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Abstract

This paper contains the algebraic analog of universal clas-
sifying bundles and Chern classes. We imitate the topologi-
cal counterpart of universal bundles over the Grassmannian
to construct some graded commutative differential algebras
O (K[X]/(X? - X, trX —r)) and Q*(K[X]/(X? — X)), whose
corresponding cohomology are polynomial algebras isomorphic to
Kléy,...,¢] and K|[¢1, @, . . .] respectively, for the Chern classes
¢p with p > 1, for the field K = Q, R or C. Here X denotes the
infinite matrix X = [X,,,], X" denotes the corresponding matrix
obtained from X by setting to zero the entries X,, when p > n
or ¢ >n, and (X? — X, trX —r) (resp. (X2 — X)) denotes the
ideal generated by the power series Zp X,p —r and the entries
of the matrix X2 — X (resp. the entries of X2 — X).

Introduction

It is well known, after Swan [9], the equivalence between isomorphism classes of
vector bundles and that of finitely generated projective modules over the ring of
continuous functions on the base or, equivalently, idempotent matrices over the ring
of those functions.

Given a smooth complex vector bundle &, represented by an idempotent matrix ¢
of order n, over the ring of smooth functions on the base, the Chern classes of ¢ in
the standard de Rham cohomology of differential forms, are given as follows:

det(Ln +¢(dp)*) = 1+ c1(p(d(9)®)) + - + enl(d(9)?)),

where ¢, is the p-th characteristic coefficient for p = 1,...,n. Then, c,(p(dp)?) is a
closed form and %cp(go(dgp)% represents the p-th Chern class of ¢.

Complex vector bundles of rank r are classified by free homotopy classes of maps
from the base space to the Grassmannian G_ ,.(C) over the field C of complex numbers
whose points are the r-dimensional vector subspaces of C*. Consider the smooth
manifolds Idem,, ,(C) of idempotent n x n-matrices of rank r over C and the union
Idem_ ,.(C) = Up»,Idem,, ,.(C).

This research was partially supported by MEC-FEDER grant MTM2013-41768-P and JA grants
FQM-213.

Received January 20, 2017, revised February 22, 2017; published on November 15, 2017.

2010 Mathematics Subject Classification: Primary 14F40, 55R40; secondary 19A49.

Key words and phrases: algebraic de Rham cohomology, Grassmannian, idempotent matrix, universal
Chern class.

Article available at http://dx.doi.org/10.4310/HHA.2017.v19.n2.al1

Copyright (© 2017, International Press. Permission to copy for private use granted.



200 MAREK GOLASINSKI aND FRANCISCO GOMEZ RUIZ

The algebraic translation of the classifying space and classifying map for vector
bundles would be, in general, to consider the quotient ring Z[[X]]/(X? — X), where
Z[[X]] is the formal power series ring over the integers Z with indeterminates X,
for p,g > 1 and (X? — X) denotes the ideal generated by the entries of the matrix
(X? — X) with X = (X,,). We say that X is the universal idempotent matrix. In
particular, it represents a class in the Grothendieck group Ko(Z[[X]]/(X? — X)) and
has universal Chern classes ¢,(X) with respect to the algebraic de Rham complex
over the ring Z[[X]]/(X? — X), where ¢,(X) € H%(Z[[X]]/(X? — X)).

The analog of a classifying map for a given idempotent matrix ¢ = (y¢,q) with
entries in some commutative ring A is then the canonical ring homomorphism
¢: Z[[X]]/(X? — X) — A given by sending the class of X,, to ¢pq. Therefore, we
have a ring homomorphism ¢*: Ky(Z[[X]]/(X? — X)) — K¢(A), which, in particu-
lar, sends the class of X to the class of .

As a particular case of Grothendieck [5] results we have the canonical isomorphism

Hip(CIX"]/((X™)? = X" rX" — 1)) = Hjp(Idemy,(C)),

where X™ is the n x n-matrix with entries X, for 1 < p,q < n. Then, the paper [4]
contains an algebraic analog for idempotent matrices of the Chern-Weil theory of
characteristic classes.

We were inspired by those counterparts to construct, for any field of charac-
teristic zero K, commutative differential algebras Q*(K[X]/(X? — X, trX — 7)) and
Q*(K[X]/(X? - X)), with X = [X,,,] and p, ¢ > 1, where K[X] is a subring of the for-
mal power series ring K[[X]], to show that their cohomology algebras are isomorphic
to K[é1,...,¢ ] and K[cy, Ca,...], respectively for the universal Chern characteristic
classes ¢, with p > 1.

In Section 1, we set the stage for developments to come. This introductory section
is devoted to a general discussion and establishes notation on the Kéhler differentials
Qgr(A) of an R-algebra A and the associated de Rham complex Q7 (A) used in the
rest of the paper.

Section 2 is based mainly on [4] and is devoted to a list of standard results on
algebraic characteristic classes for idempotent matrices.

The aim of Section 3 is to show G, ,(C) is dense in Idem,, ,(C) with respect to
the Zariski topology on the affine space M, (C) ~ cv.

Write Polg (Idem,, ,.(C)) for the subalgebra of polynomial functions on Idem,, ,.(C)
with coefficients in K, generated by the projection maps x,,: Idem,, ,.(C) — C. Then,
our main results are:

Theorem 4.7. We have H(K[X™]/((X™)? — X", tr X" — 1)) = K[c1,. ..,/ Inr,
where & € Hoh(K[X"]/((X™)? — X", trX™ — 1)) is the class of the j-th Chern form
ci(X™(dX™)?) € A2TQYK[X"]/((X™)? — X", trX™ — 7)), and I, is the ideal gen-
erated by the well known polynomials deduced from the relation (L+ c1(y)+---+
()L +er(yh) + -+ enr(7F)) = 1, where ¢;(7y), resp. ¢;(v1), is the j-th Chern
class of the canonical bundle v, resp. normal to the canonical bundle v, over Grn . (C).
(See, e.g., [1, Proposition 23.2].)

and
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Theorem 4.11. There are isomorphisms
H* (lim, (s (K [X"]/(X7)? = X7, X" — 1), d))
= limy, Hp(K[X])/(X™)2 — X", trX™ — 1))
= H};p(Polg (Idem_ ,.(C))) — H*(Idem_ ,.(C); K) = K|[¢y, ..., ¢/]
and
H* (limy limy, Q5 (K[X]/((X7)? = X", 0 X" — 1), d)))

~

— lim, lim,, H}p(K[X™]/((X™)? — X", tr X" — 7))
=5 H}p(Polg (BU(C))) — H*(BU(C); K) = K[é1,Ca, - - ).

Finally, we notice that for a subring K [X] of the formal power series ring K[[X]],
the quotient ring K[X]/(X2 — X,trX —r) and the associated complex (Q*(K[X]/
(X% — X, trX —r)), d) are isomorphic respectively to the ring of polynomial functions
on Idem_ ,.(C) with K-coefficients and to de Rham polynomial forms on Idem_ ,.(C)
with coefficients in one of the fields K = Q,R or C.

