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ON MATRIX TODA BRACKETS IN
BAUES-WIRSCHING COHOMOLOGY

YASUHIRO MOMOSE aAND KENICHIROU SHINKATI

(communicated by J. Daniel Christensen)

Abstract

Hardie, Kamps and Marcum have considered the matrix
Toda brackets introduced by Barratt in the category of topologi-
cal spaces from a 2-categorical point of view. Baues and Dreck-
mann have shown that a class in the third Baues-Wirsching
cohomology of a small category C governs every classical Toda
bracket if the bracket is defined with a Toda category in C.
Our aim is to generalize such a relationship to that between
the class in the cohomology and matrix Toda brackets in a 2-
category. Moreover, the non-triviality of the third cohomology
is discussed via computation of a matrix Toda bracket in the
category of cochain complexes on an additive category.

1. Introduction

The secondary operations due to Toda [21], the Toda brackets, play a crucial role
in the computation of the homotopy groups of spheres. The construction of the Toda
bracket is applicable in a triangulated category [11, 16]. Thus one might expect that
such a secondary operation gives us new insights into consideration of an appropriate
Abelian category, a triangulated category and a 2-category; see [3, 5, 8, 13, 14, 15,
20]. Baues and Wirsching have introduced cohomology of a small category, the Baues-
Wirsching cohomology, with interpretation of the first and second cohomology; see [9].
Baues and Dreckmann [8] have shown that the third Baues-Wirsching cohomology
of a small category C classifies linear track extensions over C. Moreover, a particular
class, the so-called universal Toda bracket is defined in the third one. If the category
C is a subcategory of the category of topological spaces, then it is shown that the
universal Toda bracket governs every Toda bracket if C contains the Toda category,
which defines the bracket; see [8].

Generalizing the classical Toda brackets, matrix Toda brackets have been intro-
duced by Barratt [2]. Subsequently, Hardie, Kamps and Marcum [13] have developed
a categorical approach to such brackets in a 2-category. The results together with
those mentioned above motivate us to investigate the generalized brackets with the
cohomology of a small category.
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In this manuscript, we show that the same class as the universal Toda bracket in
the third Baues-Wirsching cohomology of a small category also governs matrix Toda
brackets in the sense of Hardie, Kamps and Marcum if the bracket is decomposed into
two Toda brackets; see Theorem 2.6. Moreover, using the description of the classical
Toda bracket in a triangulated category due to Heller, we examine the non-triviality
of a matrix Toda bracket defined in a 2-category of cochain complexes. Indeed, it
is possible to represent a matrix Toda bracket with a classical one in an algebraic
triangulated category; see Theorem 2.14 for more details. The formula is reminiscent
of the original definition of the matrix Toda bracket due to Barratt; see also [19].
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2. The main theorems

In this section, our main theorems are described. For a small category C, we define
the category F(C) of factorizations in C as follows. The objects are the morphisms in C
and a morphism from « to 8 is a pair (u, v) of morphisms in C such that 8 =uo«ov:

The composite of maps (u,v): @« — 8 and (u/,v"): 8 — v is defined by (u/,v")o
(u,v) = (v ou,vov"). Observe that, for an object ¢: y — x of F(C), a morphism
idy, = (idy,1d,) is the identity on ¢. By definition, a natural system D on a small
category C is a covariant functor from F(C) to the category of Abelian groups. We
may write D, for D(a), where o € ob(F(C)).

We recall the definition of a 2-category. A category G is a 2-category if the following
conditions are satisfied:

(i) For objects X,Y € ob(G), the hom-set Homg(X,Y) constitutes a small category
G(X,Y) with obG(X,Y) = Homg(X,Y).
(ii) For X,Y,Z € ob(G), the composite of morphisms in G defines a functor
o: g(Y, Z) xG(X,Y)— Q(X, 7)) with 1y, 0 —Zlg(xyy) and — o 11y:1g(Y,Z)'
A morphism from f: X — Y tog: X — Y denoted F': f = g in the category G(X,Y)
is called a 2-morphism.
An object 0 in a 2-category is a 0-object if G(0, X) and G(X,0) are trivial categories
for any objects X € ob(G).
Two l-morphisms f,g: A — B of G are homotopic if there exists an invertible
2-morphism F': f = g. We write f ~ g if f and g are homotopic.
As usual, the homotopy category HG of a 2-category G is the category with the
same class of objects as that in G and the hom-set Hompg(A, B) for objects A and
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B in HG is defined to be the quotient Homg(A, B)/~ by the homotopy relation ~.
In what follows, G denotes a 2-category with a 0-object unless otherwise specified.

In order to describe our main theorem (Theorem 2.6 below), we further need
terminology on 2-morphisms.

Definition 2.1. Let S: u = v and T: r = s be 2-morphisms, where u,v,r, and s
are morphisms with same source and target. We say that S and T are conjugate and
write S(conj)T if there exists invertible morphisms H: v = s and K: u = r such
that H+S=T+ K.

Definition 2.2. Let f,g: A — B be morphisms and F': f = g a 2-morphism in G.
A set N(F) is defined to be the set {G: 04 = 04 | G(conj)F}.

In what follows, we write Axy for N(1p: 0 = 0: X — Y'). We need more structure
on the set Axy in order to relate matrix Toda brackets with the cohomology men-
tioned in the Introduction. The set Axy is automatically a group; see [13, Proposi-
tion 2.4]. Moreover, we assume that the group Axy is Abelian for any X and Y in HG.
For any morphisms b: B — C' in G, the maps b,: Aap = Aac and b*: Aca — Apa
which are induced by the horizontal composition in G are well-defined homomorphisms
by the interchange law. Observe that we have a functor A_ _: HG x HG — Ab to
the category of Abelian groups.

Consider a commutative diagram

o

A—2 s X

in HG. Then we can define a matriz Toda bracket

b g
o}

in the sense of Hardie, Kamps and Marcum; see Section 3 for more details. Let h
and k be 1-morphisms of a 2-category G. For a subset C of G(h,h) and an invertible
2-morphism T: k = h, let CT denote the subset {—T + &+ T | € € C} of G(k,k);

see [13, (6.5) Notation]. Then, we see that the matrix Toda bracket {2, ‘ch, w

is in Awx/(b+Awp + D + axAwa), where D is the submodule (A(af)ow)! of
Awx, where A(af) ={F: af = af | F : invertible}. Moreover, if af ~ 0 ~ bg, then

{2, ?, w} isin Awx / (b« Awp + w* Acx + a.Awa); see [13, Corollary 7.3]. In fact,
the result [13, Proposition 6.9 (c¢)] yields that D = w* Acx.

Definition 2.3. Let Ab be the category of Abelian groups. A functor DA: F(HG) —
Ab is defined by Dﬁ]::As(f)t(f) = N(1p: 0= 0: s(f) = t(f)) and DA(u,v)(G) :=
1, 0Gol, =v*u.G for G € D[“;‘c] and (u,v): [f] = [g], where o denotes the composi-
tion in HG.
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Let G be a track category; see Definition 3.2 below. We consider a linear track

extension of the form D4 s Go—= G, 2 HG in the sense of Baues and Dreck-
mann; see Definition 3.4. Then, we have the universal Toda bracket (HG) in the
Baues-Wirsching cohomology H?*(HG, DA) with the coefficients in the natural system
DA. Here, HG is small; see Definition 3.6. We observe that one of important data
which defines a linear track extension is a set of isomorphisms o : D[’;‘C] = G(f, )
determined by 1-morphisms f of G. Such a set of isomorphisms is called the action
of DA to G.

