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THE MAYER-VIETORIS SEQUENCE FOR GRAPHS OF GROUPS,
PROPERTY (T), AND THE FIRST ¢*-BETTI NUMBER

TALIA FERNOS aND ALAIN VALETTE
(communicated by Charles A. Weibel)

Abstract

We explore the Mayer-Vietoris sequence developed by
Chiswell for the fundamental group of a graph of groups when
vertex groups satisfy some vanishing assumption on the first
cohomology (e.g. property (T), or vanishing of the first /2-Betti
number). We characterize the vanishing of first reduced coho-
mology of unitary representations when vertex stabilizers have
property (T). We find necessary and sufficient conditions for
the vanishing of the first /2-Betti number. We also study the
associated Haagerup cocycle and show that it vanishes in first
reduced cohomology precisely when the action is elementary.

1. Introduction

1.1. 1-cohomology

The first cohomology of a locally compact group G with coefficients in a unitary
representation 7: G — U(H) is an object whose study encompasses many interesting
themes, such as property (T), the Haagerup property, and other relatives, as well as
the first £2-Betti number. For a discrete group G acting on a tree, Chiswell introduced
a Mayer-Vietoris sequence for the cohomology of G, in terms of the cohomologies of
the vertex groups and edge groups [Chi76]. The class of groups which admit such
actions is quite large and includes limit groups and non-finitely generated countable
groups, among others.

In this paper, we first extend Chiswell’s sequence, in low degrees, to arbitrary
topological groups acting on trees. We study these under the assumption that vertex
stabilizers satisfy some condition on the vanishing of H' (property (T) or vanishing
of the first £2-Betti number), which leads to two major applications that we now
discuss. One concerns the first £2-Betti number 81(G); the other, the fact that the first
cohomology of PSL2Q), is non-vanishing precisely when the irreducible representation
is special (which is a result of Nebbia [Neb12]).

Let G be a topological group acting without inversion on a tree 7, with quotient
graph X =: G\T. Classical by now is the fact that G admits a graph of groups
decomposition w1 (G, X,T), where T'C X is a maximal tree and G represents the
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local groups (see Section 2 for more details on Bass-Serre theory). Throughout this
paper, we will take such actions and decompositions as interchangeable. Also, in
order to avoid cumbersome notation, we assume the graph of groups to be reduced
(see Definition 5.5 in Section 5.3).

Theorem 1.1. Let X be a graph, T a maximal tree in X, (G, X) a reduced graph of
discrete groups, and G = m1(G, X, T). Assume that 8*(G,) =0 for every v € V and
> ﬁ < 0. Then BY(G) = 0 if and only if G belongs to one of the following cases:
1. The graph X is a single vertex and G = G,.
2. The graph X is a single loop and G =7 x G,,.

3. The graph X is a single edge and there is an exact sequence
1G> G—Z/2«Z]2 — 1.
4. FEwvery edge group is infinite.

For a locally compact group G, we denote the collection of irreducible unitary
representations (up to unitary equivalence) of G by G. The second main result is an
elementary proof of the following theorem, the hypotheses of which guarantee that
there is a unique special representation of G (see Section 6 for more details).

Theorem 1.2 ([Nebl2]). Let T be a locally finite, bi-reqular tree. Let G be a closed
subgroup of Aut(T), acting transitively on OT and with two orbits on V. Let o denote
the special representation of G on the first £?-cohomology on T. If ™ € é\{a} then
HY(G,7) = 0; on the other hand H*(G, o) is one-dimensional.

1.2. Chiswell’s Mayer-Vietoris sequence

If G is a discrete group acting on a tree without inversion, and M is any G-module,
the cohomology H*(G, M) can be computed by means of a Mayer-Vietoris sequence
due to Chiswell [Chi76]:

0— M 2 T MC - [ MG -2 HYG, M)

veV EGA (1)
= [ H Gy, M) = [ H (Ge, M) — -,
veV ecA

where:

o V (resp. E) is the vertex set (resp. oriented edge set) of X, and A is an orienta-
tion, i.e. a choice of one edge in every pair of two edges with opposite orientation
in F;

e G, (resp. G.) is the vertex group (resp. edge group) attached with v € V' (resp.
e € E);

e for every subgroup H C G, the sub-module of H-fixed points in M is MH.

The maps A, ¢, 0 will be described later.

For a topological group G, a G-module M is unitary if M is a Hilbert space on
which G acts through a strongly continuous unitary representation. In that case,
we also consider the reduced cohomology F*(G , M), i.e. the quotient of cocycles by
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the closure of coboundaries, where the closure is taken in the topology of uniform
convergence on compact subsets.

The Delorme-Guichardet Theorem (see [Gui72], or Section 2.12 in [BAIHV08])
says that, for a locally compact, second-countable group G, Kazhdan’s property (T)
is equivalent to H!(G,M)=0 for every unitary G-module M. Since then,
Shalom [Sha00] proved that, for G compactly generated, property (T) is equivalent

to the vanishing of il (G, V), for every unitary G-module M. (The relative analogue
of Shalom’s theorem fails in general [FVM12].)

A locally compact group G has Serre’s property (FA) if every continuous, isometric
action of G on a tree preserves a vertex or an edge. It is a result by Watatani [Wat82]
that property (T) implies property (FA) (see also Lemma 3.2 below).

As a consequence, the fundamental group G of a graph of groups, provided it
does not coincide with some vertex group, does not have property (T), as G acts
without fixed point on the universal cover of the graph of groups (see [Ser77, Sec-
tion 5.4]). The Mayer-Vietoris sequence (1) allows in principle to characterize the
unitary G-modules M for which H'(G, M) # 0. One question we address in this
paper is to characterize the unitary G-modules M such that ik (G,M) #£0. It is
possible to write down the analogue of (1) in reduced cohomology, but easy examples
show that it will not in general be exact. However, when the vertex groups have
property (T) (in particular, when they are compact, so that our result covers the
case of locally compact groups acting properly on trees), we can characterize those

unitary G-modules M with ﬁl(G, M) #0:

Theorem 1.3. Let G be a locally compact group acting without inversion on a tree,
with vertex stabilizers having property (T); let M be a unitary G-module.

i) HY(G, M) =0 if and only if the map v: [[ ey M — [[,cq M%< is onto;

ii) Fl(G, M) =0 if and only if the map v: [[,cy MY — [[.cq M has dense
image (where [, e,y MCv and [].c o M are endowed with the product topol-
0gy)-

e€A
veV

Of course the first part of Theorem 1.3 is an immediate consequence of the Mayer-
Vietoris sequence (1), we record it only to contrast it with the second part. As semi-
direct products by Z can be viewed as particular HNN-extensions, we may apply
Theorem 1 to them. We will prove:

Corollary 1.4. Let 60 be an automorphism of a locally compact group T with property
(T). Let M be a unitary G-module, with G =:T X9 Z. Let t be the generator of Z
such that tht=! = 0(h) (h € T).

i) HY(G,M) =0 if and only if 1 is not a spectral value of t|pr;
it) " (G, M) =0 if and only if 1 is not an eigenvalue of t|yr.

