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SELF-MAPS OF SPACES IN FIBRATIONS
NOBUYUKI ODA anp TOSHIHIRO YAMAGUCHI

(communicated by Donald M. Davis)

Abstract
Self-maps of spaces in fibrations which appear in Postnikov
systems are studied. The results are applied to obtain rela-
tions among self-homotopy equivalences of spaces in those fibra-
tions to prove inequalities among self-closeness numbers of those
spaces. Making use of the models of Sullivan, self-closeness num-
bers of rational spaces are also examined and some examples of

rational spaces are studied precisely.

1. Introduction

The purpose of this paper is to study self-homotopy equivalences of spaces in con-
nection with fibrations and obtain some relations between self-homotopy equivalences
of a space and those of the induced fiber. Therefore, our results can be applied to
determine the self-closeness number NE(X) of a space X defined by Choi and Lee [2]
(see Definition 3.2).

Let G be an abelian group and K(G,n) the Eilenberg-MacLane space. In this
paper we consider the following type of fibration sequence:

Y L OK(Gom+2) = K(Gom+1) -5 X -5 Y L K(G,m +2),

where m > 0 and Y is a 0-connected CW-complex such that 74(Y) = 0 for d > m + 1.
In [15] we studied self-homotopy equivalences of spaces in cofibrations. However, the
results in this paper are not obtained by trivial dual arguments.

In Section 2 we prove the following (Theorem 2.6): Assume that there exist maps
f:Y =Y, ¢g: X = X and Qs: QK(G,m+2) — QK (G, m + 2) such that the left
and the middle squares are homotopy commutative in the following diagram:

QK(Gm+2) — X —" sy —T S K(G m+?2)
o
QK (Gym+2) ———= X ——Y K(G,m+2)

Then there exists an element ¢ € [K(G,m + 2), K(G,m + 2)] such that the right
square in the above diagram is homotopy commutative and s =aotob for some
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a,b € E(K(G,m + 2)). Here, the symbol [X, Y] is the set of homotopy classes of the
maps f: X — Y for spaces X and Y and £(X) is the set of homotopy classes of
self-homotopy equivalences of a space X.

In Section 3 we consider the relations of NE(Y) and NE(X). Assume that
% ([, Y]) € (K (G, m+2), K(G,m +2)]).

Then we show that NE(Y) < NE(X) <m + 1 (Theorem 3.3). Moreover, (Theorem 3.9)
if the induced homomorphism

7 [K(Gym +2), K(G,m +2)] — [V, K(G,m + 2)]
is a monomorphism and satisfies the condition that
#(EW)) C (K (G, m+2), K(G,m+2)]),

then the inequality NE(X) < NE(Y) holds. It follows that (Theorem 3.10) if the
induced homomorphism ~*: [K(G,m +2), K(G,m +2)] — [V, K(G,m +2)] is an
isomorphism, then NE(X) = NE(Y). Furthermore, in Proposition 3.13 and Theo-
rem 3.18, we consider more precisely the cases where the groups G are some special
groups and obtain some sufficient conditions for NE(X) = NE(Y).

In Section 4 we use Sullivan models to obtain rational results. Making use of the
algebraic method, we can study fibrations. First, we give some interesting exam-
ples and counter-examples. In particular, we show that there can exist six different
self-closeness numbers’ types of almost free circle actions on a product of five odd
dimensional spheres in Example 4.6. Second, we prove the following (Theorem 4.8):

Let m >2and K(Z,m+1) % X 5 Y 5 K(Z,m+2) be a fibration sequence such
that Y is 1-connected and m;(Y) = 0 for t > m + 1. If H™2(Y; Z) is torsion-free and
~v # 0, then NE(X) < NE(Y). It is the result of Theorem 3.9 in the case G = Z under
a different condition than the above. Third, we show a dichotomy example (Theo-
rem 4.10) of fibrations for the self-closeness number, that is, we characterize the
conditions NE(Xy) < NE(Y)) and NE(Xp) = NE(Yy) by the other conditions such
as formality [3] and cohomological conditions. Here X and Yy are the rationalizations
of X and Y, respectively.

2. An application of a result of Ganea

In this paper, we consider based spaces and based maps and based homotopies. The
symbol f ~ g: X — Y is a based homotopy relation and [f]: X — Y is the homotopy
class of f and [X,Y] is the set of homotopy classes [f]: X — Y. However, in many
cases, the homotopy class [f] and the map f are not distinguished for simplicity.
For a map f: X — Y, we denote the induced functions between homotopy sets by
fi: [A,X] — [A,Y] and f*: [V, Z] — [X, Z] for any spaces A and Z; the induced
homomorphisms between homology groups by f.: H.(X;G) — H.(Y;G) and those
between cohomology groups by f*: H*(Y;G) — H*(X; G) for any abelian groups G.

We study a dual result of Proposition 2 of [15] by the form of Proposition 2.5 and
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Theorem 2.6: Consider the following diagram for m > 0:

Y

Y K(G,m+2)
f\L t

- A
Y K(G,m+2)

There does not always exist a map t: K(G,m + 2) — K(G, m + 2) which makes the
above diagram homotopy commutative (Remark 2.7). However, for a fibration X RN
Y 4 K(G,m +2), we prove by Proposition 2.5 that if two maps ¢ and f exist such
that the left square in the following diagram is homotopy commutative, then, there
exists a map t: K(G,m + 2) — K(G, m + 2) which makes the right square homotopy
commutative:

v

X—' oy K(G,m+2)
| t

7 vy v
X Y K(G,m+2)

Therefore, Theorem 2.6 is not a complete dual of Proposition 2 of [15]. In the proof of
Proposition 2 of [15], we used the properties of cofibrations and we applied Hurewicz
theorem to the results of homology groups. However, we cannot use the dual argu-
ments for fibrations and therefore we use Theorem 1.1 of Ganea [6] in the following
arguments.

Let X Y & K(G,m + 2) be a fibration. Let 7: Y U; CX — K(G,m + 2) be an
extension of v: Y — K(G, m + 2) and let F5 be the homotopy fibre of 7: Y U; CX —
K(G,m + 2) as in the following commutative diagram:

b5
YU, CX
0k
X YT = K(Gm+2)

Then the homotopy fibre F5 of 7 is weakly homotopy equivalent to X « QK (G, m + 2)
by Theorem 1.1 of Ganea [6].

Lemma 2.1. Let m,n > 0. If X is n-connected, then Fy~ X « QK(G,m+2) is
(n +m + 2)-connected.

Proof. Since F5~ X « QK(G,m+2) ~ (XX) AN QK(G, m + 2), we have the result.
O

Proposition 2.2. LetY be 0-connected in the fibration X Ly 2 K(G,m+2). Then
(1) Fy: me(Y U; CX) = (K (G, m + 2)) is surjective for k < m + 3 and injective
for k <m+ 2.
(2) 7,.: Hy(Y U, CX;G) = Hp(K(G,m+2);G) is surjective for k< m+3 and
injective for k < m + 2.
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(3) ¥*: HY(K(G,m +2);G) — H*(Y U; CX;G) is injective for k<m+3 and
surjective for k < m + 2.

Proof. (1) We have the result by Lemma 2.1 and the long homotopy exact sequence
for the fibration

By U ox 2 K(Gom +2).

(2) Part (1) implies that 7, : H,(Y U; CX;Z) — H,(K (G, m + 2);Z) is surjective
for £ < m + 3 and injective for k < m + 2 by a theorem of J. H. C. Whitehead, where
Z is the additive group of integers (see (7.13) Theorem (p. 181) of Whitehead [18]).
Hence we have the result by the universal coefficient theorem for homology (see
Theorem 55.1, Corollary 55.2 and Lemma 54.3 of Munkres [13]).