Track categories appear naturally in homotopy theory. Indeed, applying the funda-
mental groupoid functor to each mapping space in a topologically enriched category
yields a track category; see [17]. The discussion in [10, Introduction] as well as [12,
Section 8.1,8, III.1] gives a simplicial version of the construction above. Moreover,
a cofibration category in the sense of Baues gives rise to a track category; see [6,
Proposition I1.5.6 and Corollary]. From a category equipped with a suitable cylinder
functor, one can form a track category as described in [17, Theorem IV.1.11].

We here mention that the Baues-Wirsching cohomology H*(C, D) of a small cate-
gory C can be normalized with an ideal S of the category C. We denote it by H$(C, D);
see Section 4.

Definition 2.4. Let MT be the category generated by the directed graph in dis-
played diagram, modulo the relation ao f =bo g.

w2 .0

B.
1
X

7

e a

A

This category MT is called the matriz Toda category.

Definition 2.5. Let C be a category with zero morphisms. For a functor F': MT — C
which satisfies F/(fw) = 0, F(gw) = 0, the functor F is called a matriz Toda diagram
in C. We also call F(MT) a matriz Toda diagram in C.

For the category MT, we have a functor ¢: MT — HG with ¢(1) =n for n €
{w,a,b, f,g}; that is, the diagram (2.1) is regarded as a matrix Toda diagram. Then,
the functor ¢ induces a homomorphism ¢*: HY ) (HG, D) = HY(MT,¢*D4).

Here, S = {fw, g, bjw}. Moreover, we have an isomorphism h: H3(HG, D*) —
Hg(Hg)(Hg; DA); see Section 4.

We are ready to describe our main theorem.

Theorem 2.6. Let G be a track category with HG small, which satisfies Hypothesis I;
see Section 3. If af ~ 0 =~ bg, then there exists an isomorphism

o Hg(MT, gO*D'A) i AWX/(b*AWB +w*Acx + a*AWA)
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such that the composite defined by the diagram

*

H3, 1) (HG, D) —— HY(MT, 5" D)
;;Tu {b g }* ula
a f v
H3(HG, D) Awx /(bsAw s +w* Acx + axAwa)

sends the universal Toda bracket (HG) to the matriz Toda bracket {2, ch, w} defined
by the diagram (2.1).

We recall a linear track extension; see Definition 3.4. Then we have the following
corollary.

Corollary 2.7. Let C be a small subcategory of HG which has a matriz Toda diagram
with a non-zero bracket. Then C admits a non-trivial linear track extension by the
natural system DA mentioned in Theorem 2.6.

In fact, for the inclusion functor ¢: C — HG, the morphism {Z, ?, w} in Theo-

rem 2.6 factors through the restriction (*: H3(HG, DA) — H3(C,.*D*), which
ensures 0 # *(HG) € H3(C,.*D*).
If A in the diagram (2.1) is the 0-object, then we have a diagram

w C B X.
\ﬂ_l/

Therefore, the matrix Toda bracket {8, g, w} is nothing but the classical Toda

bracket {b,g,w} defined by {—bK + Lw | K: 0 = gw, L: 0 = bg, K, L : invertible}.
We observe that {b,g ,w} is in the coset Awx /(b Awp + w* Acx); see [13, Propo-
sition 8.2].

Corollary 2.8. One has {g, g, w} ((HG)) = {b g w}.

In what follows, we may write {b g w}* for {8, g, w} )

Remark 2.9. We have {Z, “;]c, w} ((HG)) = {2, ‘th, w} ={bgw}—{afw}=(no
(b g w}* —{a f w}*)((HG)) in Awx/(biAwps +w* Acx + axAwa), where 7 is
the projection map from Awx /(b Awp +w*Acx) ® Awx/(w*Acx + a.Awa) to
Aw x /(beAwp + w* Acx + axAw a); see Lemma 4.7 below.

We here recall a result in [8] on the classical Toda bracket. Let Top be the cat-
egory of based topological spaces with the based homotopy relation ~,. Assume
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that the 2-category G in our setting is a subcategory of based coHspaces whose
1-morphism are continuous maps and whose 2-hom-set of T'op(X,Y’) is defined by
Hompopx,y)(f,9) ={H: X xI —Y}/~, for I-morphisms f,g: X — Y. Then we
see that

Aap = N(1p: 03 = 04) = {G: 04 = 04 | Glconj)1} = [T A, B]

as a set and that Hypothesis I is satisfied for the 2-category G. Observe that the
based homotopy set [X A, B] is an Abelian group whose addition is defined with the
suspension structure of the domain as usual. Therefore, in view of Corollary 2.8,
Theorem 2.6 is regarded as a generalization of the result [8, Theorem 3.3]. Tt is
important to remark that the ideal S” used in [8, Theorem 3.3] does not coincide
with S in Theorem 2.6. In fact, S = {fw, gw,bgw} and S’ = {bg, gw, bgw}. Hence,
Corollary 2.8 gives another description of classical Toda brackets, which is stated in
terms of matrix Toda brackets.

Under the same assumption as in Theorem 2.6, we have propositions. These propo-
sitions follow from [13, Theorems 5.4 and 5.5] and Theorem 2.6.

Proposition 2.10. Let 2:: X — Y be a morphism. Given a diagram of the form (2.1)
in HG, let x,: AWX/(b*.AWB +D + CL*.AWA) — .Awy/((xb)*.AWB + Acy ow +
(za).Awa) be the homomorphism induced by x, where D= (A(af)ow)*™. Suppose
further that xaf = 0 = xbg in a commutative diagram

w-*-c-?-B
fi J/b
AL X 2oV

in HG. Then, there holds the equality

A MR (1o
in Awx /((2b)« Awps + Acy ocw + (za)  Aw ).

*

Proof. By Theorem 2.6, we have {a:b b g w . By the def-

g _
za f’ ((HG)) = {za’ f

inition of the matrix Toda bracket, there exists an element 6 in Ay x such that

{2, ?, w} = [0]. Tt follows that x, {2, ?, w} = [x 0 0]. The result [13, Theorem 5.4]
b g

impliestha‘caco{b7 g7 w}c{ s w}.Thenweseethatxo&éxo{b, g’ w}
a f xa' f a f

xb g
za’ f’
completes the proof. O

and hence [z00] = { w} in the quotient mentioned in the assertion. This

Proposition 2.11. Given a diagram of the form (2.1) in HG, let w: Azx /(b Azp +
D+ acAza) = Azx/(bxAzp + Awx 06 + awAza) be the projection, where §: Z —
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W is a morphism and D = (A(af) o wd)*H . Suppose that afw = 0 = bgw in a com-
mutative diagram

7w, 0c—?.B

f b
A%

i HG. Then, one has

b b .
w {0 9 wsh= {0 ovs) o
m .Azx/(b*.AZB +Awx 0d + a*AZA).

*

Proof. Theorem 2.6 enables us to deduce that b, 9w s ((HG)) = b, gw st
a fw a fw

By the definition of the matrix Toda bracket, there exists an element 6 in Az x such

b g _ b g b gw
that {a’ P wd} =[f]. By [13, Theorem 5.5], we see that {a’ P w(5} C {a’ Fu 5}.
. . b g . b gw . .
Since 6 isin § ~, 7, wd ¢, it follows that [0] =< | , 0 p in the quotient. We have
a f a fw

the result.

In describing Theorem 2.6, we use a matrix Toda category MT but not a Toda
diagram in [8]. Therefore, the maps 7 and z, in Propositions 2.10 and 2.11 are
defined naturally. An advantage of the propositions above is that the non-triviality
of the matrix Toda brackets follows from that of the image by the homomorphisms
of the universal Toda bracket (HG).

Another main theorem asserts that a matrix Toda bracket is represented by the
classical one in an appropriate category. In order to describe such a result, we consider
the category of cochain complexes Ch(B) on an additive category B.