The main results of Section 5 are stated in Theorems 5.3—5.4:

The cohomology algebras of V*(K[X]/(X? — X,trX —r)) and Q*(K[X]/(X? — X))
are isomorphic to K[¢y,...,¢] and K|[¢1, ¢, .. .|, respectively for the universal Chern
classes ¢, with p > 1.

As noted in Remark 5.5, it would be interesting to give proofs of our main results

that use algebraic tools only.

1. Prerequisites

Notice that the Grassmannian G_,(C) is the union of an increasing sequence
of compact smooth manifolds G,,,(C), where the elements of G, ,.(C) are the r-
dimensional subspaces of C" for n > r.

Let Herm(C) (resp. Herm,,(C)) be the real vector space of hermitian matrices
(resp. n x n-hermitian matrices) over C. It is clear that G, ,(C) (resp. G_ . (C))
can be identified with the subset of Herm, (C) (resp. Herm(C)) of hermitian and
idempotent complex matrices of rank r (resp. of any rank).

Next, write M (C) (resp. M,,(C)) for the complex vector space of matrices over C
(resp. n x n-matrices over C). It is clear that Idem,, ,(C) (resp. Idem_ ,.(C)) can be
identified with the subset of M,,(C) (resp. of M(C)) of idempotent matrices of rank
r (resp. of any rank).

In view of [2, Corollary 1.3], or its generalization [3, Theorem 2.3], the Grassman-
nian G_ ,(C) is a strong deformation retract of Idem_ ,(C) with the retraction map
Idem_ ,.(C) — G_,.(C), given by p + ¢(p + @' — I,,)~! for ¢ € Idem_ ,.(C).

It is clear that the above retraction restricts to retractions Idem,, ,.(C) — G,, (C)
for n > 1. Therefore, up to homotopy, we may replace G_ ,.(C) (resp. G, ,(C)) by
Idem_ ,.(C) (resp. Idem,, ,.(C)).

As a consequence, Idem_ ,.(C) also satisfies the property that for an r-complex vec-
tor bundle over a compact space B there is a map f: B — Idem,, ,(C) C Idem_ ,.(C)
for n enough big, uniquely determined up to free homotopy.
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In this way the complex vector bundle can be identified with the homotopy class
of the map f and then with the class in the Grothendieck group Ky (B) of idempo-
tent n x n-matrices over the ring of complex continuous function on Idem,, ,.(C). We
simply identify f with the matrix whose (4, j)-entry is the map f;;: B — C, where
fij(b) is the (i, j)-entry of f(b) for b € B.

In the particular case of £ being the universal complex vector bundle over
Idem_ ,.(C) whose fiber over A € Idem_ ,.(C) is the image of A, the map f above
is certainly the identity map on Idem_ ,(C).

Therefore, the universal complex vector bundle over Idem_ ,.(C) can be identified
with the infinite idempotent matrix X whose (p,q)-th entry is the restriction to
Idem_ ,.(C) of the projection map z,,: M(C) — C determined by the (p, ¢)-th entry.

Although Idem_ ,(C) is not a smooth manifold, being the union of the increasing
sequence of manifolds Idem,, ,(C) for n > r, it makes sense to consider the standard
de Rham complex of smooth differential forms on Idem_ ,.(C).

We also consider the sequence of inclusions 7,.: Idem_ ,.(C) < Idem_ ,1(C), given
by

T-(A) = ((1) 21) for A € Idem_ ,.(C)

and the colimit
BU(C) = colim,Idem_ .(C).

Now, for an idempotent n x n-matrix ¢ = (¢,,) with entries in an R-algebra A
and a commutative graded differential algebra (Q,d) with Q° = A then we write

det (I, + p(dp)?) = Z (),
k>0

and so we obtain closed 2p-forms ¢, () € Q% and the corresponding 2p-cohomology
classes ¢,(p) € H?P(Q,d).

We say that c,(p) (resp. ¢,(¢)) is the p-th Chern form (resp. p-th Chern class) of
the idempotent matrix ¢ with respect to the commutative graded differential algebra
(©2,d). We also say that c(p) =3 - cp(p) (resp. &(p) = 32,50 Gp(9)), is the total
(non-homogeneous) Chern form (resp. the total Chern class) of the idempotent matrix
¢ with respect to (€, d).

The main example for such a graded commutative algebra is provided by the alge-
braic de Rham complex of an R-algebra. We make use of [7] to recall this construction
used in the sequel. Let A be an algebra over a commutative ring with unit R and
Qr(A) = I/I? is the A-module of Kéhler differentials, where I is the kernel of the mul-
tiplication A @ A — A. Given a € A, write da for the classof a ® 1 — 1 ® a in Qg (A).
Further QF,(A) is the p-exterior power of Qz(A) and the derivation d: A — Qg(A)
extends to a differential of degree 1. We say that (2};(A), d) is the algebraic de Rham
complex of A. The cohomology of this complex is the algebraic de Rham cohomology
of A denoted by Hjj,(A).

In the sequel we need the following (probably well known to experts) next two
lemmas. Let i: R — R’ be a homomorphism of commutative rings with unit, regard
R’ as an R-algebra, and let A be an R-algebra. In particular, we also have the R'-
algebra R’ @g A.
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Lemma 1.1. The R’ ® g A-modules Qr/ (R’ ®r A) and R’ ®@r Qr(A) are canonically
isomorphic.

Proof. Let Q(¢): Qr(A) = Qr(R’ @r A) be the A-module homomorphism induced
by the canonical homomorphism ¢: A — R’ g A.
Define
p: R @pr Qr(A) = Qr(R' @r A)
by $(A @ w) = (A® 1Qp) (@),

It is clear that ¢ is a well defined R’ ® g A-module homomorphism.

On the other hand, observe that 1 ® (iod): R ®r A — R ®@r QrA is a deriva-
tion on the R’ ® g A-module R’ @ QrA. Then the universal property [7, Proposi-
tion, p. 182] for Kahler differentials yields a unique R’ ® g A-module homomorphism
V: Qp (R @ A) = R ®@r QrA, such that ¢(d(l ®a)) =1®a for a € A.

Finally, it is clear that ¢ and ¥ are mutually inverse. O

We keep the notation of Lemma 1.1 to show:

Lemma 1.2. There is an isomorphism Hjp(R' @ A) = H*(R' @ QR(A),1®d).
If R' is R-flat then the canonical map R’ ®@p Hjp(A) = Hjp(R ®@r A) is an iso-
morphism.

