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SELF-MAPS OF SPACES IN FIBRATIONS

NOBUYUKI ODA and TOSHIHIRO YAMAGUCHI

(communicated by Donald M. Davis)

Abstract
Self-maps of spaces in fibrations which appear in Postnikov

systems are studied. The results are applied to obtain rela-
tions among self-homotopy equivalences of spaces in those fibra-
tions to prove inequalities among self-closeness numbers of those
spaces. Making use of the models of Sullivan, self-closeness num-
bers of rational spaces are also examined and some examples of
rational spaces are studied precisely.

1. Introduction

The purpose of this paper is to study self-homotopy equivalences of spaces in con-
nection with fibrations and obtain some relations between self-homotopy equivalences
of a space and those of the induced fiber. Therefore, our results can be applied to
determine the self-closeness number NE(X) of a space X defined by Choi and Lee [2]
(see Definition 3.2).

Let G be an abelian group and K(G,n) the Eilenberg-MacLane space. In this
paper we consider the following type of fibration sequence:

· · · −→ ΩY
Ωγ−−−→ ΩK(G,m+ 2) = K(G,m+ 1)

q−−→ X
i−−→ Y

γ−−→ K(G,m+ 2),

where m � 0 and Y is a 0-connected CW-complex such that πd(Y ) = 0 for d � m+ 1.
In [15] we studied self-homotopy equivalences of spaces in cofibrations. However, the
results in this paper are not obtained by trivial dual arguments.

In Section 2 we prove the following (Theorem 2.6): Assume that there exist maps
f : Y → Y , g : X → X and Ωs : ΩK(G,m+ 2)→ ΩK(G,m+ 2) such that the left
and the middle squares are homotopy commutative in the following diagram:

ΩK(G,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

γ �� K(G,m+ 2)

t
��

ΩK(G,m+ 2)
q

�� X
i

�� Y
γ �� K(G,m+ 2)

Then there exists an element t ∈ [K(G,m+ 2),K(G,m+ 2)] such that the right
square in the above diagram is homotopy commutative and s = a ◦ t ◦ b for some
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a, b ∈ E(K(G,m+ 2)). Here, the symbol [X,Y ] is the set of homotopy classes of the
maps f : X → Y for spaces X and Y and E(X) is the set of homotopy classes of
self-homotopy equivalences of a space X.

In Section 3 we consider the relations of NE(Y ) and NE(X). Assume that

γ�([Y, Y ]) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]).

Then we show thatNE(Y )�NE(X)�m+1 (Theorem3.3). Moreover, (Theorem3.9)
if the induced homomorphism

γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)]

is a monomorphism and satisfies the condition that

γ�(E(Y )) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]),

then the inequality NE(X) � NE(Y ) holds. It follows that (Theorem 3.10) if the
induced homomorphism γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)] is an
isomorphism, then NE(X) = NE(Y ). Furthermore, in Proposition 3.13 and Theo-
rem 3.18, we consider more precisely the cases where the groups G are some special
groups and obtain some sufficient conditions for NE(X) = NE(Y ).

In Section 4 we use Sullivan models to obtain rational results. Making use of the
algebraic method, we can study fibrations. First, we give some interesting exam-
ples and counter-examples. In particular, we show that there can exist six different
self-closeness numbers’ types of almost free circle actions on a product of five odd
dimensional spheres in Example 4.6. Second, we prove the following (Theorem 4.8):

Let m � 2 and K(Z,m+ 1)
q−→ X

i−→ Y
γ−→ K(Z,m+ 2) be a fibration sequence such

that Y is 1-connected and πt(Y ) = 0 for t � m+ 1. If Hm+2(Y ;Z) is torsion-free and
γ �= 0, then NE(X) � NE(Y ). It is the result of Theorem 3.9 in the case G = Z under
a different condition than the above. Third, we show a dichotomy example (Theo-
rem 4.10) of fibrations for the self-closeness number, that is, we characterize the
conditions NE(X0) < NE(Y0) and NE(X0) = NE(Y0) by the other conditions such
as formality [3] and cohomological conditions. Here X0 and Y0 are the rationalizations
of X and Y , respectively.

2. An application of a result of Ganea

In this paper, we consider based spaces and based maps and based homotopies. The
symbol f � g : X → Y is a based homotopy relation and [f ] : X → Y is the homotopy
class of f and [X,Y ] is the set of homotopy classes [f ] : X → Y . However, in many
cases, the homotopy class [f ] and the map f are not distinguished for simplicity.
For a map f : X → Y , we denote the induced functions between homotopy sets by
f� : [A,X]→ [A, Y ] and f � : [Y, Z]→ [X,Z] for any spaces A and Z; the induced
homomorphisms between homology groups by f∗ : H∗(X;G)→ H∗(Y ;G) and those
between cohomology groups by f∗ : H∗(Y ;G)→ H∗(X;G) for any abelian groups G.

We study a dual result of Proposition 2 of [15] by the form of Proposition 2.5 and



SELF-MAPS OF SPACES IN FIBRATIONS 291

Theorem 2.6: Consider the following diagram for m � 0:

Y

f
��

γ �� K(G,m+ 2)

t
��

Y
γ �� K(G,m+ 2)

There does not always exist a map t : K(G,m+ 2)→ K(G,m+ 2) which makes the

above diagram homotopy commutative (Remark 2.7). However, for a fibration X
i−→

Y
γ−→ K(G,m+ 2), we prove by Proposition 2.5 that if two maps g and f exist such

that the left square in the following diagram is homotopy commutative, then, there
exists a map t : K(G,m+ 2)→ K(G,m+ 2) which makes the right square homotopy
commutative:

X

g
��

i �� Y

f
��

γ �� K(G,m+ 2)

t
��

X
i �� Y

γ �� K(G,m+ 2)

Therefore, Theorem 2.6 is not a complete dual of Proposition 2 of [15]. In the proof of
Proposition 2 of [15], we used the properties of cofibrations and we applied Hurewicz
theorem to the results of homology groups. However, we cannot use the dual argu-
ments for fibrations and therefore we use Theorem 1.1 of Ganea [6] in the following
arguments.

Let X
i−→ Y

γ−→ K(G,m+ 2) be a fibration. Let γ : Y ∪i CX → K(G,m+ 2) be an
extension of γ : Y → K(G,m+ 2) and let Fγ be the homotopy fibre of γ : Y ∪i CX →
K(G,m+ 2) as in the following commutative diagram:

Fγ

i′��
Y ∪i CX

γ
��

X
i

�� Y

j
��

γ
�� K(G,m+ 2)

Then the homotopy fibre Fγ of γ is weakly homotopy equivalent toX ∗ ΩK(G,m+ 2)
by Theorem 1.1 of Ganea [6].

Lemma 2.1. Let m,n � 0. If X is n-connected, then Fγ � X ∗ ΩK(G,m+ 2) is
(n+m+ 2)-connected.

Proof. Since Fγ � X ∗ ΩK(G,m+ 2) � (ΣX) ∧ ΩK(G,m+ 2), we have the result.

Proposition 2.2. Let Y be 0-connected in the fibration X
i−→ Y

γ−→K(G,m+ 2). Then

(1) γ� : πk(Y ∪i CX)→ πk(K(G,m+ 2)) is surjective for k � m+ 3 and injective
for k � m+ 2.

(2) γ∗ : Hk(Y ∪i CX;G)→ Hk(K(G,m+ 2);G) is surjective for k � m+ 3 and
injective for k � m+ 2.
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(3) γ∗ : Hk(K(G,m+ 2);G)→ Hk(Y ∪i CX;G) is injective for k � m+ 3 and
surjective for k � m+ 2.

Proof. (1) We have the result by Lemma 2.1 and the long homotopy exact sequence
for the fibration

Fγ
i′−−→ Y ∪i CX

γ−−→ K(G,m+ 2).

(2) Part (1) implies that γ∗ : Hk(Y ∪i CX;Z)→ Hk(K(G,m+ 2);Z) is surjective
for k � m+ 3 and injective for k � m+ 2 by a theorem of J. H. C. Whitehead, where
Z is the additive group of integers (see (7.13) Theorem (p. 181) of Whitehead [18]).
Hence we have the result by the universal coefficient theorem for homology (see
Theorem 55.1, Corollary 55.2 and Lemma 54.3 of Munkres [13]).

(3) We have the result by the universal coefficient theorem for cohomology (see
Corollary 53.2 and Exercise 4 (p. 319) of Munkres [13]).

Remark 2.3. The results of Proposition 2.2 is also obtained by applying the result of
Exercise 23 (p. 155) of Gray [7].