(3) We have the result by the universal coefficient theorem for cohomology (see
Corollary 53.2 and Exercise 4 (p. 319) of Munkres [13]). O

Remark 2.3. The results of Proposition 2.2 is also obtained by applying the result of
Exercise 23 (p. 155) of Gray [7].

Proposition 2.4. Let m > 0. Assume that Y is O-connected. Then
YU, CX,K(Gm+2)]={ao7|ac[K(Gm+2),K(G m+2)]}
~ [K(G,m+2),K(G,m+2)].
Proof. By Proposition 2.2(3) we have an isomorphism
¥ H"P(K(G,m+2);G) — H™ (Y U; CX;G),
which is an isomorphism between homotopy sets:

7 [K(G,m+2),K(G,m+2)] = [YU; CX, K(G,m + 2)]. O
Proposition 2.5. Let m > 0 and let Y be 0-connected. Let X Ly 54 K(G,m+2)
be a fibration. Assume that the left square in the following diagram is homotopy com-
mutative, namely f oi ~iog. Then, there exists a mapt: K(G,m+2)— K(G,m+2)

which makes the middle and the right squares homotopy commutative in the following
diagram, where 7o j = y:

J

/\

X—' Y K(Gm+2)<——Y U, CX

7 5
gi fl Vt \L f=(f.Cg)

K(Gm+2) <~ YU, CX

J

Proof. By Proposition 2.4, we have a map ¢: K(G,m +2) — K(G,m +2) which
makes the right square homotopy commutative. It follows that the middle square
is homotopy commutative too:

toy=toyoj=7ofoj=7ojof=7yof. O
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Theorem 2.6. Let m >0 and let Y be 0-connected and wq(Y) =0 for d > m+ 1.

Let X Y L K(G,m+2) be a fibration. Assume that there exist maps [:Y =Y,
g: X = X and Qs: QK(G,m + 2) = QK(G,m + 2) such that the left and the middle
squares are homotopy commutative in the following diagram:

q v

QK(G,m +2) X—' vy K(G,m +2)
QS\L , Q\L ‘ f\L . vt
QK(G,m+ 2) X . Y K(G,m+2)

Then there exists an element t € [K(G,m + 2), K(G,m +2)] such that the right
square in the above diagram is homotopy commutative and the relation s =aotob
holds for some a,b € E(K(G,m + 2)).

Proof. Consider the following diagram of pairs of spaces:

(Y, X)

=
X
=
X
=
Q
3

+

S
x
&
X

-
<l

=
N
~
X
2
=
Q
3
_|_
>
*
Q
X

(Y, X)

where C =Y U;CX and f= fUCg: C=Y U; CX - Y U; CX = C is the exten-
sion of f: Y — Y. Moreover, j,j’ and j are inclusions and

Y=750j5:(Y,X) = (C,CX) = (K(G,m +2),*)

by definition and the map f: Y — Y is also written by f: (Y,*) = (Y,*) and
f: (Y, X) — (Y, X). There exists amap ¢t: K(G, m + 2) — K (G, m + 2) which makes
the above diagram homotopy commutative by Proposition 2.5. Then we have the fol-
lowing homotopy commutative diagram:

K(G,m+2) < (Y, X)

% ) if

K(G,m+2) <—— (Y, X)

Therefore the following diagram of homotopy groups is commutative:

Tnsa (K (Gym +2)) <——— 7 1(Y, X)

J L

Tomsa(K(Gym +2)) =<—— 1,45 (Y, X)

Here, we see %: Tm+2(Y, X) = Tmpo (K (G, m + 2)) 2 G is an isomorphism by the
property of the fibration. Moreover, we have isomorphisms 0: 7y, 12(Y, X) = 741 (X)
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and gy : Tp41(QEK(G,m+2)) = Ty (X), since mg(Y) =0 for d > m + 1. Then we
have the result by the following commutative diagram, since we may write

——1 —
(Qs); = (g; 1 0do7y )otzo (7,00 M og):

T s2(K(Gym +2)) <o g2 (Y, X) ~2 M1 (X) < 41 (K (Gym +2)) O

J | o

Tonsa(K(Gim +2)) <o ya (Y, X) —2 1 (X) <o 01 (QK (G + 2))

Remark 2.7. Let m > 0. Consider the following diagram:

Y — > K(G,m+2)

| :
Y

Y — > K(G,m+2)

(1) There does not always exist amap ¢t: K(G,m + 2) — K(G, m + 2) which makes
the above diagram homotopy commutative as in the following example:

Let pi: Y = 8m+2 x §m+2 4 §m+2 he the projection to the first factor and
i: S™T2 C K(Z,m + 2) the inclusion map. Let v be the composite:

y=iopy: Y = 8mF2 5 g2 gm2 © K(Z,m +2).

If 7: §MF2 x §m+2  gm+2 » §m+2 is the switching map, then the following diagram
is not homotopy commutative for any map ¢: K(Z,m + 2) — K(Z, m + 2):

§mA2 5 gmi2 _PL_ gmi2 o (7, m + 2)
T\L t
pP1 v
SmA2 o gmA2 o M2 C K(Z,m + 2)
We note that

[S™F2 x §™F2 K(Z,m +2)] = [S™F2 v S™ 2 K(Z,m + 2)]
> [S"2 K(Z,m+2)| @[S K(Z,m+2)| 27 & 7.
(2) If [V, K(G, m + 2)] aovy|ac€[K(G, m+2), K(G, m+2)]}, then there

=1
exists a map t: K(G,m + 2) — K(G, m + 2) which makes the above diagram homo-
topy commutative.

Ezample 2.8 (Rational version). Let m > 2. Let Q be the additive group of rational
numbers. We consider the following fibration sequence:

QY L QK (@Qm+2) = K(Qm+1) -5 X 25 Y L K(Q,m +2).

Assume that Y is 1-connected and 74(Y) =0 for d >m+1. Let f: Y =Y and
g: X — X be maps such that foi~iog. Assume that there exists an element
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Qs € [QK(Q,m + 2), QK (Q, m + 2)] = Q such that the left square is homotopy com-
mutative in the following diagram:

q Y

K(Q,m +2) Xt oy K(Q,m+2)
o
K@m+2) —f—>X ———>Y ——>K(@Qm+2)

Then there exists an element ¢t € [K(Q, m + 2), K(Q,m + 2)] = Q such that the right
square in the above diagram is homotopy commutative and s =aotob for some
a,b € E(K(Q,m + 2)) by Theorem 2.6 applied to the case G = Q.

3. A theorem for special types of fibrations
We first consider the following fibration sequence:
L QY L QK(Gom+2) = K(Gm+1) -5 X -5 Y 25 K(G,m+2),
where G is an abelian group.

Proposition 3.1. Let m > 0. Assume that 7q(Y) =0 for d = m + 1 in the following
fibration sequence:

Y S KGm+1) - X Sy s K(Gom e+ 2).
Then the following results hold:

ma(X) =0 ifd>=m+2,
g G =71 (K(G,m+1)) = mpi1(X)  is an isomorphism,
ig: ma(X) = (YY) is an isomorphism if d < m.
Proof. We have the results by the long homotopy exact sequence. O

3.1. A condition for NE(Y) < NE(X)
Choi and Lee [2] introduced the following concept:

Definition 3.2. For any space X, the subset AF(X) of [X, X] is defined by
Ag(X) ={fe[X,X]| fy: m(X) =5 7:(X)is an isomorphism for any i < k},
and the self-closeness number NE(X) of X by
NE(X) =min{k | A(X) = E£(X)}.

