepoint of G is non-degenerate,
each hg is a cofibration and the induced map

B,_1Ug, , Di_1 — B;
from the pushout is a homeomorphism. We say that the A,-structure is fibrant if

each map F; — B; is a fibration and each square in the condition (i) is a pullback.

Remark 2.5. While we used the terms cofibrant and fibrant, we do not insist on the
existence of any model category structures of A,-structures.

Definition 2.6. Given A, -structures {F;, B;, D;,n, ho,h}, {E., Bi,Di,n', h{,h'} of
G, G’ and a based map f: G — G’, a family of maps

P By — E[, fP:Bi.1 = B, and fP:Diy = Dj_,
is said to be an A, -structure on f or a map between these A,-structures if the
following conditions are satisfied:

(i) these maps satisty fF(E;) C E!, f2(B;) C B} and fP(D;) C D} for each i and
the following diagram commutes:

E; o D; E; 1 Bi 1 B;
e N TS
Ei_, Di_, Ei_, Bi_4 Bi_,

(ii) the following diagram commutes up to homotopy:

GL>E0

oo

G'L>E6
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If G is an A,-space and the basepoint is non-degenerate, Stasheff [Sta63] con-
structed a cofibrant A,,-structure

EyG EG E,.G
i i i
ByG B,G B,_1G

as a variant of bar construction, where By = *, each B;_1 — B, is a closed cofibration,
EyG =G, E;_1G is contained in a contractible subset D;_1G of E;G, DyG is the
reduced cone of G and each square is a pullback. We call it the canonical A, -structure
of G. The space E;G has the homotopy type of the (i 4+ 1)-fold join G*(+1) of G. The
space B;G is called the i-th projective space, where, in fact, the n-th projective space
B, G is also canonically defined as the mapping cone of F,,_1G — B,,_1G. When n =
00, the space BG = colim,, B,,G is the classifying space of G and EG = colim,, E,,G
is contractible. We denote the canonical inclusion by i : BryG — BG. Note that each
square is a homotopy pullback if G is looplike, where we say an A,-space (G,{m;})
(n > 2) is looplike if the left and the right translations in mo(G) induced from my are
bijections. Moreover, if an A,-map G — G’ between A, -spaces is given, then there is
the canonical map between the canonical A,-structures. This is obtained by Iwase—
Mimura [IM89]. More explicit constructions of these A,-structures can be found in
[Iwa).

Example 2.7. If G is a non-degenerately based topological group, then the projec-
tion

EG — BG

of the canonical A..-structure is a principal bundle. Thus it is fibrant.
Conversely, Stasheff [Sta63] also constructed an A,-space from an A,-structure.

Lemma 2.8. Let {E;, B;, D;,n, ho, h} be an A, -structure of a based space G such
that each square

E, 1 ——E;

oo

B; 1 ——B;

is a homotopy pullback. Then, there exists a map from {Ey, By, Ds, 0, ho, h} to a fibrant
Ay, -structure {El, B;, Dz,n, ho, h} on G such that the underlying map is the identity
on G.

Proof. One can find a commutative square

Enfl —— Enfl

l l

Bn—l — Bn—l

such that F,_1 — En 1 is a closed cofibration and a homotopy equlvalence and
E,_1 — B,_; is a fibration. Take E;_; — B;_; as the pullback of E,_; — B,_1
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along the map B;_1 — B,,_1 and bi_l the pushout of Ei_l < F;_ 1 — D;_1. By this

construction, there are canonical maps E;_4 LLN Di_1 LN E; and n: G— Ey. Tt is
easy to see that {F;, B;, D;, 7, ho, h} is the desired A,-structure. O

We call it the fibrant replacement of an A, -structure.

Proposition 2.9 (Stasheff). Given a fibrant A, -structure E = {F;, B;, D;,n, ho,h}
of a non-degenerately based space G, there exist an A,-form {m;} on G and a map
from the canonical A, -structure of (G,{m;}) to E of which the underlying map is the
identity on G. Moreover, such an A,-space (G,{m;}) is looplike.

For maps between A,,-structures, Iwase-Mimura [IM89] proved the following prop-
osition.

Proposition 2.10 (Iwase-Mimura). Let G and G’ be non-degenerately based A, -
spaces and suppose G’ is looplike. Denote the canonical A, -structure of G by E and a
fibrant replacement of the canonical A, -structure of G' by E'. If a based map f: G —
G’ admits an A, -structure E — E', then f admits an A,,-form.

Combining with the fiber-cofiber argument, the following corollary follows.

Corollary 2.11. Let G be a non-degenerately based A,-space and G' be a non-
degenerately based looplike Ao, -space. Then a based map f: G — G’ admits an A, -
form if and only if the composite

va 2 sa' i BoY

extends over the n-th projective space B,G.

3. Higher homotopy commutativity

In this section, we study the properties and relations of higher homotopy commu-
tativities.

3.1. A,-structure on product A,-space
The following A,,-structure is given by Iwase [Iwa98, Section 4].

Lemma 3.1. Let G and H be non-degenerately based A,-spaces. Define spaces
E;(G,H), B;(G,H) and D;(G,H) by
E/(G.H)= |J E;GxE;,H,
Jitje=i
Bi(G,H)= |J B;Gx Bj,H,
Jitjz=t
Di(G,H)= | (D;,Gx E;,HUxx Dj,H).