Proof. The canonical isomorphism Qg (R @r A) = R ®@r QrA clearly extends to
an isomorphism of graded differential algebras

(Qr (R @R A),d) = (R @r Qr(A),1®d)

and this yields the first isomorphism.
If R' is R-flat then the Kiinneth formula leads to an isomorphism

R ®@p HjpA— H*(R' @r QR(A),1 ®d)
and this concludes the proof. O]

Let now A be an algebra over a commutative ring with unit R and (2,(A),d,)
a sequence of cochain complexes over A. Suppose that there are A-module epimor-
phisms

Pt Qg (A) = Qa(A).
Then we get the inverse limit cochain complex
(QA),0) = lim,, (2, (A), d,).
We say that the Mittag-Leffler condition is satisfied if there exists a k such that
HT Qg1 (A), Ons1) = HTHQn(A), 6n)

is an epimorphism for all n > k and all ¢ > 1.
Then, in view of [10, Theorem 3.5.8] we have the following:

Lemma 1.3. The canonical homomorphism ¢: H1(Q(A),d) — lim, HI1(Q,(A),d,)
is an epimorphism. It is an isomorphism provided the Mittag-Leffler condition is
satisfied.
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2. Algebraic characteristic classes for idempotent matrices

Let R be a commutative ring with unit, (€2, d) a commutative graded differential
algebra over R, where ) = ®k>09k and write Q° = A.

Suppose now that ¢ is an idempotent n x n-matrix with entries in A. Then we
make use of [4] to show that the following lemmas hold:

Lemma 2.1. (1) ¢(dy)p = 0;
(2) ¢(dp)® = (dp)*Pp, p > 1;
(3) tr(p(dp)®*!) =0, p > 0.

Proof. (1): Because ¢? = ¢, we derive ¢(dy) + (dp)p = de and ¢(dp)p + (dp)p =
(de)p. Hence @(dp)p = 0.

(2): The relation ¢(dp) 4 (dp)p = dyp leads to (dp)® = p(dp)? + (dp)p(dp) =
(dp)p(dp) + (dp)?@. Therefore p(dp)? = (dp)?p and so

p(dp)™ = (dp)*¢p forp > 1.
(3): Notice that tr(p(de)?P1) = tr(p(de)?PT1yp). Then, using (2) and (1) we get
tr(ip(de)* ) = tr((de)*p(dip)p) = 0 for p > 0
and the proof follows. O

Lemma 2.2. (1) (dg)? =0 for p > n?;
(2) I, + o(dp)? is invertible with (I,, + o(dp)?) ™t = Zk20(—1)k(4p(d<p)2)k, where
I, is the identity n X n-matriz.

Lemma 2.3. d(det(I,, + ¢(dp)?)) = 0.
Proof. We clearly have
d(det (I, + p(dp)?)) = tr(Adj(L, + (dp)?)" (dw)?),

where Adj means the adjoint matrix operation.

Therefore
d(det (I, + p(dp)?)) = det(In + p(de)*)tr((In + (dp)*) " (dg)?)
and we conclude the proof by using Lemmas 2.1 and 2.2. O]

Recall that idempotent matrices ¢ and 1 are said to be equivalent whenever there
are matrices a and b such that ab = ¢ and ba = v. Therefore ¢ and 1 represent the
same class in the group K((A). Then [4, Proposition] yields:

Proposition 2.4. If ¢ and v are equivalent idempotent matrices then ¢,(¢) = ¢, (V)
forp>1. 3
In particular, we have a well defined map ¢: Ko(A) — H"(Q,d).

Now, consider the quotient ring Z[[X]]/(X? — X)), where Z[[X]] is the formal power
series ring over the integers Z with indeterminates X,, for p,¢ > 1 and (X 2 X)
denotes the ideal generated by the entries of the matrix (X? — X) with X = (X,,)-
We say that X is the universal idempotent matrix. In particular, it represents a class in
the Grothendieck group Ko(Z[[X]]/(X? — X)) and has universal Chern classes &,(X)
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with respect to the algebraic de Rham complex over the ring Z[[X]]/(X? — X), where
&p(X) € H{%;(Z[[X]]/(X2 — X)). We may regard now the polynomial matrix X as a
matrix with entries in the quotient ring Z[[X]]/(X? — X) and so X is an idempotent
matrix. This is the algebraic counterpart of the universal complex vector bundle.

A matrix ¢ = (pp) with entries in an R-algebra A yields the canonical ring
homomorphism ¢: Z[[X]]/(X? — X) — A given by sending the class of X,, to ¢,
if 1<p,q<n and to zero, otherwise. Therefore, we have a ring homomorphism
©*: Ko(Z[[X])/(X? = X)) = Ko(A), which, in particular, sends the class of X to
the class of ¢.

Further, we have a ring homomorphism ¢*: Hj,(Z[[X]]/(X? — X)) — H*(Q,d)
sending the universal Chern classes ¢,(X) to the Chern classes ¢,(¢) with respect to
(Q,d) and such that the following diagram

Ko(Z[[X))/(X* - X)) . Ko(A)

ol
o

x e «
Hip(Z[X)]/(X? - X)) ———— H*(Q,d)
commutes.
For natural numbers r, o, 8 with r > 0, « > 1, 8 > 1, we define maps

zap: Idem_ ,.(C) — C,

by z4s(A) = ap provided A = [ay,]| € Idem_ ,.(C).

These maps are smooth in the sense that they are so once restricted to any smooth
manifold Idem,, ,(C).

It makes sense to consider smooth forms on Idem_ ,.(C) and then on BU(C), i.e.,
a p-form ® on BU(C) is a sequence of smooth p-forms @, on Idem_ ,.(C) such that
7*(®p41) = P,.. Therefore we have the canonical extension to a de Rham complex on
BU(C).

In particular, X can be regarded as a matrix of complex smooth functions on
BU(C) and X (dX)? is a matrix of smooth 2-forms on BU(C) and we have

det(I + X (dX)?) = en(X),
=0
where ¢,.(X) is a 2r-form on BU(C).
By using the results above we observe that the forms ¢,.(X) are closed, i.e.,

d(c (X)) = 0. The class %CT(X) is the universal Chern r-form and it is well
known that

Hp(BU(C)) = Cley, ca, .. ).

3. Zariski closure of manifolds of idempotent matrices

The aim of this section is to show G,, ,(C) is dense in Idem,, ,.(C) with respect to
the Zariski topology on the affine space M, (C) ~ cv.
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Given a field K and its subfield k£ C K, relations between affine subsets in k™ and
their Zariski closures in K™ are investigated. We observe that the relative topology
on k™ induced by the Zariski topology on K" coincides with the Zariski topology
on k™. Given affine varieties V' C k™ and W C K™ with V' C W, we make use of [8,
Chapter I, Section 6], to show in Proposition 3.4 that V' = W under some conditions,
where V denotes the Zariski closure of V in K™. In particular, for the subfield R C C
of reals we deduce that G,, (C) = Idem,, ,-(C).