For any objects X and Y in Ch(B), the hom-set Ch(B)(X,Y’) admits a category
structure. In fact, its objects are cochain maps from X to Y and the hom-set is a set
of linear maps of degree —1 defined by

Homey gy xy)(f,9) ={h: X =Y | f—g=dyh+hdx}/ ~.

Moreover, for linear maps h,k: X — Y of degree —1, by definition h ~ k if and only
if there exists a linear map u: X — Y of degree —2 such that h — k = dyu — udx.
A vertical composite

+: Homen(s)(x,v) (9, h) x Homens)x,v)(f, 9) = Homens)x,v) (f, k)
is defined by +(h1, ha) = hy + ho. Moreover, the composite
o: Ch(B)(Y,Z) x Ch(B)(X,Y) = Ch(B)(X, Z)
in the category C'h(B) gives rise to a functor whose behavior in the hom-sets

o: Homeys)(v,2)(f',9") x Homep sy (x,v)(f>9) = Homey sy x,2)(f 0 f.9" 0 g)
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is defined by k o h= f'k + hg for (k, h) € Homens)(v,2) (', 9') x Homens)x,v) (f: 9)-

The homotopy category H(Ch(B)) admits the triangulated category structure
whose distinguished triangles are constructed by the mapping cone and suspension
functors; see [1, Theorem 2.3.1].

More generally, we recall the definition of an algebraic triangulated category.

Definition 2.12 ([18, 3.2]). An exact functor T — U between triangulated cate-
gories is a pair (v,7n) consisting of a functor v: 7 — U and natural isomorphism

n: v oYy — Yy 0w such that for every exact triangle X =Y %7 % $X in T the
triangle

vX 250y 0z "N s (0X)

is exact in U.

Definition 2.13 ([18, 7.5]). A triangulated category T is called algebraic if there
exists a fully faithful exact functor ¥: T — H(Ch(B)) with a natural isomorphism
7n: Yo — Yo for some additive category B.

A matrix Toda diagram (2.1) in a triangulated category 7T gives rise to a Toda
diagram of the form

w o AeB YY) x

In fact, we see that (—f V g)w = 0 and V(a,b)(—f V g) = 0in T. Let {¢, 1, n} denote

the classical Toda bracket for X 5Y 5 Z 5 W in T defined by Heller [16, Sec-
tion 13]. Then we have the following theorem.

Theorem 2.14. For a matriz Toda diagram (2.1) in an algebraic triangulated cate-
gory T with a fully faithful exact functor (¥,n). Via ¥, one has

{b, g }
wp ={V(a,b),—fVg,w},
a, f

that is

09 L = 919 (a,b), 1 v g} o g
w = a,0), — , Wy O .
da, Of 9 W M

The rest of this paper is organized as follows. Section 3 gives a brief review of
the matrix Toda bracket introduced by Hardie, Kamps and Marcum. Moreover, we
recall the definition of the Baues-Wirsching cohomology of a small category with
coefficients in a natural system. After recalling a linear track extension over a small
category, the universal Toda bracket is defined. In Section 4, we prove Theorem 2.6

defining the map {Z, ch, w} explicitly. Section 5 proves Theorem 2.14 and gives a

computational example of a matrix Toda bracket.



ON MATRIX TODA BRACKETS IN BAUES-WIRSCHING COHOMOLOGY 323

3. Brief recollection on matrix Toda brackets and the univer-
sal Toda bracket

We begin by considering a diagram

0
w—*-c—2-B

A—% o X

in a 2-category G, where S: af = bg is a 2-morphism. Then, we define a set o(S, w) by
o(S,w):={-bK + Sw+aeH | H: 0= fw,K: 0= gw, H and K are invertible}.

We define the matrix Toda bracket {Z, ch, w} to be the union (Jg., o(S,w), where
Z ={S|S: af = bg is invertible}.

Remark 3.1. For a 2-morphism S: af = bg and 1-morphism w: W — C, we see that
o(S,w) C N(Sw).

Let 0 = —bK + Sw + aH in N(1,f,) = Awx; see [13, Proposition (2.4)]. Suppose
that af ~ 0~ bg and Ay x is an Abelian group. Then, the matrix Toda bracket

{Z, Jgf, w} coincides with the coset (8 +bo N(1gw) + N(S)ow+aoN(lys,)). We

/ /
observethata ~ a’, b~ V', f ~ f’, g ~ ¢’ and w ~ w’ then {2, fc, w} = {2,, ?,7 w’}

as a coset; see [13, Proposition (5.3)].
In general, k ~ [ then N(1;) = N(1;); see [13, Proposition (2.2)]. Then, we see

that } = [9] is in wa/(b*AWB +w*Acx + a*.AWA).

g
a f’ v

Let C be a small category and D a natural system. For «, u € mor(C) with s(u) =
t(a), we write u, for the homomorphism D(u,ids(q)): Do = Duca. Similarly, the
homomorphism D(id¢(a,v): Do =+ Daoy is written as v*, where v € mor(C) with
t(v) = s().

We here recall the definition of the nth Baues—Wirsching cohomology of C with
coefficients in D. For n > 1, let N, (C) be the set of n-simplices of the nerve of C;

that is, Npy(C) = {X = (A, A2y ..y An) | Xo &2 Xp 22 Xy < - 22 X,, }. Let F™ be
an Abelian group defined by

F" = F"(C,D) = {C: Nn(c) — Ugemor(C)Dg | C()\l, .. .,)\n) S D)\lo...o)\"}.
The boundary operator 6™: F"~! — F™ is defined by
((Sn(c))(A) = )\1*0()\2, ey )‘n)

n—1
+) (DA A0 Xign, - An) + (D) Ae(A - An),s
i=1

for A= ()A1,...,A\n) € N,y(C) and ¢ € F*~1. The cohomology H™(F*(C,D)) of the
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complex F*(C, D) := {F"(C, D), 0" }nez is called the nth Baues- Wirsching cohomol-
ogy, denoted H™(C, D).

Definition 3.2. A track category T is a 2-category enriched in groupoids. More
precisely, T is category consisting of following data:

(i) For objects A and B of T, the set T (A, B) of 1-morphisms is a groupoid.

(ii) The composite *: T(A, B) x T(A", A) — T(A’, B) is a functor for A’, A, B €
ob(T).

We may write 7; and 73 for the underlying 1-category of a track category and the
sets of 2-morphisms, respectively.

Remark 3.3. (i) For f, f' € Homy,(A,B) =0obT(A, B), H € Homya,p)(f, f') and
G € Homy(ar,4)(g,9'), the function * carries the pair of tracks (H, G) to a track
H +Gin Homya ) (fog, f og'). Wewrite +(H', H) = H' + H for the verti-

cal composite +: Homya,p)(f', [") x Homy(a,p)(f. [') = Homy(a ) ([ f").
Observe that the functoriality of * gives rise to equalities H x G = ¢"*H + [.G
= fiG+ g*H, where f,G:=1;*G and ¢*H := H * 1.

(i) (14).G =G, (14)°H = H.

(iii) The operation * in (i) is associative.

Definition 3.4 ([8, Definition (4.3)]). Let C be a category and D a natural system
on C, namely a functor D: FC — Ab. A linear track extension £ of C by D consists
of a track category T, a functor p: 71 — C and an action o of D on T, which is
a set 0 ={os: Dyyy = T(f, f) | os is an isomorphism of groups for f € mor(71)}.
Moreover, the following conditions are required:

(i) p is identity on ob(C) and full, moreover, p satisfies p(f) =p(g9) & f ~g.
(i) For H € T(f,h) and o € Dy, on(a) + H = H + of(a).

(iii) For a, B € Dy(yy and f,g € mor(7y), one has g*o(a) =0y4(9" ) and f.o,(8) =
org(f<B).

