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ON H-SPACES AND A CONGRUENCE OF CATALAN NUMBERS
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(communicated by Donald M. Davis)

Abstract
For p an odd prime and F the cyclic group of order p, we

show that the number of conjugacy classes of embeddings of F
in SU(p) such that no element of F has 1 as an eigenvalue is
(1 + Cp−1)/p, where Cp−1 is a Catalan number. We prove that
the only coset space SU(p)/F that admits a p-local H-structure
is the classical Lie group PSU(p). We also show that SU(4)/Z3,
where Z3 is embedded off the center of SU(4), is a novel example
of an H-space, even globally. We apply our results to the study
of homotopy classes of maps from BF to BSU(n).

1. Introduction

In [FS] conjugacy classes of elements of finite order dividing m in SU(n) are
identified and counted. That result poses the question whether any of these elements
can be used to produce new finite H-spaces with non-trivial fundamental group.

Let F denote a subgroup of SU(n) that is cyclic of finite order dividing m. Since
SU(n) is the union of conjugacy classes of a maximal torus, we may assume that F
is contained in a maximal torus of SU(n). In order for a coset space SU(n)/F to
admit the structure of an H-space, there are restrictions on the values of n and m.
The basic topological restriction comes from W. Browder’s work on differential Hopf-
algebras [Br]. In particular, if p is a prime that divides m, then from Theorem 4.7
of [Br] it follows that the rational cohomology of SU(n) must have a generator in
some dimension of the form 2pf − 1. Recall that the generators for SU(n) have odd
dimensions 2k − 1 with k between 2 and n. Thus, the minimal case that satisfies the
restriction is f = 1 and m = n = p, and we consider this case, as well as the case
f = 1, m = 3, n = 4.

When m = n = p, we show that it is only when F is the center of SU(p) that
SU(p)/F is an H-space (Theorem 2.1), yet we find a new example of an H-space
when m = 3 and n = 4 (Theorem 5.1). As far as we know, previous examples of non-
classical finite (possibly p-local) H-spaces with a non-trivial fundamental group have
used the center of SU(n) as an ingredient [H, KK]. But the center of SU(4) is Z4,
so our example is off-center.

Borel’s structure theorem for H-spaces, which plays a central role in the proof of
Theorem 2.1, requires that whenm = p, for SU(p)/F to be anH-space the embedding
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t of F in SU(p) is such that no eigenvalue of t(g), g ∈ F is equal to 1. Generalizing
the eigenvalue condition to any SU(n)/Zm leads us to count, a-la [FS], the number of
conjugacy classes of elements of finite order dividing m in SU(n) with no eigenvalue
equal to 1, for any pair of positive integers m and n (Theorem 3.2). We call these
special conjugacy classes.

The combinatorics for the class of cases where n = m = p for p > 3 yields many
examples of embeddings of F not conjugate to the center of SU(p), for which – as
we show – SU(p)/F is not an H-space. The combinatorics also contains a pleasant
surprise; the number of special conjugacy classes of Zp subgroups in SU(p) is given
by (1 + Cp−1)/p where Cn is the n-th Catalan number (Theorem 3.5; a related obser-
vation involving a pair of distinct primes p and q appears in Theorem 3.4). As far as
we know, the first observation that this expression yields an integer appears in OEIS
#A098796, submitted by Chapoton; our result may be viewed as a proof of this fact.
The related fact that p � Cp−1 is well-known [AK].

The combinatorial count in Theorem 3.2 is of additional interest based on a the-
orem proved independently by Dwyer and Wilkerson [DW] and by Zabrodsky [Z]
and Notbohm [N]. The theorem asserts (among other things) that up to homotopy,
essential maps of BF to BSU(n) are in one-to-one correspondence with conjugacy
classes of non-constant homomorphisms of F to SU(n), where F is a cyclic group
of prime order p. Hence Theorem 3.2 and its corollary count the number of essential
maps of BF to BSU(n) that do not factor through BSU(n− 1). We draw attention
to the fact that other results in [FS] may be interpreted in a similar manner.

As of this writing, the general question of whether coset spaces of the formSU(n)/F
are H-spaces for any n and for F a cyclic group of any order m remains open. We
do expect, however, that in addition to the SU(4)/Z3 that we already found there
are other examples of H-spaces of the form SU(n)/F that do not use the center of
SU(n) as an ingredient.

Throughout this paper, Zn shall denote the cyclic group of order n.