This paper is organized as follows. Section 2 gives a direct construction of Chiswell’s
Mayer-Vietoris sequence, in degrees 0 and 1: this does not seem to appear explicitly
in the literature and is needed for our computations. In Section 3, we study a specific
l-cocycle b € ZY(G,%(£)), where £ is the set of oriented edges of T it is the cocycle
such that [|b(g)]|?> = 2d(gzo, %o), used to prove that a group acting properly on a tree
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has the Haagerup property; we call b the Haagerup cocycle. We re-prove the known
fact that b is trivial in H'(G,¢?(€)) if and only if G has a fixed vertex; our proof
provides a cohomological characterization of Serre’s property (FA). We also prove

that b is trivial in FI(G, (2(€)) if and only if the G-action on T is elementary, i.e. G
has a finite orbit in 7 U 97 . Section 4 is dedicated to the proof of Theorem 1.3 and
Corollary 1.4. In Section 5, we study the consequences of the Mayer-Vietoris sequence
on the vanishing of the first £2-Betti number for discrete groups acting on trees; in
particular we prove Theorem 1.1. Section 6 studies the connection with “large” closed
groups of automorphisms of a locally finite tree, and it is there that one will find the
proof of Nebbia’s Theorem 1.2.
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2. Preliminaries

The natural framework for our study is Bass-Serre Theory (Section 5 in [Ser77]),
of which we first recall the relevant parts.

A graph is a pair X = (V, E) where V is the set of vertices, E is the set of oriented
edges; F is equipped with a fixed-point free involution e — € and with maps £ — V :
er— ey and E — V :er e_ (e_ is the initial vertex and ey the terminal vertex of
the edge e), such that €, = e_ for every e € E. An orientation of X is the choice of
a fundamental domain for the involution on F.

A graph of groups (G,X) is the data of a connected graph X = (V, E) and, for
every v € V a discrete group G, for every edge e € E a discrete group G, such that
G = Gz and a monomorphism o.: G, = G, .

Let T be a maximal tree in X. Let F(E) = (t. (e € E) | @) be the free group
on E. The fundamental group G =: m1(G,X,T) is the quotient of the free product
(*vev Gy) * F(E) by the following set of relations:

teo’e(ge)te_l =0e(ge) (e € E, ge € Ge);

tete =1 (6 S E),

te =1 (e € E(T)),
where E(T) is the edge set of T. Assume that some orientation A has been chosen.
For e € A, we shall identify G, with ¢.(G.), and we shall denote by 0. (instead of oz)

the monomorphism G. — G._. Then G can also be described (see [Chi76, p. 67]) as
the quotient of the free product (x,cvGy) * F(A) by the relations:

tegete_l =0c(g9.) (e€ A, ge€Ge);
te =1 (e E(T)NA).

Recall from [Ser77] that the universal cover 7 of X has vertex set V = |€_|VG /Gy

and oriented edge set A= LIAG /G.. Furthermore, if 7: 7 — X denotes the canonical
ec
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projection, then there is a lifting X — 7 denoted by = — Z such that 7(Z) = z, and
T, the lift of the maximal tree T" is a subtree of 7. With this notation in place, we
have that,! for e € A:

(9€)4 =gex  and  (ge)_ =gt 'e . (2)

This gives rise to the following short exact sequences of G-modules

0— Z(A) -5 2(V) -5 7 — 0. (3)

As G-modules, these decompose as Z(A) = @AZ(G.é) and Z(V) = @VZ(G.E), o)
ec ve
that 0(g.¢) = gey — gt_'e_ is just the boundary operator on the tree T, and ¢ is the
augmentation defined by ¢(g.v) = 1.

Now, for two vertices v,w € V, we denote by [v,w] (respectively [gv, ¢g'w]), the
unique oriented edge path from v to w (respectively from gv to ¢’@) in the maximal
tree T, (respectively in T).

Foree Eoreé€ E, we define

0 ifedv,w;
eyw(e) =4 +1 if e € [v,w] and e points away from v;
—1 if e € [v,w] and e points towards v.

Note that if e € E\ E(T) then e,,(e) = 0 for every v,w € V. Furthermore, since

T lifts to 7' we have that m = [0, w] and so 7[v, w] = W[l},/\l_;] = [v,w], in particular,
e55(€) = epw(e) for every v,w € V and e € F.

Remark 2.1. Observe that the following hold for all vertices u,v,w € V', or u, v, w € V:
Evw = —Ewwvs
Euv T Evw = Euw-

This allows us to define [“[v,w] = 3 €, (e)e, where the sum is taken over e € A,
or e € A, according to whether v,w € V or V.
Using this, we fix a base vertex vy € V and define s: Z(V) — Z(A) by

dgmjzgwmga.

It is then straightforward to verify that s is a left-inverse to 4:
(g8)+ (ge)- _
sodlg®) = [ o)~ [ [ (0)-) =
Vo Vo

Now, for abelian groups C, D denote by hom(C, D) the abelian group of all homo-
morphisms C' — D. If furthermore, C and D are G-modules, then hom(C, D) is also

We note that our convention here does not agree with Serre’s, who identifies edge groups Ge with
their image in G, .
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a G-module by taking g.f := go fog~! and so hom(C, D)% is the collection of G-
equivariant homomorphisms (i.e. intertwiners) from C to D. For f: C' — D a homo-
morphism, and M an abelian group, the transposed homomorphism

ft: hom(D, M) — hom(C, M)

is defined by ft(g) =go f.
Let M be a G-module. Transposing the exact sequence (3), we get a new exact
sequence:

0 — M = hom(Z, M) - hom(Z(V), M) 25 hom(Z(A), M) — 0,  (4)
where (¢!(m))(g7) = m, and (6(£))(99) = £(6(6)) = F(49)+) — /((47)_). Purther-

more, we have for w € hom(Z(A), M)

(@i = [ " = / " s 7).

Vo 0

We note that for w = (we)eea € [[oca M€« and any three vertices u,v,w € V, we

then have that
w w
[remf e
v v
[om o
/ w +/ w = / w.
Furthermore, if e € E(T) N A then

/:+w = We. (5)

Let C*(G, M) be the space of k-cochains on G with coefficients in M, i.e. the set
of maps G¥ — M. Applying the functor C*(G,-) to the short exact sequence (4), we
get a commutative diagram:

| | |

0 — CYG, M) — CY(G,hom(Z(V), M)) — CY(G,hom(Z(A), M)) — 0

| x| I

0— M —  hom(Z(V),M) —  hom(Z(A),M) —0,

where dy: hom(Z(V), M) — C*(G,hom(Z(V), M)) is the map given by (9o¢)(g) =
(9 — 1)¢. This in turn yields the long exact sequence [Chi76, Theorem 2]:
0 — MC 5 hom(Z(V), M)® 25 hom(Z(A), M)® % HY(G, M) —> --- |
where the connecting map is given by the Snake Lemma:
dw = ((¢h) ™" 0By o (1)) ().
The decomposition of V and A into G orbits yields that H*(Z(V), M) =
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1 H*(Z(G/G,), M) and H*(Z(A),M) = [] H*(Z(G/G.), M). By Shapiro’s Lem-
veV ecA
ma [Bro94, Proposition 6.2] we have that for any x € V U A

HY(Gy, M) = H*(G,hom(Z(G/Gy), M)).