Proposition 2.4. Let m � 0. Assume that Y is 0-connected. Then

[Y ∪i CX,K(G,m+ 2)] = { a ◦ γ | a ∈ [K(G,m+ 2),K(G,m+ 2)] }
∼= [K(G,m+ 2),K(G,m+ 2)].

Proof. By Proposition 2.2(3) we have an isomorphism

γ∗ : Hm+2(K(G,m+ 2);G)→ Hm+2(Y ∪i CX;G),

which is an isomorphism between homotopy sets:

γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y ∪i CX,K(G,m+ 2)].

Proposition 2.5. Let m � 0 and let Y be 0-connected. Let X
i−→ Y

γ−→ K(G,m+ 2)
be a fibration. Assume that the left square in the following diagram is homotopy com-
mutative, namely f ◦ i � i ◦ g. Then, there exists a map t : K(G,m+2)→K(G,m+2)
which makes the middle and the right squares homotopy commutative in the following
diagram, where γ ◦ j = γ:

X

g
��

i �� Y

j

��

f
��

γ
�� K(G,m+ 2)

t
��

Y ∪i CX
γ

��

f=(f,Cg)
��

X
i �� Y

j

��
γ �� K(G,m+ 2) Y ∪i CX

γ��

Proof. By Proposition 2.4, we have a map t : K(G,m+ 2)→ K(G,m+ 2) which
makes the right square homotopy commutative. It follows that the middle square
is homotopy commutative too:

t ◦ γ = t ◦ γ ◦ j = γ ◦ f ◦ j = γ ◦ j ◦ f = γ ◦ f.
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Theorem 2.6. Let m � 0 and let Y be 0-connected and πd(Y ) = 0 for d � m+ 1.

Let X
i−→ Y

γ−→ K(G,m+ 2) be a fibration. Assume that there exist maps f : Y → Y ,
g : X → X and Ωs : ΩK(G,m+ 2)→ ΩK(G,m+ 2) such that the left and the middle
squares are homotopy commutative in the following diagram:

ΩK(G,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

γ �� K(G,m+ 2)

t
��

ΩK(G,m+ 2)
q �� X

i �� Y
γ �� K(G,m+ 2)

Then there exists an element t ∈ [K(G,m+ 2),K(G,m+ 2)] such that the right
square in the above diagram is homotopy commutative and the relation s = a ◦ t ◦ b
holds for some a, b ∈ E(K(G,m+ 2)).

Proof. Consider the following diagram of pairs of spaces:

(Y,X)

=
γ
��

j′

��

f

��

(X, ∗)
g
��

i �� (Y, ∗)

j
��

f
��

γ
�� (K(G,m+ 2), ∗)

t
��

(C,CX)
γ

��

f��

(C, ∗)j��

f��
(X, ∗) i �� (Y, ∗)

j 		

γ �� (K(G,m+ 2), ∗) (C,CX)
γ�� (C, ∗)

j

��

(Y,X)

=
γ





j′

��

where C = Y ∪i CX and f = f ∪ Cg : C = Y ∪i CX → Y ∪i CX = C is the exten-
sion of f : Y → Y . Moreover, j, j′ and j are inclusions and

=
γ = γ ◦ j′ : (Y,X)→ (C,CX)→ (K(G,m+ 2), ∗)

by definition and the map f : Y → Y is also written by f : (Y, ∗)→ (Y, ∗) and
f : (Y,X)→ (Y,X). There exists a map t : K(G,m+ 2)→ K(G,m+ 2) which makes
the above diagram homotopy commutative by Proposition 2.5. Then we have the fol-
lowing homotopy commutative diagram:

K(G,m+ 2)

t
��

(Y,X)
=
γ��

f
��

K(G,m+ 2) (Y,X)
=
γ��

Therefore the following diagram of homotopy groups is commutative:

πm+2(K(G,m+ 2))

t�
��

πm+2(Y,X)

=
γ���

f�
��

πm+2(K(G,m+ 2)) πm+2(Y,X)

=
γ���

Here, we see
=
γ� : πm+2(Y,X)→ πm+2(K(G,m+ 2)) ∼= G is an isomorphism by the

property of the fibration. Moreover, we have isomorphisms ∂ : πm+2(Y,X)→πm+1(X)
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and q� : πm+1(ΩK(G,m+ 2))→ πm+1(X), since πd(Y ) = 0 for d � m+ 1. Then we
have the result by the following commutative diagram, since we may write

(Ωs)� = (q−1
� ◦ ∂ ◦ =

γ
−1

� ) ◦ t� ◦ (=γ� ◦ ∂−1 ◦ q�) :

πm+2(K(G,m+ 2))

t�
��

πm+2(Y,X)

=
γ�

∼=
��

f�
��

∂
∼=

�� πm+1(X)

g�

��

πm+1(ΩK(G,m+ 2))

(Ωs)�
��

q�

∼=
��

πm+2(K(G,m+ 2)) πm+2(Y,X)

=
γ�

∼=
�� ∂

∼=
�� πm+1(X) πm+1(ΩK(G,m+ 2))

q�

∼=
��

Remark 2.7. Let m � 0. Consider the following diagram:

Y

f
��

γ �� K(G,m+ 2)

t
��

Y
γ �� K(G,m+ 2)

(1) There does not always exist a map t : K(G,m+ 2)→ K(G,m+ 2) which makes
the above diagram homotopy commutative as in the following example:

Let p1 : Y = Sm+2 × Sm+2 → Sm+2 be the projection to the first factor and
i : Sm+2 ⊂ K(Z,m+ 2) the inclusion map. Let γ be the composite:

γ = i ◦ p1 : Y = Sm+2 × Sm+2 → Sm+2 ⊂ K(Z,m+ 2).

If τ : Sm+2 × Sm+2 → Sm+2 × Sm+2 is the switching map, then the following diagram
is not homotopy commutative for any map t : K(Z,m+ 2)→ K(Z,m+ 2):

Sm+2 × Sm+2

τ
��

p1 �� Sm+2 ⊂ K(Z,m+ 2)

t
��

Sm+2 × Sm+2 p1 �� Sm+2 ⊂ K(Z,m+ 2)

We note that

[Sm+2× Sm+2,K(Z,m+ 2)] ∼= [Sm+2 ∨ Sm+2,K(Z,m+ 2)]
∼= [Sm+2,K(Z,m+ 2)]⊕ [Sm+2,K(Z,m+ 2)] ∼= Z⊕ Z.

(2) If [Y, K(G, m+ 2)] = {a ◦ γ | a ∈ [K(G, m+ 2), K(G, m+ 2)] }, then there
exists a map t : K(G,m+ 2)→ K(G,m+ 2) which makes the above diagram homo-
topy commutative.

Example 2.8 (Rational version). Let m � 2. Let Q be the additive group of rational
numbers. We consider the following fibration sequence:

· · · −→ ΩY
Ωγ−−−→ ΩK(Q,m+ 2) = K(Q,m+ 1)

q−−→ X
i−−→ Y

γ−−→ K(Q,m+ 2).

Assume that Y is 1-connected and πd(Y ) = 0 for d � m+ 1. Let f : Y → Y and
g : X → X be maps such that f ◦ i � i ◦ g. Assume that there exists an element
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Ωs ∈ [ΩK(Q,m+ 2),ΩK(Q,m+ 2)] ∼= Q such that the left square is homotopy com-
mutative in the following diagram:

ΩK(Q,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

γ �� K(Q,m+ 2)

t
��

ΩK(Q,m+ 2)
q

�� X
i

�� Y
γ �� K(Q,m+ 2)

Then there exists an element t ∈ [K(Q,m+ 2),K(Q,m+ 2)] ∼= Q such that the right
square in the above diagram is homotopy commutative and s = a ◦ t ◦ b for some
a, b ∈ E(K(Q,m+ 2)) by Theorem 2.6 applied to the case G = Q.

3. A theorem for special types of fibrations

We first consider the following fibration sequence:

· · · −→ ΩY
Ωγ−−−→ ΩK(G,m+ 2) = K(G,m+ 1)

q−−→ X
i−−→ Y

γ−−→ K(G,m+ 2),

where G is an abelian group.

Proposition 3.1. Let m � 0. Assume that πd(Y ) = 0 for d � m+ 1 in the following
fibration sequence:

· · · −→ ΩY
Ωγ−−−→ K(G,m+ 1)

q−−→ X
i−−→ Y

γ−−→ K(G,m+ 2).

Then the following results hold:⎧⎨
⎩

πd(X) = 0 if d � m+ 2,
q� : G = πm+1(K(G,m+ 1))→ πm+1(X) is an isomorphism,
i� : πd(X)→ πd(Y ) is an isomorphism if d � m.

Proof. We have the results by the long homotopy exact sequence.