Following [8], we may write D s To—=T P C for the linear track extension
& mentioned above, see also [4, Section 1] for the notation.

Let € be a linear track extension of a small category C by D and let 7: morC —
mor 77 and H: NoC — Uf,gemor(ﬂ) T(f,g) be functions with po 7=1 and H(f,g) €
T(rforg,7(fg)). We define a cochain Cg(r, H): N3(C) — Ufemor(c) Dy by

CE(Tv H)(fa g, h) = o';(lfgh) (A)v

with the track A = —H(f,gh) — (7 f)«H(g,h) + (th)*H(f,g) + H(fg, h). See the dia-
gram below. Observe that A belongs to T'(7(fgh),7(fgh)) and a;(lfgh) is an isomor-
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phism from T(7(fgh),7(fgh)) to D(pr(fgh)) = D(fgh).
T(fgh)

Let F™ denote the Abelian group F™(C, D). For the boundary operator §%: F3 —
F* we see that §*(C (7, H)) = 0. Observe that the cocycle C(r, H) does depend on the
choice of 7 and H; its cohomology class[C(T, H)] dose not; see [8, (A.1) Lemma (c)].

Remark 3.5. Suppose that T has a 0-object, then we can choose 7 and H so that
7(0) =0 and H(f,0) = H(0, f) = 1. Indeed, po7 =1 and p is full, then there exist
7(f) € HomT, (A, B) such that p(7(f)) = f for f € morC. Observe that p(r(fg)) =
fg=p(r(f)o7(g)), then there exist a 2-morphism H between 7f o 7g and 7(fg); see
Definition 3.4(i).

We here define the universal Toda bracket.
Hypothesis 1. Let G be a track category which satisfies the following conditions:
(i) The group Axy is Abelian for any X and YV in HG.
(ii) For the functor D*: F(HG) — Ab defined in Definition 2.3, there exists a linear
track extension
DA > Gy == G, —~ HG
such that o¢ = id, where the functor p: G; — HG is the natural projection.
We observe that ¢ denotes the element determined by the zero map 0 in the
action o = {oy: D[“‘]‘C] — G(f, f) | o5 is an isomorphism of groups for f € mor(Gy)} of
DA which defines the linear track extension above; see [7, proof of Theorem 3.1],
[8, Example 4.7] and Example 5.2 below for examples which satisfy Hypothesis I.

In particular, Example 5.2 gives a linear track extension whose action consists of
identities; that is o = id for each morphism f in G.

Definition 3.6. Let G be a track category which satisfies Hypothesis I and HG small
category. Let E(HG) be the linear track extension in Hypothesis I. Then the class
(HG) = [Ce(ng)(r, H)] which belongs to H3(HG, D*) is called the universal Toda
bracket.

4. Proof of Theorem 2.6

We begin by recalling a normalized version of the Baues-Wirsching cohomology.
Let S C mor(C) be a subclass of morphism in C. We say that S is an ideal in C if
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foge S, gohe S forany g€ S and (f,g,h) € N3(C). A natural system D on C is
S-trivial if f* =0, f. =0 (zero map) for any f € S. For a 0-object *, a set O(C) is
defined by O(C) :={0: A — * — B | A, B € ob(C)}. It is readily seen that O(C) is an
ideal.

Definition 4.1. Let S be an ideal of mor(C). Abelian subgroups F"(S) and F™(S)
of F™(C,D) = F™ are denoted by

F(8) {{cEF”|c()\1,...,)\n)Oif)\,;GSforeverin{l,...,n}} (n>1)

{ce FO|c(A)=0if14 € S} (n=0)
and
F(S) = {{cGF”c(Al,...,)\n)Oif)\l-ESforsomeiG{l,...,n}} (n>1)
{ce FO|c(A)=0if14 € S} (n=0)

respectively. We say that ¢ € F™(S) is a cochain relative to S. We say that ¢ € F™(S)
is a normalized cochain. 3
Observe that we have a sequence F"(S) C F"(S) C F"(C, D) of inclusions.

Let K be a subcategory of a small category C and S an ideal of mor(C). We
define HE(C, K; D) by H"(F*(mor K) NF*(S),4), which is called the S-normalized
cohomology group of the pair (C, K).

In order to define the map « in Theorem 2.6, important results in [8] concerning
the normalized cohomology are described below.

Theorem 4.2 ([8, Theorem (1.9)]). Let S be an ideal in C and D an S-trivial
natural system on C. Then the inclusion j: S C SUOb(C) induces an isomorphism
7 Hi opey (€ K5 D) — HE(C,K; D) forn > 0.
Theorem 4.3 ([8, Theorem (1.10)]). Let C be a small category which has a zero object
and O(C) the ideal of zero morphisms. Let K be a subcategory of C which contains
the zero morphism 0: A —A for every object A in Ob(K). Moreover, let S be an
ideal in C and D a natural system on C which is S'U O(C)-trivial. Then the inclusion
it 5 C SUO(C) induces an isomorphism i*: Hg o) (C, K; D) = HE(C,K;D).
In what follows, we drop the tildes for objects and morphisms of MT and S denotes
the ideal {fw, gw,bgw} in MT. We shall have a commutative diagram

P2 6 03 s

e x|

3 ’
Df 2 Dy X Doy ———— 0,

F4
(4.1)

where D* := Dy, X Dyy X Dy X Do X Dygyy and Fidenotes F'(S Uob(MT)); see
Appendix A for the commutativity of the diagram and the maps. This allows us to
deduce the following lemma.

Lemma 4.4. The map n induces an isomorphism

7t Doguw X Dygw /I = Dpguw X Dafuw/I = HgUob(JWT)(MT’D)’

where I =TIm(m o 6% o n')
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The following lemma is proved in Appendix A.

Lemma 4.5. The map k: Dyguw /(biDgoy +w* Dyg +asDgyy) = Diguy X Dpgen/ Im(m o
53 on') defined by k(y]) = [(y,0)] is a well-defined isomorphism.

Thus, we have the following result.

Theorem 4.6. Let D be a natural system on MT which is S-trivial. Then nok is
an isomorphism from Dygy /(bxDgw + w*Dyg + axDyyy) to HA:;’VUOb(MT)(MT7 D).

Let MT be the matrix Toda category, D the natural system of automorphism on
HC and S an ideal of MT and of the form {fw, gw,bgw}. Suppose that there exists a
functor ¢: MT — HG which satisfies the condition that ¢(fw) = 0 and ¢(gw) = 0.
We define (0%)3: F3(O(HG)) — F3(S) by

(")(€) (A1, A2, A3) = (A1), 0 (A2), 0(A3)).
Moreover, we define ¢* : Hg’)(Hg)(Hg; DA) — HE(MT; p*DA) by o*([c]) == [(¢*)3(c)]

for [c] € Hg(Hg)(HQ;DA).

We define {2, ?,, w} by the composite which fits into the commutative diagram.

i x = «
Hg(Hg)(Hg§DA) > Hg(MTQSO DA) %> ng()b(MT)(MT;s@ DA)
j
A b g : ﬁ,okug
T 1o
H3*(HG; DA) Awx /bx Awp +w* Acx + axAwa,

where h is the inverse of the isomorphism described in Theorem 4.3; see also Theo-
rem 4.6. ~
In order to prove Theorem 2.6, we recall the definition of h in [8, Appendix B].
Under the same assumption as in theorem 4.3, let F'* denote the cochain complex
{F"(mor K) NE™(S),5"}. We write F™ for the module F™(mor K) N F"(S).
Forn>1and 0 <i<n,lett': F**1 — F" be a homomorphism defined by

C()\l,... 7>\i,0,>\i+1’... 7)\") if Alo"'OAnZO

0 otherwise.

tic()\l,. .. ,)\n) = {

By definition, we see that for n =0, t°: F! — F0 is the trivial map. For each non-
negative integer k, define a submodule F}' of I by

F={ce F": c¢(\,...,\n) =0if \; =0 for some i < k}.
Then F}! defines a decrea§ing sequence of subcomplexes of (F™*, §) such that F}' = F™
and FJ' = F"(mor K) N E™(SUO(C)) for k > n. We define a map h¥: F{ — F} by
hF =1 —thkgntl — 5"tk where

- {(—1)k+1tk if k<n—1

th(e) := for c e F"

0 otherwise.

