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THE DECOMPOSABILITY OF A SMASH PRODUCT OF
A2-COMPLEXES

ZHONGJIAN ZHU anxD JIANZHONG PAN
(communicated by John R. Klein)

Abstract
In this paper, we determine the decomposability of the smash
product of two indecomposable AZ2-complexes, i.e., (n—1)-
connected finite CW-complexes with dimension at most n + 2
(n > 3).

1. Introduction

For a finite CW-complex X with co-H-space structure, if X ~ X; V X5 with non-
contractible X; and X5, then X is called decomposable; otherwise X is called inde-
composable. One of the basic problems in homotopy theory is to classify indecom-
posable homotopy types. Although it is impossible to find all indecomposable homo-
topy types, it is indeed possible to solve this problem in special situations. Let A*
(n > k+1) be the homotopy category consisting of (n — 1)-connected finite CW-
complexes with dimension at most n + k. Any complex in A¥ is a suspension and
thus a co-H-space. Let F¥ be the full subcategory of A¥ consisting of complexes with
torsion-free homology groups, Fﬁ(z) the full subcategory of AX consisting of com-

plexes with 2-torsion-free homology groups, and Fﬁ(z 3) the full subcategory of A%
consisting of complexes with 2- and 3-torsion-free homology groups.

In 1950, Chang classified the indecomposable homotopy types in A2 (n > 3) [6],
that is

(i) Spheres: S™, Sntt gn+2

ii) Elementary Moore spaces: M”., M where p is a prime, r € Zt and MF.
P P P
denotes M(Z/p", k);

(iii) Elementary Chang complexes: C,’;*Q, C(n+2)s, C’r(‘n+2), cfn s (see Section 2.1)
where 7, s € Z1, where ZT denotes the set of positive integers.

A classification of indecomposable homotopy types of A2 (n > 4) was given by Baues
and Hennes in [5] and, for k& > 4, the classification of indecomposable homotopy types
of A¥ (n >k +1) is wild in the sense similar to that in the representation theory
of finite dimensional algebras. Classifications of indecomposable homotopy types of
FE (n>k+1) for k=4,5,6 are given by Baues and Drozd in [3, 4, 8] and it is
wild for k > 7. Based on these earlier results, in our previous papers [11, 12], we
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classify indecomposable homotopy types of FZ(Q,:,’) (n>k+1) for k<6 and Fﬁ(g)
(n = 5).

As pointed out by Wu [18], starting from an explicit space X, one obtains more
indecomposable spaces from the self-smash products of X since self-smash products of
co-H-spaces admit decompositions. This motivates us to consider the decomposability
of smash products of different indecomposable complexes. There are only a few results
for this problem. The decomposability of M (Z/p",n) A M(Z/p®,n) is well known [9].
Wu [16] proved that M(Z/2,n) A C;t2 and C;t2 A G} are indecomposable. As a
main result in this paper, we determine the decomposability of all remaining smash
products of two indecomposable complexes in A2 (n > 3) and give the decomposition
whenever possible. Since the suspension functor X: A2 — A2 ., is an equivalence for
n > 3, it suffices to deal with the case n = 3.

Theorem 1.1 (Main theorem). Forr,s,r’',s',u € Z7,

o M3, AC3, C5NCH, CONCS, C% NCS, Co NC2, Co NCP*, Cy ANCY*® are

n’
indecomposable;

o M3. ANC? and M3. NC>" are

o indecomposable for u > r;

o homotopy equivalent to M, A C;;’ vV MJ. forr > wu;
o M3, N C>* is homotopy equivalent to

o C8sv > foru>r,s;

o Mz, NC3V M. forr <u < s;

o M3, NC>*V M, fors <u<r;

o M3, /\C;?VMZ V MJ. foru<r and u < s;
o CONCY® is

o homotopy equivalent to C* C% ANC2S foru =1 and u > s;

o homotopy equivalent to C*" v Cy A C5 foru=s<r;

o indecomposable, otherwise;
o CPUANCDS is

o homotopy equivalent to C25 Vv C’;;’ ANC>S foru =1 and u > s;

o homotopy equivalent to CO" v Cy A Co" foru=r<s;

o indecomposable, otherwise;
o O A 075.,’8

o ifsz=mrrs
CH*VCH*VCINCES,  s=s5=1">r;
C2sv C5 NC2, s=¢§>r">r;
Cos v %5 N CBs, s=r'">s8 >r;

S
S

5,8 5,s" ~ ’ ’ ’
CmNGT = % v e Ve aCy s>
CHE vy VCENCET, sz > =1
CH v CENCET, otherwise;

r>rs;

o ifr>=r,s andr > s
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CH*VCH*VCINCES,  r=1=5>s;
!’
CP3 v C> NCS*, r=r'">s>s;
, C?3\v O3 NC>3, r=s >1>s;
0575 A 0573 >~ 7;) s’ 7’9 s’ " 5,8
r T G VO VCEACYT, r> s>l

9,5’ 9,7’ 5

CoP VO VCIANCE®, r>s >1 =s;
9,5’ 5,5’ :

CP Ve ANC otherwise.

Remark 1.2. For Mgr, prime p # 2, it is easy to check that Mg’r A C;;’ ~ MZ?T \ Mgr;
3 5 ~ N8 - Af3 55 ~ A6 . \/3 5,5 ~o 5. NJ3 3~ ;

M, ./\CT o~ Mp“ M. N C® = M, Mpr NCP® s My N M, e for prime ¢ #*

p (x is the point space). We will not discuss these cases any more in the following.

It is known from Theorem 1.2 of [14] that for any p-local CW-complex, there is
a functorial decomposition QXX ~ A™"(X) x Q(\/, 2, Qm** (X)) which is useful to
calculate homotopy groups of ¥X. Q7%*(X) is a wedge summand of XX (™) where
X () is an n-fold self-smash product of X. In order to determine the homotopy type
of Q¥ (X), it is significant to decompose X (™) to a wedge of indecomposable spaces.
The decomposition of self-smash products is easy for M. (p > 2) and M3. (s > 1).
The decomposition of self-smash products is obtained by Wu [16] for M3 and Cy.
In a sequel we will study the decomposition of self-smash products for Chang com-
plexes.