3.1. A condition for NE(Y ) � NE(X)
Choi and Lee [2] introduced the following concept:

Definition 3.2. For any space X, the subset Ak
� (X) of [X,X] is defined by

Ak
� (X) = { f ∈ [X,X] | f� : πi(X)

∼=−→ πi(X)is an isomorphism for any i � k},
and the self-closeness number NE(X) of X by

NE(X) = min{ k | Ak
� (X) = E(X)}.

Theorem 3.3. Let m � 0. Let Y be a 0-connected CW-complex with πd(Y ) = 0 for
d � m+ 1 in the following fibration sequence:

· · · −→ ΩY
Ωγ−−−→ ΩK(G,m+ 2) = K(G,m+ 1)

q−−→ X
i−−→ Y

γ−−→ K(G,m+ 2).

If γ�([Y, Y ]) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]), then NE(Y ) � NE(X) � m+ 1.

Proof. If NE(X) � m, then NE(X) � NE(Y ) holds, since NE(Y ) � m by the White-
head theorem (see (3.9) Corollary (p. 222) of Whitehead [18]).
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Assume that NE(X) = k < m. Let f : Y → Y be a map which satisfies the condi-
tion that

f� : πd(Y )→ πd(Y )

is an isomorphism for any d � k.

By the assumption γ�([Y, Y ]) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]), there exists a
map s : K(G,m+ 2)→ K(G,m+ 2) which makes the right square in the following
diagram homotopy commutative:

ΩY

Ωf
��

Ωγ �� K(G,m+ 1)

Ωs
��

q �� X

g
��

i �� Y

f
��

γ �� K(G,m+ 2)

s
��

ΩY
Ωγ �� K(G,m+ 1)

q �� X
i �� Y

γ �� K(G,m+ 2)

Therefore, there exists a map g : X → X which makes the above diagram homo-
topy commutative. We see g� : πd(X)→ πd(X) is an isomorphism for any d � k,
since i� : πd(X)→ πd(Y ) is an isomorphism for any d � m by Proposition 3.1 and
f� : πd(Y )→ πd(Y ) is an isomorphism for any d � k. It follows that g ∈ E(X) since
NE(X) = k. Hence the map Ωs : K(G,m+ 1)→ K(G,m+ 1) is a homotopy equiv-
alence, since q� : πm+1(K(G,m+ 1))→ πm+1(X) is an isomorphism. Therefore, f ∈
E(Y ) because f : Y → Y is a weak homotopy equivalence by the long homotopy exact
sequence and the five lemma, and hence NE(Y ) � k = NE(X).

Proposition 3.4. Let m � 0. Assume that Y is a 0-connected CW-complex and
πd(Y ) = 0 for d � m+ 1 in the following fibration sequence:

· · · −→ ΩY
Ωγ−−−→ ΩK(G,m+ 2) = K(G,m+ 1)

q−−→ X
i−−→ Y

γ−−→ K(G,m+ 2).

Assume that there exists an element ζ ∈ [Y,K(G,m+ 2)] such that

[Y,K(G,m+ 2)] = {a ◦ ζ | a ∈ [K(G,m+ 2),K(G,m+ 2)] }.
If a ◦ b = b ◦ a for any a, b ∈ [K(G,m+ 2),K(G,m+ 2)], then

NE(Y ) � NE(X) � m+ 1.

Proof. Let f ∈ [Y, Y ] be any element. Since we may write γ = c ◦ ζ for some c of
[K(G,m+ 2),K(G,m+ 2)] by our assumption, we see γ ◦ f = c ◦ ζ ◦ f and ζ ◦ f is
in [Y,K(G,m+ 2)]. Hence, there exists an element s ∈ [K(G,m+ 2),K(G,m+ 2)]
such that ζ ◦ f = s ◦ ζ. It follows that

γ ◦ f = c ◦ ζ ◦ f = c ◦ s ◦ ζ = s ◦ c ◦ ζ = s ◦ γ.
Therefore the condition γ�([Y, Y ]) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]) in Theorem 3.3
holds, and hence we have the result.

Remark 3.5. The difference between NE(Y ) and NE(X) in Theorem 3.3 can be arbi-
trarily large as in the following example: Let m � 2. If Y = K(Z, 2) and γ = 0, the
constant map, in Theorem 3.3, then X = Y ×K(G,m+ 1) and we have

NE(Y ) = 2 < m+ 1 = NE(X).
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Example 3.6. Let Y = CP∞ ∨ CP∞. Then,

[CP∞ ∨ CP∞,K(Z, 4)] ∼= H4(CP∞ ∨ CP∞;Z)
∼= H4(CP∞)⊕H4(CP∞;Z) ∼= Z{x2} ⊕ Z{y2}.

Here, H4(CP∞;Z) ∼= Z{x2} and H4(CP∞;Z) ∼= Z{y2} with deg (x) = deg (y) = 2.
On the other hand, we see [K(Z, 4),K(Z, 4)] ∼= H4(K(Z, 4);Z) ∼= Z. Therefore,

[Y,K(Z, 4)] = [CP∞ ∨ CP∞,K(Z, 4)] �= {a ◦ ζ | a ∈ [K(Z, 4),K(Z, 4)] },
for any ζ ∈ [Y,K(Z, 4)].

3.2. A condition for NE(X) � NE(Y )

Theorem 3.7. Let m � 0. Let Y be a 0-connected CW-complex with πd(Y ) = 0 for
d � m+ 1 in the following fibration sequence:

ΩK(G,m+ 2) = K(G,m+ 1)
q−−→ X

i−−→ Y
γ−−→ K(G,m+ 2).

Assume that γ : Y → K(G,m+ 2) satisfies the condition that if the following diagram:

Y

f
��

γ �� K(G,m+ 2)

t
��

Y
γ �� K(G,m+ 2)

is homotopy commutative for some f ∈ E(Y ) and t : K(G,m+ 2)→ K(G,m+ 2),
then t ∈ E(K(G,m+ 2)). Under this condition the following inequality holds:

NE(X) � NE(Y ) (� m).

Proof. Assume that NE(Y ) = k (� m). Let g : X → X be a map which satisfies

g� : πd(X)→ πd(X)

is an isomorphism for any d � k � m. By the argument in Nomura [14], there exist
maps f : Y → Y and s : K(G,m+ 2)→ K(G,m+ 2) which make the following dia-
gram homotopy commutative:

ΩK(G,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

ΩK(G,m+ 2)
q �� X

i �� Y

We see f� : πd(Y )→ πd(Y ) is an isomorphism for any d � k, since i� : πd(X)→ πd(Y )
is an isomorphism for any d � m by Proposition 3.1 and g� : πd(X)→ πd(X) is an
isomorphism for any d � k. Hence f ∈ E(Y ) since NE(Y ) = k.

Now, by Theorem 2.6, there exists a map t : K(G,m+ 2)→ K(G,m+ 2) such that
s = a ◦ t ◦ b for some a, b ∈ E(K(G,m+ 2)) and the diagram

ΩK(G,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

γ �� K(G,m+ 2)

t
��

ΩK(G,m+ 2)
q

�� X
i

�� Y
γ �� K(G,m+ 2)



298 NOBUYUKI ODA and TOSHIHIRO YAMAGUCHI

is homotopy commutative. Since f ∈ E(Y ), we have t ∈ E(K(G,m+ 2)) by the
assumption. Therefore g ∈ E(X) by the five lemma applied to the long homotopy
exact sequences. It follows that NE(X) � k = NE(Y ).

Proposition 3.8. Let m � 0. Assume that Y is a 0-connected CW-complex in the
following fibration sequence:

ΩK(G,m+ 2)
q−−→ X

i−−→ Y
γ−−→ K(G,m+ 2).

Assume that the induced homomorphism

γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)]

is a monomorphism and satisfies the condition that

γ�(E(Y )) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]).

Let f : Y → Y and t : K(G,m+ 2)→ K(G,m+ 2) be maps and the following diagram
homotopy commutative:

Y

f
��

γ �� K(G,m+ 2)

t
��

Y
γ �� K(G,m+ 2)

Then, f ∈ E(Y ) implies t ∈ E(K(G,m+ 2)).

Proof. Let f ∈ E(Y ). Let f ∈ E(Y ) be the homotopy inverse of f , namely f ◦ f �
1Y � f ◦ f . We see γ ◦ f = t ◦ γ for an element t ∈ [K(G,m+ 2),K(G,m+ 2)] by
our assumption that γ�(E(Y )) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]) as in the following
diagram:

Y

f
��

γ �� K(G,m+ 2)

t
��

Y
γ �� K(G,m+ 2)

We see

1K(G,m+2) ◦ γ = γ ◦ 1Y = γ ◦ f ◦ f = t ◦ γ ◦ f = t ◦ t ◦ γ;
1K(G,m+2) ◦ γ = γ ◦ 1Y = γ ◦ f ◦ f = t ◦ γ ◦ f = t ◦ t ◦ γ.