Hence, recalling that MY = hom(Z(G/G,), M) and setting A = ¢! and ¢ = §% we
get Chiswell’s Mayer-Vietoris sequence:
0— MG 2 J[MC - [ M -2 BY G, M) — .
veV ecA
We proceed to record the maps A and ¢ appearing in the Mayer-Vietoris sequence
(1) and observe that these are well defined for G a topological group.

e The map A: H*(G, M) — [[,cy H*(G,, M) arises by restricting the action
from G to the G,’s; in particular, A: ME — [Toev MG is given by (Am), = m
(where m € M% v e V).

e The map ¢: [[ e H*(Gy, M) = T[4 H¥(Ge, M) is given at the level of k-
cocycles by

(w)e = we, |G, — to N (we_ 06,),
wheree € A, w € [],cy Z*(G,, M). In particular, ¢: ]
is given by (¢f)e = fe, — t;lf._, for f e [Toev MG,

Ezample 2.2. Let G = Fq = (t1,t5 | @) be the free group on two generators, viewed
as the fundamental group of the graph of groups with one vertex and two edges, and
all groups trivial. For M a G-module, the map ¢: M — M @ M is given by f — ((1 —
T f, (1 —t3 1) f). If M is a unitary G-module, it was shown by Guichardet [Gui72]
that ¢ is not onto, so that H!(FFy, M) # 0 for every unitary G-module M. Note that

examples of unitary, irreducible G-modules M with FI(G, M) = 0 were constructed
in [MV10].

Gy Ge
veV M - HGEA M

Next we consider the connecting map 8: [[,., M% — H'(G, M): it is not de-
scribed explicitly in Chiswell’s paper [Chi76], nor are we aware of any published
description of this map,? although it might of course be known to experts. It is
important for our main results to have this map explicitly, where we will also not
assume that groups are discrete; we therefore will spend some time developing it.

Let w € hom(Z(A), M)% so that

that is,

2Chiswell’s paper was preceded by papers of Swan [Swa69] where (1) is established for amalgamated
products, and Bieri [Bie75] where (1) is established for HNN extensions. But these papers do not
contain any explicit description of O either.
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However, we would like to have a description of d purely in terms of the graph of
groups data.

Proposition 2.3. Let w € [],. 4 MCe.

1. Forv eV and g, € Gy, we have: (0w)(g,) = (g — 1) f;; w.
2. For e e A\E(T), we have: (0w)(te) = t, fve: W — tewe — fveof w.
Proof. Fixw € [].c4M; the canonical isomorphism [], . 4 M% — hom(Z(A), M)¢

maps w to w where Wyz = gw, fore € A and g € G.

1. If g, € G, then using the fact that g,.v = ¥ we have by (6):

wmmnz—/%%a

[Loef5
=u—DAw—U—U£@

where we have used 7[v, w] = [v,w], as observed earlier.

2. For e € A\E(T), we have by (6):

/ ”
teo
t6+ o
/ / G+ [ @
te€t e_
t7teZ ez
—t/ w+t/ cT)—/ w.
Vo e Vo

But €5 = &4 and t;'eZ = &_ by (2), so (Ow)(te) = te rw—te [TTw
Finally, fej W = we by (5), which concludes the proof. O

Lemma 2.4. The class of Ow is independent of choice of the base-vertez vg.
Proof. Consider d'w defined similarly to dw but with respect to a base vertex v;. It is

a straightforward computation, which uses Remark 2.1, that for each g € (Uyey G,) U
{te : e € A} the difference is a co-boundary. Namely,

dulg) - Tulg) = (g-1) [ @ 0

Then, 0: [[.. 4 M® — H'(G, M) as the composition of d with the canonical map
ZY G, M) — HY(G,M).
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3. On the Haagerup cocycle

Let G be a topological group acting without inversion on the tree 7. Denote by
VY and £ the set of vertices and oriented edges, respectively, of the tree 7. We then
have a natural action of G on ¢?(£) which we will now study.

Recall that the removal of an (open) edge disconnects the tree into two connected
components, called half-trees. To each h € £, we will associate the connected com-
ponent which contains hy. This way, we identify £ with the set of half-trees: as a
half-tree, the edge h corresponds to {x € V : d(x,hy) < d(x, h_)}. This allows us to
write: x € h.

Let € V and consider the characteristic function 1, = {h € £ : © € h} of the set
of edges pointing towards x. With this notation, we fix an initial vertex x¢ € V and
consider

b(g)=(9—1) 1z =1ggy — 1.

Since b is a formal cocycle, the observation that ||b(g)||3 = 2d(gzo, z¢) shows imme-
diately that [b] € HY(G, ¢*(€)). Furthermore, b is bounded if and only if G has a fixed
vertex, and similarly, G acts properly on 7 if and only if b is proper on G. We note
that the class of b is independent of the base vertex zy. We will call b the Haagerup
cocycle with respect to the base verter xy. This cocycle is a witness to the fact that
groups that admit a proper action on a tree have the Haagerup property. Note that
the class [b] is clearly independent of the choice of zg; this will allow us to choose x
in an appropriate way, when studying cohomological properties of b.

We wish to now understand when this cocycle is trivial in the context of Chiswell’s
Mayer-Vietoris sequence. Let X = (V, E) be the quotient graph G\7. Fix a base
vertex vy € V, a maximal tree T of X, and an orientation A of E. As before, denote
by m: T — X the quotient map, with section x +— & for x € V. UT. This lifting has
the property that ¢, = e1. Note that € = €.

For e € AN E(T), let us denote by ¥.: G. — G._ the natural inclusion. For e €
A\E(T), recall that e_ = t_ e, and we set J.(ge) = teget, ! for g. € Ge.

We now observe that b is clearly bounded, hence cohomologically trivial on each
vertex group G, (v € V). This means that [b] is in the kernel of A: HY(G, (2(&)) —
[T,ev HY(Gy, %(€)), so by the Mayer-Vietoris sequence (1) it is in the image of 9.
We explicitly describe an element of [T, ., ¢2(€)%s that maps to [b].

Let us define w, = dz — &; for e € A; observe that w € [] o4 (2(€)%e.