J1t+je2=i
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Then the family {E;(G, H), B;(G,H), D;(G,H)} is an Ay, -structure of G x H. More-
over, if G and H are looplike, the square

Eifl(G,H) EE—— El(G,H)

l |

Bi 1 (G7 H) - Bi(Ga H)
is a homotopy pullback for each i.
The following proposition plays an important role in the proof of our theorems.

Proposition 3.2. Let G and H be non-degenerately based looplike A, -spaces. Then
there is a homotopy commutative diagram

(GxH)——= By(GxH)——>---—— B, (G x H)

-y | |

SGVSH B»(G, H) - B.(G, H)

where p; is the i-th projection and the addition is given by the suspension parameter
of (G x H).

Proof. By Proposition 2.9, there is an A,-form {m}} on G x H such that there
is a map between the associated canonical A,-structure to the fibrant replacement
{Ei(G,H),Bi(G,H),Di(G, H)}. Since the projections from {FE;(G,H),B;(G,H),
D;(G, H)} to the canonical A,-structures of G and H are A,-structures on p;: G X
H — G and py: G x H — H, the identity map G x H — G x H admits an A,-form
{fi} as an A,-map from (G x H,{m}}) to the product A,-space G x H. Then, since
the pair (id, {f;}) is an A,-equivalence from (G x H,{m/}}) to the product A,-space
G x H, the identity map also admits an A,-form as an A,-map from the product
Ap-space G x H to (G x H,{m/}). Thus we have a map between the canonical A,-
structures of them of which the underlying map is the identity on G x H. Moreover,
since the composite

En_1(G,H) — B,_1(G, H) — B, (G, H)

is null-homotopic, the map B,_1(G x H) — B, (G, H) extends over B, (G x H).
Hence we have a homotopy commutative ladder

(GxH)——=By(GxH)——---—— B, (G x H)

! |

YGVEH

By observing the composite

Dy(Gx H)y=C(Gx H)—= Dy(G,H)=CGx HUxx CH - XGV XH,
we can see that the map ¥(G x H) — ¥G V X H is homotopic to Xp; + Eps. O
3.2. Sugawara C),-space

Let us recall the higher homotopy commutativity introduced by Sugawara [Sug61]
for n = oo and generalized by McGibbon [McG89] for n < oco.
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Definition 3.3. An A, -space G is said to be a Sugawara C,,-space if the multiplica-
tion

mo: GxG— G
admits an A,-form as an A,-map which respects the product A,-form on G x G.

We give an obstruction theoretic characterization of a Sugawara C),-space. A sim-
ilar characterization is obtained by Hemmi-Kawamoto [HK11, Corollary 1.1].

Proposition 3.4. A looplike A -space G having the based homotopy type of a CW
complez is a Sugawara C,-space if and only if the composite

YG VG — BGV BG s BG

of the wedge sum of the inclusions and the folding map extends over the space
B,.(G,G).

Proof. One can find a topological group G’ and an A..-equivalence G’ — G. For
example, take G’ as the geometric realization of Kan’s simplicial loop group on BG.
An A,.-equivalence induces a homotopy equivalence between the projective spaces.
Then we may assume that G is a topological group.

By Corollary 2.11, if the multiplication m: G x G — G is an A,-map, there is a
homotopy commutative diagram

(G x Q) 2 ¥aG

B, (G x G) —~ BG

The projections B(G x G) — BG induce a homotopy equivalence B(G x G) — BG X
BG@G. Considering the homotopy inverse, we have the factorizations

NGV EG — By(G,G) B,(G,G) — BG x BG

indusionl | ¢ lg

S(G % G) —= Bo(G x G) — -+ ——= B, (G x G) —2= B(G x G)

since B;i(G,G) = B;_1(G,G) Ug,_,(¢,¢) Di—1(G,G) has the homotopy type of the
mapping cone of E;_1(G,G) = B;_1(G, G). Thus the composite

B.(G,G) % B, (G xG) & BG

is restricted to a map homotopic to the wedge sum of the inclusions G V ©G — BG.

Conversely, suppose that there is a map f: B, (G, G) — BG which is an extension
of the wedge sum of the inclusions G V XG — BG and n > 2. By Proposition 3.2
and Corollary 2.11, there is a map m’: G x G — G admitting an A,-form such that
m’ restricts to the folding map GV G — G. Since m’ admits an As-form, the two
maps

($17$2a91»y2) = m/(m($17$2)7m(yl7y2))a
(z1,22,y1,92) = m(m'(x1,y1), m' (x2,y2))

are homotopic. Then by the Eckmann—Hilton argument, m and m’ are homotopic.
Therefore, m also admits an A,-form by Lemma 2.3. O
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3.3. C(ky,...,k.)-space
For our applications to gauge groups, it is convenient to generalize C'(k, ¢)-space
[KK10] as follows.

Definition 3.5. A looplike A-space G is said to be a C'(ky,...,k.)-space (r > 2,
k1,...,k. > 1) if the wedge sum of inclusions

YXGv.---VEIG— BG
extends over the product By, G X --- X By G.