2. The coset spaces SU(p)/F

The Borel structure theorem for finite H-spaces [Bo] states that for p an odd
prime, the mod p cohomology algebra is a tensor product of exterior algebras on odd
degree elements and a truncated polynomial algebra on even degree elements with
truncation at a power of p. We use it in what follows.

Theorem 2.1. Let p be an odd prime and let F ⊂ SU(p) be a cyclic subgroup of order
p. Then H∗(SU(p)/F ;Fp) satisfies the Borel structure theorem for finite H-spaces if
and only if F is the center of SU(p).

Proof. Let ω = e2πi/p and let g be a generator for F . We describe F ⊂ SU(p) in
terms of the following diagram:

g F SU(p)

ω S1 S1× · · · ×︸ ︷︷ ︸
p

S1 S1× · · ·×︸ ︷︷ ︸
p

S1 U(p)

t

Δ θ
,
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where Δ(z) = (z, z, . . . , z) and θ(z1, . . . , zp) = (zm1

1 , . . . , z
mp

p ) with
∑p

i=1 mi ≡ 0
mod p. Then t(g) is the diagonal matrix⎛

⎜⎜⎜⎝
ωm1

0
ωm2

. . .

0 ωmp

⎞
⎟⎟⎟⎠ .

We follow the argument on p. 314 of [BB] applied to the commutative diagram of
principal fiber bundles

SU(p) SU(p)

EF ×F SU(p) ESU(p)

K(Zp, 1) BSU(p)Bt

, (1)

with the Borel construction in place of SU(p)/F in the left column. Computing (Bt)∗

on the total Chern class c we have

(Bt)∗(c) = (1 +m1y2)(1 +m2y2) · · · (1 +mpy2) = 1 +

p∑
k=1

σk(m)yk2

and

(Bt)∗ck = σk(m)yk2 ,

where σk is the k-th elementary symmetric polynomial in p variables, m is
(m1,m2, . . . ,mp), ck is the k-th Chern class, and y2 generates H2(K(Zp, 1);Fp).

Now (Bt)∗c1 = 0 because σ1(m) =
∑

mi ≡ 0 mod p as F ⊂ SU(p). The first non-
trivial differential in the Serre spectral sequence for the left side of diagram (1) is
determined by the smallest value of k where (Bt)∗ck �= 0. If 1 were an eigenvalue of
t(g) (i.e some mi ≡ 0 mod p) then k � p− 1. Assuming k � p− 1, we next show that
the Borel structure theorem is not satisfied by the mod p cohomology of SU(p)/F .

We have

E∗,∗2 = H∗(K(Zp, 1);Fp)⊗H∗(SU(p);Fp)

≡ Λ(x1)⊗ Zp[y2]⊗ Λ(f3, . . . , f2p−1),

and our hypothesis is

d2k−1(f2k−1) = λyk2 where λ �≡ 0 mod p.

Then

E∗,∗2k = Λ(x1)⊗ Zp[y2]/y
k
2 ⊗ Λ(f3, . . . , f̂2k−1, . . . , f2p−1)

omitting the generator f2k−1, and

E∗,∗2k = E∗,∗∞ = E∗,0∞ ⊗ E0,∗
∞ ,
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for dimension reasons and by inspection. The bidegrees of the generators are

x1 ∈ (1, 0), y2 ∈ (2, 0), fi ∈ (0, 2i− 1).

Thus the mod p cohomology algebra of the total space is generated by elements in
these bidegrees. It follows that this algebra is the homology of the free algebra on
these generators subject to the differential d2k−1f2k−1 = yk2 . If k �= p, this algebra
fails to satisfy Borel’s theorem. If all the differentials are 0 then E∗,∗∞ is not a finite
algebra. Thus, f2p−1 transgresses to a non-zero multiple of yp2 and mi is not congruent
to 0 mod p and likewise for the p-th symmetric product.

Thus 1 is not an eigenvalue of t(g), σk(m) ≡ 0 mod p for 1 � k � p− 1, and
σp(m) �≡ 0 mod p.

It now follows from the unique factorization for polynomials in Fp(x) that m1 =
m2 = · · · = mp, so that F is the center of SU(p).

Corollary 2.2. The only quotient of SU(p) by a finite group of order p that yields
an H-space is PSU(p).