Lemma 3.1. Let b€ Z'(G,(*(£)) be the Haagerup cocycle with respect to the base
vertex vg. Then O(w) = b, with w as above.
Proof. Observe first that for e € A:

We = ]lg_ — Ilg+.

Formally w|r = df, where f, = —15 (v € V). So:

/ w = —]15—|—]150.
vo
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Now, for g, € G, we have:

dw(g0) = (90 — 1) /vw

Vo

= (gv — D(~15 + 15,)
= (gv — 1)]150
= b(g)-

Now, let e € A; using e, = e} and t.(e_) =e_:

—t/ UJ_/ _twe
vo

e++1vg>+1 — 15 O—te(ﬂg_—]lg+)

= (te - 1)]1110

= b(te).
Since dw agrees with b on the generators (U,cyG,) U {t. : e € A} by Lemma 2.4 we
have that dw = b. O

Lemma 3.2. Let G be a topological group acting on a tree T without inversion. The
following are equivalent:

a) [b] =0 in HY(G,0*(&));

b) G has a fized vertex;

¢) A: HY(G,2(&)) = [lyey HY (G, 2(E)) is injective.
Proof. (a) < (b) Using the fact that

Hb(g)||2 = 2d(gx07x0)7

we see that [b] = 0 if and only if b is bounded, if and only if G admits a bounded
orbit on vertices. By a standard argument (see, for example, [BH99, Proposition 2.7,
Chapter 11.2]), this is equivalent to G fixing a vertex.

(¢) = (a) Follows immediately from the already observed fact that [b] € ker A.

(b) = (¢) G admits a globally fixed vertex xg, so that G = G,,, where vy = 7(x).
Since G is equal to a vertex stabilizer, the restriction of A to the corresponding factor
of [T, H'(G,, (*(€)) is the identity, and A is injective. O
Remark 3.3. Assume that [b] =0. Then, by the exact sequence (1), the vector
w € [T.ea?*(€)% from Lemma 3.1 is in the image of ¢: [T,y 02(€)% — [[.cal*(€)%
This can be seen explicitly as follows. Suppose G fixes the vertex xy in T, set
vo = p(x). Then X = G\T is a tree. Set then f, = f;; w; then f, € (2(£)%, since
G, pointwise fixes the geodesic [z, v]; and clearly ¢(f) = df = w (which is essentially
Poincaré’s lemma).

From Lemma 3.2 and the Delorme-Guichardet Theorem, we immediately deduce
the following cohomological characterization of Serre’s property (FA):

Corollary 3.4. A topological group G has Serre’s property (FA) if and only if, for
any action of G without inversion on a tree T, the map

A HYG,2() = [] HY(G.. ()

veV
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is injective. In particular, if G is locally compact with Kazhdan’s property (T), then
G has Serre’s property (FA).? |

We now explore the triviality of the Haagerup cocycle in reduced cohomology.

Lemma 3.5. Suppose that Fo < Aut(T) acts freely. Then (*(E) does not have Fa-
almost invariant vectors.

Proof. Let C' denote a choice of one representative in each Fs-orbit in £. Since the

~

Fa-action is free, this choice identifies the £2(£) = @ ¢*(F3), as an Fa-module, where
ceC

the direct sum is endowed with the diagonal left regular representation of Fy. So
the result follows from the observation that ¢2(F5) does not have Fa-almost invariant
vectors, which is guaranteed by the non-amenability of Fs. O

Definition 3.6. A group G acting on a tree 7T is said to be elementary if it has a
finite orbit in 7 or 07 .

If one has a finite orbit in @7 but not in 7, then the orbit must have size at
most 2. This follows, for example, from Propositions 1 and 2 of [PV91] along with
the classification of isometries.

We now recall a little about the structure of the stabilizers Aut(T )¢, and
Aut(T)1¢y,¢,3 Where &, &1 € OT. The group Aut(T)e, contains the collection of its
elliptic elements as a normal subgroup Re, = Uye7stablv,&p). The map that asso-
ciates to each element in Aut(7 )¢, its signed translation length is a homomorphism
to Z with kernel Re,, see [PV91, Lemme 4]; we call it the Busemann homomor-
phism. Choosing a € Aut(T )¢, a hyperbolic element with minimal translation length
(or setting a = 1 otherwise) describes an isomorphism

Aut(T)e, = (a) X Re,.

This provides Aut(T )¢, with a normal form, i.e. for each g € Aut(T )¢, there is a
unique n € Z and r € R¢, such that g = a™r.

Next, consider G = Aut(T)y¢,¢,}; observe that it contains, as a subgroup of index
at most two, Go = Aut(T)e, N Aut(T )¢, and Gy = (a) X (Rg, N Re, ).

Finally, we observe that these descriptions and canonical forms hold by restriction
to any subgroup or Aut(T )¢, or Aut(T)ie,.e,}-

To simplify notation which will quickly become cumbersome, let

20y = Lz = Ljy,a)-

The fact that ||2,,,]/? = 2d(z,y) should give the reader an idea of why the notation
was chosen this way. Observe that if b is the Haagerup cocycle with respect to base
point xzy then

b(9) = 224,ga0 -

Theorem 3.7. Let G be a discrete group acting on T without inversion. Let b €
ZYNG,2(E)) denote the Haagerup cocycle. Then [b] is trivial in o' (G,0%(&)) if and
only if the G-action is elementary.

3The latter statement was first proved by Watatani [Wat82)].
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Proof. Assume the G-action is non-elementary. Then, by [PV 91] there exists a freely
acting Fy < G. By Lemma 3.5, £2(£) has no Fy-almost invariant vectors, hence no

G-almost invariant vectors. By Guichardet’s result: il (G, 2(€)) = HY(G,%(&)); so
it is enough to show that [b] # 0 in H*(G, ¢*(£)), i.e. that b is unbounded on G. But
b is already unbounded on F5, as it acts freely.

Conversely, suppose that the action is elementary. If there is a finite orbit in 7,
then by Lemma 3.2, [b] is trivial in H(G, ¢?(€)) and hence in FI(G,Ez(E)).

Therefore, assume that G does not have a finite orbit in 7. Then, either G has
a fixed point in 7 or there is a G-invariant set {£p, &1} C T such that Go := G N
Aut(T)e, N Aut(T )e, has index 2 in G.

Case 1: G fixes &.

Choosing a hyperbolic isometry a € G of minimal translation length ¢(a), every
element of G may be described uniquely as a™¥r for N € Z and r € R¢, N G. Replacing
a by a~! if necessary, we may assume that & is a contracting fixed point for a.

Let F C G be a finite set. Then F C {a™r: M’ < N < M,r € Fy} where Fy is a
finite subset of R, with 1 € Fj. We begin by considering the case where F' = {aN7r:
0<N<M,reFy}.

