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Abstract
Let A be a commutative nearly absolute valued algebra. In

this note we prove that all elements of A have square roots if and
only if A is a two-dimensional real division algebra. This can be
viewed as a generalization of a well-known theorem of Hopf.

1. Introduction

This note deals with commutative nearly absolute valued algebras whose elements
have square roots. Let A be a real or complex algebra, not necessarily associative,
as are all the algebras considered throughout this paper. We recall that a real or
complex algebra A �= 0 is said to be a nearly absolute valued algebra if its underlying
vector space is a normed vector space and, in addition, there exists a real number
k > 0 such that

k‖x‖ ‖y‖ � ‖xy‖ � ‖x‖ ‖y‖ (1)

for any x, y ∈ A. In the case where only the last inequality of (1) holds, A is said to
be a normed algebra.

Nearly absolute valued algebras have been introduced in [14] and a quick review
is contained in [4, pp. 281–283]. They include finite dimensional real division alge-
bras, because in this case the spheres are compact. Nevertheless, there exist infinite-
dimensional nearly absolute valued algebras which are not division algebras (see [14]
or [4]).

We recall that if K is an arbitrary field and A is a K-algebra then for each x ∈ A
we denote by Lx (resp. Rx) the linear map Lx : A → A (resp. Rx : A → A) defined by
Lx : y �→ xy (resp. Rx : y �→ yx) for all y ∈ A. The linear map Lx (resp. Rx) is named
the left (resp. right) multiplication operator of x. We say that A �= 0 is a division
algebra if the linear operators Lx and Rx are bijective maps for each nonzero element
x of A.

Recalling several results from [5], we can establish the following proposition.

Proposition 1.1 ([5, Lemma 2.1 and Propositions 1.2 and 1.1]). If A is a commu-
tative nearly absolute valued division algebra then either it is isomorphic to R or all
elements of A have square roots.
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From this a natural question arises: if A is a commutative nearly absolute valued
algebra whose elements have square roots, is A a real division algebra of dimension
2? In this note we give an affirmative answer to this question (Theorem 4.1). More
concretely, if A is a commutative nearly absolute valued algebra, we prove that all
elements of A have square roots if and only if A is a two-dimensional real division
algebra. This can be viewed as a generalization of a celebrated theorem of Hopf assert-
ing that every commutative finite dimensional real division algebra, A, has dimension
� 2, [12]. Indeed, since A is a finite-dimensional real division algebra, A is a nearly
absolute valued algebra. Assume dimA > 1. As a consequence of Proposition 1.1, we
get the well known property that all elements of A have square roots (see also [17,
Lemma 8.64] or [8, pp. 232, 235–236]). So our main theorem (Theorem 4.1) gives
dimA � 2.

In contrast to [8] or [17], where homotopical methods prevail, here the proof of
our main result depends heavily on the consideration of some homology groups. So
section 2 is devoted to the computation of different homology groups of topological
spaces obtained from a given real normed vector space. In section 3 we show the closed
character of some maps related to the square map q : A \ {0} → A \ {0}, (q : x �→ x2).
Finally, in section 4 we prove our main theorem. In addition several consequences are
also obtained. So using the characterization of the commutative nearly absolute valued
division algebras given in [5, Theorem 2.4] it is possible to assert that for each commu-
tative real algebra A the following assertions are equivalent: (i) A is a nearly absolute
valued division algebra; (ii) either A ∼= R or A is a nearly absolute valued algebra
with all elements having square roots; (iii) A is a division algebra of dimension � 2.

We must point out that our main theorem allows us to determine up to isomor-
phism the commutative real nearly absolute valued algebras all of whose elements
have square roots, because actually a complete classification of the commutative two-
dimensional real division algebras is well-known (see [3, 1, 15, 11, 6, 7]; especially
[6] and [7] where interesting reviews of the previous works on the topic are given).
Related to this classification is Proposition 3.1 of [5], which jointly with Theorem 4.1
has as a consequence that if A is a commutative nearly absolute valued algebra with
all elements having square roots and satisfying ‖x2‖ = ‖x‖2 for each x ∈ A, then A

is isomorphic to C or
�

C (Corollary 4.7).