Section 2 contains necessary notation and lemmas. Related results of elementary
Moore spaces and Chang-complexes are stated in Section 3. In Section 5, we prove
the last part of Theorem 1.1 by determining the decomposition of C2* A C’f/sl while
the proof of other cases in Theorem 1.1 is given in Section 4.

2. Preliminaries

2.1. Some notation
e All spaces are suspensions of simply connected finite CW-complexes.

e |G| denotes the order of a group G and |g| denotes the order of an element g in
group G. If G is an abelian group with decomposition G =2 C; & Cy & - - & Oy,
where C} is a cyclic group with order infinity or a power of a prime for t =
1,---,m, then define dim G := m.

e If X isasubspace of L, Y ~ L/ X, then i denotes the canonical inclusion X < L,
q denotes the canonical projection L — Y. Especially for Moore spaces M.,
sometimes we denote i: S™ < MJ, by i, and q: M, — St by q,.

e Denote by H. X := H.(X;Z) and H*(X;Z/2) the reduced homology groups
and cohomology groups of the space X, respectively.

e Let C; be the mapping cone of a map f. Denote by [Cf7Cf/]g the set of

homotopy classes of maps h which satisfy the following homotopy commutative
diagram:




296 ZHONGJIAN ZHU AND JTJANZHONG PAN

e For X; andY; (i=1,---,t, j=1,---,s) objects in an additive category (such
as Ak (k > n + 2) or the category of abelian groups), we denote by f := (fi;) =

fll flt
fsl fst

Jij, where jx, and py, are canonical inclusions and projections, respectively.
Sometimes, (f;;) is written graphically as follows to indicate the domain and

: @2:1 Xi — @;zle a morphism such that py, fjx, =

codomain:
X1 X Xt
Yi | fir fiz o St
Yo | for fe2 -0 fu |
Ys fsl fsQ fst

To simplify the text, we fix names for the following elementary transformations:
(i) —rp (—cy): composing n-th row (column) with —id;
(ii) ¢mf + cn: adding the m-th column, composed with map f, to the n-th
column;
(iii) gr,, + r,: adding the m-th row, composed with map g, to the n-th row;
(iv) kr,, +r, (kc,, + c,): adding k times the m-th row (column) to the n-th
row (column), where k € ZT.
e In the rest of the paper, S = S* for w € {1,2,3,4,a,b}.
o n=mn, € [S", 58" is a Hopf map for n > 3 and o = g, € [S"F3, 8" = Z/24 is
a fixed generator for n > 5.
o kK e, €{0,1}.
e k times the identity map id of ¥X is written as k: ¥X — ¥ X for nonzero
integer k (hence, 1 = id).
e For k>5,and r,s € Z*, let
Che = (S2VSHT) ) OS* Y O = 542U, O(842 v 841
25
ks _ (Qk— k— , k— k—1y. k _ gk— k—
Cks = (Sk=2v 8 1)U(§7’27£) C(sh2vshh;, Cr=S8 2UnCS L

2.2. Spanier—Whitehead duality
If A¥ is in the stable range, i.e., [X,Y] =, [E™X,¥™Y] is isomorphic for any

X,Y € AF and any m € Z*, then there is a contravariant isomorphism of additive
categories

D = Doyyp: AL — A%,
which is called Spanier-Whitehead duality (or (2n + k)-duality).
D satisfies the following properties from [2, 7, 13]:

Proposition 2.1.
(i) D? is equal to the identity functor;
(i) 1x,Y] 25N (DY, DX] = [DY A X, §27H];
(ii5) [S™+9, DX] = [X,S"F~4] and [S"H9, X] = [DX, S" F 4| forn < g <n+k;



THE DECOMPOSABILITY OF A SMASH PRODUCT OF Ai—COMPLEXES 297

(i) D(XVY)~DXVDY; D(XAY)~DXADY, that is for X € A*,Y € AL |
then X NY € AL and Doy s 1 t(X AY) = Doy X A DoppY

n+m

(vi) Let {X,Y}:= 1_1&1 (XX, XY, Then for any CW-complex Z,

{(XAY,Z} = {X NS>k DY A Z}. O

Note: Tt follows from (i) and (iv) above that X is indecomposable if and only if
DX is indecomposable.

Ezample 2.2. (Page 49 of [1]) For the Spanier-Whitehead duality D: A2 — A2
(n > 3), we have DS" = S§"2 DS"+1 = gntl DMr = M), DCp+2 = Cnt?,

DCT(."H)’S _ Cé(n+2),r, DC;L+2 — O(n+2).r

2.3. Some lemmas

Lemma 2.3. ([7]) For a cofibre sequence X Ly 4 Cy,
xnz % y Az 2 oz

is also a cofibre sequence. That is Crpriq = Cr N Z. O
Lemma 2.4. (Lemma 14.30 of [13]) For
xLuvice, vLv-ia,

CinNCy=UAV)U,CXAVVUAY)U,CC(X AY) where pp= (f Nid,id A\ g)
and (Cy ANCy)/(UANV) = (E(XAV)VEUAY))U, CE(X AY), where

o Yid A g
o\ =XfAid ) O
Lemma 2.5. Let A€ A¢, with homology groups of the form Z" ® /2™ & - -- ® /2"
for some non-negative integers r,ry,- -+ ,rc. Suppose that

(i) dim HgA + dim HigA =1 and HS(A;Z/2) = HY(A;7/2) 2 7/2 with genera-
tors ag and ayg, respectively, satisfying Sqas = a10;
(ii) dim H®(A;Z/2) > 2 and there are nonzero elements ag # ay € H®(A;7Z/2) such
that Sq*as = Sqal = ayo;
(iii) Sq*ag = as + a§ + af # 0 for some af € H(A;7Z/2) such that Sq*a§ = 0.
IfA~ X VY and H¢X # 0, then H; X = H, A fort =6,9,10 and dim H®(X;Z/2) >
2, hence dim H7 X + dim Hg X > 2.