Let A be the axis of a. The elements of the finite set Fy C R¢, must have a common
fixed point ¢ which allows us to choose xy € [t,&) N A, that we take as base-point
for the Haagerup cocycle. To simplify notation, let z,, = a™xg for n € Z and observe
that if £(a) is the translation length of a then ||2,, 4. ,||* = 2¢(a). With this, we have
that, for N € Z and r € Fy

b(aNr) =25 on-

n
Let v, ==Y (1—£)2,, ..., and b,(g9) = gv, — vn. Now, if 0 < N < M, n > M,

n

k=0
r € Iy then
n+N n
k—N k
N
bn(a™r) = — (1 R ) 2oy zigs T Z (1 - n) 2k wiin
k=N k=0
N—-1 n n+N
k N k—N
= Z <1 - _> o001 Z — 20y 241 — Z <1 - ) 2orwnsn -
n n n
k=0 k=N k=n+1
N-1
So, observing that b(a™r)= Y 2., ..., and that 2, . 41 is orthogonal to
k=0
20 sy fOT K # k'

b(a™r) = ba(a™ )]

N-1 N—-1 k
22$k71k+1 - (1 - E) Ql’k’wk-pl
k=0 k=0
n N n+N E—N
+ Z Egl’k,mk-u + Z (1 - n ) 21k,$k+1

k=N k=n+1
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k‘ n+N kE— N 2
= E Tprr T 22$k,1k+1 + Z ( ) e wnga
k=0 k=n+1

1% 1 ' &

= N -~ A
[nz + (n=N+1)+— > (n+N k)]

k=1 k=n+1
< g M%)
n

This part is concluded by observing that, if K is an arbitrary finite subset of G,
then for N >> 0, the set o’V K is contained in a finite set I of the above form. Defining
the 1-cocycle ¢, as ¢, = b — b,,, we then have, for h € F"

Cn(aiNh) = aiN(Cn(h) - Cn(@N))a

%W)M — 0 for every g € K.

n— oo

Case 2: G does not have a fixed point in 9T but preserves {£g, &1} C 9T

Let Gy = G N Aut(T)e, N Aut(T )¢, and observe that Gy has index 2 in G. By the
first case, [b] is trivial in o (Go,%(€)). By Lemma 3.8 just below, [b] is also trivial
in 7' (G, 22(€)). 0

so by the triangle inequality: |c,(g)] <

Lemma 3.8. Let H be a finite index subgroup in the discrete group G. For any uni-
tary G-module M, the restriction map RestH: H (G M) — )il (H, M) is injective.

Proof. Let g1, ..., gn berepresentatives for the left cosets of H in G. Let b€ Z*(G, M)
be a 1-cocycle such that b|y is a limit of coboundaries. We must show that b is a
limit of coboundaries. Passing to the associated affine action a(g)v = gv +b(g) (g €
G,v € M): under the assumption that there is a sequence (vg)p>o € M such that
limg o0 [|(R)v, — vg|| = 0 for every h € H, we must show the existence of a sequence
(wk)k>0 € M such that limy_,o [|a(g)wr — wg|| =0 for every g € G. So, fix g € G.
There exists a permutation o of {1,2,..., N} and elements hy,...,hy € H such that
99i = Jo(iyhi for every i =1,..., N. Set wy, = % Zivzl a(gi)vg. Then, using the fact
that a(s)z — a(s)y = s(x — y) for every s € G, x,y € M:

N N
1 1
a(g)wy — wg = ZO‘ 99i)Vk) = > algo@ihi)v — Z (9o (i)
=1 =1

=

o’(z Uk - Uk:)

HMZ

Since

lim |a(h;)vg —vg]| =0
k—o0
fori=1,...,N, we deduce

lim |a(g)wi — wg|| = 0. O
k—o0
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4. Proof of Theorem 1.3 and one application

4.1. Proof of Theorem 1.3(ii)

We first assume that ¢: Hvev MG — [leca M has dense image. Now, observ-
ing the explicit formula for  we see that d: [] cea MY — HY(G, M) is continuous
for the product topology. Furthermore, the assumption of property (T) for the vertex
groups implies that H'(G,, M) = 0 for each v. This means that d is onto, by the
Mayer-Vietoris sequence (1). We therefore have that 9: [], ca M — ZY (G, M) is
onto. Furthermore, im(¢) = ker() is dense in [, 4, M, which means 8|ker has
dense image in B(G, M). This of course means that B(G, M) is dense in Zl(G M)
and hence Fl(G7 M) =0.

Conversely, assume that Fl(G M) = 0. Continuing to assume that all vertex
groups have property (T), the Mayer-Vietoris sequence yields that d: [leca M Ge
ZY(G,M) is onto and that im(:) = ker(9). Therefore, choosing w € [],., M%<, we
must show that w can be approximated by elements in the image of ¢. By assumption,
there exists a sequence (my)r>1 of vectors in M with 5w( ) = limg s 00 gmg — M.
By definition of &u\gu, the sequence (—my + f Jk>1 is almost G-invariant, for
all v € V. Denote by P, the orthogonal prOJectlon of M onto MSv, and define
fi € Moy M by (fr)o = Po(— mk—i—f ) (for v € V).

Claim. limy oo ||(fi)v — (—my + f )| =0 for every v € V.

Suppose this does not hold for some v € V. Passing to a subsequence, we may
assume that ||(fx)y — (—mg + f )|| is bounded below by a positive constant. But
(fi)v — (—mg + fvz belongs to the orthogonal complement (MG )1, So the se-

(fk)1)7(7mk+f:0 w) . . . .
quence | [ =g is an almost G,-invariant sequence of unit vectors
k21

in (M%v)*, which clearly has no non-zero G,-invariant vector. This contradicts prop-
erty (T) for G,, establishing the claim.

The proof of the theorem is then finished by showing that w = limy_, o ¢(fx). But,
for e € A:

We = L(fr)e = we — (fk)e+ + tgl(fk)e_
=we — (—my + /e+ w) 4+t (—my, + /67 w)

Hemeot [0 = (e e — et [ w)

By the claim, the two terms in brackets go to 0 for k& — oco. It remains to show
that limy oo |lwe — (—mg + fe+ )+t (—my + f:‘o’ w)|| = 0. But

we—(—mk+/e+w) +te_1(—mk+/6_ w)

Vo Vo

e_ e+
=%—QWW—MMHn%/ w—/ w
vo vo
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we — t- (my — temy) — t7 1 (Bw(te)) — we

= —t7 Ow(te) + (mp — temy)] = 0,

where the last line converges to 0 by assumption. This concludes the proof. O

4.2. The case of HNN-extensions

Let G=HNN(T, A,0) be an HNN-extension, where A is a subgroup of T' and
0: A — T is a monomorphism. Recall from [Ser77] that G can be seen as the funda-
mental group of a graph of groups with one vertex, with group I', and one edge, with
group A. Let t be the stable letter in G corresponding to the unique edge, satisfying
tat~! = 0(a), for every a € A. If A =T and 6 is an automorphism of T, then G is the
semi-direct product I' gy Z.