Theorem 3.3. Let m > 0. Let Y be a 0-connected CW-complex with 7q(Y) =0 for
d>m+1 in the followmg fibration sequence:

QY S OK(Gom+2) = K(Gm+1) - X 5 Y 2 K(G,m + 2).
If w([Y,Y]) C (K (G,m+2), K(G,m +2)]), then NE(Y) < NE(X) <m + 1.

Proof. f NE(X) > m, then NE(X) > NE(Y) holds, since NE(Y') < m by the White-
head theorem (see (3.9) Corollary (p. 222) of Whitehead [18]).
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Assume that NE(X) =k <m. Let f: Y — Y be a map which satisfies the condi-
tion that

fr:ma(Y) = ma(Y)
is an isomorphism for any d < k.
By the assumption 74([Y,Y]) C *([K(G,m +2), K(G,m +2)]), there exists a

map s: K(G,m+ 2) — K(G,m + 2) which makes the right square in the following
diagram homotopy commutative:

v

av T KGml) e x oy K(G,m+2)

Qfl Qs g i f is
o v Voo

Qv > K(Gm+1)—> X — >y L~ K(G,m+2)

Therefore, there exists a map ¢g: X — X which makes the above diagram homo-
topy commutative. We see gy: mq(X) — mq(X) is an isomorphism for any d < k,
since iy: mq(X) — mq(Y') is an isomorphism for any d < m by Proposition 3.1 and
fi: ma(Y) = ma(Y) is an isomorphism for any d < k. It follows that g € £(X) since
NE(X) = k. Hence the map Qs: K(G,m+1) - K(G,m + 1) is a homotopy equiv-
alence, since gy: Tp11 (K (G, m + 1)) = mpyp1(X) is an isomorphism. Therefore, f €
E(Y) because f: Y — Y is a weak homotopy equivalence by the long homotopy exact
sequence and the five lemma, and hence NE(Y) < k = NE(X). O

Proposition 3.4. Let m > 0. Assume that Y is a 0-connected CW-complex and
ma(Y) =0 for d > m+1 in the following fibration sequence:

QY S 0K (G om +2) = K(Gym+ 1) 5 X —5 v 2 K(Gom + 2).
Assume that there exists an element ¢ € [Y, K(G,m + 2)] such that
Y,K(G,m+2)]={ao(|a€[K(Gm+2),K(G,m+2)]}.
Ifaob=boa for any a,b € [K(G,m+ 2), K(G,m + 2)], then
NEY) < NEX) <m+ 1.

Proof. Let f € [Y,Y] be any element. Since we may write v = co ¢ for some ¢ of
[K(G,m+ 2), K(G,m + 2)] by our assumption, we see yo f =co(o f and (o f is
in [Y, K(G,m + 2)]. Hence, there exists an element s € [K(G,m + 2), K(G,m + 2)]
such that o f = so (. It follows that

ryof:cocof:cosoC:SOCOCZSO’Y.
Therefore the condition v4([Y,Y]) C ¥*([K(G,m + 2), K(G,m + 2)]) in Theorem 3.3

holds, and hence we have the result. O

Remark 3.5. The difference between NE(Y') and NE(X) in Theorem 3.3 can be arbi-
trarily large as in the following example: Let m > 2. f Y = K(Z,2) and v = 0, the
constant map, in Theorem 3.3, then X =Y x K(G,m + 1) and we have

NE(Y) =2 <m+1=NEX).
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Ezxample 3.6. Let Y = CP> Vv CP*°. Then,
[CP>VCP>® K(Z,4)] = H*(CP>* v CP>;Z)
~ H4(CP>®) @ H*(CP>;7) = Z{x*} © Z{y*}.

Here, H*(CP>;Z) = Z{x?} and H*(CP>;Z) = Z{y*} with deg (z) = deg (y) = 2.
On the other hand, we see [K(Z,4), K(Z,4)] = H*(K(Z,4);Z) = Z. Therefore,

Y, K(Z,4)] = [CP™ vV CP%, K(Z,4)] #{ao (| a € [K(Z,4), K(Z,4)] },
for any ¢ € [Y, K(Z,4)].

3.2. A condition for NE(X) < NE(Y)

Theorem 3.7. Let m > 0. Let Y be a 0-connected CW-complex with wq(Y) =0 for
d = m+ 1 in the following fibration sequence:

QK(G,m+2) =K(Gm+1) -5 X 5y 15 K(G,m+2).
Assume thatv: Y — K(G, m + 2) satisfies the condition that if the following diagram:

~

Y K(G,m+2)
.
Y K(G,m+2)

is homotopy commutative for some f € E(Y) and t: K(G,m +2) — K(G,m +2),
then t € E(K(G,m+ 2)). Under this condition the following inequality holds:

NEX) <K NEY) (K< m).
Proof. Assume that NE(Y) = k(< m). Let g: X — X be a map which satisfies
g1 ma(X) = ma(X)

is an isomorphism for any d < k < m. By the argument in Nomura [14], there exist
maps f: Y =Y and s: K(G,m+2) = K(G,m+ 2) which make the following dia-
gram homotopy commutative:

QK(Gm+2) —F sX—" >y
Qs gl f

v q [ v

QK (G,m +2) X Y

We see fy: mq(Y) = m4(Y') is an isomorphism for any d < k, since iy : 74(X) — mq(Y)
is an isomorphism for any d < m by Proposition 3.1 and g¢;: 74(X) — 74(X) is an
isomorphism for any d < k. Hence f € E£(Y) since NE(Y) = k.

Now, by Theorem 2.6, there exists a map t: K(G,m + 2) — K(G,m + 2) such that
s=uaotob for some a,b € E(K(G,m + 2)) and the diagram

QK(Gm+2) —L>X—" sy — 1 S K(Gm+2)
QS\L Q\L fl/ it
QK(G,m +2) X— vy —1 S K(Gm+?2)
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is homotopy commutative. Since f € E(Y), we have t € E(K(G,m+2)) by the
assumption. Therefore g € £(X) by the five lemma applied to the long homotopy
exact sequences. It follows that NE(X) < k= NE(Y). O

Proposition 3.8. Let m > 0. Assume that Y is a 0-connected CW-complex in the
following fibration sequence:

QOK(G,m+2) - X 5y 25 K(G,m +2).
Assume that the induced homomorphism
¥ [K(G,m+2),K(G,m+2)] = [Y,K(G,m+2)]
is a monomorphism and satisfies the condition that
%(E(Y)) (K (G, m+2), K(G,m +2)]).

Let f: Y =Y andt: K(G,m+2) = K(G,m + 2) be maps and the following diagram
homotopy commutative:

Y — = K(G,m+2)

fi i/t

Y — = K(G,m+2)

Then, f € E(Y) impliest € E(K(G,m+2)).

Proof. Let f € E(Y). Let f € £(Y) be the homotopy inverse of f, namely fo f ~
ly ~ fof. We see yo f=1to~ for an element t € [K(G,m + 2), K(G,m +2)] by
our assumption that 74 (£(Y)) C v*([K(G,m +2), K(G,m +2)]) as in the following
diagram:

Y — 1 > K(G,m+2)

We see
lgGmigyoy=70ly =yofof=toyof
lg(Gmizy 0y =70ly =yofof=Ffoyof=Toton.