Since γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)] is a monomorphism, we
have t ◦ t � 1K(G,m+2) � t ◦ t and hence t ∈ E(K(G,m+ 2)).

Theorem 3.9. Let m � 0. Let Y be a 0-connected CW-complex with πd(Y ) = 0 for
d � m+ 1 in the following fibration sequence:

ΩK(G,m+ 2) = K(G,m+ 1)
q−−→ X

i−−→ Y
γ−−→ K(G,m+ 2).

If the induced homomorphism

γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)]

is a monomorphism and satisfies the condition that

γ�(E(Y )) ⊂ γ�([K(G,m+ 2),K(G,m+ 2)]),
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then

NE(X) � NE(Y ) (� m).

Proof. By Theorem 3.7 and Proposition 3.8, we have the result.

Theorem 3.10. Let m � 0. Assume that X and Y are 0-connected CW-complexes
and πd(Y ) = 0 for d � m+ 1 in the following fibration sequence:

ΩK(G,m+ 2) = K(G,m+ 1)
q−−→ X

i−−→ Y
γ−−→ K(G,m+ 2).

If the induced homomorphism

γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)]

is an isomorphism, then NE(X) = NE(Y ).

Proof. Since γ� : [K(G,m+ 2),K(G,m+ 2)]→ [Y,K(G,m+ 2)] is an isomorphism,
the conditions in Theorems 3.3 and 3.9 are satisfied, and hence the result follows.

The following proposition shows a case where the condition of Theorem 3.7 holds.

Proposition 3.11. Let m � 0. Let t = t1K(Q,m+2) : K(Q,m+ 2)→ K(Q,m+ 2) be

a map induced by an element t ∈ Q. Let f ∈ E(Y ) and f ∈ E(Y ) be its inverse. Con-
sider the following commutative diagram:

Y

f
��

γ �� K(Q,m+ 2)

t
��

Y
γ �� K(Q,m+ 2)

If γ �= 0, then t �= 0 and the following diagram is homotopy commutative:

Y

f
��

γ �� K(Q,m+ 2)

t
��

Y
γ �� K(Q,m+ 2)

where t = t−1.

Proof. Since f ∈ E(Y ), we see f � : [Y,K(Q,m+ 2)]→ [Y,K(Q,m+ 2)] is an isomor-
phism. Therefore, by the commutativity of the above diagram, we see t ◦ γ = γ ◦ f �=
0, and hence t �= 0. Then we have

γ ◦ f ◦ f = γ ◦ 1Y = 1K ◦ γ = t ◦ t ◦ γ = t ◦ γ ◦ f.
It follows that

γ ◦ f = γ ◦ f ◦ (f ◦ f) = (γ ◦ f ◦ f) ◦ f = (t ◦ γ ◦ f) ◦ f = t ◦ γ ◦ (f ◦ f) = t ◦ γ.
Remark 3.12. Let Z/� be the additive group of all residue classes of Z modulo � for
some positive integer � � 2, that is, Z/� = {a+ �Z | a ∈ Z}. Let Z∧

p be the additive
group of p-adic integers for some prime number p. Let G = Z, Q, Z/� or Z∧

p . For
any c ∈ G, we define a homomorphism hc : G→ G by hc(x) = cx for any x ∈ G. Any
homomorphism h : G→ G can be written h = hc for c = h(1) ∈ G. Moreover, the
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homomorphism hc can be identified with h(1) = c as the multiplication by c. Hence
we have

Hom (G,G) = {a1G | a ∈ G} ∼= G for G = Z, Q, Z/� or Z∧
p .

Therefore, for the groups G = Z, Q, Z/� or Z∧
p , we have

[K(G,m+ 2),K(G,m+ 2)]
∼= Hm+2(K(G,m+ 2);G)
∼= Hom(Hm+2(K(G,m+ 2);Z), G)⊕ Ext(Hm+1(K(G,m+ 2);Z), G)
∼= Hom(G,G) = {a1G | a ∈ G} ∼= G.

If G = Z, Q, Z/� or Z∧
p , then a ◦ b = b ◦ a for any a, b ∈ [K(G,m+ 2),K(G,m+ 2)].

Proposition 3.13. Let G = Z, Q, Z/� or Z∧
p in Theorem 3.9. Assume that there

exists an element ζ ∈ [Y,K(G,m+ 2)] which satisfies

[Y,K(G,m+ 2)] = {a ◦ ζ | a ∈ [K(G,m+ 2),K(G,m+ 2)] } ∼= G.

If γ = cζ for an element c ∈ G such that

(i) G = Z, Q or Z∧
p and c �= 0 ; or

(ii) G = Z/� with the greatest common divisor (c, �) = 1,

then NE(X) = NE(Y ).

Proof. We have the results for (i) G = Q by Theorem 3.10. For (i) G = Z and Z∧
p , we

see that the conditions in Proposition 3.4 and Theorem 3.9 are satisfied, and hence
we have the result.

Now, we consider the case (ii) G = Z/� with (c, �) = 1: For any c ∈ Z/�, we define
a homomorphism hc : Z/�→ Z/� by hc(x) = cx for any x ∈ Z/�. Any homomorphism
h : Z/�→ Z/� can be written h = hc for some c ∈ Z/�. Then hc : Z/�→ Z/� is an
isomorphism if and only if (c, �) = 1. Hence we have the result by Theorem 3.10.

The cases where (c, �) �= 1 are considered in the next subsection.

3.3. The case where G = Z/� and (c, �) �= 1
We identify the homomorphism hc : Z/�→ Z/� with the corresponding map

hc : K(Z/�,m+ 2)→ K(Z/�,m+ 2) in the following arguments.
We begin with an example to understand the relation between � and c.

Example 3.14. We consider the cases � = w�′, c = wc′ and (c′, �′) = 1 in the following:

(1) Let � = 24, w = 2 and �′ = 23. If c′ = 1, then c = wc′ = 2; if c′ = 3, then c =
wc′ = 6; if c′ = 5, then c = wc′ = 10; if c′ = 7, then c = wc′ = 14.

(2) Let � = 24, w = 4 and �′ = 22. If c′ = 1, then c = wc′ = 4; if c′ = 3, then c =
wc′ = 12.

To consider the case where K(G,m+ 2) = K(Z/�,m+ 2) and (c, �) �= 1 in Theo-
rem 3.18, we have to prove the following two lemmas. In Lemma 3.15(1), we consider
the case, for example, � = 2s, w = 2t and �′ = 2s−t with 1 � t < s and c′ is an odd
integer.
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Lemma 3.15. Let � � 2 be an integer and � = w �′ and c = wc′ for some integers
w, c′, �′ � 1 with (c′, �′) = 1. Let hu, hv : Z/�→ Z/� be homomorphisms for some
u, v ∈ Z/�.

(1) Assume that �′ contains any prime divisor of �. If h�
c(hu)=h�

c(hv) and (u, �)= 1,
then (v, �) = 1.

(2) Assume that there exists a prime p such that (p, w) = p and (p, �′) = 1. Then
the condition h�

c(hu) = h�
c(hv) and (u, �) = 1 does not always imply (v, �) = 1.

Proof. (1) If h�
c(hu) = h�

c(hv), then cu = cv in Z/� and hence cu = cv + �k in Z for
some integer k. It follows that wc′u = wc′v + w�′k and hence c′u = c′v + �′k. We
see there exist integers x, y such that �′x+ c′y = 1 since (c′, �′) = 1. Therefore, the
relation c′yu = c′yv + �′yk implies (1− �′x)u = (1− �′x)v + �′yk. Then we have

u = v + �′(xu− xv + yk).

Thus the condition (u, �) = 1 implies (v, �) = 1 since �′ contains any prime divisor
of �.

(2) Let w = pw′ for some integer w′ � 1 and (p, �′) = 1. Then there exist integers x
and y such that px+ �′y = 1. Assume that h�

c(hu) = h�
c(hv) and (u, �) = 1. It follows

that

cu = cv + �k = cv(px+ �′y) + �k = cvpx+ wc′v�′y + �k = c(p(vx)) + �(c′vy + k).

Hence cu = c(p(vx)) in Z/�, that is, h�
c(hu) = h�

c(hp(vx)); however, � = w�′ = pw′�′

and hence (p(vx), �) �= 1.

Example 3.16. (1) Let � = ns, c = nt for integers n � 2 and 1 � t < s. If cu = cv in
Z/�, then ntu = ntv + nsk in Z for some integer k. It follows that u = v + ns−tk.
Therefore, (u, n) = 1 implies (v, n) = 1.