Proof. We have

PI P3
H*(X;Z)2) =—= H*(A;2)2) =—= H*(Y;Z/2) ,
J1 Js
where j1, j2,p1,p2 are the canonical inclusions and projections and jp} = id which
implies that p}, is injective and j; is surjective for u =1, 2.
Since HgX # 0, we get that HsX = HgA, HgY = 0 and H(p;;Z/2) is isomor-
phic, hence there is 0 # 2 € H%(X;7Z/2) such that pi(xg) = ag. It follows from
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pi(Sq*ze) = Sq*p;(w6) = a1 # 0 that 0 # Sq*re € H°(X;Z/2) which implies Hg X
= HgA and Hl()X = HloA by (1)

By ji(a10) = ji (pi(Sq*ws)) = Sq*xe # 0 and Sq?ji (as) = S¢*j7 (ag) = ji (a10), we
gt ji (as) # 0 and ji (ah) £ 0 in H(X; 2,/2).

Since Sq?ag =ag +af+af #0 and Sq¢*af =0, p;(Sq®ze) = Sq¢*(ag) = as +
ag +af #0 and piSq¢2Sqire = 2a19 = 0, thus Sq¢?xe # 0 and S¢2Sq*xs = 0. But
Sq?(j7(ag)) = ji(aip) # 0, we have ji(as) # Sq?xg, thus dim H8(X;Z/2) > 2.

It follows from H®(X;Z/2) = Hom(HsX,Z/2) ® Ext(H7;X,7Z/2) that dim H; X +
dim Hs X > 2. 0

A complex X is called 2-local if all homotopy groups, or equivalently all homology
groups, of X are finitely generated Z,)-modules, where Z) is the 2-localization of
Z. Let X 2y be the 2-localization of X and denote by X ~) Y if X(3) >~ V(y).
Lemma 2.6.

(1) Let X1 =S8" Uy, CX{, Xo=S5"Uy, CX) be two (resp. 2-local) complezes,
where X1 and X)) are m-connected. If X1 ~ X5 and H,, X1 = Z/2° for some s €
Z*t, then X1/S™ ~(9) Xo/S™ (resp. X1/S™ ~ X5/S8™), i.e., BX| ) X}
(resp. LX| ~ XX)).

(ii) Let X1 = Xl(nﬂ) Ug, CS™1, X5 =X2(n71) Ug, CS™1 be two (resp. 2-local) com-
plexes, where an_l) and XQ("_D are (n — 1)-skeleton of X1 and X, respective-
ly. If X1 ~ Xo and [X1,5"] = Z/2¢ for some t € ZF, then X"~V ~ ) X
(resp. Xl(nfl) o~ Xz(nfl)),

Proof. Tt suffices to prove when X; and X5 are 2-local.

We only prove (i), since the proof of (ii) is dual to the proof of (i).
There are cofibre sequences

. i SF.
XLy gm By x, A wxy B gmet o
Given a homotopy equivalence a: X3 = Xs, it induces
Oyt T X1 = TmXo 2 7,/2°.

Since ; is a generator of m,, X; for j =1,2, there is an odd integer k such that
akiy =19 € Ty Xso. Since X7 and X5 are 2-local, ka: X; — Xs is also a homotopy
equivalence. Take o/ € [LX}, X X4] | then we have a/: ¥.X| — %X}, O

ko

3. Moore spaces and Chang-complexes

In this section, we will collect some basic facts about Chang-complexes and Moore
spaces.

3.1. Moore spaces
We list some results of maps between Moore spaces from [5].
Z/4{B(x)) r=t=1,
nr nt _ ’ ) ) ) ) >
(M3, M) { Z/2min(r 0 (B(y)) @ Z/2ling), otherwise, "7 )

where B(x) is given by Proposition 2.3 of [5], which satisfies
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HnB(X):X:Z/QT%Z/Qt, x(1) =1.

B(x) € [Mg., M3]% " for r >t and B(x) € (M., M3, for r < t; If r = ¢, then
B(x )—zdandlfr—t—l, then ing = 2B(x) = 2

(S, M) = Z/2(in),  [M3:,S"] =Z/2(nq).  (n>3)

n+1l on) _ Z/4< 1>a t=1;
(M3, 5 ]{ 2ol s 220y, 151 (129
(57, ME] ‘{ 2206 o Zj2imy, t>1. =9

Here we choose a generator &; and set & = B(x)&1. The generator n' is the dual
map of & and n* = n'B(x), and ¢& = n, n'i =n for t > 1.
Z/2(&1) © Z/2(n1), s=r=1
L/4&) © Z)2(), s>1=r;
Z/2(&) @ Z/A(n,), s=1<r;
Z)2(¢5) D Z/2(ns) ® Z/2(inngq), otherwise,

where & = B(x)é € [MgeH!, M3 7, ng = in' B(x) € [M5"", M3.]). Note that

M+, M) = (n>4)

26 =inng (s> 1);  2n} =inng (r > 1).

Let A\jp := &5 + 72, then [MH M3 1h = {11, A+ imma}
The group [S™"3, M2.] is given by the following lemma.

Lemma 3.1. Let n > 5. Then

(5772, M3] = Z/2(i0) ® Z/2(p1); [S"T2, M3 ] = Z/4(ie) © Z/2(py) (r > 1),
where p, is some element of the group [S™3, M3.] such that qp, = nm for r > 1.
Proof. The group [S™*3, M}] is obtained from Lemma 5.2 and Theorem 5.11 of [16].

For r > 1 there are two exact sequences
[Sk Sn] 2") [Sk Sn] [Sk7M2nr] [Sk Sn+1] 2") [Sk Sn+1]
k=n-+2,n+ 3.