Let k[T1,...,T,] be the polynomial ring with coefficients in k and indeterminates
Ty,...,T,. Foranideal I C k[T},...,T,] denote by Vi (I) the associated Zariski closed
subset in k™. If K is another field with K C K and I C k[T},...,T,] an ideal then
Vi(I) = Vi(I) N k™, where Vi (I) is the Zariski closure of Vi (I) in K™. Furthermore,
it holds:

Proposition 3.1. Let k C K be a subfield of a field K.

(1) For any ideal J C K[T4,...,T,] the intersection Vi (J) N k™ is a Zariski closed
subset in k" ;

(2) if X Ck™ and X denotes the Zariski closure of X in K™ then X = Vi (I),
where I is an ideal in K[Ty,...,T,] generated by some polynomials in k[T, ..., Ty].

Proof. 1f X C k™ then its Zariski closure X in K™ is given by Vi (J(X)), where J(X)
is the ideal in K[T1, ..., T,] determined by polynomials vanishing on X. Given a poly-
nomial pin K[T1,...,T,], fix abasis by, . .., bs of the k-vector subspace of K generated
by its coefficients. Then p = bipy + -+ + bsps with py,...,ps in k[T1,...,T,].

For an ideal J = (q1,...,q:) € K[T1,...,T,] consider polynomials

qil)a"'aqyl);"'aqt(l)a"'aQESt)

in k[Th,...,T,], where ql(l), cee ql(s’) are polynomials in k[T1, ..., T,] associated with
q; by the procedure above, for [ = 1,...,t. It is clear that

(1): Viel) k™ = Vilal?, 0l gl gl
Suppose now that X = Vi (J(X)). Then (1) implies that

X g VK(q§1)7 ot 7Q§51)7 A ’qfl)? AR 7Q1§5t))'
But clearly
Viclat"s oo™ gt af)) C Vi (J(X)

and so we get
(2): X = Vg (J(X)) = VK(qgl), ey qgsl), ey q,gl), ey qt(st)) and the proof is com-
plete. O

Thus, we can deduce that k™ is a topological subspace of K™ with respect to
appropriate Zariski topologies, for k¥ C K. To present other relations between Zariski
closed subsets in £™ and K™ we need further investigations.

Corollary 3.2. If a subset X C k™ is irreducible then its Zariski closure X in K™ is
also irreducible.

Proof. Suppose that X = V; UV, for some Zariski closed subsets Vi, Vo C K™. Then
X =ViNXUV,NX and by Proposition 3.1 the sets V3 N k"™, Vo N k™ are closed in
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k™ so Vi N X and Vo N X are closed in X. But X is irreducjble, henceiX =VinXor
)g =N X_. Thus X C V; or X C V5 and, consequently, X C V; or X C V5. Finally,
X =V or X = V5 and the result follows. O

To state the main result of this section we need to show:

Lemma 3.3. Let L C k™ be a k-vector subspace and (L) C K™ the K-vector sub-
space of K™ generated by L over K. Then dimy L = dimg (L) i .

Proof. Any basis of L over k is a set of generators for the K-vector space (L) k. Let
a1, ...,aq be linearly independent elements in L over k and aq,...,aq elements in K
with a1y + -+ - + agag = 0. Write by, ..., b, for a basis of the k-vector subspace of K
generated by ai,...,aq. Then a1 = ay11b1 + -+ + a15bs, ..., a9 = ag1by + -+ + agqsbs
for some elements a; in the field k and ¢ =1,...,d,j =1,...,s. Thus

(a11a1 + -+ adlad)bl + -+ (alsOq + -4 adsozd)bs =0.

Consequently, ajjoq + -+ aqgiog =0, ..., ajs00 + -+ agsaqg = 0, hence a;; =0
foralli=1,...,d,7=1,...,s and the proof follows. ]

Given an affine variety V C k™, let J(V') denote the ideal in k[T7,...,T,] deter-
mined by all polynomials vanishing on V. Then the tangent space T,V to V at its
point v = (vq,...,v,) is given by zeros of the polynomial > %(v)ﬂ, for any
feJw).

Write dimy V' for the dimension of an affine variety V' C k™. Then by [6, Chapter I,
Section 5], there is an inequality dimg V' < dimy, T,V for any point v in an irreducible
variety V. Recall that the point v € V is called simple provided dimy V' = dimy T,,V.

Now we are in a position to show:

Proposition 3.4. Given fields k C K, let V. C k"™ and W C K™ be affine varieties.
If W is irreducible, V. C W and dimi V = dimg W then V =W, where V denotes
the Zariski closure of V' in K™.

Proof. Fix an irreducible component V of V' C k™ with the maximal dimension. Then
by Corollary 3.2 its Zariski closure Vj in the space K" is also irreducible. Let U C
be the subset given by all simple points in Vj. By [6, Chapter I, Section 5], the set
U is open and dense in V. Thus U NV, # 0 and by means of Proposition 3.1 and
Lemma 3.3 one gets

dimK W = dlmk V= dimk VO < dlmk TUVO = dlmK<T1,V0> < dimK TUVO = dimK ‘707

for any point v € UNVy. But Vo C W and by [8, Chapter I, Section 6], yields
dimg Vo < dimg W. Finally, dimg Vo = dimy, Vy = dimg W and again by [8, Chap-
ter I, Section 6], we get Vi = W. Then the inclusion V; C V C W implies V = W and
the proof is complete. O

Because the Zariski closure preserves Cartesian products, we conclude:

Corollary 3.5. Letk C K, V; Ck™, ..., V,, Ck" andW; C K™, ..., W,, C K"
be affine wvarieties. If Wy,... , Wy, are irreducible, Vi CWy,...,V,, CW,, and
dimg Vi = dimg W1,...,dimy V,, = dimg W,,, then

ViXeo XV =WVi XXV =Wy X o X Wi,
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Let Sg and Sg be the real and complex n-spheres, respectively. It is well known that
S¢ is diffeomorphic to the tangent bundle T'Sg of the sphere Sg and coincides with
the Zariski closure STE in the affine space C**!. More generally, given a nonsingular
real variety M C R™ and its Zariski closure M in the affine space C™ in the light of
Proposition 3.4 we get dimg M = dimc M. On the other hand, M can be identified
with the image in the tangent bundle T'M of the zero cross section. This gives rise to:

Corollary 3.6. Let M C R" be a nonsingular real variety. If the tangent bundle T'M
is a complex variety then the Zariski closure M in the affine space C™ coincides with
TM.

Because T2 — T is the minimal polynomial of any nonzero idempotent n x n-matrix
over C hence its rank coincides with the trace. Consequently, the Grassmannian
Gp(C), identified with the idempotent and hermitian n x n-matrices over C with
rank 7, can be viewed as areal affine variety. Thus G, ,.(C) = {(p, ¢) € M,,(R) x M, (R);
tr(p) = 1,02 — 42 = ¢, 00 + P =, o' = p, ¢! = —h} € M,,(C) = C"" =~ R>™".