(2) Let � = 6, c = w = 2, �′ = 3 so that � = w�′ = 2 · 3. Let u = 5 and v = 2. Then
cu = 2 · 5 = 10 and cv = 2 · 2 = 4. Then cu = cv + 1 · �, that is, h�

c(hu) = cu =
cv = h�

c(hv) as homomorphisms. However, hu = h5 : Z/6→ Z/6 is an isomor-
phism, but hv = h2 : Z/6→ Z/6 is not an isomorphism. In this case, the condi-
tion h�

c(hu) = h�
c(hv) and (u, �) = 1 does not imply (v, �) = 1.

Lemma 3.17. Let m � 0 and � � 2 be integers. Assume that there is an element ζ ∈
[Y,K(Z/�,m+ 2)] such that ζ� : [K(Z/�,m+2),K(Z/�,m+2)]→ [Y,K(Z/�,m+2)]
is an isomorphism, that is,

[Y,K(Z/�,m+ 2)] = {a ◦ ζ | a ∈ [K(Z/�,m+ 2),K(Z/�,m+ 2)] } ∼= Z/�.

(1) If f ∈ E(Y ), then there exists an element u ∈ Z/� such that ζ ◦ f = hu ◦ ζ and
(u, �) = 1.

(2) If f ∈ E(Y ) and γ = hc ◦ ζ for some c ∈ Z/�, then we have γ ◦ f = hu ◦ γ for
the element u ∈ Z/� in (1).

(3) Let γ = hc ◦ ζ for some c ∈ Z/� and � = w�′ and c = wc′ with (�′, c′) = 1. Let
f ∈ E(Y ) and γ ◦ f = hu ◦ γ for the element u ∈ Z/� as in (2). Assume that
γ ◦ f = ht ◦ γ for another element t ∈ Z/�. Then,
(3-1) (t, �) = 1 if �′ contains any prime divisor of �;
(3-2) (t, �) = 1 does not always hold if there exists a prime p such that (p, w) = p
and (p, �′) = 1.
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Proof. (1) Since f ∈ E(Y ), the induced homomorphism

f � : [Y,K(Z/�,m+ 2)] ∼= Z/�→ [Y,K(Z/�,m+ 2)] ∼= Z/�

is an isomorphism. Therefore, ζ ◦ f is also a generator of [Y,K(Z/�,m+ 2)] ∼= Z/�,
and hence there exists an element u ∈ Z/� such that (u, �) = 1 and ζ ◦ f = hu ◦ ζ.

(2) If γ = hc ◦ ζ for some c ∈ Z/�, then we have

γ ◦ f = hc ◦ ζ ◦ f = hc ◦ hu ◦ ζ = hu ◦ hc ◦ ζ = hu ◦ γ.
(3) We have the results (3-1) and (3-2) by Lemma 3.15(1) and (2), respectively.

Theorem 3.18. Let � � 2 and � = w�′ and c = wc′ with (�′, c′) = 1 for some integers
w, �′, c′ � 1 such that �′ contains any prime divisor of �. Let m � 0. Assume that Y
is a 0-connected CW-complex and πd(Y ) = 0 for d � m+ 1 in the following fibration
sequence:

· · · −→ ΩY
Ωγ−−−→ ΩK(Z/�,m+ 2)

q−−→ X
i−−→ Y

γ−−→ K(Z/�,m+ 2).

If there exists an element ζ ∈ [Y,K(Z/�,m+ 2)] such that

[Y,K(Z/�,m+ 2)] = {a ◦ ζ | a ∈ [K(Z/�,m+ 2),K(Z/�,m+ 2)] } ∼= Z/�

and γ = cζ, then NE(X) = NE(Y ).

Proof. Assume that NE(Y ) = k (� m). Let g : X → X be a map which satisfies

g� : πd(X)→ πd(X)

is an isomorphism for any d � k � m. By the argument in Nomura [14], there exist
maps f : Y → Y and s : K(Z/�,m+ 2)→ K(Z/�,m+ 2) which make the following
diagram homotopy commutative:

ΩK(Z/�,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

ΩK(Z/�,m+ 2)
q �� X

i �� Y

We see f� : πd(Y )→ πd(Y ) is an isomorphism for any d � k, since i� : πd(X)→ πd(Y )
is an isomorphism for any d � m by Proposition 3.1 and g� : πd(X)→ πd(X) is an
isomorphism for any d � k. Hence f ∈ E(Y ) since NE(Y ) = k.

We see γ ◦ f = u ◦ γ for an element u ∈ [K(Z/�,m+ 2),K(Z/�,m+ 2)] such that
(u, �) = 1 by Lemma 3.17(1)(2) since f ∈ E(Y ) as in the following diagram:

Y

f
��

γ �� K(Z/�,m+ 2)

u
��

Y
γ �� K(Z/�,m+ 2)

By Theorem 2.6 there exists an element t ∈ [K(Z/�,m+ 2),K(Z/�,m+ 2)] and
elements a, b ∈ E(K(Z/�,m+ 2)) such that s = a ◦ t ◦ b in the following homotopy
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commutative diagram:

ΩK(Z/�,m+ 2)

Ωs
��

q �� X

g
��

i �� Y

f
��

γ �� K(Z/�,m+ 2)

t
��

ΩK(Z/�,m+ 2)
q

�� X
i

�� Y
γ �� K(Z/�,m+ 2)

By Lemma 3.17(3) we see (t, �) = 1 and hence t is a homotopy equivalence. Therefore,
f ∈ E(Y ) and the maps t : K(Z/�,m+ 2)→ K(Z/�,m+ 2), Ωs : ΩK(Z/�,m+ 2)→
ΩK(Z/�,m+ 2) are homotopy equivalences, and hence g ∈ E(X) by the five lemma
applied to the long homotopy exact sequences. It follows that NE(X) � k = NE(Y ).
Therefore, we have NE(X) = NE(Y ) by Proposition 3.4.

Example 3.19. The following are examples of Proposition 3.13 and Theorem 3.18.

(1) Let Y = CP∞ and H∗(CP∞) = Z[x], where deg(x) = 2.

Let x2 : CP∞ → K(Z, 4) be a map which represents x2 ∈ H4(CP∞). Consider
the following fibration sequence for c � 1:

· · · −→ ΩCP∞ Ω(cx2)−−−−−→ ΩK(Z, 4)
q−−→ X

i−−→ CP∞ cx2−−→ K(Z, 4).

Then we have NE(X) = NE(CP∞) = 2 by Proposition 3.13 for G = Z.

(2) Let Y = CP∞ and H∗(CP∞;Z/8) = Z/8 [x], where deg(x) = 2.

Let x2 : CP∞ → K(Z/8, 4) be a map which represents x2 ∈ H4(CP∞;Z/8).
Consider the following fibration sequence for c = 2:

· · · −→ ΩCP∞ Ω(2x2)−−−−−→ ΩK(Z/8, 4)
q−−→ X

i−−→ CP∞ 2x2−−→ K(Z/8, 4).

Then we have NE(X) = NE(CP∞) = 2 by Theorem 3.18 for G = Z/8.

3.4. Another inequation

Let π∗-dim(Z) := max{i | πi(Z) �= 0} and conn(Z) := min{i � 0 | πi+1(Z) �= 0}.

Theorem 3.20. Let ξ : F → X → Y be a fibration for connected CW complexes F ,
X and Y . If π∗-dim(Y ) � conn(F ), then NE(F ) � NE(X).

Proof. Let conn(F ) = m. Assume that NE(F ) = k (> m). Let g : X → X be a map
which satisfies

g� : πd(X)→ πd(X)

is an isomorphism for any d � k. By the argument of Nomura [14], there exist maps
f : Y → Y and h : F → F which make the following diagram homotopy commutative:

F

h
��

q �� X
g
��

i �� Y
f
��

F
q �� X

i �� Y

Then from the long homotopy exact sequences of ξ we have the following commutative
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diagram:

0 �� πd(X)

g� ∼=
��

∼=
i� �� πd(Y )

f�
��

�� 0

0 �� πd(X) ∼=
i� �� πd(Y ) �� 0

where i� : πd(X)→ πd(Y ) is an isomorphism for any d � m. Thus f� is an isomor-
phism for any d � 1 by the assumption π∗-dim(Y ) � conn(F ), and hence f ∈ E(Y ).
Moreover, we have the following commutative diagram:

0 �� πd(F )

h�

��

∼=
q� �� πd(X)

g�

��

�� 0

0 �� πd(F ) ∼=
q� �� πd(X) �� 0

where q� : πd(F )→ πd(X) is an isomorphism for any d > m. From our assumption,
h� is an isomorphism for any d � k. Thus h� is an isomorphism for any d � 1 since
NE(F ) = k. By applying the five lemma for the long homotopy exact sequences of ξ,
we see that g� is an isomorphism for any d. Hence g ∈ E(X).