The following commutative diagram is induced by n: S7+3 — S +2;

*

q

0—Z/2 — [$"+2, M| ——=17/2 0

.

0——>Z/4 — [$"3 Mp) L~ 7/2 — 0.
It is known that the upper exact sequence splits. If ¢ is the section of ¢*, then n*o is

the section of the lower ¢*. ]

3.2. Chang-complexes
Firstly, since Cf * and ¥F*MJ} A M} are both indecomposable A,C o-complexes

with the same homology groups, thus C’f U SR A MY (K > 5).
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Cofibre sequences for Chang-complexes
For C € {CF,C%* C** | k> 5,r,s € ZT}, it can be written as mapping cones of
different maps, that is, there are different cofibre sequences for C'.

e The cofibre sequence for Ck
Cof : Sk—1 1, gk=2 C’k 7 Sk Gkl
e The cofibre sequences for C’k
Cofl : gh-2y gkt 20, ghea oy ok 95, gh=1y gk _, gh-1,
Cof2 : Sk~ 1—>M’“ 2 Iy ok DM gy Akt
Cof3 : Sk=2 1"y ok 19 Ok 19, gh—1 _, Ok,
e The cofibre sequences for C*:*
(5+)
Cofl : Sk1—>Sk 2y gh=1 15, oks 25, gk _y Gk—1y/ k.
Cof2 : M} 2 19, gh—2 M, ok D, prk=1 _, gh—1,
Cof3 : Ck—1 20, gh—1 ic, chs 92, ik _, gk,

e The cofibre sequences for C¥+

2"
Gott : -2y si-1 ) oy gt s, re s, gty gh L ghoty
: r )
Cof2 : ME-2 19, ppk=2 M, oks My ppk=l prkoL

27, _ e v o . _
Cof3 : %2y k2 19, gk2 W1, ok, D7, gh—1y, prk=l _y gh-1,

m)
Cofa : §F1 27y Mh=2y gh-1 2L, cks—>sk—>M§,1vsk
Cof5 : CF! % S’k 1e C”” C’k — S* where 2°p1gg is the composi-
tion of Ck~1 22, k-1 gh—2 L, Skl——>5k1

Cof6 : Sk-2 =1, oks T, Ck:s 22y gh=1 — 0(H1)s where igj12" is the com-

position of §k~2 2y gk—2 J1, gk—2\, gk—1 is Ck )

Homologies and cohomologies

Z, x =k —2; 72", x=k—2;
H.CFs ={ 7)2°, x=k—1; H.Ct=! 1Z, x = k;
0, otherwise; 0, otherwise;
Z)2", x=k—2; Z, x=k—2;
H.Cks = 7)2%, =k —1; H*C,’f =< 7, x=k;
0, otherwise; 0, otherwise;
. Z)2, x=k—2k—1k;
* k. _ * k,s. _ ) ) 5 vy
H*(CriZ/2) = H*(C™* 2/2) { 0, otherwise;
Z)2, x =k —2,k; Z/2, x=k—2;

H*(CF=iZ)2) =S Z/2@7/2, »=k—1; H*(CHZ/2) =4 Z/2, *=k;
0, otherwise; 0, otherwise;
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o S¢*: H*2(C;Z/2) — H*(C;Z/2) is isomorphic for C = C*s,CF, CF* CF;
o S¢t =0: H2(Ck*;2/2) — HF1(CF*,7/2);

. 0 s> 1;

1. k—1(k,s. k((k,s. ) )

o Sq': HE-L(CFs,2/2) — HF(C*5;7,/2) 1s{ omorphic, 1.
0, r>1;

1. prk—2((k. k—1(vk.
oS¢t HYH(Cr 2/2) = HEH(Crs 2/2) is { isomorphic, 7 =1;
o Sqg' =0: H*-Y(CF;7Z/2) — H*(CF;7./2);
e Sq' on H*(Ck*;7/2) is given by the following lemma.
Lemma 3.2. Let v,_o,v; be generators of H¥=2(CF*:;7Z/2) and H*(CF*;7/2),
respectively. Then there are generators vi_1,Vg_1 Of Hk_l(Cff’s;Z/Q) such that

Vp—1, T =1; _ v, S§=1;
Sqlvk2:{0k1 r>1; Sqlvkl:{ok s> 1; 54" -1 = 0.

Proof. To simplify the notation, take k = 5. Using Cof2 and Cof3 of C>*, we have
a split exact sequence

0= HY(ME;2/2) 215 BY(C5,2/2) 20 HA(ME;Z/2) — 0

and an isomorphism

HY(S%72/2) & HY (ML 2/2) PP 2 gi(sty M z/2) L7 HA(CO5:2)2),
where p; is the canonical projection for [ =1,2. Let u,u}, be the generators of
H*(S*Z/2) and H*(Mj.;Z/2), respectively. Note that pagz; = qur-

Sq11)3 r=1
Take T4 = ¢-pi(ud,) = ¢%, (ud)), Vg = : 7
4= qypps(ung) = ahy (upy) 4 { Copi(us), > 1,

then we can easily get this lemma. O]

Homotopy groups and cohomotopy groups
For k> 5

o m_1Ck=0;
o 7%105 =Z/2((71n)5) ® Z((2j2)5 ), where (jin)g = g5, (jin) and (2j2)g =
05, (272);
o m_1CF5 =7/2°T (igjy), with igjin = 2%i57a;
o mCks =7Z/2(igjom);
o Tp_1CFs =7/25F iy jia), with ipgj1in = 2% or
Tro1CF® = 7/25% (igja), with igjiin = 2%igja;
o mCks =7/2(ipgj1&r) @ Z/2(ipgjam);
o [CF, 52 = Z/2(nprgs);
o [CF,SF1] = 7Z/27" 1 (p1gs), with npags = 2"p1gs;
[CFs, SF=2] = Z<(2p1) ) @ Z/2((np2)g ), where (2p1)5 = (i%)~*(2p1) and
(WJ2)S = (22) (77102)
° [Ck’s,Sk_l] =0;
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o [Ck= S*=2] = Z/2((nqp1) ;) @ Z/2{(np2) 1), where (ngp1) 3, = (i%,) " (ngp1)
and (npz) ;= (i3) " (p2);

o [Cks SF=1) = 7Z/27 1 (p1qs), with npaqs = 2"p1gs or
[CFs, S¥1] = Z/2" T (p1ggz), with ngpaqyr = 2"pragr

o [Cks, S* =7Z/2%(qpaqus) = Z/2°(prqs),

where X,, 2% X; V X5 is the canonical inclusion and X; V X5 2% X, is the canon-
ical projection for u = 1, 2.