2. Computing some first singular homology groups

Let A be a commutative real nearly absolute valued algebra with all elements hav-
ing square roots. The homological properties of some topological spaces associated
with A play a fundamental role in our determination of the possible values of dimA.
These topological spaces can be also defined taking as a point of departure an arbi-
trary real normed vector space V . So, given V , we can define the quotient topological
space Z(V ) obtained from V \ {0} by identifying each pair of opposite nonzero ele-
ments of V . We will use in the sequel Z instead of Z(V ), because the reference to V
is here understood. The topological space Z can also be seen as the space of orbits
of V \ {0} under the continuous action of the group of isometric transformations
H = {Id, τ}, where τ : V \ {0} → V \ {0} is given by τ : x �→ −x. Unfortunately the
methods of algebraic topology have been applied almost exclusively to the topological
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spaces related to euclidean subspaces. Despite this fact, they can be also applied in
different contexts. For the convenience to the reader we recall some of these methods,
showing the way in which they can be used in the determination of the first homology
groups of some topological spaces related to a given real normed vector space.

Lemma 2.1. Let V be a real normed vector space with dimV � 2, H the group of iso-
metric transformations of V \ {0} generated by the map τ : V \ {0} → V \ {0} given
by τ : x �→ −x (x ∈ V \ {0}), and Z = (V \ {0})/H its space of orbits. Then for the
first integer singular homology groups H1(V \ {0}) and H1(Z) we have

H1(V \ {0}) ∼=
{

Z if dimV = 2
0 if dimV > 2

(2)

and

H1(Z) ∼=
{

Z if dimV = 2
Z/2Z if dimV > 2.

Proof. Let a (resp. b) be an arbitrary point of V \ {0} (resp. Z). By the Hurewicz Iso-
morphism Theorem, the arcwise connected character of S and Z imply that H1(V \
{0}) and H1(Z) are isomorphic to the abelianized groups π1(V \ {0}, a)/[π1(V \
{0}, a), π1(V \ {0}, a)] and π1(Z, b)/[π1(Z, b), π1(Z, b)]. Since

π1(V \ {0}, a) ∼=
{

Z if dimV = 2

0 if dimV > 2

(see [8, p. 234]), we obtain (2). Since Z is the quotient topological space obtained
from V \ {0} by identifying each pair of opposite points, if p

Z : V \ {0} → Z is the
projection map then it is easy to show that p

Z
is a covering map of two sheets (see

[18, Proposition 4.20 and Remark 4.21(iii) below]). Now let b = pZ (a) and assume
that dimV > 2. In this case π1(V \ {0}, a) = 0 and, in consequence, π1(Z, b) has two
elements (see for instance [10, Proposition 1.32]). Therefore, if dimV > 2 then we
have π1(Z, b) ∼= Z/2Z, consequently H1(Z) ∼= Z/2Z. Let us now assume dimV = 2. In
this case it is easily checked that the quotient topological space Z is homeomorhic with
a circular cone perforated by its vertex, this last topological space being homotopy
equivalent to the unit circle. Therefore, H1(Z) ∼= Z if dimV = 2.

Remark 2.2. We can point out that if V is a real normed vector space of dimension
� 2 and Z is the space of orbits given as in Lemma 2.1, then the singular homology
groups H1(V \ {0};G) and H1(Z;G) of V \ {0} and Z with coefficients in the abelian
group G are

H1(V \ {0};G) ∼=
{

G if dimV = 2

0 if dimV > 2

and

H1(Z;G) ∼=
{

G if dimV = 2

G/2G if dimV > 2.