Now consider the complex variety GS,T(C) = {(¢,¥) € M,(C) x M,(C);tr(p) =r,

02 — % = o, 00 + 1 = 1, o' = , 9! = —p} C C*>*. Then the maps
p: G5 (C) — Idem, ,(C)

given by u(, ) = ¢ + it for any () € G5 .(C) and
v: Idem,, ,(C) — Ggr((C)

given by v(v) = (%Vt, z%‘w) for any « € Idem,, ,(C) establish a polynomial iso-
morphism of complex varieties.

By [8, Chapter II, Section 2|, any simple point z € X in a quasi-projective variety
X belongs to a unique irreducible component of X. Therefore, any two irreducible
components of a smooth quasi-projective variety X coincide or are disjoint.

In particular, any connected smooth quasi-projective variety is irreducible. Because
the manifold Idem,, ,(C) is connected in the canonical topology so it is also connected
in the Zariski topology and, consequently, irreducible as well.

But G, (C) C Idem,, ,(C) and dimg G, -(C) = dim¢ Idem,, ,(C) = dim¢ GS’T((C)
= 2r(n — r) hence, by means of Proposition 3.4 we get G, (C) = G5 .(C). Thus we
have the main result of this section:

Theorem 3.7. The manifolds G,, (C) and Idem,, ,.(C) correspond to affine varieties
in R2 and (C”Q, respectively and

G (C) XX G

(C)=GE  (C)x---xGE  (C)

ni,r1 Nm,,Tm

~ Idem,, ,, (C) x --- x Idem,,,, . (C)

Nm,,T'm

for any m,n > 1.

In the rest of this paper K is one of the fields: Q, R or C.

4. TUniversal classes

Let X™ be the polynomial n x n-matrix with entries X,,, for 1 < p,q < n, K[X"]is
the polynomial algebra with indeterminates X,q, ((X™)? — X", trX"™ — r) the ideal
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generated by the entries of the matrix (X")? — X" together with the polynomial
trX"™ —r, and we may regard X" as an idempotent matrix of order n with the
trace equal to r in the quotient ring K[X"]/((X™)? — X", trX" — r). Finally, let
Polk (Idem,, ,(C)) be the subalgebra of polynomial functions on Idem,, ,(C) with
coefficients in K, generated by projection maps xp,: Idem, ,(C) — C.

Lemma 4.1. The map
K[X"/((X™)? — X" trX™ — 1) — Polg(Idem,, ,.(C))
sending the class of Xpq to xpq is a well defined ring isomorphism.

Proof. The map above is clearly well defined. To show that it is an epimorphism,
let P: Idem, ,(C) — C be a polynomial map with coeflicients in K, i.e., there exists
P € K[X"] such that P(A) = P(A) for any A € Idem,, .(C). It is obvious that the
class of P in K[X™]/((X™)? — X™, trX" —r) is sent to P.

To prove the injectivity, suppose that P € K[X™] vanishes on Idem,, ,(C) which
by Theorem 3.7 is a Zariski closed subset of M,(C), and so P belongs to the ideal
((X™)2 — X" trX™ —r) of the polynomial ring C[X"].

Therefore, if K is either R or C, the polynomial P belongs to the ideal ((X™)% —
X", trX"™ — 1) of the polynomial ring K[X"], i.e., the class of P in K[X"]/((X")? —
X" trX"™ — r) is zero.

Finally, if K = Q, the canonical isomorphism
QIX"]/((X™)? = X", trX" — 1) ®g R = R[X"]/((X™)* — X", trX" —r)

yields that the class of P is zero in Q[X"]/((X™)% — X", trX™ —r) and the proof
follows. N

We consider now the non-degenerate C-bilinear map { , }: M, (C) x M, (C) —
C given by {M,N} = tr(MN). Then Idem,, ,(C) inherits a semiriemannian metric
and one shows immediately that for any A € Idem,, ,(C) the tangent and normal to
Idem,, -(C) at A are given respectively by

T4(Idem,, . (C)) = {B € M,,(C)|AB + BA = B},
N4 (Idem, ,(C)) = {B € M,,(C)|AB = BA},
and we have the orthogonal decomposition
M, (C) = Tyldem,, ,(C) & Nyldem,, ,(C)
given by
B=(AB+ BA—-2ABA)® (B— AB— BA+2ABA).

To sate the next lemma we recall that a polynomial map f: Idem,, ,(C) — M, (C)
is called to a normal section if f(A)A = Af(A) fr all A € Idem,, ,(C).

Lemma 4.2. Let ® = Eaﬂ P,sdzap be a 1-form on M, (C) with P,s polynomi-
als in K[X"]. Then, its restriction to Idem, ,(C) is zero if and only if the map
Idem,, ,(C) — M, (C), given by A — P(A)" is a normal section of Idem,, ,(C), or
equivalently if and only if all entries of P(X™)Y(X™) — (X™)P(X™)? belong to the ideal
(X™)2 — X" tr(X"™) —r), where P(X™) is the n x n-matriz of polynomials whose
entry a3 is Pug.
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Proof. For any A, B € M,,(C) we have

©a(B) =) Pap(A)(dras)a(B) =Y Pas(A)Bap = tr(P(A)'B) = {P(A)", B}.
af af

Therefore, ® vanishes on Idem,, ,(C) if and only if {P(A4)", B} =0 for any A €
Idem, ,(C) and any B € Tyldem, ,(C), i.e., if P(A)" € Naldem,, ,(C).

Thus, ® vanishes on Idem,, ,(C) if and only if P(A)'A = AP(A)" for all A€
Idem,, (C), or equivalently if and only if all entries of the matrix of polynomials
P(X™)!X"™ — X"P(X™)! vanish on Idem,, ,(C).

Finally, the proof follows because by Theorem 3.7 the variety Idem,, ,-(C) is Zariski
closed. O

Let Polg(Idem, ,(C), M, (C)) be the Polg (Idem,, ,(C))-free module of polyno-
mial maps f: Idem,, ,.(C) — M, (C) with coefficients in K, and let Pol (Idem,, ,.(C),
M, (C)) be the submodule of normal polynomial sections on Idem,, ,(C), i.e., poly-
nomial maps f: Idem, ,(C) — M, (C) such that f(A)A= Af(A) for any A€
Idem,, (C), with all entries of f being polynomials with coefficients in K.

By using, for any A € Idem,, ,(C), the orthogonal decomposition above

M, (C) = TyIdem,, ,(C) & N4ldem,, ,(C),
we define, for any B € M,,(C), the normal polynomial section
7N (B): Idem,, ,(C) — M, (C)

given by 7y (B)(A) = B— AB — BA+ 2ABA, and clearly the n? normal polyno-
mial sections 7y (EP?) generate the module Polf (Idem,, ,.(C), M,,(C)), where EP4 €
M, (C) has the pg-entry equal to 1 and all others zero.