Remark 3.3. [X,Y] for X, Y being indecomposable homotopy types of A2 are given
by Part IV of [1]. We will use these results directly in the rest of this paper.

4. Determination of the decomposability except that
of C2° N C%*

4.1. Some indecomposable cases

Theorem 4.1. M3, AC3, C2 AC%*,C3ANCS,, CO* ANCP', CENCS, C3AC™* and

T
C’g A C2* are indecomposable for any u,r,1’,s,s" € Z+.

Proof. The proofs for all cases in Theorem 4.1 are similar. We give a proof only for
the case C2 A C?,.

Let ug,u), be generators of H*(C?;7Z/2) and H*(C?,;7Z/2), respectively, for k =
3.4, 5.

Z/2{us ® u}}, =6
Z/2{us @ u}, uq @ uf}, *=1
Z)2{us @ uk,ug @ uj,us @us}, *=38
. . 5 B 3 5, Ul 45 W5 3 )
H (Cr /\CT/7Z/2) - Z/2{U4®u%au5®uﬁl}’ * :97
Z)2{us @ us}, *= 10,
0. otherwise.

By the Steenrod operation action on Chang-complexes given in Section 3.2, we get
(i) Sq*(uz ®ufy) = us ® uk;
(i) Sq¢?(uz @ ug) = Sq¢*(us @ uh) = us @ uk;
(i) Sg2( {u3®u’5+U4®uﬁ1+U5®u’3, r=1r =1,
) Sq*(
)

)
uz ® Ug) / / .
Uz @ Ug + Us @ Uy, otherwise,

)

(v) Sq?(uz @ u}) = us @ uly, S¢*(ug @ uhy) = uy @ uf.
Suppose that C3 A C5 = X VY and HgX # 0, C2 A C, satisfies the conditions in
Lemma 2.6,

H X 2 H,(C2NCY), t=6,9,10;  dim H;X + dim Hz X > 2.

(iv) Sq*(us ® u}y

If Y is not contractible, then it follows from the homology groups of C2 A C?, that
Y ~ MJ. or Y ~ M§, for some positive integer . This contradicts the isomorphism
Sq?: H'(C2 NC3;7)2) — H(C3 AN C352)2). O
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In the rest of this subsection we will give a cell structure of spaces M3 A C’,’;*Q
(n > 3) and C5 A C2* which will be used later.

Lemma 4.2. M. ACpH2 o §20 y COEMFr 0 C2042 1y, CS?H2 (n 2 3), where
h" is determined by h"ig = (2",n), i.e.,

r i C
C(2n+2),r h 92n v MgLT/\C:’H_Q ac C(2n+3),r;

Tis %—;Tw)

S2n V; S2n+1

hy is determined by qsh, = (;+), i.e.,

hy
2n+2 T 2n+2
LR

2" G2n+1\ g2n+2

ic

Mg, A Cpt? 5 g2nts
" .

The top rows are cofibre sequences in each commutative diagram.
Moreover,
Tont1(Magr A C’g”) = [MZ. A C’g+27 S§2n+2) — 0
2n+2
Ton 4207 " =

. — T ‘7 7Tgn+2(Mn;-/\Cn+2);
<(.]177)S72T_1(2.]2)S> (ic)« 2 K

[C(2n+3),'r’ S2n+1] o
((Mp2)g,2"*(2p1)g) (ac)"
Ton+3S9%"
<2r02n,7’(3)> (16)*

Z)2" =

Z/Qr ~ [MQnT A Cg+2, S2n+1];

IR
IR

g noprry BLS = g o g,
Tont s A (27021, 1®)) (4p)* S ’

Proof. From Lemma 2.4

(M2nr A C7T]L+2)/SQH ~ (S2n+1 vV 52n+2) U( ) CSQn+2 ~ C(2n+3),r;
_9or

(Mg A CpH2)EnH2) G20y, C(S? v S0 ~ 22,

So there are cofibre sequences

BT el h ic
C(2n+2),'r S2n MénT A C;L+2 ; S2n+2 T CE’(H»Q M;r A C,;L+27
is/ as
h"ig=(a,zn) k i
T QShr:( b )
SQn \Vi SQnJrl S2n+1 \Vi 52n+2

where a,b € Z and z,y € {0,1}. It follows from the monomorphisms [C(27+2):7 §2n]

%5, [2n v §2n+L §2n] and [§2n+2, ¢2n+2) WS (g2nt2 g2n+1y §2n42] that b7 and
h, are determined by h"ig and ggh,., respectively.
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By Hon(Mg. A CpH2) = /27 and map, 41 (M3 A CPH2) 2 mop 1 (C2"F2) = 0,

a=2" x=1.

By H2n+2(M2"r A 07771-&-2) — Z/Qr and [MZTLT A 07771—1-2, S2n+2] o~ [C(2n+3),r’ 52n+2] -0

b=2", y=1.

Thus we prove the first part of this lemma. Now 7, (M% A C’ZIH‘Q) (x=2n+1,2n+

2,2n 4 3) and [M3. A C;*?,8™] (m = 2n,2n + 1,2n + 2) are easily obtained.