A direct calculation shows that h* is a chain map; see [8, page 337]. Thus we see that
h* is homotopic to the identity. The homomorphism h* satisfies the condition that
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(i) h¥e = cfor ¢ € Fyf,y and (ii) h*(F}) C Fyr, . It follows from the condition (i) that
h* is a homomorphism from F}* to F) w1+ Thus we have a commutative diagram

n—1 06" n o n+1 o
Fn—i—l Fn+1 Fn+1
id id h"™
n n n
st s O et
id hnfl hnfl
no1 o" " §n a1 "
Fn—l Fn—l Fn—l
hn72 h7172 hn72
R n° R

F(;l—1 5" Fn sntt F61+1
This diagram enables us to define a chain map h: Fg = F" — Fj? = F"(mor K) N
Fr(SUO(C)) by h=h""toh"?0-.-0h" The homomorphism k in Theorem 2.6
is defined by h([c]) := [hc].
We describe Lemma 4.7 which is necessary for Lemma 4.8.

Lemma 4.7. Suppose that S: af = bg is an invertible 2-morphism in G. If N(S) is a
non-empty set, then there exist two invertible 2-morphisms U: af = 0 and V: bg = 0
such that S = -V + U.

Proof. Since N(S) #£0, there exists 2-morphism G: 0 =0 such that G(conj )S; that
is, there exist invertible 2-morphisms F; and F5 such that F; + G =S + Fy. Then
we have an equality S = F} + G — F. We define invertible 2-morphisms U: af = 0
and V:bg=0by V=—-G— F; and U = —F3, respectively. Then we see that S =
—V4+U:af = bg. O

With two important lemmas below, we prove Theorem 2.6; see Appendix B for the
proofs of the lemmas 4.8, 4.9.

Lemma 4.8. For the map k in Lemma 4.5, one has k([0]) = [(-bK — Vw, —aH —
Uw)], where V and U are the 2-morphisms defined by the 2-morphism S: af = bg in
Lemma 4.7.

Lemma 4.9. For the composite h = h% o h' o h°, one has
(") (hCe(cy (7, H))(b, g, w) = Ce(c (7, H) (b, g, w) = —=bK — Vw.

Proof of Theorem 2.6. We define a homomorphism

o

o Hg(MT, QO*DA) — wa/(b*AWB —+ w*.ACX + a*AWA)

by a = (j* onok)~ L.
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It follows from Lemma 4.8, 4.4, Theorem 4.2 and Lemma A.1 that
a=H([0]) = 7" o n o k([6])
= (" on)[(-bK — Vw,—aH — Uw)]
=j"[n(=bK —Vw,—aH — Uw)] = [n(=bK — Vw, —aH — Uw)]
= [C/(—bK—Vw,—aH—Uw)]

in H3(MT; ¢* D). For [¢(_px—vw,—ati—vw)] € He(MT;p*DA), we have

C/(—bK—Vw,—aH—Uw)(bagaw) = —bK —Vuw.

The same argument enables us to deduce that ¢/(_yx v, —am—vw)(a, f,w) = —aH —
Uw. The result above and Lemma 4.9 yield that ¢* o h((C)) = o~ 1([f]). This com-
pletes the proof. O

5. Proof of Theorem 2.14

In this section, we describe a matrix Toda bracket in a triangulated category in
terms of a classical Toda bracket defined in [16, Chapter II].
Let 7 be a triangulated category with suspension functor 3. We recall here the

Toda bracket in 7 defined by Heller [16]. Given a diagram W Lx %y 7 with
hg =0 and ¢gf =0 in 7. Then we have a distinguished triangle of the form W EN
xX5cC [ 2y W and a commutative diagram

w—tox_ .0 SW
W X Y Z
f 9 h

in 7. The Toda bracket {h, g, f} € T(SW, Z) /(hT (SW,Y) + T (SX, Z)Xf) is defined
by the class [t] in the quotient.

Let B be an additive category and Ch(B) the category of cochain complexes
on B mentioned in Section 2. The homotopy category H(Ch(B)), which admits
the triangulated category structure whose distinguished triangles are constructed
by the mapping cone and suspension functors. Observe that the suspension func-
tor X: H(Ch(B)) — H(Ch(B)) is defined by (XX)! = X" and dsx = —dx for a
cochain complex (X, dx).

Let 7 be an algebraic triangulated category with a fully faithful exact functor
9: T — H(Ch(B)). In what follows, we identify morphisms in 7 with their images
by ¥ in H(Ch(B)).

Proposition 5.1. Ay x = A0: W — X) = T(XW, X).
Proof. By definition, we see that
A(0: W — X) = N(1g: 0% = 0%) = Homy(w,x) (0%, 0%)

= Hom,j,(5)(w,x) (0% , 0% )
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—{h: W = X [0—0=dxh+hdw}/ ~
= {h: YW — X | h : a cochain map} /chain homotopy relation
= H(Ch(B))(EW, X)
=T(EW,X).
This completes the proof. O]

We denote by M D the diagram (2.1) in 7. Then M D gives rise to a sequence

T(MD): Wngg/gA@Bv(—aib)Xwith (—=fVgw=0and V(a,b)(—fVg)=0.

Thus T(MD) is regarded as a Toda category by definition.

Proof of Theorem 2.14. We see that the both sides are in the same Abelian group.
In fact, the natural maps i: A — A® B and j: B — A® B induce an isomorphism
(iv,4.): T(SW, A) & T(SW, B) 5 T(SW, A B). It follows from the universality of
the direct sum that the composite V(a, b), o (i, j.) is nothing but V(a,, b.): T(XZW,
A)® T(EW,B) — T(XW, X). Thus we have

V(a,b).,(3W,A® B) = a, T (EW,A) +b.T(EW, B).
Indeed, we have
V(a,b), T(EW, A® B) = V(a,b). (ir, 5.) (T(SW, A) & T(Sw, B))
= V(ay, b )(T(EW, A) ® T (Zw, B))
=a,T(EW,A)+b.T(EW, B).

The result and Proposition 5.1 enable us to conclude that the matrix Toda bracket
and the classical Toda bracket are in the same quotient group.
In order to show the equality of Theorem 2.14, we consider a commutative diagram

TW,A® B) <~ T(C,A® B) < T(Cu,A® B) < T(SW, A& B)

lV(a,b)* lV(a,b)* lV(a,b)* lV(a,b)*

* <

TW,X)<—2 T(C, X) : T(C, X) > T(SW, X)

in which row sequences are exact. Chasing the diagram, we construct ¢ and s in the
definition of the Toda bracket {V(a,b), —f V g,w}. Since w*(—=fVg)=(—fVgw=0
for —f Vgin T(C, A® B), it follows that i*(s) = — f V g for some morphism s: C,, —
-/ _I@ Cu=COSW - Aa
B in T(Cy,A® B) as s. The equation Cy, = C & LW is meant in the underlying
category of graded objects in B, not in 7. Moreover, we see that j*(—bK + Sw +

aH) = (0,—bK + Sw+ aH), V(a,b). <_gf _h;{> = (—af +bg,aH — bK) and

A& B. In fact, we can choose the morphism

J*(=bK + Sw + o) — V(a,b). (‘gf _i) — (5,0) <d00 _;”W> +dx(S,0).