As in [Sau95, Section 3], when k; = --- =k, =1, a C(kq, ..., k,)-space is exactly
a Williams C,-space. When ky =--- =k, = o0, a C(ky,...,k-)-space is exactly a
C'(00, 00)-space and hence a Sugawara Cwo-space. Hemmi-Kawamoto [HK11] proved
that a Sugawara C,-space is described by explicit higher homotopies using the resulto-
hedra. Analogously, the authors guess that our new “commutativity” is also described
by certain polytopes. But we do not try to do this in the present paper.

The relations with other higher commutativities is obtained as follows.

Proposition 3.6. Let G be a looplike A -space having the homotopy type of a CW
complex andr >2 and k1, ..., k. =1 be integers. Then the implications (i)= (ii)= (iii)
hold for the following conditions:

(i) G is a Sugawara Ci, ...+, -Space,
(ii) G is a C(ky,...,k.)-space,
(i1i) G is a Williams Cy, 4...1, -Space.
Proof. To prove the implication (i)=-(ii), suppose G is a Sugawara Ci, +...+k,-Space.
By Proposition 3.4, there is a map
F: Bk1+...+kr(G,G) — BG,

which restricts to the wedge sum of the inclusions ¥G V ¥G — BG. Assume that we
have a map f;: By, G X --- X By,G — BG which is an extension of the wedge sum
of the inclusions for i < r. Since cat(Bg, G X -+ X By,G) < k1 + -+ k;, f; factors
through By, +...4+%,G up to homotopy. We also denote this factorization by f;. Define
a map g as the composite

Bk1+--~+kiG X Bki+1G M} Bk1+...+kr (G7 G) i) BG.
Then the composite
go(fi xid): (Br,G x --- x By,,G) x By,,,G — BG

is an extension of the wedge sum of the inclusions. Thus by induction, G is a
C(kq,...,k.)-space.

To prove the implication (ii)=-(iii), suppose G is a C(kq, ..., k. )-space. By Defini-
tion 3.5, there is a map

F/:BleX---XBkTG—)BG,

which restricts to the wedge sum of the inclusions (XG)VY" — BG. For each i, we
see by induction that there is a map h;: (XG)**: — By.G such that the composite
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of h; and the inclusion Bjy,G — BG restricts to the wedge sum of the inclusions
(3G)V* — BG. Assume we have a map h': (£G)*J — B;G for some j < k; such
that the composite of A’ and the inclusion B;G — BG restricts to the wedge sum of
the inclusions (XG)Y/ — BG. Then the composite

h' xid incl

(BG) x NG === B;G x G == By, G x By, G
el B G x - x Be.G s BG

is an extension of the wedge sum of the inclusions, where we can choose i’ # ¢ since
r > 2 and k; > 1. This extension factors through B, G since cat(ZG)X(”l) <j+ 1L
Then we obtain h; by induction. Now the composite

(RG) <k - x (BG) <k XXt B G ox By G 2D BG

is an extension of the wedge sum of the inclusions. This implies that G is a Williams
C-space. O

4. Reduction of the projective space

The key technique in McGibbon [McG84| and Saumell’s [Sau95] work is reducing
the obstruction problem of ¥G to that of the wedge of spheres. For our problem, we
reduce the projective space ByG to some easier space. This is the aim of this section.
It can be done by proving that G is Ag-equivalent to a product of spheres. This fact
can be considered as a higher version of p-regularity. Once it is done, Theorem 1.2
immediately follows.

Let G be a compact connected Lie group of type {ni,...,n¢}. In this section,
we localize spaces and maps at an odd prime p > n, and omit the symbol (p) like
G = G(p). Then G is Ax-equivalent to the product of compact connected simple Lie
groups and a torus. To prove Theorem 1.2, it is sufficient to consider the case when
G is simple. So we suppose G is simple.

First we determine the homotopy type of the projective spaces of spheres.

Lemma 4.1. An odd dimensional sphere S*"~1 admits an A,_1-form. The cohomol-
ogy of the projective space B S?"~1 for k < p is computed as
H*(BpS™ ™Y L)) = Ly 2]/ (a1,

where x € H* (B, S*"~1; Zypy). Moreover, BS?~! has the homotopy type of the CW
complex

S2nUe4nU-~-U€2kn
where e? denotes a d-dimensional (p-local) cell.

Proof. This follows from the fact that the homotopy fiber of the double suspension
map

E2 . SQn—l N QZS2n+1

is (2pn — 4)-connected and Q25?7 is an A, -space. O
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As is well-known, G has the (p-local) homotopy type of the product of spheres.
Take generators €; € ma,,—1(G) of the free part of the homotopy groups. Then the
composite

— ny—1 €1X-XE multiplication
G2l Gt SXTE, Gy ¢ 2RO 6
is a homotopy equivalence. Consider a union of the product of projective spaces

Bp(sP .8y = ) B8P T xe x By SR
Jitetie=k

Proposition 4.2. If p > kny for some k > 1, then the above homotopy equivalence
admits an Ay-form.