Since +*: [K(G,m +2), K(G,m + 2)] = [Y, K(G,m + 2)] is a monomorphism, we
have t ot =~ 1 (G m42) ~ tot and hence t € E(K (G, m + 2)). O

Theorem 3.9. Let m > 0. Let Y be a 0-connected CW-complex with w4(Y) =0 for
d = m+ 1 in the following fibration sequence:

QK(G,m+2)=K(Gm+1) -5 X Y 15 K(G,m+2).
If the induced homomorphism
K (Gym A+ 2), K(Gym +2)] — [V, K(G,m + 2)]
is a monomorphism and satisfies the condition that

w(EN)) (K (G, m+2), K(G,m+2)]),
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then
NE(X) < NE(Y) (< m).

Proof. By Theorem 3.7 and Proposition 3.8, we have the result. O

Theorem 3.10. Let m > 0. Assume that X and Y are 0-connected CW-complexes
and m4(Y) =0 for d = m+ 1 in the following fibration sequence:

QK(G,m+2)=K(Gm+1) -5 X -5y 215 K(G,m+2).
If the induced homomorphism
7 K(G,m A+ 2), K(Gym +2)] — [Y, K(G,m +2)]
is an isomorphism, then NE(X) = NE(Y).

Proof. Since v*: [K(G,m +2), K(G,m +2)] — [V, K(G,m + 2)] is an isomorphism,
the conditions in Theorems 3.3 and 3.9 are satisfied, and hence the result follows. [

The following proposition shows a case where the condition of Theorem 3.7 holds.

Proposition 3.11. Let m > 0. Let t = tlg(qm+2): K(Q,m +2) — K(Q,m +2) be
a map induced by an element t € Q. Let f € E(Y) and f € E(Y) be its inverse. Con-
sider the following commutative diagram:

Yy — 1~ K(Q,m+2)

fi l/t

Yy — 1~ K(Q,m+2)

If v # 0, then t # 0 and the following diagram is homotopy commutative:

Yy — 1~ K(Q,m+2)

?i if

Y K(Q,m+2)

where t =t~ 1.

Proof. Since f € £(Y), we see f*: [V, K(Q,m +2)] — [Y, K(Q, m + 2)] is an isomor-
phism. Therefore, by the commutativity of the above diagram, we see toy =~yo f #
0, and hence t # 0. Then we have

vyofof=~oly=1goy=totoy=toyof.
It follows that
yoF=voFolfoR)=(roFof)oF = (Forof)of=Toryo(fof)=Fory O

Remark 3.12. Let Z/¢ be the additive group of all residue classes of Z modulo ¢ for
some positive integer £ > 2, that is, Z/¢ = {a +(Z | a € Z}. Let Z;, be the additive
group of p-adic integers for some prime number p. Let G =Z, Q, Z/¢ or Z;\. For
any ¢ € G, we define a homomorphism h.: G — G by h.(x) = cx for any € G. Any
homomorphism h: G — G can be written h = h. for ¢ = h(1) € G. Moreover, the
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homomorphism h,. can be identified with h(1) = ¢ as the multiplication by ¢. Hence
we have

Hom (G,G) ={alg |a € G} =G for G =17, Q, Z/l or Zj,.
Therefore, for the groups G = Z, Q, Z/{¢ or Zz/)\7 we have

[K(G,m+ 2), K(G,m + 2)]
~ O™ 2(K(G,m+2);G)
>~ Hom(H,42(K(G,m+2);Z),G) ® Ext(H,4+1(K(G,m + 2);Z), Q)
>~ Hom(G,G) ={alg | a € G} = G.

IfG =127, Q,7/¢or Z, then aob=boa for any a,b € [K(G,m +2), K(G,m +2)].

Proposition 3.13. Let G =7, Q, Z/{ or ZQ in Theorem 8.9. Assume that there
exists an element ¢ € [Y, K(G,m + 2)] which satisfies

[Y,K(Gim+2)]={ao(|ac[K(Gm+2),K(G,m+2)]}=2G.
If v = ¢C for an element ¢ € G such that
(i) G=17,Q orZy and c#0; or
(il) G =7Z/l with the greatest common divisor (¢, £) =1,
then NE(X) = NE(Y).

Proof. We have the results for (i) G = Q by Theorem 3.10. For (i) G = Z and Z;), we
see that the conditions in Proposition 3.4 and Theorem 3.9 are satisfied, and hence
we have the result.

Now, we consider the case (ii) G = Z/¢ with (¢, ¢) = 1: For any ¢ € Z/{, we define
a homomorphism h.: Z/¢ — Z/¢ by h.(x) = cx for any x € Z/¢. Any homomorphism
h:Z/t — Z/t can be written h = h. for some ¢ € Z/¢. Then h.: Z/¢ — Z/{ is an
isomorphism if and only if (¢, ¢) = 1. Hence we have the result by Theorem 3.10. O

The cases where (¢, £) # 1 are considered in the next subsection.

3.3. The case where G =Z/¢ and (c,¢) # 1

We identify the homomorphism h.: Z/¢ — Z/¢ with the corresponding map
he: K(ZJ6,m +2) — K(Z/¢,m + 2) in the following arguments.

We begin with an example to understand the relation between ¢ and c.

Ezample 3.14. We consider the cases ¢ = wl’, ¢ = we’ and (¢/, ') = 1 in the following:
(1) Let £ =2% w=2and ¢ =23 If ¢ =1, then ¢ = wc = 2; if ¢ =3, then ¢ =
wc' = 6; if ¢ =5, then ¢ = wcd’ = 10; if ¢ = 7, then ¢ = wc’ = 14.
(2) Let £ =2% w=4and ¢ =22 If ¢ =1, then ¢ = wc = 4; if ¢ =3, then ¢ =
wc = 12.

To consider the case where K(G,m +2) = K(Z/¢,m + 2) and (c¢,¥) # 1 in Theo-
rem 3.18, we have to prove the following two lemmas. In Lemma 3.15(1), we consider
the case, for example, £ = 2%, w = 2% and ¢/ = 2°7% with 1 <t < s and ¢ is an odd
integer.
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Lemma 3.15. Let £ > 2 be an integer and { = w/l and c = wc' for some integers
w,c 0 =1 with (¢,0')=1. Let hy,hy: Z/ — Z/¢ be homomorphisms for some
u,v € Z/L.
(1) Assume that £’ contains any prime divisor of £. If hf(h,) = hf
then (v,0) = 1.
(2) Assume that there exists a prime p such that (p,w) =p and (p,¢') = 1. Then
the condition hi(hy) = hi(h,) and (u,f) =1 does not always imply (v, ) = 1.
Proof. (1) If h%(h,) = h%(h,), then cu = cv in Z/¢ and hence cu = cv + ¢k in Z for
some integer k. It follows that wc'u = wc'v +wl'k and hence ¢'u = v+ £'k. We

see there exist integers x,y such that ¢’z + ¢’y = 1 since (¢/,¢') = 1. Therefore, the
relation ¢'yu = 'yv + ¢'yk implies (1 — ¢'z)u = (1 — 'x)v + ¢'yk. Then we have

(hy) and (u, ) =1,

u =0+ (zu— 20+ Yk).

Thus the condition (u,£) =1 implies (v,#) =1 since ¢’ contains any prime divisor
of 4.

(2) Let w = pw' for some integer w’ > 1 and (p, ¢') = 1. Then there exist integers x
and y such that px + 'y = 1. Assume that ht(h.) = hi(h,) and (u,?) = 1. It follows
that

cu = cv+ Ltk = cv(pr + 0'y) + lk = cvpr + wc'vl'y + lk = c(p(vx)) + £(c'vy + k).