The map ¢: MY — M4 is given by m +— (1 —t~H)m.

Proof of Corollary 1.4. First observe that Ker(1 —t)N M' = Ker(1 —t=)n M =
M€ as T'U{t} generates G. In other words, 1 is not an eigenvalue of #|,;r if and
only if M% = 0.

Claim. Let M be a unitary G-module; if ME # 0, then Fl(G7 M) # 0 (in particular,
HYG, M) #0).

To see it, let M+ be the orthogonal of M in M; from the decomposition M =
MC @ M~ we get a decomposition Fl(G7 M) = Fl(G7 M%) @Fl(G, M*), and it is
enough to check that H' (G, MG) £0. But H (G, MS) = HY(G, M) = hom(G, MS),
which is non-zero as G maps onto Z.

We may now prove the first statement of Corollary 1.4. Assume first that
HY(G,M) = 0. By Theorem 1, the map (1 —¢~1)|;;r is then onto. By the previous
claim, it follows that M = 0 and so ¢ = (1 — t~1)|r is also injective and therefore
invertible, meaning that 1 is not a spectral value of t|y;r. Conversely, if 1 is not a
spectral value of t|yr, then (1 —t~1)[3r is invertible, in particular, it is onto, so
HYG,M) =0.

We now pass to the second statement of Corollary 1.4. If " (G, M) =0, then
by the claim, 1 is not an eigenvalue of ¢|y;r. Conversely, if 1 is not an eigenvalue,
then (Im((1 —t~H|yr))t = Ker((1 —t71)|pr) =0, ie. Im((1 —t1)|pr) is dense,
SO Fl(G, M) = 0 by Theorem 1.3. O

5. The first /2.-Betti number

5.1. Computing ¢>-Betti numbers

Let G be a countably infinite group acting without inversion and co-compactly on
a tree T, with quotient graph X = (V, E) = G\T.

Let EG be a contractible CW-complex endowed with a proper, free G-action. For
a G-CW-complex Z, we may define

H(Z;G) = H,(Z x EG;G)
(see [CG86, Proposition 2.2]) using the fact that the action of G on Z x EG is now
free. We denote by 5¢(G) := dimg F&)(EG, @) the i-th L2-Betti number.
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Let Y be the geometric realization of 7, so that Y is a contractible, 1-dimensional
CW-complex. Let Y’ be the set of vertices of T, viewed as a subcomplex of Y. Recall

that the relative L2-cohomology sz) (Y,Y’; G) is the cohomology of the complex

X * Rest

— Clyy(Y' x EG)].
Lemma 5.1. i) dimg H ) (Y;G) = 5(G) fori > 0.

i) dimg Hy) (Y, Q) = Xy B1(Gy) fori > 0.

iii) Hp(Y.Y':G) = 0 and dimg H o) (Y, Y';G) = X, B1G) fori > 1.

Proof. i) Since Y is contractible, Y x EG is a contractible CW-complex on which
G acts properly freely. By uniqueness of EG, the space Y x EG is G-equivariant-
ly homotopic to EG. So

dime H 5 (Y;G) = dimg Hyp (Y x EG;G) = 5'(G).
ii) Choosing a vertex ¥ in each G-orbit of Y, we get

dimg Hy) (Y, @) = Y dimg H(»)(G - 5 G)

veV
—Zdung H2)UG Zﬁz
veV veV

where the previous to last equality is [CG86, Proposition 2.5].
iii) In degree 0, we have CO y(Y,YG) =0,as Y x EG and Y’ x EG have the same

vertices. In degree i > 1 denote by Z(® the set of i-cells of the CW-complex Z.
Observe that

(v x EG)Y = JTv™ x EGU™H) = (v x EGV) 11 (YD) x EGU—Y)
k=0
as Y is 1-dimensional. So
Clpy(V,Y':G) = 2(Y ) x EGUY).

and the co-boundary operator d®@ C’é)(Y, Y G)— Cg;')l (Y,Y’; G) coincides
with 1 ® d~Y. So dimg H' (Y, Y’ G) = dimg ker(1 @ d~Y) =Y, B771(Ge)
by an argument similar to Part (ii) above (by choosing one representative for
each G-orbit in Y1), O

The second part of Proposition 5.2 below, on amenable vertex-groups, was first
obtained by Schafer [Sch03, Corollary 3.12, (ii)].

Proposition 5.2. Assume that, for every vertex v of T the stabilizer G, satisfies
B (Gy) =0 fori>1. Then

1
; v;, |G|

and BYG) =3 ,c4 B HGe) for i >2. In particular, if G, is amenable for every
v €V, then BY(G) =0 fori>?2
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Proof. According to [CG86, Lemma 2.3], the relative L?-cohomology sequence:

-0 -0 0
-1 -1 -1

is weakly exact. Then by the rank theorem for von Neumann G-dimension, whenever
some space has G-dimension 0, the alternate sum of the G-dimensions of the previous
terms vanishes. The first statement then follows immediately from Lemma 5.1. If all
vertex-groups are amenable, then so are all edge-groups, hence 3°~(G.) = 0 for i > 2
and e € A. O

Ezample 5.3. a) The Baumslag-Solitar group BS(1,2) is the solvable group with

presentation
BS(1,2) = (a,b | aba™* = b?).
Consider then the group H with presentation
H = {(ag,ay,as | aparay ' = a}; ajaza;’ = a3).
Clearly H is the amalgamated product of two copies of BS(1,2) over Z:
H = BS(1,2) +z BS(1,2),
so Bi(H) = 0 for every i > 0 by Proposition 5.2.
b) Consider the famous Higman group H, (see [Hig51]) with its presentation on
4 generators and 4 relations:
H, = {ag,a1,a2,as | aiaiﬂa;l = afﬂ,i € Z/AZ).

Then the subgroups < ag, a1, a2 > and < as, asg, ag > are both isomorphic to the
group H above, while < ag,as > is free of rank 2, and H, is an amalgamated
product of two copies of H over the free group Fs:

H, = H *s, H.
By Proposition 5.2 we get 8¢(Hy) = 87 1(Fg) for i > 2, i.e.

= {04 122

5.2. Sufficient conditions for vanishing and non-vanishing
The following result will be important for the treatment of reduced graphs of
groups in the next section. Note that the assumption is satisfied if vertex groups have
property (T).
Proposition 5.4. Let G be a graph of groups with at least one edge, such that all
vertex groups satisfy H*(G,,0%(G)) = 0. The following are true:
1. If for every edge e we have |G.| = oo, then H'(G,¢*(G)) = 0 and B(G) = 0.
2. If there is an edge e € A such that |G.| < 0o and ey = e_ then HY(G,(*(G)) #
0. If, moreover, G is non-amenable, then 3(G) > 0.
3. If there is an edge e € A such that |G| < oo, ey #e_, [Ge, : Ge] =2 and
[Ge_ :tGetZ Y] =2, then HY(G,%(G)) # 0. If, moreover, G is non-amenable,
then BY(G) > 0.
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Proof. (1) By Chiswell’s sequence (1), we have that H*(G,¢*(G)) = 0 if and only if
the map ¢: [[ ey 2(G)C = [1.ca £2(G)% is onto.