Proof. Note that m;(BG) =0 for odd i < 2p+ 1 since G ~ 2"~ x ... x §2ne=1,
Then, by Lemma 4.1, there are no obstructions to extending the map By (S?™ 1, ...,
S§2re=1y — BG over By(S?™~1,... §%7¢=1) Hence by Proposition 3.2 and Corol-
lary 2.11, the map S?™1~1 x ... x §2%~1 — G admits an Ay-form. O

The following proposition is used to reduce the projective space By G to By (5?1~
L, S,
b

Proposition 4.3. There exists an Aso-form on S?"1 =1 x ... x §?=1 sych that the
restricted Ay-form coincides with the product Ay-form and the above homotopy equiv-
alence S?™M~1 x ... x §27=1 5 G admits an A -form.

Proof. By Proposition 4.2, the homotopy equivalence S2™1~1 x ... x §2ne=1 4 @G
admits an Aj-form with respect to the product Ag-form of S2m1—1 x ... x §2ne—1,
Since this map is a homotopy equivalence, one can observe that there are no obstruc-
tions to constructing A..-forms on the map and on §2"1 =1 x ... x §2Zne—1, O

Let us denote the Ao-space 27171 x ... x §2~1 equipped with the above Aq-
form by H.

Proof of Theorem 1.2. Let G be a compact connected simple Lie group of type
{n1,...,n¢} and take a prime p and a positive integer k such as p > kny. Then,
by Propositions 3.2, 3.4 and 4.3, G is a Sugawara C-space if the composite

By(S*—1, . 8%y By(§*m L, 8?1y & BH Vv BH - BH

extends over the union (4, _p B, (8271, ..., S% 1) x By, (87—, 8%,
Now it does by Lemma 4.1 since 7;(BG) = 0 for odd i < 2p+ 1 and p > kny. Thus
Theorem 1.2 follows. O

5. Gauge groups
In this section, we recall the basic definitions and facts about gauge groups.

Definition 5.1. Given a principal G-bundle P — B, a map P — P is said to be an
automorphism if f is G-equivariant and induces the identity on B. The topological
group consisting of automorphisms on P is denoted by G(P) and called the gauge
group.
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Let P — B be a principal G-bundle. The associated bundle
adP=(PxQG)/~
defined by the equivalence relation

(ug, x) ~ (u,gzg™")

is called the adjoint bundle of P. It is naturally a fiberwise topological group. Thus
the space of sections I'(ad P) is a topological group. It is not difficult to see that
I'(ad P) is naturally isomorphic to G(P).

The weak homotopy type of the classifying space of a gauge group is studied by
Gottlieb [Got72].

Proposition 5.2. Let P be a principal G-bundle over a CW complex B, which is
classified by a map o: B — BG. Then, the classifying space BG(P) is weakly homo-
topy equivalent to the path-component Map(B, BG), of Map(B, BG) based at o €
Map(B, BG).

By [HMRT72, Theorem 3.11, Chapter II], if a p-localization ¢: X — X, of a
nilpotent space X is given and B is a finite complex, the induced map Map(B, X)¢ —
Map(B, X(p))eof between the path components containing f and £ o f respectively is
also a p-localization for any f: B — X. This implies the following corollary. We recall
that even if G(P) is not path-connected, we define G(P)(,) as Q(BG(P) ).

Corollary 5.3. Suppose G is a path-connected topological group having the homo-
topy type of a CW complex. Let P be a principal G-bundle over a finite CW complex
B, which is classified by a map a: B — BG. Then, the classifying space B(G(P)p))
is weakly homotopy equivalent to the path-component Map(B, BG(y))toa, where
¢: BG — BG(y 1is a p-localization.

6. Proof of Theorems 1.3, 1.5 and 1.6

As in the theorems, let G be a compact connected simple Lie group of type
{ni,...,n¢}, p a prime and n, k positive integers. In this section, we again local-
ize all spaces and maps at p and omit the localization symbol (p).

First we prove that G(E,G) is a Sugawara Ci-space if p > (n + k)ng. When k = 1,
we have nothing to prove. Let us consider the case when k > 2. By Theorem 1.2, G is
a C(k,n)-space. Then the wedge sum of the inclusions

Y¥GVEG— BG

extends over the product ByG x B,G. Combining with [KK10, Corollary 1.7], this
implies that the adjoint bundle ad E,,G is fiberwise Ag-equivalent to the trivial bundle
B, G x G. For the notions of fiberwise A,,-theory we need here, see [KK10, Section 3].
Consider the following homotopy commutative diagram of fiberwise spaces:

multiplication

ad E,G xp, ¢ ad E,G ad B, G

= ig

BnG % (G % G) multiplication BnG e
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where the vertical arrows are fiberwise Ag-equivalences. Since G is a Sugawara Cl-
space, the bottom arrow is a fiberwise Ag-map. Thus we obtain the following lemma.

Lemma 6.1. The adjoint bundle ad E,G is a fiberwise Sugawara Cy-space, that is,
the fiberwise multiplication

ad E,G xp, ¢ ad E,G — ad E,,G
is a fiberwise Ag-map.
This implies that the multiplication map
G(E.G) x G(E,G) — G(E,G)

is an Ag-map. Hence G(E,,G) is a Sugawara Cy-space.