Indeed, as a consequence of the Universal Coefficient Theorem we have

H1(V \ {0};G) ∼= (H1(V \ {0})⊗G)⊕ Tor1(H0(V \ {0}), G),

H1(Z;G) ∼= (H1(Z)⊗G)⊕ Tor1(H0(Z), G).
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By Lemma 2.1 we now obtain

H1(V \ {0};G) ∼=
{

(Z⊗G)⊕ Tor1(Z, G) ∼= G if dimV = 2

0⊕ Tor1(Z, G) = 0 if dimV > 2

and

H1(Z;G) ∼=
{

(Z⊗G)⊕ Tor1(Z, G) ∼= G⊕ 0 ∼= G if dimV = 2(
(Z/2Z)⊗G

)⊕ Tor1(Z, G) ∼= G/2G if dimV > 2.

Remark 2.3. Let H = {h, �, δ} be a homology theory in the sense of Eilenberg and
Steenrod [9, p. 10–12] (see also [13, Section I-2]). Let us to assume that G is the coef-
ficient group of this homology theory and that H is defined in the admissible category
of all the topological pairs, or at least in an admissible category having sufficient topo-
logical pairs and maps. It is well known that the one-dimensional homology groups
h1(P

n) of the real projective spaces Pn are given as follows

h1(P
n) ∼=

{
G if n = 1
G/2G if n �= 1.

Taking into account Remark 2.2, we see that if G is a given abelian group and
V = R

n+1 then the singular homology groups H1(Z;G) and H1(P
n;G) are isomor-

phic. This is not a casual coincidence and it can be derived from the homotopy
equivalence of Z and P

n. In fact, it is easy to show that, with independence of
the possible finite dimensionality of V , we always can exhibit a homotopy equiva-
lence of this kind involving the topological space Z given as in Lemma 2.1. In order
to prove this, we first recall that if V is a real normed space then the projective
space P(V ) is defined as the quotient topological space of the equivalence classes of
V \ {0} relative to the relation ∼ defined by x ∼ x′ if and only if Rx = Rx′. Alterna-
tively, we can define P(V ) as the quotient topological space obtained from the sphere
S of V by identifying each pair of antipodal points of S. Now we will denote by
p

Z : V \ {0} → Z and p
P(V )

: V \ {0} → P(V ) the corresponding projection maps onto
Z and P(V ). Let j : P(V ) → Z and r : Z → P(V ) be the continuous maps given by
j(p

P(V )
(x)) = pZ (x/‖x‖) and r(pZ (x)) = p

P(V )
(x) for all x in V \ {0}. We assert that j

and r are inverse homotopy equivalences. Indeed, since (1− t)x+ t
‖x‖x is nonzero for

all x ∈ V \ {0} and t ∈ [0, 1], we can define a continuous map G : (V \ {0})× [0, 1] →
V \ {0} by

G(x, t) = (1− t)x+
tx

‖x‖ .

Since G(−x, t) = −G(x, t) for any (x, t) ∈ (V \ {0})× [0, 1], we have a continuous
map H : Z × [0, 1] → Z such that H(pZ (x), t) = pZ(G(x, t)). Furthermore, H : Id 

j ◦ r. On the other hand, r ◦ j = Id. Thus, Z and P(V ) are homotopy equivalent. In
particular, H1(Z;G) ∼= H1(P(V );G).

3. The square map

Let A be a commutative real or complex nearly absolute valued algebra with all
elements having square roots and q : A \ {0} → A \ {0} the map given by q(x) = x2
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for any x ∈ A \ {0}. Then the map q is surjective and, in addition, the preimage by q of
each element of A \ {0} is a subset of exactly two elements. Indeed, as a consequence
of (1), A has no nonzero zero divisors. So if x and u are nonzero elements of A such
that x2 = u2, then 0 = x2 − u2 = (x+ u)(x− u). Therefore, u = ±x. In this section
we will look more closely at the map q. So we will prove that if, in addition, A is
complete then q is a closed map, so as the map g : Z → A \ {0} induced by q on the
space of orbits Z introduced as in section 2. Furthermore, we show in Corollary 3.3
that the existence of square roots for all the elements of a commutative nearly absolute
valued algebra is preserved by completions.

Now let A be a commutative complete nearly absolute valued division algebra. In
[5], the proof that the image of the square map q : A \ {0} → A \ {0} (q : z �→ z2) is
a closed subset of A \ {0}, is based in the property that we state in the following
proposition for the convenience of reader.