Therefore, we have a Polg (Idem,, ,(C))-module epimorphism

7n : Polg (Idem,, ,.(C), M,,(C)) — Pol¥ (Idem, ,.(C), M,,(C))

given by
TN (f)(A) = f(A) — Af(A) — fF(A)A +2Af(A)A,

and the following lemma holds:

Lemma 4.3. The algebraic de Rham complex of K[X"]/((X™)? — X" trX"™ — 1) is
canonically isomorphic with de Rham complex of polynomial forms on Idem,, ,(C)
with coefficients in K.

In particular, the algebraic de Rham cohomology of K[X"]/((X™)?— X",
trX™ — r) is canonically isomorphic to the cohomology of the complex of polynomial
forms with coefficients in K over Idem,, ,.(C).

Proof. Consider the ring isomorphism
K[X"/((X™)? = X", t1X"™ — r) — Polk (Idem,, ,(C))

given by Lemma 4.1. We show that the induced map ¢, from the module of Kéhler
differentials over K[X"]/((X™)? — X", trX"™ —r) to that of polynomial differential
1-forms over Polg (Idem,, ,-(C)) with coefficients in K is again an isomorphism.

It is obvious that ¢ is surjective.
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To show injectivity, let ® = 3_ 5 PagdXap be such that p(®) = 0.

By Lemma 4.3 we know that P(X™)" is a normal section on Idem,, ,.(C), and so it
is a linear combination of the generators mx (EP?).

Therefore ® is a linear combination of the Kéahler differentials

Wpg = Z(WN(qu)(X))ﬂaanB-
aff

Because we have

Wpg = Y _(EP!— X"EPI — EPIX" + 2X"EPX")54dX0p

aff
= Z(‘Spﬁ‘sqa — XppOga = 08pXga + 2XpXga)dXap
aff
=dXg - > XppdXes — Y XgadXap+2)  XppXgadXap

A=1 a=1 B
= (dX" — dX"X" — X"dX" + 2X"dX"X™),,
= (d(X™ = (X")?) +2X"dX"X")gp =0
the proof follows. ]
It is well known after Grothendieck [5]:

Lemma 4.4. The canonical map
Hip(CIX"]/((X™)? = X", X" — 1)) = Hgp(Idemy, . (C)),

from the algebraic de Rham cohomology of C[X™]/((X™)? — X", trX"™ —r) to de
Rham cohomology of Idem,, ,.(C) with complex coefficients, is an isomorphism.

Lemmas 4.3 and 4.4, and the standard de Rham isomorphism lead to:
Corollary 4.5. There is a sequence of isomorphisms
Hjp(CIX"/(X7)? = X" teX" = 1)) > Hjp(Pole(Idem, . (C))
— Hjp(Idem,, ,(C)) — H*(Idem, ,(C);C),

where H}jp(Polc(Idem, .(C))) denotes the cohomology of the de Rham subcomplex
of polynomial differential forms with complex coefficients on Idem, ,(C) and
H*(Idem,, ,(C); C) is the singular cohomology with coefficients in C.

As a consequence of Corollary 4.5, together with Lemma 1.2 and the universal
coeflicient theorem for singular cohomology, we obtain:

Proposition 4.6. There is a sequence of isomorphisms:
Hip(K[X"]/(X™)? = X", teX" — 1)) = Hjp(Polx (Idemy (C)))
— H*(Idem,, ,.(C); K).
The well known cohomology of H*(Idem,, ,(C); K) = H*(G,,(C); K) yields our

first main result:
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Theorem 4.7. We have Hp(K[X"]/((X™)? — X", trX" — 1)) = K[é1, ...,/ I,
where ¢; € ng%(K[X”]/((X”)2 — X" trX™ —r)) is the class of the j-th Chern form
cj(X™(dX™)?) € Q¥ (K[X"]/((X™)? — X", trX"™ — 1)) and I, , is the ideal generated
by the well known polynomials deduced from the relation (1 + c1(y) + -+ + ¢ ()(1 +
() 4+ enr(7)) = 1, where ¢j(v), resp. ¢;(v1), is the j-th Chern class of the
canonical bundle 7, resp. normal to the canonical bundle v, over Gn(C). (see, e.g.,
[1, Proposition 23.2]).

To illustrate the ideal Iy, ,., we present:

Ezample 4.8. (1) If r =1 then (1+c;(7)(1+ci(7H) +-+ecno1(vh)) =1 gives
c(yh) = (=Dker(y)* for k=1,...,n— 1 and ¢1(y)" = 0. The ideal I,, ; has a single
generator ¢} and the algebraic de Rham cohomology of K[X"]/((X")? — X" trX" —
1) is the quotient K[¢;]/(c}) for K = Q, R or C, where ¢; is the class of tr(X™(dX™)?).

(2) If n=4 and r =2 then (1+c1(y)+ca())(1+c1(7) +ca(yh)) =1 gives
a(yh) =-aly), () =-ca0)+al)? and 2 (y)e(y) +a(y)? =0,
—ca(7)% + e1(7)2c2(y) = 0. The ideal I, 5 has two generators: —2¢;¢s + G5, —C3 + C2Co
and the algebraic de Rham cohomology of K[X"]/((X™)? — X" trX" — 2) is the quo-
tient K[ey1,e2)/(—2¢162 + G5, —¢3 + &3¢2) for K = Q, R or C.

Lemma 4.9. The induced maps

lim,, K[X™]/((X™)? = X", trX"™ — r) — Polg (Idem_ ,.(C))
and

lim, (lim,, K[X"]/((X™)? — X", trX" — 1)) — Polx (BU(C))
are ring isomorphisms.

Proof. 1t is clear that Polk (Idem_ ,.(C)) is the inverse limit lim,, Polx (Idem, ,.(C))
and Polg (BU(C)) is the inverse limit lim, Polx (Idem_ ,.(C)), and then we use Lem-
ma 4.1 to complete the proof. O

Consider now the following cases:

(1) let M be a topological space and --- M™ C M™*! C ... an increasing filtration
so that M = U, M", and such that any compact subset of M is contained in some
M™. Notice that this condition is always satisfied provided M is a Tj-space. Denote
by H*( ; R) singular cohomology with coefficients in a commutative ring R;

(2) the spaces M™ of the filtration of M are real smooth manifolds, so that M™ is
a closed smooth submanifold of M™*! for all n > 1; We define then a p-form ® on M
as a sequence of p-forms ®,, on each M™ such that ®,,; restricts to ¢, on M". In
particular, we obtain a de Rham complex and a corresponding de Rham cohomology
for M.

(3) The same as above but:

(a) assuming the M™ are complex holomorphic manifolds;

(b) considering all M™ included in C* and replacing cohomology by de Rham
cohomology of complex polynomial forms with coefficients in K = Q,R or C.

(4) (Qu(A),5,) = (Qp(K[X")/(X")2 = X", X" ~1).d).