Lemma 4.3. Cg A O3 is homotopy equivalent to the mapping cone of map

O

(i696

hs

§Y ——— M3. NCy v CF (i and hy are defined in Lemma 4.2) and wg(Cp A C%) =
Z)2°Tr e Z/2, r>1,
Z)2° ®2/2, r=1.

Proof. Apply Lemma 2.4 to the cofibre sequences

=(2"
R oL M LAV Y RSN N

(CNCR*) /S0 = (S(STASP) VE(SEA (S V M;,))) Ua CES* A (5% v M3,

SIAFY -
where A = (—En Afl), ie.,

(CoNCP®) /S0~ (S®V STV ML) Us C(S®V M),

S8 M. S& M.
S8 27 g o~ S8 [27 0
where A = g7 ; 0 Tl ; 0o I Hence
ML | 0 nAl ML | 0 nAl

5 5,5\ / Q6 174 5 9,7
(Cy NCP)[S% = My ANCy NV O
Apply Lemma 2.4 to the cofibre sequences

(2

b/
Sth S Cp Sy ——— M3V Sy — O

(C2AC2))
M3 S® ST

MS [nAT 0 iy
S7 0 n 2°

~ 6 7 7 8 7
—_ or ” 7
(M3 v STYUp C(M4, v SV ST

M5 8% 57
WAl 0 0
S7 0 n 2°

where B = . Thus

(CoNC2*)O) ~ M3 ACHVCY.
There is a cofibre sequence
(o/ Sa’
A 3 5y, 19 5 A (15,8 10 \ZF
—— M5 NCpV Oy = CoNCY* = 577 ——
o =ig(t'es), t'=1 for

3 sy _ | Z/2(igos), =
moi 0= ZEey 13

S? Mj. ANC)V CL°,

where r=1 and ¢ €{1,2} for r>1

and C,?/\CT&S is indecomposable.
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determined by ¢gf’ = (yb//”) for some ¢y €{0,1} and b €Z since
(gs)«: m9C? — mo(S8 Vv S?) is injective.

’

56— M3 ACE 59 —2 > co
t' o6 , as
o (y n
59 P s8y g9

By Ho(Cp ACR*) =17/2°, b =2°. From [C) ACY®, 8= [(Ch ACY*)/S%, 8% =

(M. A Co v C?7, 8% = 7/2" and the exact sequence

51,5
{y'n)

we have 3y’ = 1. Thus 8’ = hg. So for r =1,

Z)2(igee) ® Z/2((irn) ) & Z{(2i2) ")
((t'igos, (i1m)~, 2571 (2i2) 7))
~L2OL/20Z

{1,207

Next we will determine ¢’ for » > 1.

0— = [CONCY*, S = Z/2" — 0

mo(Cy A CP°) =2

=720 7)2°.

By computing the exact sequence g of cofibre sequence (1), we get

Z/A®ZL/207 E{ ZiA®Z)25, =2,

5 5,8 ~
mo(Cy NC) = (', 1,271y — | Z2/20Z/2°T, ' =1 @)

On the other hand, mo(C2 A CP#) = [C}4, C}*5] = [CT, CE*] ([CFT,CF*] is stable
for k > 6). There is an exact sequence

(5?)

23

[CT, 8% —= [CF, M3 v S°] — [Cy,C3*] — [CF, 5% = 0.

By Lemma 3.1, we know that Z/12 = [C;,S‘l] Loy [C’Z,Mér] >~ 7/4 is an epimor-
. cr.st o 18,08 "

phism. By [CF, CF] = n[*[g;’s]s] = n[*[sﬁ’c’,]s] >~ 7/6 [15, Proposition 2.6 (iii)], we get

Z=[CT,5°] 2-=9, [CF, 5] = Z/12, which implies

(in). = 2: Z=[C},8°] =5 [CT, 5% = [CT, M| = Z/4. (3)
Hence
Z7/4® 7
mo(Cy AC®) 2 [CF, CF°] = ZHAST Z)25 & 7)2. (4)
((2,29%))
Together with (2), ¢’ = 1. O

4.2. M3, ANC, Ce{C3,C,C> | r,s€ZT}
(1) M3. AC? and M3, A C>"
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There is the following commutative diagram:

1IA(2"7,m)
M3, A (S3V S8Y) —— M3, NS ——— M3, AC] ,

1A27 1AD)

M3. A S3V M3, A S*

where the top row is a cofibre sequence. Hence
M. NCE o~ My, A S* Uiparing) C(Magu A SV M3, A SY).

o If r >wandr > 1, then 1 A2" ~ 0, hence M3, A C? ~ M27u\/M§’u/\C’5
o Ifr=u=1,1Ane[MJ., M3.]] implies 1 An = Xy + ey,inng for some &,
€ {0,1} (foru-l g1 =0, ie. )\11—1/\77) then

3 5 16 6 7
M2 A Ol ~ M2 UM:(ienqa)\u) C(Mg V Mz).
Mg M
MS MY MS [ id 0 MS M7

PO aag s A M [iraeia | Mg [0 WOEOME

(0,A11), thus M3 A O ~ MI\ M3 A C;:’.
e If r < u, apply Lemma 2.4 to the cofibre sequences

st st M sivst sl o
then we can easily get
(M3, ANC3)/8% ~ 87 v Cov, (5)
Suppose that M3, A C? ~ X VY are decomposable and Hg(X) # 0.
Since Sq¢* on H®(M3. AC3;7/2) and H'(M3. A C2;7/2) are nontrivial,
M3. A C? has no direct summands MS$, and MS8.. Thus M3, ACP ~ X Vv
M. By Lemma 2.6 and (5), (X/S®) v MJ, ~ S7v C2* which contradicts
the uniqueness of the decomposability of A3-complexes [5]. So M3. A C? is
indecomposable for r < w.
In summary, Mj, A C? is homotopy equivalent to M3, A 05 vV MY, for r >u
and indecomposable for u > r. Thus M3, A C%" ~ D(Mg. A 05) is homotopy
equivalent to M3, A C;? V M3, for r > u and indecomposable for u > 7.
M3, ANCY*
If w > r and v > s there is a cofibre sequence