Proposition 3.1 ([5, Proof of Proposition 1.2]). Let A be a commutative complete
nearly absolute valued algebra, y a nonzero element of A and {xn} a sequence of
A \ {0} such that y = limn→∞ x2

n. Then there exists a convergent sequence {vn} of
elements of A with each vn agreeing up to the sign with xn.

Another easy consequence of Proposition 3.1 is the lemma below.

Lemma 3.2. Let A be a commutative complete nearly absolute valued algebra and
q : A \ {0} → A \ {0} the map transforming each x in its square x2. If ¯ denotes the
closure operator in the topological subspace A \ {0} and T is a subset of A \ {0} such
that −z ∈ T for all z ∈ T , then q(T ) ⊂ q(T ).

Proof. Let y be an arbitrary element of q(T ). So there exists a sequence {xn} of
elements of T such that y = limn→∞ q(xn). By Proposition 3.1, there exists a con-
vergent sequence {vn} of elements of T such that y = limn→∞ v2n. If x = limn→∞ vn
then y = x2 and x ∈ T . Therefore, y ∈ q(T ) and q(T ) ⊂ q(T ).

Corollary 3.3. The completion B of a commutative real or complex nearly absolute
valued algebra A is a commutative nearly absolute valued algebra, all of whose elements
have square roots in the case that this is so for all elements of A.

Proof. Obviously B is a commutative nearly absolute valued algebra such that
k‖z‖ ‖w‖ � ‖zw‖ for all z, w ∈ B if this is so for each pair of arbitrary elements z and
w in A. Assume all elements of A have square roots. Let q : B \ {0} → B \ {0} be the
square map of B \ {0}. Viewing A as a subset of B, then for the subset T = A \ {0}
we have q(T ) = T̄ = B \ {0}. By Lemma 3.2, B \ {0} = q(B \ {0}). Thus, all nonzero
elements of B have square roots.

Corollary 3.4. Let A be a commutative complete nearly absolute valued algebra,
q : A \ {0} → A \ {0} the map given by q : x �→ x2, and Z the space of orbits given
as in Lemma 2.1. Then both the map q and the map g : Z → A \ {0} induced by q are
closed maps.

Proof. We first show the closed character of the map g. Let p : A \ {0} → Z be the
projection map, F a closed subset of Z and T = p−1(F ). By continuity of p, the set
T is a closed subset of A \ {0}. Furthermore, −v ∈ T if v ∈ T . Taking into account
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Lemma 3.2, we obtain that the set g(F ) = g(p(T )) = q(T ) is a closed subset of A \
{0}. Thus, g is a closed map. In order to prove that q is also a closed map, let us
consider a closed subset L of A \ {0}. We have p−1(p(L)) = L ∪ (−L), where −L is
the subset of the elements x of A \ {0} such that −x ∈ L. So p−1(p(L)) is a closed
subset of A \ {0}. In consequence, p(L) is a closed subset of Z. So, q(L) = g(p(L)) is
a closed subset. Therefore, q is a closed map.

Remark 3.5. Lemma 3.2 and Corollary 3.4 can be applied in the case of a commutative
finite-dimensional real division algebra A. Nevertheless, in this case both results can
be obtained more quickly using the compactness of the closed and bounded subsets
of A, without need to invoke Proposition 3.1. Furthermore, under the requirement
of finite-dimensionality the inclusion q(T ) ⊂ q(T ) can be established directly without
the additional assumption on the set T of −z ∈ T for all z ∈ T . Indeed, assume k > 0
is a real number such that (1) holds. Let {xn} and y be as in the proof of Lemma 3.2.
Let ε > 0 be a real number such that ε < ‖y‖ and N(ε) a positive integer such that
| ‖x2

n‖ − ‖y‖ | < ε, for any n � N(ε). So

√
‖y‖ − ε � ‖xn‖ �

√
‖x2

n‖
k

<

√
ε+ ‖y‖

k

for all n � N(ε). Thus, with the possible exception of a finite number of elements,
the sequence {xn} is contained in the compact subset{

v ∈ A :
√
‖y‖ − ε � ‖v‖ �

√
ε+ ‖y‖

k

}
.