4. Rational results

In this section, we assume that a space is a nilpotent CW complex of finite type.
Let X0 be the rationalization of a space X [12]. Then π∗(X0) = π∗(X)⊗Q and
H∗(X0;Z) = H∗(X;Q). We assume familiarity with rational homotopy theory as in
the text [4].

4.1. Sullivan models of fibrations

Let M(X) = (ΛV, d) be the Sullivan minimal model of a nilpotent space X [16]. It
is a free commutative differential graded algebra over Q (DGA) with a Q-graded vec-
tor space V =

⊕
i�1 V

i where dimV i <∞ and a decomposable differential, namely

d(V i) ⊂ (Λ+V · Λ+V )i+1 and d ◦ d = 0. Here Λ+V is the ideal of ΛV generated by
elements of positive degree. The degree of a homogeneous element x of a graded
algebra is denoted by |x|. Then xy = (−1)|x||y|yx and d(xy) = d(x)y + (−1)|x|xd(y).
Note that M(X) determines the rational homotopy type of X. In particular, V ∗ ∼=
Hom(π∗(X),Q) and H∗(ΛV, d) ∼= H∗(X;Q). Here the second is an isomorphism as
graded algebras. Furthermore, for d = d2 + d3 + · · · with diV ⊂ ΛiV (the vector space
generated by the products v1 · · · vk · · · vi with vk ∈ V ) [17, p. 9], the quadratic part
d2 : V → Λ2V is the dual of the rational Whitehead product

[ , ] : πp(X)Q ⊗ πq(X)Q → πp+q−1(X)Q.

Here πn(X)Q := πn(X)⊗Q (see [17, p. 26] for detail).

Now we recall “DGA-homotopy” in Chapter X of [8]: In general, two maps
f : M(Y )→M(X) and g : M(Y )→M(X) are DGA-homotopic (denote as f ∼ g)
if there is a DGA-map H : M(Y )→M(X)⊗ Λ(t, dt) such that H|t=0,dt=0 = f and
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H|t=1,dt=0 = g. Here |t| = 0 and |dt| = 1 with d(t) = dt, d(dt) = 0. Then we have

[X0, Y0] ∼= [M(Y ),M(X)]

as homotopy sets. Let AutM be the group of DGA-automorphisms of a DGA M . For
a nilpotent space X and the model M(X), there is a group isomorphism

E(X0) ∼= E(M(X)) := AutM(X)/ ∼,
which is the group of self-DGA-homotopy equivalence classes of M(X). Thus we have
the rational self-closeness number of X as NE(X0) = NE(M(X)).

A map f : X → Y has a minimal model which is a DGA-map M(f) : M(Y )→
M(X). It is induced by a relative or Koszul-Sullivan (KS-)model

i : M(Y ) = (ΛW,dY )→ (ΛW ⊗ ΛV,D).

Here, D|W = dY and (ΛV,D) = (ΛV, d), where D is induced by D, is the minimal
model of the homotopy fibre of f and there is a quasi-isomorphism ρX : M(X)

∼→
(ΛW ⊗ ΛV,D) such that ρX ◦M(f) � i. We refer the reader to [9] for the rational
fibration and the Sullivan model.

Example 4.1. For example, we consider a fibration Sm+n−1 → X → Y = Sm × Sn

with non-zero Euler class for odd-integers m,n � 3 with m < n: The rational model
of the fibration is given by

M(Y ) = (Λ(x, y), 0)→ (Λ(x, y, z), D)→ (Λz, 0) = M(Sm+n−1)

with |x| = m, |y| = n, |z| = m+ n− 1, Dx = Dy = 0 and Dz = xy. Since Df(z) =
f(x)f(y) for any f ∈ [(Λ(x, y, z), D), (Λ(x, y, z), D)], we have NE(X0) = max{m,n}.
Moreover, we may put f(x) = ax, f(y) = by and f(z) = abz for a, b ∈ Q for reason
of the degrees, and hence we have

[(Λ(x, y, z), D), (Λ(x, y, z), D)] ∼= Q×Q

and E(Λ(x, y, z), D) ∼= Q∗ ×Q∗ for Q∗ = Q− {0}.
Example 4.2. (1) There is a rationalized fibration

F = S2n−1
0 → X = (Sn × Smn−1)0 → Y,

where Y is a rational space with H∗(Y ;Q) = Q[x]/(xm) with |x| = n even. It is given
by the KS-model

(Λ(x, y), dY )→ (Λ(x, y, z), D)→ (Λz, 0)

with |y| = mn− 1, |z| = 2n− 1, dY (y) = xm, Dz = x2. Then NE(F ) = 2n− 1,
NE(Y ) = n and NE(X) = mn− 1. Note that (Λ(x, y, z), D) ∼= M(Sn × Smn−1) by a
suitable change of basis. Thus NE(X) can be arbitrary large for NE(F ) and NE(Y ).

(2) Let H∗(C;Q) = Q[y]/(y3) with |y| = 6 and F = (CP 7 ×HP 2)0 → X → Y =
(C × S10)0 be a rationalized fibration given by the KS-model

(Λ(y, z, u1, u2), dY )→ (Λ(y, z, u1, u2, x, w, v1, v2), D)→ (Λ(x,w, v1, v2), D)

with |z| = 10, |u1| = 17, |u2| = 19, |x| = 2, |w| = 4, |v1| = 15, |v2| = 11, D(v1) = x8,
D(v2) = w3, dY (u1) = y3, dY (u2) = z2,

D(v1) = x8 + yz and D(v2) = w3 + y2.

Then we have that NE(X) < NE(F ) < NE(Y ) since NE(F ) = 4, NE(Y ) = 10 and
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NE(X) = 2. Indeed, for f ∈ [X,X], we have f(x) = ax, f(w) = bw + h1(x), f(y) =
cy + h2(x,w), f(z) = ez + h3(x, y, w) for a, b, c, e ∈ Q. Here hi are polynomials. Then
we have a8 = ce and b3 = c2. Therefore if a �= 0, then we have b �= 0, c �= 0 and e �= 0.
Thus if π2(f) is an isomorphism, then we have f ∈ E(X). Hence NE(X) = 2.

Example 4.3. We consider fibrations F →X→Y of rational spaces in Proposition 3.4.

(1) In Proposition 3.4, we need the condition that πd(Y ) = 0 for d � m+ 1. For
example, let X = S3

0 , Y = (S3 × S5)0 and m = 3. Then there exists a fibration

K(Q, 4)→ S3
0 → (S3 × S5)0

p2−−→ K(Q, 5),

where p2 is the projection to the second factor. Then NE(X) = 3 < 5 = NE(Y ).

(2) In Proposition 3.4, we need the condition that F = K(G,m+ 1): Let F = CP 3
0

and Y = (S3 × S5)0. Let M(F ) = (Λ(u, v), dX) with |u| = 2, |v| = 7, dX(u) =
0, dX(v) = u4 and M(Y ) = (Λ(x, y), 0) with |x| = 3, |y| = 5. Then there is a
fibration

CP 3
0 → X → (S3 × S5)0

given by the KS-model

(Λ(x, y), 0)→ (Λ(x, y, u, v), D)→ (Λ(u, v), dX),

where D(x) = D(y) = D(u) = 0 and D(v) = u4 + xy. Notice that NE(X) = 2:
Indeed, if f(u) = au with a �= 0 ∈ Q for f ∈ [(Λ(x, y, u, v), D), (Λ(x, y, u, v), D)],
then we have f(x) = bx, f(y) = cy + c′xu for some b, c, c′ ∈ Q. Then a4 = bc
from the relation f(D(v)) = D(f(v)). Thus NE(X) = 2 < 5 = NE(Y ).
On the other hand, we have a fibration

K(Q, 7)→ X ′ → (S3 × S5)0

given by the KS-model

(Λ(x, y), 0)→ (Λ(x, y, v), D)→ (Λ(v), 0),

where |v| = 7 and D(v) = xy. Then NE(X ′) = 5 = NE(Y ).

(3) In Proposition 3.4, we need the condition that

[Y,K(G,m+ 2)] = {a ◦ ζ | a ∈ [K(G,m+ 2),K(G,m+ 2)] }.
See, for example, Theorem 4.10(i) in Section 4.3.

Example 4.4. We consider fibrations F → X → Y of rational spaces in Theorem 3.9.