Lemma 4.10. The Mittag-Leffler condition holds in (1), for the case of M being a
CW -space and M™ its n-skeleton, or for cases: (2), (3)(a)—(b) and (4) above.
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Proof. The case of M being a CW-space with skeletons M™ is standard. Cases (2)
and (3)(a) are now deduced by using the standard de Rham theorem.

In order to prove (3)(b) it is enough to show that for any complex holomorphic
submanifold P of some C” the canonical map from the complex of K-polynomial
forms to the standard de Rham complex, induces an isomorphism in cohomology.
But this is well known after Grothendieck [5].

Finally, case (4) is clear by Proposition 4.6 above and the proof is complete. [

Now, the following result is an easy consequence of Lemma 1.3, Proposition 4.6,
Theorem 4.7, Lemma 4.10 and the required definitions.

Theorem 4.11. There are isomorphisms
H*(lim, ( (K [X"]/((X™)? = X7, 61 X" — 1), d)))
= limy, Hj(K[X7])/(X™)? — X7 tr X" — 1))
= Hp(Polg (Idem_ ,.(C))) — H*(Idem_ ,.(C); K) = K[e1, ..., &,
and
H* (lim, lim, (5 (K[X7]/((X™)? = X", trX"™ — 1), d)))
=5 lim, lim, Hip(K[X]/((X™)?2 — X trX™ — 1))
=5 H;5(Polg (BU(C))) — H*(BU(C); K) = K[é1,¢2, .. ).

5. Final results

In order to get a new description of the inverse limit
lim, K[X"]/((X™)? = X", trX" —7)

of Lemma 4.9 we proceed as follows:
Consider p,,: K[[X]] — K[[X"]] the epimorphism sending to zero all the X,, for
p > mn or ¢ > n, and being the identity on K[[X"]] and define

K[X] = Npz1p, (K[X7)
being a subring of K[[X]]. In particular, we have
K[X] c K[X] c K[[X]].

Observe that both inclusions above are strict. For example > 7, Xu belongs to

K[[X]] but does not belong to K[X] and trX = >°, X;; belongs to K[X] but does
not to K[X].

It is clear that

det(X + 1) =14 1 (X) + co(X) + - -- € K[X],

because p,,(det(X + I)) = det(X™ + I,,) € K[X"].

Further observe that K [X] contains all entries of X? — X, and the formal series
trX — 7 as well. In particular, we may consider the ideal (X2 — X, trX —r) of K[X]
and then the quotient ring K[X]/(X?2 — X, trX — 7).
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_ The canonical epimorphisms p,, : K[X] — K[X™] being the restrictions of p,, to
K[X] lead to epimorphisms
pn: K[X]/(X? — X, trX —r) = K[X"]/((X™)? = X", tr X" — 1)

and then we get a ring homomorphism

p: K[X]/(X? — X, trX —r) — lim, K[X"]/((X™)? = X", trX" — ).
Lemma 5.1. The above homomorphism p is an isomorphism of rings.
Proof. Denote by pt1: K[X"+1] — K[X™] the restriction of p, to K[X"*!] and by
ARl KX /(X2 — X e X ) o KX/ (X™)2 — X7 e X — )
the corresponding induced epimorphism in the quotient rings.
(a): p is surjective:

Let ([P1], [P],...) be an element of lim,, K[X"]/((X™)? — X" trX" —r), i.e., [Py]
is the class in K[X"]/((X")? — X" trX" —r) of P, € K[X"] and P ([Poya]) =
[P,] for all n > 1.

We show first that we can choose representatives P, € K[X"] such that
ot Y(Pyyq) = P, for allm > 1.

In fact, p}(P2) — Pp = S1 € (X1)?2 — XL tr X! — 7).

Modify P, by taking Py = P, — S; = Py, and so p3(Pj) = Py.

Modify P; as follows:

05(P3) — Py =S5 € ((X*)? — X2 trX? —r),

and then take P} = P3 — Sa, so that p3(Pj) = Pj, and so on.
Finally, define

F)ZZfﬁ‘+(fg<—fﬁ)—F(}§-—fﬁ)-%"~E‘Kwpqy
But P € K[X], because p,(P) = P’, and so we have p([P]) = ([P1], [Ps],...)-
(b): p is injective:
Let P € K[X] be such that p,(P) = P, € (X™)2 — X", trX™ — ) for n > 1. We
want to show that P belongs to the ideal (X2 — X, trX —r) of the ring K[X].
There exist polynomials Fy, € K[X“]7 1< p,g<n,and F,, € K[X"] such that

P, = Z qpn = X)pg) + Fnpn(trX — 7).
1<p,q<n
Define inductively polynomials F, and F, in K[X"], 1 < p,q < n as follows: F; =
If we already have defined F;Z and F,, for 1 <p,g<m, m<n, such that
pm_y(Fpi)y = Frmtq for 1< m—1 and p7_|(F,,) = F,,_1 then we define
Fpett = prt o if p-n—i—l or q—n+1 Fpett = prett — pntl(Fntly 4 B if
1 <p, <n; By = Fogy — ppt (Foga) + Fo.
Thus we have pp ! (Ftt) = F)t for 1 < p,q <nand ppt (Fyp) = F.
Next define
Py, = Z Fan XzfX)quFFnPn(trX*T)a

1<p,q<n

for which we have p?"+t1(P, 1) = P,, n > 1
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Define F,, € K[X] by pn(Fpy) = Fr e K[X"|for1 <p,q<nandF € K|[X] given
by pn(F) = F, € K[X"].

Finally, for P = > pa Fpy(X? — X)pg + F(trX — ) it holds p,(P) = P,.

Observe that p,(P) — p,(P) € ((X™)? — X" trX™ —r) for n > 1. Therefore P —
Pe(X?-X,trX —r)andso P=P+ (P—-P) € (X? - X,trX —r).

This completes the proof of the injectivity. O
Remark 5.2. The quotient K[X]/(X% — X, trX — r) is the completion of K[X]/(X? —
X, trX — r) with respect to the decreasing sequence of ideals

---Dkerp, Dkerpy41 D,

where p,: K[[X]]/(X? - X, trX —r) — K[X"]/((X")? — X", trX"™ — r) is induced
by the epimorphism p,,: K[[X]] — K[[X"]] given at the beginning of this section.

In fact, K[X] is the completion of K[X] in K[[X]] with respect to the decreas-
ing sequence of ideals - -- D ker p,, D ker p,,11 D -+, and then we use [7, Chapter 9,
Proposition 23.D].

Similarly Polg (Idem_ ,.(C)) is complete with respect to the sequence of ideals

"'DIn DIn+1 Dy,

where I,, consists of those K-polynomials on Idem_ ,.(C) which vanish on Idem,, ,-(C).