For a space B such that cat B =n and a principal G-bundle P over B, the clas-
sifying map B — BG factors through B, G. Then by Lemma 6.1, the gauge group
G(P) is a Sugawara C-space. This completes the proof of Theorem 1.5.

Next, we observe the non-commutativity of G(E,,G). We suppose (n + 1)ny < p <
(n + k)ng. Since (n + 1)ng < p, the wedge sum of the inclusions

¥GV B,G = BG
extends over the product X.G x B, G. Taking the adjoint, we obtain the map
f: ¥G — Map(B,G, BG);, .
Consider the extension problem of the map

(=G)\Vk Lol Nan(B, G, BG),

in

over the product (XG)**. If G(E,G) is a Williams Cy-space, this extends. Taking
the adjoint, we have the map

(2G)V* x B,G — BG,

which is an extension of the wedge sum of the inclusions (XG)V* V B,G — BG. This
does not extend over the product since G is not a C(rq, ..., 7, n)-space forry = -+ =
rr = 1. Therefore, the gauge group G(E,G) is not a Williams Cj-space.

Now the proof of Theorem 1.6 might be obvious. Let P be a principal G-bundle
over S classified by a: S?" — BG and k > 2 an integer satisfying p > kng + n,.
One can prove by the analogous argument that the wedge sum S?" V ¥G — BG of
a and the inclusion extends over the product $?" x B,G. Then the adjoint bundle
ad P is fiberwise Ay-equivalent to the trivial bundle S?" x G. Since G is a Sugawara
C-space, then the fiberwise multiplication

ad P X g2n; ad P — ad P

is a fiberwise Ax-map. Therefore, the gauge group G(P) is a Sugawara Cj-space.

7. 5-local higher homotopy commutativity of G,

In this section, we prove Theorem 1.7. Hereafter, we localize all spaces and maps at
p = 5. McGibbon [McG84] proved that Gz is homotopy commutative. But Saumell
[Sau95] proved that Go is not a Williams Cs-space.



HIGHER HOMOTOPY COMMUTATIVITY IN LOCALIZED GROUPS 121

By the results in [Ada69, Lecture 4], there is a loop map
E: BU —- BU

characterized by the homotopy commutative diagrams

BU —~2 - BU BU E BU
\L \Lchn \LChALn—Q iChzm—Q
x — K(Q,2n) K(Q,8n—4) —— K(Q,8n — 4)

where the left square holds for n #Z 2 mod 4 and ch,, denotes the n-th universal Chern
character. From this, we have E2 = E. We consider a telescope

B’ = hocolim(B*U BE, p2r; BE, )
and define a loop space
B =QB'.

The canonical map B2U — B’ induces a loop map 7: BU — B. Note that B also has
the homotopy type of a telescope:

B ~ hocolim(BU £ BU £ ...
We can compute the cohomology group as
H*(B; Zs)) = Ls) |24, 212, 220, 228, - - -],

such that 7n*2g,,_4 = E*c4p—2 for the Chern class c4y,_o € HS”_4(BU;Z(5)) by the
Newton identities.

Lemma 7.1. The following congruences modulo the ideal (c | k: odd or k > 7) +
((c2,¢6)? + (ca))? hold, that is, the following congruences are modulo monomials con-
taining cx, for odd k or k =7 or chclch for p+2q+1r = 4:

1 )
E*cy = o, Efey = 503, E*cg = cg — caco + 503,
* — * — 3 2 * — 1 2
E*cg = cgea, E¥cig = —cgeq + 50602, Efcio = 506,
* — 3 2 * _ * _ 1 3
F*ciy = 50602, E*c16 =0, E*cig = 506.
Proof. These congruences can be verified by the equalities
N 1
Ecyno=— 1 — 2 (E*can—a)s2+ -+ + (E"C4)San—6 + San—2),
1
E*cyn = — E((E*C4n_2)82 + -+ (B c2)san—2)
and Girard’s formula
S = Z (—1)itrttr UG 1)!07{1 RYAR O

. . Tl! s ’I‘i!
r1+2ro+-ir; =1

We also need the indecomposables as in the following lemma. The proof is similar
to the previous lemma.
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Lemma 7.2. We have the congruence E*c4p_o = C4n_2 mod decomposables for any
integer n = 1.

Now we recall elementary properties of the exceptional Lie group Go. The following
diagram of inclusions commutes:

SUBB) ——= Gy
realiﬁcationl i \
Spin(6) —— Spin(7) —— SU(7)
where Spin(7)/G2 = S7. As in [Wat85, Section 4], the following proposition holds.
Proposition 7.3. The cohomology of BGy is computed as
H*(BGg; Z5y) = Z5)[ya, y12],
such that the following equality holds:

—Y24 1= 27 67
p*(ci) = %yz =4,
0 otherwise.

Remark 7.4. It is claimed in [HKO14, Proposition 2.10] that p*(c4) = 0, and this is
false as above. However, this is irrelevant to verifying the results of [HKO14].