If for every e € A we have that |G| = oo then ¢2(G)% = {0} and ¢ is onto.

(2) Assume that for every e € A we have |G| < oo and e = e_. By contradiction
assume that H(G,¢?*(G)) = {0} then ¢ is onto by Chiswell’s sequence (1), and, in
particular, there is an f such that «(f). = xg.. Let v:=ey =e_. Then, we have
that f,(x) — fo(tex) = xq.(x), in particular, if = ¢ G, then f,(z) — f,(tex) =0, i.e.
fo(®) = fo(tex). Taking x = tF" for n € N, a straightforward induction shows that
if n>1 then f,(t2) = f,(t.) and f,(t-™) = f,(1). Since f, € ¢*(G) and (t.) is an
infinite subgroup of G, we conclude that f,(1) = f,(t.) = 0.

On the other hand, f,(1) — f,(te) = x¢.(1) = 1 which means that either f,(1) # 0
or f,(te) # 0, a contradiction.

(3) Assume that there is e € A such that |G| < 00, e #e_ and [Ge, : G] > 2
and [Ge_ :t.Get1] > 2.

Fix such an e and set v = e, and u = e_. We may then take e to be in the maximal
spanning tree of the quotient graph so that G, < G, N G,,.

Observe that (=1 (£2(G)%) = £2(G)% @ (*(G)%. By contradiction, assume that
t(fos fu) = fo — fu = Xxc. for some (f,, f.) € £2(G)% @ (2(G)%=. This means that
fo(x) = fu(z) for every z ¢ G..

By assumption, there is a g, € G, \ G, and a g,, € G, \ G.. Then, g,g, is a hyper-
bolic isometry of the tree (from which the graph of groups decomposition comes). This
means that for each n € N the element (g,9,)" € G is distinct and not in G.. We claim
that f,((gugu)™™) = fu(1) for every n € N. Assume n = 1. Then, since (g,g,)" ¢ G,
and f, and f, are G,, and G,-invariant respectively, we have that

Assume that f,((gugu)™™) = f»(1). Then, again, we have that (g,g,)" " ¢ G. and so

ful92 95 (gogu)™™)

folga 9y (9ugu)™™)

(
= fulgy  (909u)™™)
= fv(g (gvgu) n)
= fol(9ugu)™")
= fu(1).

Therefore, the set {g € G : f,(g) = f,(1)} is infinite. This means that f,(1) = 0.
A similar argument shows that f,(1) = 0. But this is impossible as f,(1) — f.(1) =
xa. (1) = xa. (1) = 1, a contradiction. Therefore, ¢ is not onto.

The statements regarding B'(G) follow from one of the possible definitions for
BY(G), namely the von Neumann dimension of iR (G, 0*(@)) (see Definition 1.30

in [Liic02]), together with Guichardet’s classical result that ﬁl(G,Zg(G))
HY(G,/*(G)) when G is non-amenable.

ol
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When vertex stabilizers G, are non-amenable with 31(G,) = 0, part (1) of Propo-
sition 5.4 appears as Theorem 4.1 in [M'V07].

5.3. Reduced graphs of groups

Definition 5.5 ([Her88]). A graph of groups is said to be reduced if whenever e € E
such that eq # e_ we have that [Ge, : G¢] > 2 and [G._ : t.Gct; '] > 2. Otherwise,
it is said to be unreduced.

One may pass from an unreduced graph of groups to a reduced one simply by
retracting edges e € E such that e, # e_ and G. = G, without affecting the iso-
morphism type of the group. This was proven in successive generality in [Her88,
For02, dC09].

‘We make the important observation that the cases of Proposition 5.4 account for all
possibilities whenever the graph of groups is reduced. Indeed either |G| = oo for every
e € A (which is case (1)), or there is an edge e € A such that |G| < co. Then either
ey = e_ and we are in case (2) or for every e € A such that |G| < oo we must have
that e} # e_. For such edge e we must have [Ge, : G¢] > 2 and [Ge_ : t.Get ] > 2
(which is case (3)) because the graph of groups is reduced.

We now turn to the proof of Theorem 1.1. We recall the theorem (and slightly
rephrase one of the items):

Theorem 5.6. Let X be a graph, T a mazimal tree in X, (G, X) a reduced graph of
groups, and G = 71(G, X, T). Assume that 31(G,) = 0 for everyv € V and ﬁ <
oo. Then BY(G) = 0 if and only if G belongs to one of the following cases:

1. The graph X is a single verter. Then G = G,,.

2. The graph X is a single loop and G =7Z X G,,.

3. The graph X is a single edge with |G| < 00, ex # e_ and [Ge, : Ge] = 2.

4. Bvery edge group is infinite.

Proof. If X = {v} is a single vertex then G = G,, so 8*(G) = 0.

Assume X is a single loop with G = Z x G,,. Then, G, = G, and we have that
B1(G) = 0 by Proposition 5.2.

If X is a single edge then G = G, *g, G._ is an amalgamated product. Assum-
ing that |Ge| < oo and [Ge, : G¢] = 2. Then we may again apply Proposition 5.2 to
deduce that

1 1 1 1
B(G) G 1G] iG] 0.

Finally, suppose that every edge group is infinite. It then follows that all vertex
groups are infinite as well, and hence by Proposition 5.2, we conclude that 3'(G) = 0.

Conversely, suppose that 41(G) = 0. We may assume that we are not in case (1),
i.e. X has at least one edge. If G is non-amenable, then by Proposition 5.4 all edge
groups are infinite, i.e. we are in case (4). So assume G is amenable, and let G act
without inversion on the universal cover 7 of the graph of groups (G, X). By the
main result of [PV91], the action of G on T is elementary. If G fixes a vertex v, then
X = {v} as X is reduced, and we excluded this. If G fixes two boundary points of
T, then by Lemma 18 of [dC09], either X is a loop and G is a semi-direct product
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G =7 x G, (and we are in case (2)), or X is a segment and G is an amalgamated
product with both indices [G., : G.] being equal to 2 (and we are in case (3)). If G
fixes exactly one boundary point of 7, then by Lemma 17 of [dC09], X is a loop and
G is an ascending HNN-extension G = HNN(G,,0), where 0: G,, — G, is injective
but not surjective. This of course implies that G, is infinite. Since G, ~ G,,, we are
in case (4). O

In Theorem 5.6, let 7 be the universal cover of the graph of groups (G, X). Assume
that 7 is locally finite and G acts properly on 7. Then the assumption @ < 0

guarantees that G is a lattice in the locally compact group Aut(T).