3. Embeddings of Zm in SU(n) and Catalan numbers

Here we count the number of ways in which an element of orderm can be embedded
in SU(n) such that 1 is not an eigenvalue. For the case where m and n are both prime,
we also count the number of ways the group Zm can be embedded in SU(n) with the
condition that 1 is not an eigenvalue of any generator of Zm.

Let N ′(SU(n),m) be the number of conjugacy classes of elements of SU(n) of
order m, none of whose eigenvalues is 1.1

Let F1, F2 be Zm subgroups of SU(n). We say F1 and F2 are in the same conjugacy
class if there exists an element g ∈ SU(n) such that for any h ∈ F1, ghg

−1 ∈ F2.

Definition 3.1. A conjugacy class of Zm subgroups of SU(n) such that no element
of the subgroups has eigenvalue 1 is called special. The number of such classes is
denoted SpCG(SU(n),Zm).

Note that each conjugacy class, including special ones, has at least one represen-
tative all of whose elements are diagonal.

Theorem 3.2. For any positive integers m and n, we have

N ′(SU(n),m) =
1

m

⎛
⎝ ∑

d|(m,n)

φ(d)

(
m/d+ n/d− 1

n/d

)

−
∑

d|(m,n−1)

φ(d)

(
m/d+ n−1

d − 1
n−1
d

)⎞⎠ , (2)

where φ is Euler’s totient function.

1The notation N(SU(n),m) is reserved for the number of conjugacy classes of all elements of
SU(n) of order m (including those with eigenvalue 1); it has been computed in [Dj, FS].
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Proof. Let

F (x, t) =

m−1∏
k=1

(
∞∑
a=0

(tkx)a

)
.

A typical term in F (x, t) is

x
∑

nk t
∑

knk ,

where nk, k = 1, . . . ,m− 1 are non-negative integers. If
∑

nk = n and
∑

knk ≡ 0
mod m then the sequence {nk} corresponds to a diagonal SU(n) matrix of order m
with eigenvalue e2πik/m repeated nk times. Since we excluded k = 0, the matrix does
not have 1 as an eigenvalue. Thus, such a sequence {nk} corresponds to a conjugacy
class counted by N ′(SU(n),m).

To pick out the terms in F (x, t) for which
∑

knk ≡ 0 mod m, thereby obtaining a
generating function for N ′(SU(n),m), let ζ = exp 2πi/m and recall

1

m

m−1∑
j=0

ζjb =

{
1, if m | b,
0, else.

Define

G(x) =
1

m

m−1∑
j=0

F (x, ζj).

A typical term in G(x) is now

1

m

(
x
∑

nk ζj
∑

knk

)
,

so the sum over j picks out the terms with
∑

knk ≡ 0 mod m, giving

G(x) =
∑
n

N ′(SU(n),m)xn .

We have then

G(x) =
1

m

m−1∑
j=0

m−1∏
k=1

(
∞∑
a=0

(ζjkx)a

)
=

1

m

m−1∑
j=0

m−1∏
k=1

(
1

1− ζjkx

)
.

The factorization 1− xd =
∏d−1

l=0 (1− ζjlx) for ζj a primitive d-th root of unity gives

m−1∏
�=0

(1− ζj�x) = (1− xd)m/d = (1− x)

m−1∏
�=1

(1− ζj�x).

Together with the fact that ζj , j = 0, . . . ,m− 1 is a primitive d-th root of unity φ(d)
times, we obtain

G(x) =
1

m

∑
d|m

φ(d)
1− x

(1− xd)m/d

=
1

m

∑
d|m

φ(d)(1− x)
∑
b�0

(
m/d+ b− 1

b

)
xdb
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=
1

m

∑
d|m

φ(d)

⎡
⎣∑

b�0

(
m/d+ b− 1

b

)
xdb −

∑
b�0

(
m/d+ b− 1

b

)
xdb+1

⎤
⎦ .

The coefficient of xn in G(x) will come from values of d such that db = n in the first
term and db+ 1 = n in the second term, leading to d|n and d|n− 1, respectively, as
in equation (2).

Corollary 3.3. If p is a prime and n is any positive integer, then

N ′(SU(n), p) =
1

p

[(
p+ n− 2

n

)
+ (p− 1)α(n, p)

]
,

where

α(n, p) =

⎧⎪⎨
⎪⎩
1 if p | n ,

−1 if p | n− 1 ,

0 otherwise.

Proof. Follows from equation (2).