Hence cu = ¢(p(vz)) in Z/€ that is, hi(hy) = hi(hp(er)); however, £ = wl' = pw'l’
and hence (p(vzx),?) # O

Ezample 3.16. (1) et ¢ =n®c=n'forintegersn >2and 1 <t < s.If cu=cv in
Z/¢, then n*u = n'v + nk in Z for some integer k. It follows that u = v + n*~'k.
Therefore, (u,n) = 1 implies (v,n) = 1.

(2) Let £ =6,c=w=2,¢'=3so that { =wl =2-3. Let u=5 and v = 2. Then
cu=2-5=10and cv =2-2 =4. Then cu = cv+ 1 -/, that is, hi(h,) = cu =
cv = hi(h,) as homomorphisms. However, h, = hs: Z/6 — Z/6 is an isomor-
phism, but h, = ho: Z/6 — Z/6 is not an isomorphism. In this case, the condi-
tion h¥(hy,) = hi(h,) and (u,f) = 1 does not imply (v, /) = 1.

Lemma 3.17. Let m > 0 and £ > 2 be integers. Assume that there is an element €
[Y, K(Z/t,m + 2)] such that ¢*: [K(Z/0,m +2), K(Z/¢,m+2)] = [Y, K(Z/t,m +2)]

is an isomorphism, that is,
¥, K(Z/¢,m +2)] = {ao ¢ | a € [K(Z/6,;m +2), K(Z/¢,m +2)]} = Z/¢.

(1) If f € E(Y), then there exists an element u € Z /¢ such that (o f = h, o ( and
(u,0) =1.

(2) If fe&(Y) and v = he.o( for some ¢ € Z/l, then we have yo f = h, o~ for
the element u € Z/l in (1).

(3) Let v =heo( for some c € Z/l and ¢ = wl' and ¢ = wc' with (¢',c) = 1. Let
fe&Y) and vo f =hy o for the element uw € Z/l as in (2). Assume that
yo f=hgor for another element t € Z/¢. Then,

(3-1) (t,€) =1 if £ contains any prime divisor of £;
(3-2) (t,£) = 1 does not always hold if there exists a prime p such that (p,w) = p
and (p,¢') = 1.
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Proof. (1) Since f € £(Y), the induced homomorphism
FYK(Z/Gm 4+ 2) 22— [V, K(Z)l,m + 2)] 2 T/

is an isomorphism. Therefore, ¢ o f is also a generator of [Y, K(Z/¢,m + 2)] 2 Z/¢,
and hence there exists an element u € Z/¢ such that (u,f) =1 and (o f = hy o (.
(2) If v = h¢ o ¢ for some ¢ € Z/¢, then we have

yof=hcoCof=hcohyo(=hyoh.o(=hyo.
(3) We have the results (3-1) and (3-2) by Lemma 3.15(1) and (2), respectively. O

Theorem 3.18. Let £ > 2 and { = wl’ and ¢ = wc’ with (¢',¢) = 1 for some integers
w, ', > 1 such that ¢ contains any prime divisor of £. Let m > 0. Assume that' Y
is a 0-connected CW-complex and wq(Y') =0 for d = m + 1 in the following fibration
sequence:

Y S 0K (Z/0m+2) - X - Y s K(Z)0m + 2).
If there exists an element ¢ € [Y, K(Z/¢,m + 2)] such that
¥, K(Z/6,m+ )] = {aoC | a € [K(Z/t,m+2), K(Z/t,m+2)]} 2 /¢
and v = c(, then NE(X) = NE(Y).

Proof. Assume that NE(Y) = k(< m). Let g: X — X be a map which satisfies
g+ ma(X) = ma(X)

is an isomorphism for any d < k < m. By the argument in Nomura [14], there exist
maps f: Y =Y and s: K(Z/¢,m +2) — K(Z/{,m 4+ 2) which make the following
diagram homotopy commutative:

QK(Z/tm+2) —L X —' Y
Qs gl/ f

v q i v

QK (Z/0,m + 2) X Y

We see fy: ma(Y) — m4(Y) is an isomorphism for any d < k, since 44: m4(X) — mq(Y)
is an isomorphism for any d < m by Proposition 3.1 and g¢;: 74(X) = 74(X) is an
isomorphism for any d < k. Hence f € E£(Y) since NE(Y) = k.

We see yo f =wuo~y for an element u € [K(Z/¢,m + 2), K(Z/{,m + 2)] such that
(u,f) =1 by Lemma 3.17(1)(2) since f € £(Y) as in the following diagram:

Y — L S K(Z/t,m+2)

g I

Y K(Z/t,m+?2)

By Theorem 2.6 there exists an element t € [K(Z/{,m + 2), K(Z/¢,m + 2)] and
elements a,b € E(K(Z/¢, m + 2)) such that s =aotob in the following homotopy
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commutative diagram:

QK(Z/tom+2) — > X —" >y — " S K(Z/t,m+?2)
Qsi Q\L fl/ . \Lt
QK (Z/t,m +2) ——> X ——=Y K(Z/t,m +2)

By Lemma 3.17(3) we see (¢,¢) = 1 and hence ¢ is a homotopy equivalence. Therefore,
f € &) and the maps t: K(Z/¢,m +2) — K(Z/l,m + 2), Qs: QK(Z/l,m +2) —
QK (Z/¢, m + 2) are homotopy equivalences, and hence g € £(X) by the five lemma
applied to the long homotopy exact sequences. It follows that NE(X) < k= NE(Y).
Therefore, we have NE(X) = NE(Y) by Proposition 3.4. O

Ezample 3.19. The following are examples of Proposition 3.13 and Theorem 3.18.
(1) Let Y = CP> and H*(CP*) = Z[z], where deg(x) = 2.

Let #2: CP* — K(Z,4) be a map which represents 2> € H*(CP>). Consider
the following fibration sequence for ¢ > 1:

(cz?) cx?

o aepe 2L 0K (7,4) 4 X - CP® 2 K(Z,4).
Then we have NE(X) = NE(CP>) = 2 by Proposition 3.13 for G = Z.
(2) Let Y =CP> and H*(CP>;Z/8) = Z/8 [z], where deg(z) = 2.
Let 22: CP>® — K(Z/8,4) be a map which represents z2 € H*(CP>;Z/8).
Consider the following fibration sequence for ¢ = 2:

Q(22?) 222
T

QK (7/8,4) -1 X -1 CP™ 255 K(7,/8,4).
Then we have NE(X) = NE(CP>) = 2 by Theorem 3.18 for G = Z/8.

. — QCP™

3.4. Another inequation
Let m.-dim(Z) := max{i | m;(Z) # 0} and conn(Z) := min{i > 0| m;11(Z) # 0}.

Theorem 3.20. Let £: FF— X — Y be a fibration for connected CW complexes F,
X and Y. If m,-dim(Y') < conn(F'), then NE(F) > NE(X).

Proof. Let conn(F) = m. Assume that NE(F) = k(> m). Let g: X — X be a map
which satisfies

gs: ma(X) = ma(X)

is an isomorphism for any d < k. By the argument of Nomura [14], there exist maps
f:Y =Y and h: F — F which make the following diagram homotopy commutative:

F—* . x_ ' .y
hV q g\L i Vf
F X Y

Then from the long homotopy exact sequences of £ we have the following commutative
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diagram:

where iy: mq(X) — mq(Y') is an isomorphism for any d < m. Thus f; is an isomor-
phism for any d > 1 by the assumption m,-dim(Y") < conn(F'), and hence f € £(Y).
Moreover, we have the following commutative diagram:

Oﬁ-ﬂd(F)%’frd(X)%O

hul lgn

O%Wd(F)%Wd(X)%O

where gy: mq(F') — m4(X) is an isomorphism for any d > m. From our assumption,
hy is an isomorphism for any d < k. Thus hy is an isomorphism for any d > 1 since
NE(F) = k. By applying the five lemma for the long homotopy exact sequences of ¢,
we see that gy is an isomorphism for any d. Hence g € £(X). O

4. Rational results

In this section, we assume that a space is a nilpotent CW complex of finite type.
Let Xy be the rationalization of a space X [12]. Then 7.(X() = 7.(X) ® Q and
H,.(X0;Z) = H.(X;Q). We assume familiarity with rational homotopy theory as in
the text [4].