In consequence, {xn} has some cluster point x. Now x ∈ T and y = q(x), which shows
that q(T ) ⊂ q(T ). In particular, q is a closed map. From this it can be easily obtained
that g is also a closed map. Indeed, let pZ : A \ {0} → Z be the projection map and L
a closed subset of Z. Then C = p−1

Z
(L) so as q(C) are closed subsets. In consequence,

g(L) = g(pZ (C)) = q(C) and so this set is closed. Therefore, g is a closed map.

4. The main theorem

Next we establish the main result of this paper. Let A be a given commutative
nearly absolute valued algebra with all its elements having square roots. In order
to prove that A is a two-dimensional real division algebra, we associate a certain
algebraic situation (namely, the existence of some isomorphism between the first
integer singular homology groups H1(Z) and H1(A \ {0})), which is impossible in
the remaining dimensions.

Theorem 4.1. Let A be a commutative nearly absolute valued algebra. Then all ele-
ments of A have square roots if and only if A is a two-dimensional real division
algebra.

Proof. It is well known that if A is a two-dimensional real commutative division
algebra then each element of A has square roots (see [17, Lemma 8.6.4] or [5, Propo-
sitions 1.2 and 1.1]).

Assume now that A is a commutative real nearly absolute valued algebra with
each element having square roots. Since R is the unique one-dimensional real nearly
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absolute valued algebra, we have dimA � 2. By Corollary 3.3, we can assume without
loss in generality that A is complete. Let g : Z → A \ {0} be the bijective continuous
map induced by the square map q : A \ {0} → A \ {0}, (q : x �→ x2) on the topological
space of orbits given as in Lemma 2.1. By Corollary 3.4, g is a closed map. So g is
a homeomorphism and, in consequence, the induced homomorphism g� : H1(Z) →
H1(A \ {0}) between the first integer singular homology groups is an isomorphism.
By Lemma 2.1 this implies dimA = 2. Now the fact that A has no nonzero zero
divisors implies to be A a division algebra.

Remark 4.2. Neither commutativity nor the existence of square roots of each element
can be dropped in Theorem 4.1. See [14, Example 1.1] or [4, Example 2.7.64] for an
example of a commutative nearly absolute valued algebra with infinite dimension. On
the other hand, the real division algebraH of quaternions is the most easy example of a
non-commutative finite-dimensional nearly absolute valued algebra with all elements
having square roots.

Remark 4.3. Theorem 4.1 implies that dimA = 2 when A is a commutative finite--
dimensional real division algebra not isomorphic to R. Nevertheless, in this case it
is possible to give a more direct proof. Indeed, if P is the projective space of A and
p

P
: A \ {0} → P its corresponding projection map, then the map g̃ : P → S defined

by g̃ : p
P
(x) �→ x2/‖x2‖ is a bijective continuous map. By compactness of P, g̃ is a

homeomorphism. Thus, g̃� is an isomorphism. We observe that, under the above
assumptions, this allows us to obtain that A is a two-dimensional division algebra.
Indeed, it is well known that the first integer singular homology groups of P and S
are isomorphic only in the case that dimA = 2 (see Lemma 2.1 and Remark 2.3; or
[13, p. 137], [2, p. 179]).

It can be seen that the above argument has certain similarities with that of the
proof of Theorem 4.1. In both cases, that the dimension of A is 2 is a consequence
of the existence of a certain isomorphism between integer singular 1-dimensional
homology groups. In one case this isomorphism is g̃�, in the other it is g�. An accurate
analysis shows that this should not surprise us, since as a consequence of the following
statement (�), g̃� is an isomorphism if and only g� is.