(1) In Theorem 3.9, we need the condition that πd(Y ) = 0 for d � m+ 1. For

example, let X = (S2 × S5)0 and Y = CP 2
0 . There exists a fibration K(Q, 3)

q→
(S2 × S5)0

i→ Y = CP 2
0 given by the KS-model

(Λ(u, v), dY )→ (Λ(u, v, x), D)→ (Λ(x), 0)

with |u| = 2, |v| = 5, |x| = 3, dY u = 0, dY v = u3 and Dx = u2. It follows then
that NE(X) = 5 > 2 = NE(Y ). In this case, m = 2 but π5(Y ) �= 0.

(2) In Theorem 3.9, we need the condition that F = K(Q,m+ 1):
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Let X = S2
0 ×K(Q, 5) and Y = K(Q, 2). There exists a fibration

F = K(Q, 3)×K(Q, 5)
q−−→S2

0 ×K(Q, 5)
i−−→K(Q, 2)

given by the KS-model

(Λu, 0)→ (Λ(u, x, y), D)→ (Λ(x, y), 0)

with |u| = 2, |x| = 3, |y| = 5, Dx = u2 and Dy = u3. It follows that

NE(X) = 5 > 2 = NE(Y ).

(3) In Theorem 3.9, we need the condition that γ� is a monomorphism. We note
that Remark 3.5 is an example where γ� = 0.

Theorem 4.5. Suppose that a Lie group G acts on a space X. Let (n1, . . . , nl) with
n1 � · · · � nl be the rational type of G and nl < conn(X). Then

NE(X0) � NE((EG×G X)0).

Proof. There is a Borel fibrationX → EG×G X → BG (p. 69 of [1]). Then the result
follows by Theorem 3.20.

Example 4.6. Let X = S3 × S5 × S7 × S9 × S13. Then

M(X) = (Λ(v1, v2, v3, v4, v5), 0)

with |v1| = 3, |v2| = 5, |v3| = 7, |v4| = 9, |v5| = 13. Note that [X0, X0] ∼= Q×5 and
E(X0) ∼= (Q∗)×5 with Q∗ = Q− {0} by f(vi) = aivi (ai ∈ Q) for i = 1, . . . , 5. Accord-
ing to [10] there are Borel fibrations of certain free S1-actions

X → ES1 ×S1 X → BS1

given by the KS-models

(Q[t], 0)→ (Q[t]⊗ Λ(v1, v2, v3, v4, v5), D)→ (Λ(v1, v2, v3, v4, v5), 0)

with |t| = 2 and dimH∗(Q[t]⊗ Λ(v1, v2, v3, v4, v5), D) <∞. (In general EG×G X �
X/G when the G-action is free.) Note that the DGA-homotopy set

[(X/S1)0, (X/S1)0] = [(Λ(t, v1, v2, v3, v4, v5), D), (Λ(t, v1, v2, v3, v4, v5), D)]

is a set given by the elements f with ai, bi, b
′
i, . . . ∈ Q:

f(t) = a0t, f(v1) = a1v1, f(v2) = a2v2 + b2v1t, f(v3) = a3v3 + b3v2t+ b′3v1t
2,

f(v4) = a4v4 + b4v3t+ b′4v2t
2 + b′′4v1t

3 and

f(v5) = a5v5 + b5v4t
2 + b′5v3t

3 + b′′5v2t
4 + b′′′5 v1t

5.

Then NE((X/S1)0) � 13 by Theorem 4.5. In particular,

(1) If Dv5 = v1v4t+ v2v3t+ t7, Dv1 =Dv2 =Dv3 =Dv4 =0, then NE(X/S1)= 2.

(2) If Dv5 = v2v3t+ t7, Dv4 = v1v2t, Dv1 = Dv2 = Dv3 = 0, then NE(X/S1) = 3.

(3) If Dv5 = v1v4t, Dv4 = v1v2t, Dv3 = t4, Dv1 = Dv2 = 0, then NE(X/S1) = 5.

(4) If Dv5 = v1v4t+ t7, Dv1 = Dv2 = Dv3 = Dv4 = 0, then NE(X/S1) = 7.

(5) If Dv5 = v2v3t+ t7, Dv1 = Dv2 = Dv3 = Dv4 = 0, then NE(X/S1) = 9.
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(6) If Dv4 = t5, Dv1 = Dv2 = Dv3 = Dv5 = 0, then NE(X/S1) = 13.

Indeed, for example, in (1), if a0 �= 0, that is, π2(f) is an isomorphism, then a5 = a70,
a1a4 = a2a3 = a60 since f is a DGA-map. Thus we have f ∈E(Λ(t, v1, v2, v3, v4, v5), D).
Hence NE(X/S1) = 2.

4.2. A dual result of the case of cofibrations

In this subsection, we give an Eckmann-Hilton dual result of cofibrations studied
in Theorems 3 and 4 of [15]. The following proposition is proved by making use of
the Sullivan model for the case where G = Z and [Y,K(Z,m+ 2)] is a free group,
which is a special case of Theorem 2.6.

Proposition 4.7. Let m � 2 and K(Z,m+ 1)
q−→ X

i−→ Y
γ−→ K(Z,m+ 2) be a fibra-

tion sequence such that Y is 1-connected and πk(Y ) = 0 for k � m+ 1. Assume that
there exist maps f : Y → Y , g : X → X and s1ΩK : K(Z,m+ 1)→ K(Z,m+ 1) for
some s ∈ Z, which make the following diagram homotopy commutative:

K(Z,m+ 1)

s1ΩK
��

q �� X

g
��

i �� Y

f
��

K(Z,m+ 1)
q �� X

i �� Y

(1)

If Hm+2(Y ;Z) is torsion-free, then there is the homotopy commutative diagram:

Y

f
��

γ �� K(Z,m+ 2)

s1K
��

Y
γ �� K(Z,m+ 2)

Proof. The Sullivan model of the fibration K(Z,m+ 1)
q−→ X

i−→ Y is given by

M(Y ) = (ΛVY , dY )
i∗−−→M(X) = (Λu⊗ ΛVY , dX)

q∗−−−→M(K(Z,m+ 1)) = (Λu, 0),

where |u| = m+ 1, dX(u) ∈ ΛVY and dX |VY
= dY . Here V 1

Y = 0 and V k
Y = 0 for k �

m+ 1.

Then the model of the diagram (1) is given by

(ΛVY , dY )

f∗
��

�� (Λu⊗ ΛVY , dX)

g∗
��

�� (Λu, 0)

s×
��

(ΛVY , dY ) �� (Λu⊗ ΛVY , dX) �� (Λu, 0)

(2)

On the other hand, the Sullivan model of fibration X
i−→ Y

γ−→ K(Z,m+ 2) is given
by

M(K(Z,m+ 2)) = (Λu, 0)
γ∗
→ (Λu⊗ Λu⊗ ΛVY , D)

i∗→M(X) = (Λu⊗ ΛVY , dX),

where |u| = m+ 2, D(u) = 0, D(u) = u+ dX(u) (from V �m+1
Y = 0) and D|VY

= dY .
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Thus the Sullivan model of fibration sequence:

K(Z,m+ 1)
q−−→ X

i−−→ Y
γ−−→ K(Z,m+ 2)

is given as

(Λu, 0)
γ∗
−−−→ (Λu⊗ Λu⊗ ΛVY , D)

i∗−−→M(X) = (Λu⊗ ΛVY , dX)
q∗−−−→ (Λu, 0).

Note that the inclusion ρ : M(Y ) = (ΛVY , dY )→ (Λu⊗ Λu⊗ ΛVY , D) is a quasi-
isomorphism and the right hand model is not minimal.

Then the model (2) is extended as the homotopy commutative diagram:

(Λu, 0)

t×
��

�� (Λu⊗ Λu⊗ ΛVY , D)

F
��

�� (Λu⊗ ΛVY , dX)

g∗
��

�� (Λu, 0)

s×
��

(Λu, 0) �� (Λu⊗ Λu⊗ ΛVY , D) �� (Λu⊗ ΛVY , dX) �� (Λu, 0)

where t ∈ Q, F (u) = tu, F (u) = su and F |ΛVY = f∗. Here we remark that H∗(F ) =
H∗(f∗) : H∗(Y ;Q)→ H∗(Y ;Q).

Since D ◦ f∗ = f∗ ◦D we have

su+ sdX(u) = D(su) = D(F (u)) = F (D(u)) = F (u+ dX(u)) = tu+ sdX(u).

It follows that su = tu and hence t = s.