It is well known that XCP® has the homotopy type of the wedge sum AV S°V
S7v S° where A = S%Ue!l. The composite of the inclusions A — SCPS% — SU(7)
lifts to Spin(7). Moreover, it lifts to Ga since Spin(7)/Gq = S7.

Lemma 7.5. The cohomology of A is computed as
H*(A;Z5)) = Zs)(x3, 711), x3 € H, 213 € HY,

where x3 and x11 are the images of the cohomology suspensions —o(ys) and —o(y12)
under the induced map of A — G, respectively. Moreover, the K-theory of A is com-
puted as

- 1
K(XA;Zs)) = Zsy (g, h), chg =XYx3 + 523511, chh =%xq;.
Consider the wedge sum of the inclusions

YAVYEAVYA— BGs.

Since Go is homotopy commutative, this map extends over the fat wedge T'(XA,
YA, ¥ A). Our goal is to see the higher Whitehead product

w: X2(ANANA) = BGy

is non-trivial. OQur basic idea is the same as the calculation of Samelson products in
quasi-p-regular Lie groups in [HKMO18]. Once this is proved, Theorem 1.7 follows
from [Sau95, Theorem-Definition 3.1].

Let j: BGs — B be the composite

BG2 Ep_) BSU(?) inclusion BU 1) B
and W be the homotopy fiber of j.
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Lemma 7.6. The following equalities hold:
3

J 24 = —ya, J s = —§yf2y4,
ok 1 3 -k — 1 3

J Z12 = —Y12 — 1y4, J %36 = —§y12,

- % 5 2

J %20 = —Zy12y47

where = means the congruence modulo (y4,y12)*, namely modulo the monomials y§y,
forp+q=>4.

Proof. This lemma immediately follows from Lemma 7.1 and Proposition 7.3. O

Lemma 7.7. The cohomology of W is computed as
H*(W; Zsy) = Zsy(arg, asr,ass)  for x <43,

where the transgressions T(aig),T(az7),T(ass) with respect to the fibration W —
BGy; — B satisfy

7(a19) = 220 — 221222 mod (23),
T(agr) = 228 — 521524 mod (za0) + (24, 212)*%,
7(a3s) = 236 — %Z?2 mod (220, 228) + (2'4,212)4,

where the middle congruence is modulo the monomials containing ze¢ or 2Yzly for
P+ q =4 and the bottom congruence is the modulo monomials containing zsg, z2g or
221y for p+ q = 4. Moreover, the images of aig,az7,ass under the induced map of
OB — W are the cohomology suspensions o(za9),0(z28), 0(236)-

Proof. This follows from the computation of the cohomology Serre spectral sequence
and Lemma 7.6. O

The map j induces the exact sequence
[$24%3 QB] — [B2A"8 W] — [S2A4"%, BG,] 25 [£2473, B).
Let us construct an appropriate lift of w € [X2A"3, BGs] to [S2A73, W].

Lemma 7.8. The extension of the wedge sum of the inclusions YAV XAV XA — B
over the fat wedge T(XA, A, 3 A) is unique up to homotopy.

Proof. This follows from the fact that the homotopy groups 7s(B), m16(B) and 724(B)
are trivial. O

Define a map fi: (XA)*3 — B by the composite

B %3 multiplication
e

=X 3
(BA)*3 = (BGy)*3 L— B.
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Then we obtain the homotopy commutative diagram

I i

S2AM > T(SA,TA,TA) — (SA)*3
W BG, B

as follows. The map T'(XA,XA, X A) — BGs is an extension of the wedge sum of the
inclusions (X A)Y? — BGa. Such extension exists since Gy is homotopy commutative.
By Lemma 7.8, the right square commutes up to homotopy. The map p: $2A"3 — W
is defined up to homotopy and the left square commutes since the top row is a cofiber
sequence and the bottom row is a fiber sequence. For a precise description of the top
cofiber sequence, see [Por65]. Here y is the lifting of the map w: $24" — BGs.
To check the non-triviality of y, we first embed [$2A"3, W] to an easier module.

Lemma 7.9. The map
[Z2AM, W] — H'¥(S2AY Zs)) © HY (A" L)) © HP (B2 AN Zs) ) (2 ZE)
defined by = (f*(ar), [*(azr), f*(ass)) is injective.

Proof. First we note that the homotopy set [£2A"3, W] is isomorphic to the sta-
ble homotopy set {X2A"3 W} since W is 18-connected and dim X2A"3 = 35. The
rationalized map

[EQA/\S, W] ® Q N ng(EQA/\?’;Q) e H27(22A/\3; Q) o H35(22A/\3;Q)
is an isomorphism by Lemma 7.7. Then it is sufficient to show that [Y2A"3 W] is a
free Z(5)-module. The homotopy groups of W are computed as

Zes i=19,27,35,

(W) =
mi(W) {0 i = 28,36,

by the approximation by a CW complex S'? Ue?” Ue3® — W and the stable homo-
topy groups of spheres. Thus by a skeletal consideration, one can see that [X2 A3, W]
is Zs)-free. O

Next we compute the image of p € [S2AM, W] in H'9(X2AM; Z5)) @ H* (S2AM3,
Z(5)) @ H35(22A/\3; Z(5)).
Proposition 7.10. The following equalities hold:

* 3 * *
w(arg) = —§b197 w1 (ag7) = —2bay, p*(ass) = —2bss,

where byg, ba7, b3y are defined as

big = X711 ® 23 ® 73 + X223 ® 111 @ 73 + L213 ® 23 ® 211,
bo7 = 223311 X x11 QX3+ 221’11 ®r3@xr11 + szS ®x11 ® 11,

2
b3s = X211 ® 11 ® Z11.