(�) Let A be a commutative real normed algebra, with unit sphere S and projective
space P, whose space of orbits introduced as in section 2 is denoted by Z. Assume A
has no nonzero elements with zero square. Let p

Z
: A \ {0} → Z and p

P
: A \ {0} → P

be the corresponding projection maps, and r : Z → P and r̃ : A \ {0} → S the maps
defined by

r : p
Z
(x) �→ p

P
(x), r̃ : x �→ x

‖x‖
for all x ∈ A \ {0}. Let g : Z → A \ {0} be the map induced by the square map
q : A\{0}→A\{0} (q : x �→ x2) and g̃ : P→S the map defined by g̃ : p

P
(x) �→ x2/‖x2‖.

Then g�:H1(Z)→H1(A\{0}) is an isomorphism if and only if g̃�:H1(P)→H1(S) is.

Indeed, it is easy to check the commutativity of the square

Z
g ��

r

��

A \ {0}
r̃

��
P

g̃ �� S.
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This implies that the following diagram of homomorphisms between integer singular
homology groups

H1(Z)
g� ��

r�

��

H1(A \ {0})
r̃�

��
H1(P)

g̃� �� H1(S)

is also commutative. Since r and r̃ are homotopy equivalences, the homomorphisms
r� and r̃� are both isomorphisms. In consequence, g� is an isomorphism if and only
if g̃� is, which proves (�).

Corollary 4.4. Let A be a commutative complex nearly absolute valued algebra. Then
each element of A has square roots if and only if A is isometrically isomorphic to C.

Proof. Obviously C is a commutative complex nearly absolute valued algebra where
each element has some square root. Now let A be a commutative complex nearly
absolute valued algebra with all elements having square roots. By Theorem 4.1, the
dimension of A viewed as a real algebra is 2. In consequence, A is isometrically
isomorphic to C.

Corollary 4.4 allows us to focus exclusively on the real case. Now we give some
consequences of Theorem 4.1 in this context.

Corollary 4.5. If A is a commutative real algebra then the following assertions are
equivalent:

1. A is a division nearly absolute valued algebra.

2. Either A is isomorphic to R or A is a nearly absolute valued algebra with all
elements having some square root.

3. A is a division algebra and dimA � 2.

4. A is a finite-dimensional division algebra.

5. A is a nearly absolute valued algebra with some element a such that La has
dense image.

Proof. The equivalence 1⇔5 was established in [5, Corollary 2.6]. 3⇒4 is obvious. The
implication 4⇒1 is a consequence of the compact character of the spheres of the finite-
dimensional normed vector spaces. 2⇒1 and 2⇒3 are consequences of Theorem 4.1.
Finally, 1⇒2 is a consequence of the fact that if dimA � 2 then the square map
q : A \ {0} → A \ {0} is a surjective map (see Proposition 1.1).

Remark 4.6. Hopf’s Theorem [12] asserting that each commutative finite-dimensional
real division algebra has dimension � 2 is implication 4⇒3 in Corollary 4.5.

Since, up to isomorphism, C and
�

C are the unique commutative real normed divi-
sion algebras of dimension 2 whose norm satisfies ‖x2‖ = ‖x‖2 for each x ([5, Propo-
sition 3.1]), we obtain the corollary below.

Corollary 4.7. Let A be a commutative real nearly absolute valued algebra whose
elements have square roots. If ‖x2‖ = ‖x‖2 for all x ∈ A, then A is isomorphic to C

or
�

C.
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Finally, taking into account [16, Theorem 3.7] we obtain the next corollary.

Corollary 4.8. Let A be a commutative real algebra with no nonzero zero divisors.
If the subalgebra generated by each nonzero element of A is a nearly absolute valued
algebra with all elements having square roots, then dimA = 2.
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Rodŕıguez Palacios for the carefully reading of the manuscript and their valuable
comments. They also are very grateful to the referee for his helpful suggestions. All
have contributed to the improvement of this paper.

During the realization of this work the first author was partially supported by the
Ministerio de Economı́a y Competitividad (MTM2013-45588-C3-P and MTM2017-
83506-C2-2-P).

During the realization of this work the second author was partially supported by
the Ministerio de Economı́a y Competitividad (MTM2017-83506-C2-2-P).

References

[1] S.C. Althoen and L.D. Kugler. When is R
2 a division algebra? Amer. Math.

Monthly, 90:625–635, 1983.
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