This implies that we can choose —bK + Sw + aH as t and j.(t) = V(a,b).s. This
completes the proof. O
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We describe a computational example with Theorem 2.14.
Example 5.2. Let G be the 2-category Ch(B) mentioned above. One has a linear

track extension of the form D4 e Go—= Gy 2 HG . By definition, we see that

DG] = A(0: s(f) = t(f)) = G(0,0) = G(f, f). Then, we define the action o by oy =
id for any f.Indeed, G(f, f) ={h: X =Y | f— f=dyh+hdx}/ ~={h: X - Y|
0=0-0=dyh+hdx}/ ~=G(0,0). In this example, all conditions in Theorem 2.6

are satisfied.
Example 5.3. Let T be the triangulated category H(Ch(B)), where B is the category

of Z-modules. Here T is clearly algebraic. Let X Ly 4 Cy 2y ©X be the mapping
cone construction of a map f in 7. Suppose that there exists an integer k such that (i)
H*(X) # 0 while Hom(H*(Y), H*(X)) = 0 and (ii) H(j): H*"1(C}) — HF"}(ZX)
is not surjective. Then we see that 15, xgx) is non-trivial element in the quotient @
defined by

T(Z(X®2), 2(X9) /(7. /) T (S(X®?), CF%) + T(S(Y92), (X)) (S, f),
where A9?2 = A @ A. In fact, if Is(xex) is trivial in @, then we have

Iyxex) = (4,4)(a) + 8o X(f, f)

for some a € HY(Hom(X(X ¢ X),Cy & Cf)) and € HO(Hom(Z(Y V), (X & X)).

Observe that in our setting, the Hom-set 7 (U, V) is nothing but the Oth cohomol-
ogy HY(Hom((U,dy ), (V,dy))) of the cochain complex Hom (U, V') with the differen-
tial § defined by §(¢) = dy¢ — (—1)4°8?pdy; for a homomorphism ¢: U — V.

Let h: H°(Hom((U,dy), (V,dy))) — [1_, 4= Hom(H?(U), H?(V)) be the homo-
morphism defined by assigning a cochain map the map induced in the cohomology.
Then the equality above enables us to deduce that

h(lsxex)) = (H(), H(j)h(a) + h(B) o B(H(f), H(f)) = (H(j), H(j))h()
in the degree k — 1. The second equality follows from the condition (i). The left hand
side is the identity map 1 (s (x@x)) while the right hand side is not surjective because
of (ii), which is a contradiction.
We consider a diagram

MD;: xox I yey ©9 o

—(O,i)l \Lj\/o

Cy o S(X e X)
in 7. It is readily seen that this is a matrix Toda diagram. Thus the diagram gives
rise to a Toda diagram of the form

TMDy): Xex T vaey Y ciec, Y vix e x),

which is a distinguished triangle in 7. Theorem 2.14 implies that in @,

{j Vo, (i,0)

0V —(0,9) (f, f)} ={0,5), (9, (f, )} = Msxex)] # 0.
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The last equality follows from the definition of the classical Toda bracket.

As a toy example which satisfies the conditions (i) and (ii) above, we give com-
plexes X, Y and a cochain map f: X =Y, where X0 =7, X' =0ifi #0, Y ! =
Y0 =7,Y*k =0 for k# —1,0, the differential dy: Y~ — Y is defined by dy (y) =
2y and fY=1: X! =Z — Y! =Z. Observe that H(Y) = Z/2Z, H°(X) = Z and
H(j): HY(Cy) = 2Z — H-'(XX) = Z is the inclusion.

The result [8, Theorem (4.6)] asserts that linear track extensions of C by a nat-

ural system D are classified with the Baues-Wirsching cohomology H?(C, D). Then,
Theorem 2.6 enables one to deduce the following result.

Example 5.4. Let G be a small sub 2-category of C'h(B) which contains the matrix
Toda diagram M Dy described in Example 5.3. There exists a linear track extension
of HG by DA with oq = 1 which is non-trivial up to equivalence. This follows from
Corollary 2.7.

Appendix A. Proof of Lemma 4.5

By the same argument as in the proof of [8, Lemma (1.12)], we have Lemma 4.5.
We first define isomorphism m,n, m’ and n’ in diagram (4.1).
Lemma A.1. The Abelian subgroup F* of F® is isomorphic to Dipgw X Dafu-
Ifroof. We define homomorphisms m: F? — Diygw X Dojw and n: Dygy X Dgpo —
F3 by m(c) := (c(b, g,w), c(a, f,w)) and n((z1,22)) := cle’m) respectively, where
c is defined by

T1,T2
1 (a1,a9,03) = (b, g, w)

11712)(a17a27a3) = T2 (061,()12,0[3) = (a,f,w)
0 if there exists ¢ such that «; is in S Uob(MT).

/
&

The conditions (ii) and (iii) in the definition of MT yield that the map n is well
defined. It is readily seen that nom = idps and mon = idp,,,xp 0

afw”
Lemma A.2. The Abelian subgroup F? of F2is isomorphic to D! = D gy X Dyg X
wa X Daf X Dbgw-

Proof. We define homomorphisms m’: F? — D! and n’: Df — F? by

m/(c) = (C(gv ’LU), C(bv g)v C(fv U}), C(av f)v (bg, w))
and
n/((x17 €T2,T3, T4, .’,U5)) = C/($1,;82,:C3,x4,$5)7
respectively. Here,
1
Z2

’ .
0(11790271'37%'47485)(&1’ 042) T x4

(
(

r3 (a1, 0
(

x5

0 if there exists ¢ such that «; is in S Uob(MT).
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The well-definedness of n’ follows from the condition (i) in the definition of MT
and the argument of Lemma A.1. A direct calculation shows that m’ on’ = idp: and
nom’ =idpe. O

We show the following lemmas to describe cochains F* and the map m o d° on/
explicitly.

Lemma A.3. The Abelian subgroup F™ of F™ is trivial for n > 4.

Proof. For (A1,...,An) € Nyy(MT), there exists i such that \; is the identity. There-
fore, ¢(A1,...,Ay) =0 for any ¢ € F™. O
Lemma A.4. For (11,29, 73,24, 75) € D*, one has
m o3 on/ (w1, 0, 3, 24, 5) = (beit1 — W Ty — Ty, axTy — W Ty — T5).
Proof. By definition, it follows that
mo 53(nl($1a T, X3, T4, T5))
— $3( .
=m OV(S (C(fl,m,zs,uyms))
- 77}(53(0/(%17%27%3’“’%))) .
- (53 (62931,93275E37£E47w5))(b’ 9> ’LU), 0° (CQI17IE27I37I4,$5))(G’ f’ w))
= (63 (0211,932,963,51?4’1?5))(1)’ 9, w)’ 6° (02931’932#133’5174’555))(0/’ f’ w)>

For the first component, we have

63 <C/(£E1,I2,I3,I4,I5)) (b’ 9s ’LU)
= b*czmurz,msym,zs) (g’ w) + (_1)10/(96179027963,9647%) (bg’ w)
+(71)2CI($1,$2,3’5373347x5)(b’ gw) + (71)3w*(cl(x1,xz,xs,x4,xs)(b’ 9)
=byxy — x5+ 0 —w*re = byx1 — W r9 — T5.

For the second one, we see that

5 ereserieny) (@5 1 0)
= sy i) U8 + (1) s i) (00)
+(_1)2cl(a:1,m2,m3,z4,z5)(av fw) + (_1)3w*(cl(ml,zg,m3,m4,m5)(a7 f))

= a,r3 — 5 + 0 —w*ry = ayr3 — W'T4 — T5.