Furthermore, the de Rham complex QF  (Idem_ ,(C)) of polynomial forms on
Idem_ ,.(C) with coefficients in K is complete with respect to the decreasing sequence
of ideals

"'DI;DI:L-HD"'?

where I consists of those K-polynomial forms on Idem_ ,(C) vanishing on
Idem,, ,-(C).
Let

O(K[X]]) = ®sz0f2* (K[[X]]),
where Q(K[[X]]) = K[[X]] and, for s > 1, Q°(K[[X]]) consists of the formal sums

= Z Pp1g1..peq:AXprgr -+ dXp g,

P1:91;--,Ps,qs
with @5, 4, p.q. € K[[X]] and such that

AXpyiger - AXpy gy = €0dXp gy - dXp g,

where €, is the sign of the permutation o of the set {1,...,s}.
We have inclusions

Qe (K[X™M) € Q (K[X]) € @ (K[[X]]).

Notice that the epimorphisms p,, at the beginning of this section extend to epi-
morphisms p,, : Q*(K[[X]]) — Q% (K[X"]) and define

O (K[X]) = Nas1pp Qi (K[X™).

In particular, observe that Q°(K[[X]]) = K[X] and that Q*(K[[X]]) is the com-
pletion of Q7 (K [X]) with respect to the decreasing chain of ideals

---Dkerp, Dkerpyi1 D--- .
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We have a canonical derivation
d: K[X] — QNK[[X])
given by dP =3 aaT}:qupq for any P € K[[X]], and its natural extension to a
differential of degree 1 on Q*(K[[X]]).

Observe that Q*(K[[X]]) does not coincide with the K[[X]]-module Qg (K[[X]])
of Kahler differentials of K[[X]], i.e., the unique homomorphism of modules
¢ Qr(K[[X]]) — QYK[[X]]) such that ¢ o d = d, given by the universal property, is
not an isomorphism.

Define Q*(K[X]/(X? — X,trX —r)) as the quotient of Q*(K[[X]]) by the ideal
generated by 2(2 — X, trX —r,dXX + XdX —dX,trdX. It is clear that the dif-
ferential d in Q*(K|[[X]]) induces a differential in the quotient Q*(K[X]/(X? — X,
trX —r)).

The epimorphisms p,,: Q*(K[[X]]) = Qj (K[X"]) yield epimorphisms

pr: U (K[X]/(X? = X, 0X — 7)) = Qi (K[X"]/((X")? = X", 0 X" — 7))
and we get an isomorphism of cochain complexes
p: O (K[X])/(X? - X, trX — 1)) — lim Qi (K[X™)/((X™)? = X" trX™ — 7).
Observe that
O (K[X]/(X? = X, 00X = 1)) = Nz oy, ( Qi (KX ]/ ((X7)? = X7, 60 X" — 7))

is the completion of Q% (K[X]/(X? — X,trX — r)) with respect to the decreasing set
of ideals

-+ Dkerp, Dkerppi1 D -

Then, Theorem 4.11 yields our second main result:

Theorem 5.3. There is a canonical isomorphism

QO (K[X]/(X? = X, trX — 7)) — Q% (Idem_ ,.(C))

Poli

and then an isomorphism

H* (O (K[X]/(X? = X, trX — 1)), d) = H*(Q

Pol i

(Idem_ ,.(C)),d) = K|é1, ..., &)

Define now a ring homomorphism 0: K[[X]] — K[[X]] given by 6(X,,) = 6,q if
p=1org=1and 0(X,;) = Xp_1,4-1 if p>2and g > 2. Observe that it sends the
matrix X to <(1) )(Z') and it restricts to a ring homomorphism 6: K[X] — K[X].

On the other hand, it is clear that 6(trX — (r + 1)) = trX —r for any r > 1, and
0(X? = X)pg=(X?—X)p14-1, if p=2and ¢=>2; 0(X? —X),,=0,if p=1or
q=1.

Therefore, we have ring epimorphisms

ortl: K[X)/(X? — X, trX — (r + 1)) —» K[X]/(X? = X, trX — ).

Further observe that inclusions 7,: Idem_ ,.(C) < Idem_ , 41 (C) given in Section 1
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yield epimorphisms
77 Polg (Idem_ ,11(C)) — Polg (Idem_ ,.(C))
and the following diagram commutes:

R 97'«#1

KIX]/(X2 = X, trX — (r+1)) — K[X]/(X? - X, trX —7)

Polg (Idem_ ,41(C)) . Polk (Idem_ ,.(C)).

Thus, we have isomorphisms
K[X]/(X? - X) = lim, K[X]/(X? - X, trX — )
= lim, Polg (Idem_ ,.(C)) = Polg (BU(C)).

The diagram above extend to the corresponding diagram of commutative graded
differential algebras and so we have isomorphisms

(QF(KIX]/(X? = X)), d) = lim Q" (K[X]/(X® = X, teX — 7)), d)

= (., (BU(C)),d).

Polg

Observe that Q7 (BU(C)) = lim, Q,_(Idem_ ,(C)) is complete with respect to
the decreasing sequence of ideals

"'DJ:DJ:+1D"'7

where J* consists of those K-polynomial forms on BU(C) which vanish on
Idem_ ,.(C). Consequently, we obtain our third main result:

Theorem 5.4. There is a canonical isomorphism

O (K[X]/(X? - X)) —» QF

Pol i

(BU(C))
which determines an isomorphism

H* (" (K[X]/(X? = X)) — H*(%;

Pol g

(BU(C))) = K[Ehég, RN

Remark 5.5. Tt is clear that all our main results:
KTy, ...,Ty)/Inr — Hjp(K[X"]/(X")? — X", trX" — 1)), (Theorem 4.7);
K[T1,...,T,] — H*(lim, Q% (K[X"]/((X")? = X", tr X" — 1))
& HH(Q*(K[X]/(X? - X,trX —r)),d), (Theorems 4.11 and 5.3);
K[T1,Ty,...] — H*(lim, lim,, Q% (K[X"]/((X™)? — X", trX" — 1))
& H*(Q*(K[X]/(X? - X)),d) (Theorems 4.11 and 5.4)

hold for any field of characteristic zero and, being theorems in Algebra, it would be
interesting giving proofs that use algebraic tools only.
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Remark 5.6. Observe that by using the universal property of Kahler differentials and
Theorems 5.3 and 5.4 we get graded ring epimorphisms

Hip(K[X])/(X? = X, t1X — 7)) = K[e1, ..., &),

Hip(K[X)]/(X? - X, trX — 1)) = K[é1,...,&],

Hip(K[X]/(X? = X)) = K[é1,6,...] and Hjr(K[X]/(X? - X)) = K|[é1,¢2,.. ]
sending the classes of ¢, (X (dX)?) to &,.
Therefore, the algebraic de Rham cohomology algebras of K[X]/(X? - X, trX —

r), K[[X]]/(X? — X,trX —7) (resp. of K[X]/(X? — X) and K[[X]]/(X? — X)) con-
tain a polynomial algebra K[éy,...,¢,] (resp. K[c1,Ca,...]) as a direct summand.

We presume that the actual algebraic de Rham cohomology algebras above are
quite complicated.
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