SBACEs 200 §3ACSS — M. A OB,

[CF-s OFs] = 7,/2maz(rs)+1 g 7,/9msr @ 7,/2™sr+1 for k > 5 which implies 2% A
1=0€[S?AC>%, 83 AC>%]. Thus My, A C>% ~ C85 v O,
Ifu<randr>1, by 2 =0¢&[MJ, MJ.] and the following cofibre sequence

M3 A (8% ME) Iy s A 68 NS, A OB,

we get Mz, A C2® o MI, V Ciang = M3, AC®*V M. So

M3, AC%* NV M., s<u<r,

M. 08
2 NG {Mg’u/\C'f]\/Mgu\/M;u, u<r,sand r > 1.
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Ifu<sand s> 1, M3, AC>* ~ D(M3. AC5"), we get

M3, NC2V M., r<u<s,

3 5,8~y ;
M. NCY {]\43“/\075]\/]\4271‘\/]\/[27u7 u<rsand s> 1.

If u=r=s =1, then from Corollary 3.7 of [16],
M3 A CP = SMS A M)A My ~ M3 ACSV MV M].
4.3. C2AC2* and C5% A C2* for u,r,s € ZT
We only prove the case C2 A C2% since C%% A C2% ~ D(C2 AN C2™).

Let my, be the minimum of non-negative integers u and v.
The following corollary is easy to get from Lemma 2.5.
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Corollary 4.4. If C2 NCP* ~ X VY s decomposable and Hg(X) # 0, then X is

indecomposable and Y ~ Clg’t for some t € {muys,r},1 € {Muyp, Mays}-

Firstly, we study (C3 A C2:%)/S°.
Applying Lemma 2.4 to the following cofibre sequences

(2",nq)

211/’ P
s3v gt B s o5 g3y M3, S8 5 05,

(C3ANC3*))S5 =~ (STV S8V 8™V ML)U4C(S™V S®V ML v MS.),

ST 88 MI. M8,
ST 2r 0 nq 0
A= 58 0 27 0 nq
ST | —2v g 0 0
M. | © 0 —2v qAl
Note that ¢(n A 1) =ng for u > s; 2% = (.)’ u>1 in [MJ., MJ1.].
’ ing, u=s=1 2o

O

For s < u < r, by transformations ir; + ry if u = 1 (otherwise, omitting this one);

qry +1ro; 2" %r3 +r; and —rj,

sTs8 MI. M8,
ST 0 0 nq 0
A g8 0o 2 0 0 |
ST | 2v g 0 0
MI. | 0 0 0 Al

(CoNCR*) /SO = CP" VOV My NCyy (s <u<r).

Similarly,
(CZ/\C?’S)/Sfi:Cf’s\/Cg”'\/Mfs/\Cg (s <wandr < u),
(CONCE3)/S5 ~C%9" Vv Cy (r<u<s),
(C2NC>*))S5 ~Cyr (r<u<s),
ST s MI.  MS.
ST Mi. MS, S7 0 0 nq 0
where A'= ST [27 g 0 Jand A”= 5% | 0 2" 0 nq
M, | 0 2t Al ST | 2v g 0 0
M, | 0 0 2¢ Al

Secondly, we study the codimension 1 skeleton (C2 A C25)9) of C2 A C2.
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Using the cofibre sequences

o=(5")

St M3, — O3 Sy ——— M3. v Sy — C>*,
we get

(C3NC)O) ~ (M3, ASEV M3, AMS3.) Ug C(STASEV SEA M v Mj., A S3),

where
StASE  SEAMS. M3, ASh
B= M3 NS} Al inAO 1TA2°
M3, ANMs. | inAO inAl 1 Adn
Let
B, = StAMS. M3, ASS

M3, AM3. [ inAl TAim |

For uw > r and u > 1, by Lemma 6.2.1 of [10], there is a retraction 74 of i A1
yielding the following commutative diagram:

SN M3,
- i’ \
inAl
3 3 _ Ml 3 AL 3
S5 AN Mz, ——>= M3, N M3, ——>= S* A M3,
T;

From the following commutative diagrams:

M3, A St g1 A g S3AS3 ML s A s8 T g4p g3
lmn ll/\n lmz' J{l/\i

M3.oASP g1 g3 1] 83 A M3 L B, A M3
ll/\i ll/\i \ J/Tg

M. A M P 50 A M S3 A 83— 3 A NS,

we get (¢ A1) (1 Ain) = ing € [MJ., M3.]; 5(1 Ni) € [MS., MS$, )3,
So 5(1 Ain) € M., MQT]’7 for u = r and 74(1 Ain) € [MJ., M$,]9 for u > r. Since
nA1l: S*AMS. — 5% A M3, is also an element in [MJ,, M3, ],

. ANl +kinmg, r=u>1
"1 _J)n ' ) )
A= g g, ws .
Note that, since the composition Mg, RNy Y LN Vi 3 (u>r) is an element in
[MQu,Mﬁr] (n A1)B(x) = n* + k’inng, which implies that

e o ME M o (M M

» ] AN o w 0 1An

By — 2 M, + KiTNg 2 >1 1

1 M27u, ing 0 —>Tr1 ]\427u ing o I r>uz 1, ( 0)
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where the invertible transformation Trl is co(—B(x) — (k + £')ing) + c1. Similarly,

B

MS M;l 1M27u ] MS, M27r1 ]\/[027u
or | MA n A1+ kinng = or | MA _
M27T 0 ingq Tr2 M;T 0 ing |’ r=u>l,
_ o M27T1 i} M3, o M27r1 Mogu (11)
or nA Ny + Kinnq =] or nA 1<
M, 0 ingq Trs M. 0 ing |’ ST
M7 M
r=u=1
Bt [1nin igal ]’ ’

where the invertible transformations are given by

Tr2 : c1(1 + wing) + c2; Tr3 : c1(—B(x) — (k + k')ing) + ca.