This completes the proof. O

Proof of Lemma 4.5. We define maps

I: Dygu X Dpgw/Im(m o 6% on’) — Digu/(bxDyw + w* Dyy + a.Dyy),
k: Dyguw/(biDgw + w*Dyg + asxDyy) — Diygu X Dpgy/Im(m o RERS n')
by
I([(21,22)]) := [21 — 2] for [(z1,22)] € Dpguw X DafowlIm(m o3 on’),
k([y]) := [(y,0)] for [y] € Dogu/(b+Dgu + w* Dog + a2 D).

We show that [ and k are well-defined homomorphisms. For any element (21, 2z2)
in Im(m o 63 o n’), there exists an element (x1, 2, x3, 74, 75) € D* such that m o3 o
n'(x1, T2, 3, 24,25) = (21, 22). By Lemma A.4, we see that z; = bz — w*xe — x5,
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2z = ayx3 — w*xry — x5 and
21 — 29 = byxy — wrry — x5 — (a4x3 — W T4 — T5)
= b1 — a3 — W (22 — x4) € buDyyy + asDfyy + w* Dyy.
Next, for any element u in byDyy + axD oy + w* Dyg, we write u = b + w*y +
asz. Thenm o 6% on/(z, —y, —2,0, —a.z) = (u,0). Observe that a.z € a. Dy C Dy fup

= Dygw. It is easily seen that ok =1 and kol = 1. Indeed, l o k([y]) = I([(y,0)]) =
[y — 0] = [y] and

kol([(z1,22)]) = k([z1 — x2]) = [(z1 — 22, 0)] = [(21, 22)].

[
In fact, [(z1,22)] — [(21 — 22,0)] = [(z1,22) — (¥1 — 72, 0)] = [(x2, 22)]. Moreover, it
follows that (zg,x9) is in Im(mo % on’) since moddo /(0 0,0,0,—) = (b.0 —
w*0 — (—x2),a+0 — w*0 — (—x2)) = (x2,22). We see that [(z2,22)] = 0 and hence
[(xl,l‘Q)] = [(Il - 'CL‘Q) O)] D

Appendix B. Proofs of Lemmas 4.8 and 4.9

Explicit calculation gives the proof of the Lemma 4.8 and we describe a proof of
Lemma 4.9 in detail.

Proof of Lemma 4.8. Recall that D4, = A(0: s(bgw) — t(bgw)) = A(0: W — X).
We see that Uw: afw = 0w =0: W — X and then —Uw: 0 = afw: W — X and
—aH: afw=0: W — X. This implies that —aH — Uw: 0 = 0: W — X and that
(0,0,0,0,—(Uw + aH)) is in D* = DA, x Dyt x D4, x D7 x D*34,,. Then we have
[(=bK 4+ (—Vw) + Uw + aH,0)] = [(-bK — Vw, —aH — Uw)]. In fact, it follows that
(=bK 4+ (=Vw) +Uw + aH,0) — (=bK — Vw,—aH — Uw)
= (=bK + (—Vw)+ Vw+bK +Uw + aH,0 — (—aH — Uw))
= (Uw+ aH,Uw + aH)
= mod30n/((0,0,0,0, —(Uw 4 aH))) € Im(m o 63 o n/).
The last equality follows from Lemma A.4. Therefore, we see that
E([0]) :=1[(0,0)] = [(=bK + Sw+ aH,0)] = [(-bK + (=V + U)w + aH, 0)]
=[(-bK 4+ (=Vw) +Uw + aH,0)] = [(-0K — Vw, —aH — Uw)].
This completes the proof. ]
Proof of Lemma 4.9. We see that
Ceoy(r, H)(b, g,w) := U’;&)gw)(A) = 0;(}))(A) =0, (A) = A,
since og = id. We have
A= —H(b,gw) — (vb). H(g,w) + (rw)"H (b, 9) + H(bg, w)
=—1g, — (70).H(g,w) + (tw)*H(b,g) + 1o, (9w, bg € 5;see Theorem 4.6)
—(7b) o H(g,w) + H(b, g) o (Tw)
=—-bK —Vw. (tb=0,H(g9,w) = K,7w=w,H(b,g) =-V)
This yields the second equality in Lemma 4.9.
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Next, we shall show the first equality in Lemma 4.9. We denote Cg(cy (7, H) by c. By
the definitions of (¢*)® and the inclusion ¢, we have (¢*)3(he)(b, g, w) = he(p(b), ¢(g),
o(w)) = he(b, g,w); see the definition of (¢#)3. Since h = h? o h! o h°, it follows that
he(b, g, w) = (h? o h' o h%)¢(b, g, w), where h® = (1 —1°6* — §3£0), h' = (1 —#15* — 53¢1)
and h? = (1 — t26* — §3¢2).

We determine h%c(b, g, w), ht(h%(b, g, w)) and h?(h*(h°c(b, g, w))). As for the ele-
ment h%(b, g, w), we have

hOC(b, 9, w) (1 - {064 - 53{0)0(@ 9, U))
(e — 15" (c) = 0°1°(€)) (b, g, w)
C(ba 9, ’LU) - 64(C)£O(b? 9, w) - 53{0(0)(197 9, ’U))
Here, —6(¢)i%(b, g,w) and —8°1°(c) (b, g, w) are determined as follows. By the defini-
tions of 6% and t*, we have
=64(e)E(b, g, w) = —(T(6%(c)) (b, 9, w))
= —1°(6%(c)(b, 9, w))
—(=1)OTIE(5% (c) (b, g, w))
= 0"(¢)(0,b,9,w)
= 0.c(b, g, w) — c(0b, g, w) + ¢(0,bg, w) — ¢(0,b, gw) + w*c(0,b, g)
- _C(Oa 9, ’LU) + C(O7 bga ’LU) - C(Oa b7 g’LU) + w*c(O, ba g)

Moreover, we see that
=0°1(c) (b, g, w) = —((=1)"1°(c)bu (g, w) — (=1)'1°(c) (bg, w)
H(=D)HO () (b, gw) — w* (=1)'(c) (b, 9))
= b,¢(0, g,w) — ¢(0,bg,w) + ¢(0,b, gw) — w*c(0,b, g).
The definition of h*¥ enables us to calculate h%c(b, g, w) as follows:
hOc(b, g,w) = ¢(b, g, w) — 6*(c)t° (b, g, w) — 53t°(c)(b, g, w)
= ¢(b, g, w) — ¢(0,g,w) + ¢(0,bg, w) — ¢(0,b, gw) + w*c(0,b, g)
+b.¢(0, g, w) — ¢(0,bg, w) + ¢(0,b, gw) — w*c(0,b, g)
= ¢(b,g,w) — ¢(0, g,w) + byc(0, g, w).
Then, we have
W (RO (b, g,w)) = k' (e(b, g, w) = e(0, g, w) + bac(0, g, w))
= hle(b, g, w) — htc(0, g, w) + h'b.c(0, g, w).

Here, we calculate only the first term h'c(b, g, w). The direct calculation shows that

hlc(b, g, w)

= (1 —t16* — 6%tY)e(b, g, w)

= c(b,g,w) —1'6*(¢)(b, g, w) — 6°(c) (b, g, w)

= c(b, g, w) — (=1)*t"(6*(c) (b, g, w)) — 6*((=1)*t' (c)(b, g, w))
c(b, g, w) — (bec(0, g, w) — ¢(b0, g, w) + ¢(b,0g, w) — ¢(b,0, gw) + w*(b,0,9))
— (bat! (c) (g, w) — t'(c) (bg, w) + ' () (b, gw) — w*t' (c)(b, g))
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= c(b,g,w) - (b*c(ovng) - c(O,g,w) + C(b, O,UJ) - c(b,07gw) + W*(ba 0;9))
- (b*c(ga 07 U)) - C(bga Oa ’LU) + C(ba Oa gw) - w*c(b7 07 g))
= c¢(b, g, w) — b,c(0, g,w) + ¢(0, g, w) — ¢(b,0,w) — bic(g,0,w) + ¢(bg, 0, w).