HIGHER HOMOTOPY COMMUTATIVITY IN LOCALIZED GROUPS 125

Proof. The previous diagram induces the map of cofiber sequences

D2AN - T(SA,84,54) — = Oy —2 > 33473

V l e

w BGy Cs W

and hence the next homotopy commutative square

C) —= (LA)*3

Lok

Cs B

where the composite C; — (£A4)*3 — (ZA)"3 = 3343 is homotopic to 9.
For 7 = 20, 28, 36, we have the following commutative diagram:

HimY(S24M, Zs)) —— {(Cy; L)) - H'((BA)% L)

I ! fe

H=Y W, Zs)) = H(Ca; Zs)) HY(B;Zs))

The injectivity and the surjectivity in the bottom row follows from the following
diagram and the computation of the transgressions in Lemma 7.7, where the top row
is exact.

0 —— H'" (W3 Z5)) = H'(Ca; Zz)) — H (BGa; L)) —0
[:Ii(B;Z(m) - Hi(BGQ; Z(g,))
Under the induced map of the multiplication (BU)*® — BU, the class E*c, €
HQ”(BU;Z@)) is mapped to

Y (Ere) x (Efeg) x (E'e,)

pt+gt+r=n

by the Cartan formula for Chern classes. From this, we can compute

s 5 3
n (220 - 121222) = —5(25(13 RVx3 R 1x11+ 23X Vx11 @ XT3+ 2T R 2x3 ®E.’L‘3),
o 3
o (Zgg — 52’%224) = —2(2333 RDx11 QVT11 + 2011 QLx3 R 2x11 + 2T11 ® X1 ®E£L‘3)7
ok 1
i (2:36 — 52::132) =—2Yr11 ® Yx11 ® 2x11-
Then by the above diagram and Lemma 7.7, we obtain p*(ag), u*(az7), u*(ass) as
above. O

Finally, we compute the image of the composite
O: [X2AM3 QB] — [X2473, W]
— ng(EQAA3;Z(5)) P H27(22A/\3;Z(5)) D H35(22AA3;Z(5)).
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Consider the commutative diagram

(2343, B] [N2A473 QB (22473 W)
Zi\L o'(zi)\L l/ai—l
Hi(EBAAS; 2(5)) = Hi71(22A/\3; Z(5)) Hifl(EQA/\S; Z(5))

for i = 20,28,36. Since m,: K (XA’ Z)) = [R2AM3, BU| — [S3AM, B] is an iso-
morphism, the image of the left vertical arrow coincides with the image of the follow-
ing map by Lemma 7.2:

(9! chyg, 13! chig, 170 chyg): K(S3 A3 Zs)) — HP(SPAN Zs)) @ H2(S2AN3, Zs))
® H36 (ZgAA3; Z(5))
Under the Kiinneth isomorphism
K(E3A/\3; Z(5)) = R(ZA, Z(5))®3
we can compute as
9lchio(g ® g ®g)
= 9'((ch2 9)(chg g)(che g) + (chz g)(che g)(chz g) + (chz g)(chz g)(che g))

=5 (Exn ® Yrs ® Yrg + Xrs @ Xry1 @ Las + Las ® Yrs ® Y1),

13!chis(g ® g ® g)
= 13!((che g)(chg g)(chz g) + (chg g)(chz g)(che g) + (chz g)(che g)(chg g))

13!
= S5 — (X211 ® Tr11 @ Tz + Xr11 @ Loz @ Lrpy + Laz @ Lryy © Bx11),
17! chis(g ® g @ g) = 17!(chg g)(che g)(che g)

17!
~ 5515
by Lemma 7.5. Similarly, we have

—— Y11 ® Y11 ® X1

9! Chlo(h ®g g) = 9!23’511 & 23]3 X Zl’g,

13!
= 5—(23511 ® Xr11 ® Xrs + Xxr11 ® Xz ® 23511),

17!
)= 5!5!
9!Ch10 h@h@g) Oa
13!chi4(h ® h ® g) = 131321, ® X1 ® Ls,
) =
) =
) =

13lchis(h® g ® g)

17! Chlg(h®g®g —Yx11 ® Yx11 ® XX,

17

5 —Xz11 @ YT @ X211,

9!Ch10 h®h®h

13'chis(h@h R h
13! Chlg(h X h ® h) = 17'2.’1}11 ® El‘ll X 29611-

(

(
13!chis(h®@h®yg

(

(

The other terms are analogous.
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Proof of Theorem 1.7. Now suppose that (u*(a19), u*(a27), u*(ass)) is contained in
the image of the map ®. Then by Proposition 7.10 and the above computation, there
exist a,b, ¢, d € Zs) satistying the following equations:

%a + 91b =3
2a+2 B 4+13lc =2,
a3 s e i =2

But one can find by a slight computation that the denominator of d must be divisible
by 125. This contradicts the fact that d € Z). Thus, the higher Whitehead product
w: X2(AN AN A) — BGy is nontrivial. Therefore G is not a Williams Cs-space at

p=5. O
References
[Ada69] J.F. Adams. Lectures on generalised cohomology. In Category The-

ory, Homology Theory and their Applications, III (Battelle Institute
Conference, Seattle, Wash., 1968, Vol. Three), pages 1-138. Springer,
Berlin, 1969.