4.1. Sullivan models of fibrations

Let M(X) = (AV,d) be the Sullivan minimal model of a nilpotent space X [16]. It
is a free commutative differential graded algebra over Q (DGA) with a Q-graded vec-
tor space V = @@1 V' where dim V'’ < oo and a decomposable differential, namely
d(VH) c (ATV-ATV)*! and dod = 0. Here ATV is the ideal of AV generated by
elements of positive degree. The degree of a homogeneous element x of a graded
algebra is denoted by |z|. Then zy = (—1)*¥lyz and d(zy) = d(z)y + (—1)1*lzd(y).
Note that M (X) determines the rational homotopy type of X. In particular, V* =
Hom (7, (X),Q) and H*(AV,d) = H*(X;Q). Here the second is an isomorphism as
graded algebras. Furthermore, for d = dy + d3 + - - - with d;V C A’V (the vector space
generated by the products vy - vk -+ - v; with v € V') [17, p. 9], the quadratic part
dy: V — A2V is the dual of the rational Whitehead product

[ ] (X @ 1 (X)g = Tpig-1(X)-

Here 7, (X)g 1= m,(X) @ Q (see [17, p. 26] for detail).

Now we recall “DGA-homotopy” in Chapter X of [8]: In general, two maps
f:MY)— M(X) and g: M(Y) — M(X) are DGA-homotopic (denote as f ~ g)
if there is a DGA-map H: M(Y) — M(X) ® A(t,dt) such that H|,—g q=0 = [ and
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H|t=1 dgt—0 = g. Here [t| = 0 and |dt| = 1 with d(t) = dt, d(dt) = 0. Then we have
[Xo, Yo] = [M(Y), M(X)]
as homotopy sets. Let AutM be the group of DGA-automorphisms of a DGA M. For
a nilpotent space X and the model M (X), there is a group isomorphism
E(Xp) 2 EM(X)) = AwtM(X)/ ~,

which is the group of self-DGA-homotopy equivalence classes of M (X). Thus we have
the rational self-closeness number of X as NE(Xg) = NE(M(X)).
A map f: X — Y has a minimal model which is a DGA-map M(f): M(Y) —
M(X). It is induced by a relative or Koszul-Sullivan (KS-)model
i: M(Y) = (AW,dy) — (AW ® AV, D).
Here, D|yw = dy and (AV,D) = (AV,d), where D is induced by D, is the minimal

~

model of the homotopy fibre of f and there is a quasi-isomorphism px: M(X) —
(AW @ AV, D) such that px o M(f) ~ i. We refer the reader to [9] for the rational
fibration and the Sullivan model.

Ezample 4.1. For example, we consider a fibration ™"~ 1 - X Y = 8™ x §»
with non-zero Euler class for odd-integers m,n > 3 with m < n: The rational model
of the fibration is given by

M(Y) = (A(z,y),0) = (A(z,y,2), D) = (Az,0) = M(S™ ")
with x| =m, ly| =n, |z|=m+n—1, Dx =Dy =0 and Dz = xy. Since Df(z) =
f(x)f(y) for any f € [(A(z,y,2), D), (A(z,y,2), D)], we have NE(Xo) = max{m, n}.
Moreover, we may put f(z) = az, f(y) = by and f(z) = abz for a,b € Q for reason
of the degrees, and hence we have
and E(A(z,y,2), D) =2 Q* x Q* for Q* = Q — {0}.
Ezample 4.2. (1) There is a rationalized fibration
F=S"15X=(S"x8"1)=Y,
where Y is a rational space with H*(Y; Q) = Q[x]/(x™) with |z| = n even. It is given
by the KS-model
(A(SL‘, y>7dY> - (A(.Z',y, Z)7 D) - (AZ, 0)
with |y|=mn —1, |z] =2n—1, dy(y) = 2™, Dz =2?. Then NE(F)=2n—1,
NE(Y) =n and NE(X) = mn — 1. Note that (A(z,y, 2), D) = M(S™ x S™"~1) by a
suitable change of basis. Thus NE(X) can be arbitrary large for NE(F') and NE(Y).
(2) Let H*(C;Q) = Q[y]/(y?) with |y| =6 and F = (CP" x HP?)g - X =Y =
(C x S19)4 be a rationalized fibration given by the KS-model
(A(y, 2, Ut, u2)7 dY) — (A(y7 Z, U1, U2, T, W, V1, v2)a D) - (A($, w, vy, U2)7E)
with |z = 10, Jui| = 17, Jus| = 19, |z = 2, |w| = 4, |v1| = 15, |va| = 11, D(v1) = a*,
D(vz) = w?, dy (u1) =, dy (uz) = 22,
D(v;) = 2% + yz and D(vy) = w® + 2.
Then we have that NE(X) < NE(F) < NE(Y) since NE(F) =4, NE(Y) =10 and
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NE(X) = 2. Indeed, for f € [X, X], we have f(z) = azx, f(w) =bw+ hi(z), f(y) =
cy + ha(z,w), f(2) = ez + hs(z,y,w) for a,b, ¢,e € Q. Here h; are polynomials. Then
we have a® = ce and b® = ¢?. Therefore if a # 0, then we have b # 0, ¢ # 0 and e # 0.
Thus if mo(f) is an isomorphism, then we have f € £(X). Hence NE(X) = 2.

Example /.3. We consider fibrations F'— X — Y of rational spaces in Proposition 3.4.

(1)

In Proposition 3.4, we need the condition that 74(Y) =0 for d > m + 1. For
example, let X = 53, Y = (5% x S%)g and m = 3. Then there exists a fibration
K(Q,4) = 8§ = (87 x §%)0 = K(Q,5),
where ps is the projection to the second factor. Then NE(X) =3 < 5= NE(Y).

In Proposition 3.4, we need the condition that F = K(G,m + 1): Let F = CP}
and Y = (53 x §%)g. Let M(F) = (A(u,v),dx) with |u| =2, |v| =7, dx(u) =
0, dx(v) =u* and M(Y) = (A(z,y),0) with |2| =3, |y| = 5. Then there is a
fibration

CP} — X — (S® x S°)
given by the KS-model
(A(z,9),0) = (A(@,y,u,v), D) = (A(u,v),dx),

where D(z) = D(y) = D(u) = 0 and D(v) = u* + 2y. Notice that NE(X) = 2:
Indeed, if f(u) = au with a # 0 € Q for f € [(A(x,y,u,v), D), (A(z,y,u,v), D)],
then we have f(z) = bz, f(y) = cy+ ¢'zu for some b,c,c’ € Q. Then a* = be
from the relation f(D(v)) = D(f(v)). Thus NE(X) =2 < 5= NE(Y).

On the other hand, we have a fibration

K(Q,7) = X" — (S x %)
given by the KS-model
(A, y),0) = (A(z,y,v), D) = (A(v),0),
where |v| =7 and D(v) = zy. Then NE(X') =5 = NE(Y).
In Proposition 3.4, we need the condition that
Y,K(G,m+2)]={ao(|a€[K(G m+2),K(Gm+2)]}.

See, for example, Theorem 4.10(i) in Section 4.3.