6. Large groups of automorphisms of 7

In this section, we are concerned with closed subgroups G of the automorphism
group of a locally finite tree 7, acting transitively on the boundary 07 . It is known
(see Proposition 1.10.2 in [FTN91]) that G has one or two orbits on the set V' of
vertices of T, so that T is either regular or bi-regular. We denote by G the dual of
G, i.e. the set of irreducible unitary representations of G, up to unitary equivalence.

Pointwise stabilizers in G of finite subtrees of 7, form a basis of compact open
neighborhoods of the identity in G; for J a finite subtree, let G ; be its pointwise sta-
bilizer in G. For m € G, let Py ; be the orthogonal projection from the Hilbert space
of 7, onto the subspace of 7(G y)-fixed vectors. We denote by ¢, the minimum cardi-
nality of (the vertex set of) a finite subtree J such that Py ; # 0. Following [FTN91],
we say that:

e 7 is spherical if £, =1,
e 7 is special if {; = 2;
e 7 is cuspidal if £, > 2.

Note that 7 is spherical if and only if 7 is a spherical representation with respect to
the Gelfand pair (G, G, ), where G, is the stabilizer of an arbitrary vertex a € V.

Our aim, in this section, is to give a new proof of a result of Nebbia [Neb12]
describing H'(G,7), for m € (A?; a feature of our proof is that Nebbia appeals to
Delorme’s theorem [Del75] for the vanishing of the first cohomology of a non-trivial
spherical representation associated with an arbitrary Gelfand pair. In our situation,
we bypass the use of Delorme’s result thanks to the concrete description of spherical
representations from [FTN91].

6.1. The case of two orbits on V'

If G has two orbits on V| then G acts without inversion on 7, with fundamental
domain an edge e = [a, b], so G appears as an amalgamated product G = G, *¢, Gp.
(Examples are provided by G = PSLy(F'), where F' is a non-archimedean local field;
or by G = Aut™(T), the subgroup generated by elliptic automorphisms.) In this case
G has a unique special representation o (see Theorem I11.2.6 in [FTIN91], and the
comments following the proof).

We now turn to the proof of Theorem 1.2:
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Proof. Let M, be the Hilbert space of 7. If £, > 2, then M = {0}, so the result
follows from Theorem 1.3.

Assume £, = 1; if 7 is the trivial representation, then H'(G,7) =0, as G is gen-
erated by the union of two compact subgroups (so every homomorphism G — C is
trivial). So we may assume that 7 is non-trivial, and appeal to the realization of 7
as a boundary representation, as in Chapter IT of [FTN91]: the space M is then a
suitable completion of the space of locally constant functions on 97, and there exists
s €]0,1[U(3 + iR) such that the G-action is given by

m(9)¢(w) = P(g,w)*¢(g'w),

where P(g,w) is the Radon-Nikodym derivative %(w), where v, for € V, is the
unique G -invariant probability measure on 97 . ‘

Let 97T = 07, U 0T, be the partition of 97 induced by the edge e: so 97, is the
set of ends w such that the ray [a,w[ does not contain b, and vice-versa. Then MSa
is 1-dimensional (it consists of constant functions on 97), MS is 2-dimensional (it
consists of functions constant on 9T, and 97T;), and M is 1-dimensional: the latter
consists of functions & constant on 97, and O7,, which, moreover, satisfy:

Elor, = ¢**¢loT.,

where ¢+ 1 is the degree of the vertex a; this follows from the computation of %
in Section II.1 of [FTN91]. It is then clear that our map ¢t: M« & MS» — MSe is
onto, so by Theorem 1.3 we have H' (G, ) = 0.

Finally we deal with the special representation o. Then MSe« = MS = {0} (since
ly =2), so by Theorem 1.3 we have: H'(G,0) ~ M%:. By Proposition I111.2.3 of
[FTN91]* we have dim M& = 1, completing the proof. O

6.2. The case of one orbit on V

In this case T is a (¢ + 1)-regular tree, on which G acts with inversions and transi-
tively on the vertex set of 7. Examples of this situation are provided by G = Aut(T),
or G = PGLy(F), with F anon-archimedean local field; less classical examples appear
in [Ama96].

Since G acts with inversions on 7, Theorem 1.3 does not apply immediately. To
remedy this, we pass to the first barycentric subdivision 77 of 7, where the assump-
tions of Theorem 1.3 hold.

The new action of G on T; has a single edge as a quotient with vertex set {a, b}
and edge set {e}. Say that a corresponds to some vertex @ of T, and b corresponds
to some edge € of T, with a € é.

With this notation, we have that G, = stabg(a) and Gj, = stabg(é) and G, =
Go N Gyp. Here, stabg(€) denotes those elements of G which preserve € as a set whereas
G. corresponds to the point-wise stabilizer of € in G, so [stabg(€) : G.] < 2. And so

G= Ga *G. Gb.
In this case, the pair (G, Gy) is a Gelfand pair (see Lemma I1.4.1 in [FTIN91]).

4Stlrictly speaking, this deals with groups having one orbit on vertices, but the comments following
Theorem II1.2.6 in [FTIN91] show how to modify it for two orbits.
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Moreover, up to unitary equivalence, G has two special representations o™, o, dis-
tinguished by the fact that o™ is a spherical representation for the Gelfand pair
(G,Gp), while o~ is not (see Theorem III.2.6 in [FTN91]).

The following result has been obtained by Amann [Ama03] for G = Aut(T ), and
by Nebbia [Neb12] in the general case.

Theorem 6.1. Let G be a closed subgroup of Aut(T), acting transitively on OT
and V. If 7 € G\{o~}, then H'(G,n) = 0; on the other hand H'(G,o~) is 1-dimen-
sional.

Proof. If £, > 2 or if 7 is the trivial 1-dimensional representation, the proof is the
same as for the corresponding cases in Theorem 1.2.

If 7 is non-trivial and ¢, = 1, the proof is analogous to the corresponding case
in Theorem 1.2: using the realization of m as a boundary representation, we have
that MY is the 1-dimensional space of constant functions on 97, that M« is the
2-dimensional space of functions constant on 07, and 07,. The only change is that
ME?® is now the 1-dimensional space of functions ¢ constant on 97, and 9T, such
that

Elor, = ¢*¢loT, -
So t: MEa @ ME — MEC is onto, and the result follows from Theorem 1.3.

For o, we have Mff = {0} (since {,+ = 2), and MUGf is 1-dimensional (since o is
spherical for (G, Gy)), and M is 1-dimensional (by Proposition II1.2.3 in [FTN91]);
so ¢ is onto and H'(G,o") = 0.

Finally, for ¢~ we have Mf_“ = {0} (since ¢,- =2) and Mf_b ={0} (as o7 is
not spherical for (G,Gy)); so H'(G, M,-) ~ M by Theorem 1. But M% is 1-
dimensional, by Proposition I11.2.3 in [FTN91]. O
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