[CS95] M.C. Crabb and W.A. Sutherland. How non-abelian is non-abelian
gauge theory? Quart. J. Math. Ozford Ser. (2), 46(183):279-290, 1995.
[GotT2] D.H. Gottlieb. Applications of bundle map theory. Trans. Amer.

Math. Soc., 171:23-50, 1972.

[Hem91] Y. Hemmi. Higher homotopy commutativity of H-spaces and the mod
p torus theorem. Pacific J. Math., 149(1):95-111, 1991.

[HK11] Y. Hemmi and Y. Kawamoto. Higher homotopy commutativity and
the resultohedra. J. Math. Soc. Japan, 63(2):443-471, 2011.

[HKMO18] S. Hasui, D. Kishimoto, T. Miyauchi, and A. Ohsita. Samelson prod-
ucts in quasi-p-regular exceptional Lie groups. Homology Homotopy
Appl., 20(1):185-208, 2018.

[HKO14] S. Hasui, D. Kishimoto, and A. Ohsita. Samelson products in p-regular
exceptional Lie groups. Topology Appl., 178:17-29, 2014.

[HMR72] P. Hilton, G. Mislin, and J. Roitberg. Topological localization and
nilpotent groups. Bull. Amer. Math. Soc., 78:1060-1063, 1972.

[IM89] N. Iwase and M. Mimura. Higher homotopy associativity. In Algebraic
topology (Arcata, CA, 1986), volume 1370 of Lecture Notes in Math.,
pages 193—-220. Springer, Berlin, 1989.

[Iwal] N. Iwase. Associahedra, multiplihedra and units in A, form. arXiv:
1211.5741.

[Iwa98] N. Iwase. Ganea’s conjecture on Lusternik-Schnirelmann category.
Bull. Lond. Math. Soc., 30(6):623-634, 1998.

[KK10] D. Kishimoto and A. Kono. Splitting of gauge groups. Trans. Amer.

Math. Soc., 362(12):6715-6731, 2010.



128 SHO HASUI, DAISUKE KISHIMOTO anp MITSUNOBU TSUTAYA

[KKT13] D. Kishimoto, A. Kono, and S. Theriault. Homotopy commutativ-
ity in p-localized gauge groups. Proc. Roy. Soc. Edinburgh Sect. A,
143(4):851-870, 2013.

[McG84] C.A. McGibbon. Homotopy commutativity in localized groups. Amer.
J. Math., 106(3):665-687, 1984.

[McG89] C.A. McGibbon. Higher forms of homotopy commutativity and finite
loop spaces. Math. Z., 201(3):363-374, 1989.

[Por65] G.J. Porter. Higher-order Whitehead products. Topology, 3:123-135,
1965.

[Sau95] L. Saumell. Higher homotopy commutativity in localized groups.
Math. Z., 219(2):203-213, 1995.

[Sta63] J.D. Stasheff. Homotopy associativity of H-spaces. I, II. Trans. Amer.
Math. Soc., 108:275-292, 1963; ibid., 108:293-312, 1963.

[Sug61] M. Sugawara. On the homotopy-commutativity of groups and loop
spaces. Mem. Coll. Sci. Univ. Kyoto Ser. A Math., 33:257-269,
1960/1961.

[Tsul6] M. Tsutaya. Mapping spaces from projective spaces. Homology Homo-
topy Appl., 18(1):173-203, 2016.

[Wat85] T. Watanabe. Chern characters on compact Lie groups of low rank.
Osaka J. Math., 22(3):463-488, 1985.

[Wil69] F.D. Williams. Higher homotopy-commutativity. Trans. Amer. Math.

Soc., 139:191-206, 1969.

Sho Hasui s.hasui@math.tsukuba.ac.jp
Institute of Mathematics, University of Tsukuba, Ibaraki, 305-8571, Japan

Daisuke Kishimoto kishi@math.kyoto-u.ac.jp

Department of Mathematics, Kyoto University, Kyoto, 606-8502, Japan

Mitsunobu Tsutaya tsutaya@math.kyushu-u.ac.jp
Faculty of Mathematics, Kyushu University, Fukuoka 819-0395, Japan


mailto:s.hasui@math.tsukuba.ac.jp
mailto:kishi@math.kyoto-u.ac.jp
mailto:tsutaya@math.kyushu-u.ac.jp

	Introduction
	Higher homotopy associativity
	Higher homotopy commutativity
	An-structure on product An-space
	Sugawara Cn-space
	C(k1,...kr)-space

	Reduction of the projective space
	Gauge groups
	Proof of Theorems 1.3, 1.5 and 1.6
	5-local higher homotopy commutativity of G2