Ezxample 4.4. We consider fibrations F' — X — Y of rational spaces in Theorem 3.9.

(1)

(2)

In Theorem 3.9, we need the condition that 74(Y) =0 for d > m+ 1. For
example, let X = (52 x §%)g and Y = CPZ. There exists a fibration K(Q,3)
(52 x 8%)g = Y = CPZ given by the KS-model

(A(u,v),dy) — (A(u,v,z), D) — (A(z),0)
with |u| =2, Jv| =5, |z| = 3, dyu =0, dyv = v® and Dz = u?. Tt follows then
that NE(X) =5 > 2= NE(Y). In this case, m = 2 but 75(Y") # 0.
In Theorem 3.9, we need the condition that F = K(Q,m + 1):
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Let X = S2 x K(Q,5) and Y = K(Q, 2). There exists a fibration
F =K(Q,3) x K(Q,5)-%+5% x K(Q,5)-+K(Q,2)
given by the KS-model
(A, 0) = (A(u, z,y), D) = (A(z,y),0)
with |u| = 2, |z| =3, |y| = 5, Dz = u? and Dy = u?. It follows that
NEX)=5>2=NEY).

(3) In Theorem 3.9, we need the condition that 7* is a monomorphism. We note
that Remark 3.5 is an example where v# = 0.

Theorem 4.5. Suppose that a Lie group G acts on a space X. Let (nq,...,n;) with
ny < -+ < ny be the rational type of G and n; < conn(X). Then

NE(Xo) 2 NE((EG xg X)o).

Proof. There is a Borel fibration X — EG xg X — BG (p. 69 of [1]). Then the result
follows by Theorem 3.20. O

Example 4.6. Let X = 5% x 5% x 87 x 8 x S'3. Then
M(X) = (A(Uh V2, V3, U4, ’U5)7 0)
Wlth |’U1| = 3, |’02‘ = 57 |’U3| = 7, |’U4‘ = 97 |U5| = 13 Note that [Xo,Xo] = QX5 and

E(Xp) = (Q*)*% with Q* = Q — {0} by f(v;) = a;v; (a; € Q) fori =1,...,5. Accord-
ing to [10] there are Borel fibrations of certain free S'-actions

X - ES' xg1 X — BS!
given by the KS-models
(Q[t]? O) — (@[t] & A(Ula V2, V3, V4, ’U5)a D) — (A(Ulv V2, V3, U4, U5)7 O)
with [t| = 2 and dim H*(Q[¢] ® A(v1,ve, v3,v4,v5), D) < 0o. (In general EG xg X =~
X/G when the G-action is free.) Note that the DGA-homotopy set
[(X/Sl)o’ (X/Sl)O} = [(A(t7 U1, V2,03, V4, 1)5)7 D)v (A(tv V1, V2,3, V4, U5)7 D)]
is a set given by the elements f with a;,b;, b}, ... € Q:
f(t) = aot, f(’Ul) = ayvi, f(’UQ) = agUs + bg’Ult, f(l/g) = asvs + b3’02t + bgvltZ,
f(v4) = agvg + byvst + bjuat? 4+ v t®  and
f(vs) = asvs + bsvat? + bivst® + blvgt* + by v .
Then NE((X/S1)o) < 13 by Theorem 4.5. In particular,
(1) If Dvs =viv4t + voust + 17, Dvy = Dvg = Dvs = Dvg =0, then NE(X/S') =2.
(2) If Dvs = vyust +t7, Dvy = vivat, Dvy = Dvy = Duz = 0, then NE(X/S1) = 3.
(3) If Dvs = vyvat, Dvy = v1vat, Dvz = t*, Dvy = Dvy = 0, then NE(X/S!) = 5.
(4) If Dvs = vivgt +t7, Dv; = Dvg = Dvg = Dvy = 0, then NE(X/S) =17.
(5) If Dvs = voust +t7, Dv; = Dvg = Dvz = Dvy = 0, then NE(X/SY) = 9.
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(6) If Dvy =t°, Dv; = Dvy = Dvg = Dvs = 0, then NE(X/S!) = 13.

Indeed, for example, in (1), if ag # 0, that is, m2(f) is an isomorphism, then as = af,
aray = azaz = a§ since f is a DGA-map. Thus we have f € E(A(t,v1, va,v3,v4,v5), D).
Hence NE(X/S) = 2.

4.2. A dual result of the case of cofibrations

In this subsection, we give an Eckmann-Hilton dual result of cofibrations studied
in Theorems 3 and 4 of [15]. The following proposition is proved by making use of
the Sullivan model for the case where G =7 and [Y, K(Z,m + 2)] is a free group,
which is a special case of Theorem 2.6.

Proposition 4.7. Let m > 2 and K(Z,m +1) % X 5 Y X K(Z,m + 2) be a fibra-
tion sequence such that'Y is 1-connected and m,(Y) = 0 for k = m + 1. Assume that
there exist maps f: Y =Y, g: X = X and slox: K(Z,m+1) - K(Z,m+ 1) for
some s € Z, which make the following diagram homotopy commutative:

KZm+1)—L sx—* vy
o | )| ¥ (1)
KZm+1)—L sx—* vy

If H™2(Y'; Z) is torsion-free, then there is the homotopy commutative diagram:

Y — > K(Z,m +2)

1T

Y — > K(Z,m +2)

Proof. The Sullivan model of the fibration K (Z,m +1) & X Y is given by

M(Y) = (AVy,dy) —— M(X) = (AT ® AVy, dx) —— M(K(Z,m + 1)) = (AT, 0),

where [u] = m + 1, dx(u) € AVy and dx|v, = dy. Here Vit =0 and V{¥ =0 for k >
m 4+ 1.
Then the model of the diagram (1) is given by

(AVy,dy) E——— (Aﬂ@ AVy,dx) e (Aﬂ, 0)

f*l g*i l 2)

(AVy,dy) — (AT ® AVy,dx) — (AT, 0)

On the other hand, the Sullivan model of fibration X - ¥ 25 K (Z,m + 2) is given
by

M(K(Z,m+2)) = (Au,0) 5> (Au® AT @ AVy, D) > M(X) = (A ® AV, dx),

where [u| = m + 2, D(u) = 0, D(@) = u + dx (@) (from V7" = 0) and D|y;, = dy-.



SELF-MAPS OF SPACES IN FIBRATIONS 309

Thus the Sullivan model of fibration sequence:
KZm+1) -5 X 5 Y 2 K(Z,m+2)

is given as

(Au,0) 2 (Au® AT ® AVy, D)~ M(X) = (AT ® AVy, dx) —— (A7, 0).