Then, we see that

hlc(b7 9, U)) - h’lc(oa g, ’U]) + hlb*c(O, 9, ’LU)
= ¢(b, g,w) — b.c(0, g, w) + (0, g,w) — ¢(b, 0,w) — byc(g,0,w) + ¢(bg, 0, w)
—(c(0,g,w) — 0.¢(0, g, w) + ¢(0,g,w) — ¢(0,0,w) — 0.c(g,0,w) + ¢(0,0,w))
+b.(c(0, g, w) — 0.¢(0, g, w) + ¢(0, g, w) — ¢(0,0,w) — 0.c(g,0,w) + ¢(0,0,w))
= C(b,g, w) —C ba 07 w) - b*c(ga Oa w) + C(bgv 07 w) - C(O7 g) w) + b*C(O,g, U})
As for the term h2?(h'(h%(b, g,w))), we have
)

h?(h' (h°c(b, g, w))
= h2(c(b, g, w) — (b, 0,w) — bic(g,0,w) + c(bg, 0,w) — ¢(0, g, w) + b.c(0, g, w))
= h2%c(b, g, w) — h?c(b,0,w) — h?b x c(g,0,w)
+h2c(bg, 0,w) — h%c(0, g, w) + h2b.c(0, g, w).

As for the first term h2c(b, g, w), it follows that

h2c(b, g, w) = (1 — 126* — §312)c(b, g, w)
= (b g,w) — (—1P542(¢) (b, 9, w) — (1)) (b, g, )
= ¢(b, g,w) + (bic(g,0,w) — c(bg, 0, w) + (b, 0,w) —c(b, g,0) + h*c(b, g, 0))
+(but?(c) (g, w) — *(c)(bg, w) + t*(c)(b, gw) — h*t*(c) (b, 9))
= ¢(b,g,w) + (bec(g, 0, w) —c(bg, 0, w) +¢(b,0,w) —c(b, g,0) +h*c(b, g,0))
+(bsc(g,w,0) — ¢(bg, w,0) + ¢(b, gw,0) — h*c(b, g,0))
= ¢(b, g, w) + b.c(g,0,w) — ¢(bg, 0, w) + ¢(b,0,w) — ¢(b, g,0)
+b.c(g,w,0) — e(bg, w,0) + ¢(b, gw, 0).
Thus, combining the terms with other calculation, we have the following equations:
W20 (ROclb,g.w)))
= h%e(b, g,w) — h%c(b,0,w) — h?b.c(g,0,w) + h*c(bg, 0, w)
—h2¢(0,g,w) + h?b.c(0, g, w)
= ¢(b, g, w) + bxc(g,0,w) — ¢c(bg, 0, w) + ¢(b,0,w) — ¢(b, g,0) + byc(g, w,0)
—¢(bg, w,0) + ¢(b, gw,0) — (c(b, 0, w) 4 b.c(0,0,w) — ¢(0,0,w) + ¢(b, 0, w)
—¢(b,0,0) + b.c(0,w,0) — ¢(0,w,0) + ¢(b,0,0)) — bs(c(g,0,w) + g«c(0,0,w)
—¢(0,0,w) 4+ ¢(g,0,w) — ¢(g,0,0) + g+¢(0,w,0) — ¢(0,w,0) + ¢(g,0,0))
+ (¢(bg, 0,w) + (bg).c(0,0,w) — ¢(0,0,w) + ¢(bg, 0, w) — ¢(bg, 0,0)
+ (bg)c(0,w,0) — ¢(0,w,0) + ¢(bg,0,0)) — (¢(0, g, w) + 0.c(g, 0, w)
—¢(0,0,w) + ¢(0,0,w) — ¢(0,9,0) + 04c(g, w,0) — ¢(0,w,0) + ¢(0, gw, 0))
+b.(c(0, g,w) + 0.¢(g,0,w) — ¢(0,0,w) + (0,0, w)
—¢(0,9,0) 4 0.c(g, w,0) — ¢(0,w,0) + ¢(0, gw, 0))
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= ¢(b, g, w) — ¢(b, g,0) — ¢(bg,w,0) + ¢(b, gw,0) — ¢(b, 0, w) + ¢(bg, 0, w)
—¢(0,g,w) + ¢(0,g,0) + ¢(0,w,0) — ¢(0, gw,0) + b.(c(g, w,0) — ¢(g,0,w)
+¢(0,g,w) — ¢(0,g,0) — (0, w,0) + ¢(0, gw, 0))

=¢(b,g,w) — ¢(b,g,0) — ¢(0,w,0) + ¢(b,0,0) — ¢(b,0,w) + ¢(0,0,w)
—¢(0,g,w) + ¢(0,g,0) + ¢(0,w,0) — ¢(0,0,0) + b.(c(g,w,0) — c(g,0,w)
+¢(0,g,w) — ¢(0,g,0) — ¢(0,w,0) + ¢(0,0,0)).

Here, considering the first terms and second one, we have

c(b, g, w) = Cecy (1, H)(b, g,w) := J,F_égw)(A) = O’;(B)(A) =A

= —H(b,gw) — (7b)+H(g,w) + (tw)*H (b, g) + H(bg, w)
—idg, — (7). H(g,w) + (tw)*H (b, g) + idy,
—(70)H (g, w) + (Tw)"H(b, g)
= —(7b) o H(g,w) + H(b, g) o (Tw),

c(b,g,0) = —H(b,0) — (7b)+H(g,0) + (70)*H (b, g) + H(bg,0)
= —id — (7b)+H(g,0) + (0)*H(b, g) + id

—(7b)xido + 0" H(b, g)

= —id(rpyoa + 0" H (b, g)

= H(b,g) o 0,.

In consequence, we see that
h?(ht (h0c(b,g, w)))
= ¢(b,g,w) — H(b,g) 00, + H(b,0) 00,
—(—(7b) o H(0,) + H(b,0) o (rw)) + (~0 0 H(0, w) + H(0,0) o (7u0))
—(=00 H(g,w) 4+ H(0,9) o (tw)) + H(0,g) 0 0, — H(0,0) o 0,
+b.[H(g,w) 0 0. = {(=7g) e H(0,w) + H(g,0) o (Tw)} — 00 H(g,w)
+H(0,g) o (tw) — H(0,g) 00, — H(0,w) 0 0, + H(0,0) o 0,].
In the equation above, observe that
H(b,0) o (Tw) = idoTw = idg 0 idry = ida(rw) = ido,
Tgo H(0,w) — H(g,0) o (tw) + H(0,g) o (Tw) = (7g) o id — id o (Tw) + id o (Tw)
= idyg 0 id = id(ygy0n = ido,
—H(0,9) 00, + H(0,0) 00, = —id o0, +ido0,,
b, (idy) = idyo = idp,
—by o (H(0,w) 00,) = —by0(ido0,) =
= —(7b) o H(0,w).

—b* o ido

Then, we have
h*(h' (h0e(b, g, w))) = (b, g,w) — H(b,0) o (Tw) + H(0,0) o (Tw)
—H(0,9) o (tTw) + by o idy
= ¢(b,g,w) — idy +id o Tw — id o Tw + idy
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= c(b,g,w)
CE(C)(Ta H)(b7g7w)
=—bK — Vw.

In the same argument as above enables us to conclude that Ce(c)(7, H)(a, f,w) =
—aH — Uw. This completes the proof. O]
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