In particular, if p and q are distinct primes, we have

N ′(SU(p), q) =

⎧⎨
⎩

1
q

(
q+p−2

p

)
if q � (p− 1),

1
q

[(
q+p−2

p

)
− (q − 1)

]
if q | (p− 1),

(3)

and if q = p, we have

N ′(SU(p), p) =
1

p

[
p− 1 +

(
2p− 2

p

)]
.

Theorem 3.4. If p and q are distinct primes, and p � q − 1 then

SpCG(SU(p),Zq) =

⎧⎨
⎩

1
(q−1)q

(
q+p−2

p

)
= (q+p−2)!

p!q! if q � (p− 1),

1
(q−1)q

[(
q+p−2

p

)
− (q − 1)

]
if q | (p− 1).

(4)

Further, if p = 2 and m is any positive integer, SpCG(SU(2),Zm) = 1.

Proof. We first show that all the (q − 1) generators of all Zq groups are in distinct
conjugacy classes of SU(p). It follows that we may divide the expressions in equa-
tion (3) by (q − 1) and obtain the result.

Let F be a Zq subgroup of SU(p), and let h ∈ F . Let ζ = exp 2πi/q and let nk, k =
1, . . . , q − 1, be the multiplicity of ζk as an eigenvalue of h (so

∑
nk = p,

∑
knk ≡ 0

mod q).

Suppose ht is in the same conjugacy class as h for some integer t. Then the multi-
plicity of the eigenvalues of ht is the same as that for h. It follows that nkt = nk for

all k (all indices are taken mod q). It also follows that htl is in the same conjugacy

class as h for any integer l (if ht = ghg−1 for some g ∈ SU(p), then htl = glhg−l).
Therefore, nktl = nk for any l and k.
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Let c be the order of t, i.e. the smallest integer such that tc ≡ 1 mod q (c exists
because q is prime). We have n1 = nt = nt2 = · · · = ntc−1 , all indices being distinct
mod q. Let Ai1 = {1, t, t2, . . . , tc−1}. Now pick any i2 /∈ Ai1 and let Ai2 =
{i2, i2t, i2t

2, . . . , i2t
c−1}. Then Ai2 has c distinct elements mod q, as i2t

�1 ≡ i2t
�2

mod q implies 
1 − 
2 � c. Further, Ai2 does not intersect with Ai1 , as t�1 ≡ i2t
�2

mod q implies i2 ≡ t�1−�2 mod q, i.e. i2 ∈ Ai1 , a contradiction. We see that the set
of nk’s can be partitioned into several subsets of size c, with all the nk’s within each
subset equal to each other.

Since
∑

k nk = p, it follows that p is divisible by c, so c = 1 or c = p. If c = 1 then
t ≡ 1 mod q and there are no conjugacies. If c = p then since c is the order of a
subgroup of Z∗q , we have c | q − 1, so p | q − 1 which we assumed is not the case.

For p = 2, if m is any positive integer there is exactly one conjugacy class of a Zm

subgroup generated by diag(ζ, ζm−1) where ζ = e
2πi
q . So SpCG(SU(2),Zm) = 1.

Theorem 3.5. If p is prime, then

SpCG(SU(p),Zp) =
1

p
(1 + Cp−1) , (5)

where

Cp−1 =
1

p

(
2p− 2

p− 1

)
is the (p− 1)-th Catalan number.

Proof. The same proof as the previous theorem holds, with q replaced by p.

Corollary 3.6. For any prime p, we have

Cp−1 ≡ −1 mod p .

Proof. Follows from Eq. (5).

For all p � 5, the number given by Eq. (5) is larger than 1 and blows up quickly:
for p = 5, 7, 11, . . . it is 3, 19, 1527, . . . .2 For p = 5, the resulting pair of subgroups are
generated by diag(ζ, ζ, ζ, ζ3, ζ4) and diag(ζ, ζ, ζ2, ζ2, ζ4), where ζ = e2πi/5. Generators
for the 18 groups at p = 7 appear in Appendix A.

Corollary 3.7. For any primes q and p such that q | p− 1,

1

q − 1

(
q + p− 2

p

)
≡ 1 mod q.

Proof. Follows from Eq. (4) for q | p− 1.

Both corollaries can be checked using Wilson’s theorem, (p− 1)! ≡ −1 mod p.