Note that the inclusion p: M(Y) = (AVy,dy) — (Au® At ® AVy, D) is a quasi-
isomorphism and the right hand model is not minimal.
Then the model (2) is extended as the homotopy commutative diagram:

(Au,0) — (Au® AT ® AVy, D) — (AT ® AVy,dx) — (AT, 0)

tX i/ F\L g" i/ sX% \L
(Au,0) — (Au®@ Au®@ AVy, D) — (Au® AVy,dx) — (A, 0)
where t € Q, F(u) = tu, F(u) = st and F|zv, = f*. Here we remark that H*(F') =
H*(f*): H*(Y;Q) — H*(Y; Q).
Since D o f* = f* o D we have
su+ sdx(u) = D(su) = D(F(u)) = F(D(u)) = F(u+ dx (1)) = tu + sdx (a).
It follows that su = tu and hence t = s.
Thus we get the homotopy commutative diagram:

5

(Au,0) ——> (Au® Au® AVy, D) ~ M(Y)

o r

(Au,0) —— (Au® AT ® AVy, D) ~ M(Y)

that is, we obtain the homotopy commutative diagram:

’ K(Z,m+2)

Yy — K(Q, m + 2)
f fol \L sl sk
Yo - K(Q,m +2)

K(Z,m+2)

Y

where [ is the rationalization map and fy and 7y are the rationalizations of f and ~,
respectively. We note that s is an integer. Since H™+2(Y;Z) is torsion-free, we see
(lo)s: H™T2(Y;Z) — H™2(Y;Q) is injective, and hence we have the result. O

For the case G = Z and H™"2(Y; Z) is torsion free, we have the following result
without the additional conditions in Theorem 3.9.
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Theorem 4.8. Let m > 2 and K(Z,m +1) & X LSy L K(Z,m + 2) be a fibration
sequence such that Y is 1-connected and 7, (Y) =0 for t > m+ 1. If H™2(Y;Z) is
torsion-free and v # 0, then

NE(X) < NE(Y)(< m).
Proof. Assume that NE(Y) = k(< m). Let g: X — X be a map which satisfies
95 mi(X) = m(X)

is an isomorphism for any ¢ < k. By a result of Nomura [14], there exist maps
f:Y =Y and slox: K(Z,m+1) = K(Z,m + 1) which make the following dia-
gram homotopy commutative:

K(Zm+1) ——s X —>Y
slox gi f (3)

\ q i \

K(Z,m+1) X Y

We see fy: m(Y) — m(Y) is an isomorphism for any ¢ < k, since iy: m(X) — m(Y)
is an isomorphism for any ¢ < m and gy: m(X) — m(X) is an isomorphism for any
t < k. Hence f € E(Y) since NE(Y) = k.

By Proposition 4.7, there exists the homotopy commutative diagram:

Y — = K(Z,m+2)

1

Y — > K(Z,m +2)

Notice that s = &1 since
fr(y)=~of=slgoy=sy(y#0)

for f*: H*(Y;Z) > H*(Y;Z).
Thus, since slox € E(K(Z,m+ 1)) and f € E(Y), we have g € £(X) by the five
lemma for the long homotopy exact sequences of (3). Hence NE(X) < k= NE(Y).
O

By Proposition 3.4 and Theorem 4.8, we obtain the following result.

Corollary 4.9. Assume that X Ly K(Z,m +2) is a non-trivial fibration. If
H™2(Y,Z) = Z{~}, then NE(X) = NE(Y).

4.3. A result of dichotomy

A space X is said to be formal if there is a quasi-isomorphism M (X) — (H*(X;
Q),0) [3]. For example, the n-sphere S™ is formal. An Fy-space is formal [17, I1.7.(8)],
where a space X is called an Fy-space if H*(X;Q) = Q[x1,...,x,]/(f1,-.., [n) in
which f1,..., f is a regular sequence (p. 437 of [4]). Moreover, the one-point union
of formal spaces is formal [11, Lemma 1.6]. When X is formal, we have E(M (X)) =
E(H*(X;Q),0) and NE(M(X)) = NE(H*(X;Q),0).

We obtain the following result (see [15, Theorem 16]).
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Theorem 4.10. Let H*(Y1;Q) = Q[z] and H*(Y2; Q) = Qly] for even integers |x| =
a<l|yl=b<2a. Let Y :=Y1 VY2 and n=al =bm for some l >m > 1. Then the
following two cases occur for the homotopy fibre X of a map n: Y — K(Q,n) with

UK

Case 1. The following are equivalent:
(i) NE(Xp) =a <b= NE(Yy).
(i1) There is a proper inclusion E(Xg) € E(Yp).
(iil) X is an Fy-space, especially formal.
(iv) dim H*(X;Q) =1+ m.
Case 2. In the other case, the following are equivalent:
(i) NE(Xp) =b=NE(Yy).
(ii)" €(Xo) = &(Yo).
(iii) X is non-formal.
(iv)! dim H*(X;Q) = co.

!/
!/

Proof. Let the KS-model of 1 be given by
g: (Q[u},0) = M(K(Z,n)) = (A(z,y, 2),d) = M(Y),
where |u| =n, |z|=a, |y =0, |2| =a+b—1, dz =dy =0, dz = xy and
g(u) = ca' + y™
for ¢, € Q. The KS-model of the associated fibration n': K(Z,n—1) - X =Y is
given by
(A(@,y,2),d) = (A, y,2,2), D) = (A(2'),0),
where |2/ =n — 1 and
Dz = zy, D2 = cal + y™.
Then we have the following two cases:

Case 1. c¢’ # 0: Then we have (i)—(iv) as follows.
(i) From the assumption, we have
[Yo, Yol = [(A(z,y, 2),d), (A(z,y,2),d)] = {(A,p) € @ x Q} =Q x Q,
where f(x) = Az, f(y) = py and f(2) = \uz for f € [(A(z,y,2),d), (A(z,9, 2), ).
Then even if A # 0, it is possible that g = 0. Thus NE(Yy) = b. On the other hand,
[Xo, Xo] = [(Ax,y,2,2"), D), (A(z,y,2,2'), D) = {(\,p) € Q x Q | \' = p"},
where for f € [(A(z,y,2,2"), D), (A(z,y,2,2), D)] we write f(z) = Az, f(y) = py,
f(2) = Apz and f(2') = A2’ = p™2". Hence A # 0 induces p # 0. Thus NE(X) = a.
(ii) By an argument similar to (i), we have
EYo) = E(A(z,y,2),d) ={(Ap) € Q" x Q" } = Q" xQ,
E(Xo) = E(A(2,y,2,2'), D) 2 {(A,p) € Q" x Q" | N = p™}.
Thus we have £(Xy) € £(Yp).
(iii) It follows from H*(X;Q) = Q[z,y]/(zy, cx! + y™).
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(iv) Its basis is {1, z,..., (= y™),y,..., y™ '}

Case 2. c¢’ = 0: Then since 7 % * we have either (a) Dz = xy, Dz’ =x! or (b)
Dz = zy, Dz’ = y™. Therefore, we have (i)’—(iv)" as follows.

(i)" and (ii)’ They are similar as (i) and (ii) but there is no relation \! = ™.

(iii)’ For (a), there is an element [zz'~! + y2'] in H*(X;Q). For (b), there is an
element [2y™ ! + 22'] in H*(X;Q). In both cases, X are not formal by Theorem 4.1
of [3].

(iv)" There are bases in cohomology {[y¢]}$°, for (a) and {[z]}$2, for (b). O

Ezample 4.11. Let X be the homotopy fibre of a map f: Y = K(Q,4) vV K(Q,6) —
K(Q,12) defined by f*(t12) = (3 + 12 € H'2(Y), where 4, 16,112 are generators of
the rational cohomology groups. Let X’ be the homotopy fibre of a map g: Y =
K(Q,4) VvV K(Q,6) — K(Q,12) defined by g*(t12) = t3. We see

M(X) = (A(x,y,2,2"),D) and M(X") = (A(z,y,2,2"), D)

with |z| =4, |y| =6, |2| =9, |¢/| =11, Dz = Dy =0, Dz = zy and Dz’ = 23 + 32,
D'z =D'y=0,D'z2 =xyand D'z’ = y?. Then m,(Q2X) = 7, (QX’) as rational homo-
topy Lie algebras. But, we have

NE(X)=4< NEX')=NE(Y) =6.

The reader is referred to Proposition on p. 88 of [17], Proposition 13.16 and Theo-
rem 21.6 of [4] or pp. 152-154 of [8] for the relation between the rational Whitehead
product and the quadratic part of the differential of the Sullivan model.
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