Thus we get the homotopy commutative diagram:

(Λu, 0)

s×
��

γ∗
�� (Λu⊗ Λu⊗ ΛVY , D) �M(Y )

F
��

(Λu, 0)
γ∗

�� (Λu⊗ Λu⊗ ΛVY , D) �M(Y )

that is, we obtain the homotopy commutative diagram:

Y

f

��

l0 ��

γ �� K(Z,m+ 2)

l0��

s1K

��

Y0

f0
��

γ0 �� K(Q,m+ 2)

s1K0��
Y0

γ0 �� K(Q,m+ 2)

Y

l0




γ �� K(Z,m+ 2)

l0
��

where l0 is the rationalization map and f0 and γ0 are the rationalizations of f and γ,
respectively. We note that s is an integer. Since Hm+2(Y ;Z) is torsion-free, we see
(l0)∗ : Hm+2(Y ;Z)→ Hm+2(Y ;Q) is injective, and hence we have the result.

For the case G = Z and Hm+2(Y ;Z) is torsion free, we have the following result
without the additional conditions in Theorem 3.9.
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Theorem 4.8. Let m � 2 and K(Z,m+ 1)
q−→ X

i−→ Y
γ−→ K(Z,m+ 2) be a fibration

sequence such that Y is 1-connected and πt(Y ) = 0 for t � m+ 1. If Hm+2(Y ;Z) is
torsion-free and γ �= 0, then

NE(X) � NE(Y )(� m).

Proof. Assume that NE(Y ) = k (� m). Let g : X → X be a map which satisfies

g� : πt(X)→ πt(X)

is an isomorphism for any t � k. By a result of Nomura [14], there exist maps
f : Y → Y and s1ΩK : K(Z,m+ 1)→ K(Z,m+ 1) which make the following dia-
gram homotopy commutative:

K(Z,m+ 1)

s1ΩK
��

q �� X

g
��

i �� Y

f
��

K(Z,m+ 1)
q �� X

i �� Y

(3)

We see f� : πt(Y )→ πt(Y ) is an isomorphism for any t � k, since i� : πt(X)→ πt(Y )
is an isomorphism for any t � m and g� : πt(X)→ πt(X) is an isomorphism for any
t � k. Hence f ∈ E(Y ) since NE(Y ) = k.

By Proposition 4.7, there exists the homotopy commutative diagram:

Y

f
��

γ �� K(Z,m+ 2)

s1K
��

Y
γ �� K(Z,m+ 2)

Notice that s = ±1 since

f∗(γ) = γ ◦ f = s1K ◦ γ = sγ (γ �= 0)

for f∗ : H∗(Y ;Z)
∼=→ H∗(Y ;Z).

Thus, since s1ΩK ∈ E(K(Z,m+ 1)) and f ∈ E(Y ), we have g ∈ E(X) by the five
lemma for the long homotopy exact sequences of (3). Hence NE(X) � k = NE(Y ).

By Proposition 3.4 and Theorem 4.8, we obtain the following result.

Corollary 4.9. Assume that X
i−→ Y

γ−→ K(Z,m+ 2) is a non-trivial fibration. If
Hm+2(Y ;Z) ∼= Z{γ}, then NE(X) = NE(Y ).

4.3. A result of dichotomy
A space X is said to be formal if there is a quasi-isomorphism M(X)→ (H∗(X;

Q), 0) [3]. For example, the n-sphere Sn is formal. An F0-space is formal [17, II.7.(8)],
where a space X is called an F0-space if H∗(X;Q) ∼= Q[x1, . . . , xn]/(f1, . . . , fn) in
which f1, . . . , fn is a regular sequence (p. 437 of [4]). Moreover, the one-point union
of formal spaces is formal [11, Lemma 1.6]. When X is formal, we have E(M(X)) =
E(H∗(X;Q), 0) and NE(M(X)) = NE(H∗(X;Q), 0).

We obtain the following result (see [15, Theorem 16]).
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Theorem 4.10. Let H∗(Y1;Q) ∼= Q[x] and H∗(Y2;Q) ∼= Q[y] for even integers |x| =
a < |y| = b < 2a. Let Y := Y1 ∨ Y2 and n = al = bm for some l > m > 1. Then the
following two cases occur for the homotopy fibre X of a map η : Y → K(Q, n) with
η �∼ ∗:
Case 1. The following are equivalent:

(i) NE(X0) = a < b = NE(Y0).

(ii) There is a proper inclusion E(X0) � E(Y0).

(iii) X is an F0-space, especially formal.

(iv) dimH∗(X;Q) = l +m.

Case 2. In the other case, the following are equivalent:

(i)′ NE(X0) = b = NE(Y0).

(ii)′ E(X0) = E(Y0).

(iii)′ X is non-formal.

(iv)′ dimH∗(X;Q) =∞.

Proof. Let the KS-model of η be given by

g : (Q[u], 0) = M(K(Z, n))→ (Λ(x, y, z), d) = M(Y ),

where |u| = n, |x| = a, |y| = b, |z| = a+ b− 1, dx = dy = 0, dz = xy and

g(u) = cxl + c′ym

for c, c′ ∈ Q. The KS-model of the associated fibration η′ : K(Z, n− 1)→ X → Y is
given by

(Λ(x, y, z), d)→ (Λ(x, y, z, z′), D)→ (Λ(z′), 0),

where |z′| = n− 1 and

Dz = xy, Dz′ = cxl + c′ym.

Then we have the following two cases:

Case 1. cc′ �= 0: Then we have (i)–(iv) as follows.
(i) From the assumption, we have

[Y0, Y0] = [(Λ(x, y, z), d), (Λ(x, y, z), d)] ∼= {(λ, μ) ∈ Q×Q} ∼= Q×Q,

where f(x) = λx, f(y) = μy and f(z) = λμz for f ∈ [(Λ(x, y, z), d), (Λ(x, y, z), d)].
Then even if λ �= 0, it is possible that μ = 0. Thus NE(Y0) = b. On the other hand,

[X0, X0] = [(Λ(x, y, z, z′), D), (Λ(x, y, z, z′), D)] ∼= {(λ, μ) ∈ Q×Q | λl = μm},
where for f ∈ [(Λ(x, y, z, z′), D), (Λ(x, y, z, z′), D)] we write f(x) = λx, f(y) = μy,
f(z) = λμz and f(z′) = λlz′ = μmz′. Hence λ �= 0 induces μ �= 0. Thus NE(X0) = a.

(ii) By an argument similar to (i), we have

E(Y0) = E(Λ(x, y, z), d) ∼= {(λ, μ) ∈ Q∗ ×Q∗} ∼= Q∗ ×Q∗,
E(X0) = E(Λ(x, y, z, z′), D) ∼= {(λ, μ) ∈ Q∗ ×Q∗ | λl = μm}.

Thus we have E(X0) � E(Y0).
(iii) It follows from H∗(X;Q) ∼= Q[x, y]/(xy, cxl + c′ym).
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(iv) Its basis is {1, x, . . . , xl(= ym), y, . . . , ym−1}.
Case 2. cc′ = 0: Then since η �∼ ∗ we have either (a) Dz = xy, Dz′ = xl or (b)
Dz = xy, Dz′ = ym. Therefore, we have (i)′–(iv)′ as follows.

(i)′ and (ii)′ They are similar as (i) and (ii) but there is no relation λl = μm.
(iii)′ For (a), there is an element [zxl−1 + yz′] in H∗(X;Q). For (b), there is an

element [zym−1 + xz′] in H∗(X;Q). In both cases, X are not formal by Theorem 4.1
of [3].

(iv)′ There are bases in cohomology {[yi]}∞i=0 for (a) and {[xi]}∞i=0 for (b).

Example 4.11. Let X be the homotopy fibre of a map f : Y = K(Q, 4) ∨K(Q, 6)→
K(Q, 12) defined by f∗(ι12) = ι34 + ι26 ∈ H12(Y ), where ι4, ι6, ι12 are generators of
the rational cohomology groups. Let X ′ be the homotopy fibre of a map g : Y =
K(Q, 4) ∨K(Q, 6)→ K(Q, 12) defined by g∗(ι12) = ι26. We see

M(X) = (Λ(x, y, z, z′), D) and M(X ′) = (Λ(x, y, z, z′), D′)

with |x| = 4, |y| = 6, |z| = 9, |z′| = 11, Dx = Dy = 0, Dz = xy and Dz′ = x3 + y2;
D′x = D′y = 0, D′z = xy and D′z′ = y2. Then π∗(ΩX) ∼= π∗(ΩX ′) as rational homo-
topy Lie algebras. But, we have

NE(X) = 4 < NE(X ′) = NE(Y ) = 6.

The reader is referred to Proposition on p. 88 of [17], Proposition 13.16 and Theo-
rem 21.6 of [4] or pp. 152–154 of [8] for the relation between the rational Whitehead
product and the quadratic part of the differential of the Sullivan model.
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