2As it happens, this series appears in the Online Encyclopaedia of Integer Sequences as A098796,
submitted there by Chapoton in 2004 [Ch].
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4. Homotopy classes of maps

Our results may be applied to the study of homotopy classes of maps BZp →
BSU(n). Theorems proved independently by Dwyer and Wilkerson [DW] and by
Zabrodsky [Z] and Notbohm [N] say that homotopy classes of essential maps are in
one-to-one correspondence with conjugacy classes of non-constant homomorphisms
of Zp to SU(n). These in turn are determined by conjugacy classes of non-identity
elements of prime order p. To connect our results with this theory, we make a defini-
tion.

Definition 4.1. A homotopy class of essential maps from BZm to BSU(n) is called
special if it does not factor through BSU(n− 1).

Corresponding to the special conjugacy classes of elements counted by Theorem 3.2
and Corollary 3.3, we have the special homotopy classes of maps for m = p. Then the
following is a restatement of Corollary 3.3.

Corollary 4.2. For any prime p and any integer n, the number of special homotopy
classes of essential maps from BZp to BSU(n) is

1

p

[(
p+ n− 2

n

)
+ (p− 1)α(n, p)

]
,

where

α(n, p) =

⎧⎪⎨
⎪⎩
1 if p | n ,

−1 if p | n− 1 ,

0 otherwise.

In particular, the number of special homotopy classes of essential maps from BZp to
BSU(p) is

1

p

[
p− 1 +

(
2p− 2

p

)]
.

5. The space SU(4)/Z3

In this section, let F = Z3 be the center of SU(3). Embed F in SU(4) via the
standard inclusion of SU(3) in SU(4) given in terms of matrices by

A ↪→

(
A 0
0 1

)
.

We have a diagram of inclusions of subgroups yielding S5 and S7 as homogeneous
spaces in two ways,

S3 SU(3) S5

Sp(2) SU(4) S5

S7 S7
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We regard the spheres as right coset spaces. Taking left coset spaces with respect to
F , we obtain the diagram

S3 PSU(3) L(5; 1, 1, 1)

Sp(2) SU(4)/F L(5; 1, 1, 1)

S7 S7

(6)

where the lens space L(5; 1, 1, 1) is the quotient of the 5-sphere by the cyclic group
of order 3.

In [H, p. 332], it is proven that after localizing at p = 3, the top row of dia-
gram (6) splits; hence L(5; 1, 1, 1) is a 3-local H-space and SU(4)/F is 3-locally
equivalent to Sp(2)× L(5; 1, 1, 1) which is a 3-local H-space. Rationally, SU(4)/F
is K(Q, 3)×K(Q, 5)×K(Q, 7) which can only be primitively generated. Since the
action by F is via maps homotopic to the identity, the spaces are simple and we may
apply localization there to conclude that SU(4)/F is an H-space since each of its
p-localizations are H-spaces and each rationalization map is an H-map. So we have
proved:

Theorem 5.1. The coset SU(4)/Z3, with Z3 embedded via inclusion of the center of
SU(3) in SU(4), is an H-space.
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Appendix A. Generators for subgroups of SU(7) of order 7

Below we list generators for the 18 subgroups of SU(7) of order 7 (not including the
center). A set of 7 integers [a1, . . . , a7] corresponds to the generator diag(ζa1 , . . . , ζa7)
where ζ = e2πi/7:

[1, 2, 2, 2, 2, 2, 3], [1, 1, 2, 2, 2, 3, 3], [1, 1, 1, 2, 3, 3, 3], [1, 1, 2, 2, 2, 2, 4],
[1, 1, 1, 2, 2, 3, 4], [1, 1, 1, 1, 3, 3, 4], [2, 3, 3, 3, 3, 3, 4], [2, 2, 3, 3, 3, 4, 4],
[1, 3, 3, 3, 3, 4, 4], [2, 2, 2, 3, 4, 4, 4], [1, 2, 3, 3, 4, 4, 4], [1, 1, 3, 4, 4, 4, 4],
[1, 1, 1, 1, 2, 3, 5], [2, 2, 2, 3, 3, 4, 5], [1, 2, 3, 3, 3, 4, 5], [1, 2, 2, 3, 4, 4, 5],
[1, 1, 3, 3, 4, 4, 5], [1, 1, 2, 3, 4, 5, 5].

References

[AK] R. Alter and K. Kubota, “Prime and prime power divisibility of Catalan
numbers,” J. Combin. Theory Ser. A 15 (1973), 243–256.

[Bo] A. Borel, “Sur la cohomologie des espaces fibrés principaux et des espaces
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