e For s > u, since 2° = 0 € [M4., MJ.] for s > 1, take the invertible transforma-

; — ~ S® .
tion c¢1q + c3 on B for s =1 to get B = M. EB B, thus

(C2ACE*)®) ~ Cp = Cyy V Cp, = Cl) V Cg, . (12)
7 7
Lemma 4.5. The mapping cone of the map o3t is homotopy
equivalent to M3 N CJV cit.
Proof. SCY ACY' o~ CF AN MG A M} ~ (M3 ACS VM) AMG =~ CP'A CBv
C1% hence C} A C7"' ~ C7' A C5 v 71 Together with (C7 A CS)(®) ~ M3 A
C2 v Cf (from Lemma 4.3), we have (C} A C71)® ~ M3 A CS v CY v C)''. On
the other hand, from (12), (C3 A CP1)®) ~ €9 v C3* Unininaty C(MZ Vv M),
So by Lemma 2.6, C}"" Ugnin ina1y C(M3 V M3) ~ M3 A Ch v ot O
Now, from (10), (11), (12) and Lemma 4.5 we get
(CoNCEHD) = OOV Oy M3 ACE (5>
(CONCEHD = OOV Oy MY ANCY (s Zu>r). (14)
For u > s, it is easy to get
(C5ACE)O) ~ M3 A C’g VCpg (u>sandu>=r); (15)
(CENC)O) ~ Cpr (r>u> s),

e o B ¢
2 M. 0 2
where B’ = M1, [ 2° Jand B = 72| " 7.
IV 0 ing M3, | 0 my+rwimmg  1An
2" M. | 0 ing 0

The decomposability of C2 A C2* can be obtained from the structure of (C2 A
C>%)/8% and (C> A C2*)®) now.

(i) For s <u <r,C> AC>* is indecomposable, otherwise by Corollary 4.4 and (6),

C5NC3® ~ X v ). However, ngC9" =2 7,/2"T! is not a direct summand of
mg(Co A CP®) = [CP, C2%| = Z/2° T @ Z/2".
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For u < s,u < r, suppose C> A C2»* is decomposable, by Corollary 4.4 and (13),
C2 N O3 ~ X V7. There is a cofibre sequence, S7V S8V Mgg M, 2
STV 88V STV M, — (C3A C5g)/56—>58v59\/M8gvM9g S8 v SV
S8 v MS,, where A” is the map in (9). So,

2072 E5 707000 @72 = [(CF A C5#)/S5,5% = 0
7 17)2°
where [SA”, S%] = 7 /25 2[; 2% (k: Ay — As denotes the homomorphism
z2 | 1 1

of abelian groups defined by multiplication by k). Thus
ZOL/2°DZL)2
((27,0,1),(0,2%,1))

which is a contradiction since [C9", S%) = Z/2". Hence C5 A C2* is indecom-
posable for u < s and u < 7.

[C5 A5, 8% = [(C2 A CP*) /S5, 8% = >~ 7/971 @ 7,/2¢,

For r < u < s, the indecomposability of C3 A C2# is easily obtained from the
following lemma.

Lemma 4.6. The wedge summand C 4/ in (8) is indecomposable.

Proof. Assume that C 4 ~ Z; V Z5 is decomposable and HgZ; # 0. It follows
from the homology groups of C 4 and Sq? on H*(C 4;Z/2) that Zy = C2% or
C%v, which contradicts [C 4/, S%] = Z/2uF1. O

Foru>s,u>roru=s<r.
Lemma 4.7. In (15), Cp ~ C2* v C?.

Proof. Let W := (MJ. Vv M) U(in 2si> C(S58v Sy = M. VU, where U: =
0 0

M. Uiy 000y C(S® vV ST). From U® = MJ, Use; CST =~ M. v S® and HgU =

U = Z we get U ~ S8V C2, W ~ M, v S8V C?.

There is a cofibre sequence

0
§8 2w MI VSV CY s Cp s S,
for some y € {0,1} and b € Z. From Hg(Cp/) = 7Z/2%, b= 2% Since Sq>
isomorphic on both H7((C2 A C2#));7/2) and H(Cp;Z/2), y = 1. Hence
CB/ ~ 07.95 \Y Osg L]
From (7), (14), (15), together with Lemma 4.7, for u > s,u > r,
(CoNCP®) S0~ CP* v OV My, NCY;
(CENCEH)D) = MF. ANCEV CI Vv CP*.

Now we can get the following decomposition from (C3 A C2#)/S6 and (C3 A
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CE,S)(E))
CPs \/C,SI ACSS,  wu>randu>s,

CoNC>*® ~ 1 :
“ " Cg’r\/C;/\C;)’T, u=r<Ss.

The proof, which we will omit, is similar to the proof of the case C2>* A C’f,’s/ (s =
r’ > s >r), given in the next section. For details, see our preprint [17].

o . 5.8’
5. Decomposition of C>* A CL*, 11/, s, s € Z

5.1. Preliminaries
Similar to Corollary 4.4 we have

Lemma 5.1. If C>% A C’f,’sl is decomposable, then C2% N C’f,’sl ~ XV C’lg’lC or C2% A
Cf,’s ~ X \/Clg’k VOIR | where X is indecomposable, HgX #0 and {k,K'} C
{m'r,s’a Mg rry Moy g }7 {lv l/} C {ms,s’a My s, ms,r’}'

5,s" 5,7’
By C35 ANC* ~ D(CP" ACJ" ), we can assume s = max{r,s,r’,s'}.
’ ’ ’
Lemma 5.2. If s > 1/, s, then C>% A C%® ~ C%* v O3 AN C%*, hence
9,s’ 9,s’ 5 5,5 ;o ’oo
C.m Ve VCyNCT, s>1' s andr =1, §,
5, 5,5 9,s’ 9,7/
CoPNC)” ~q CP VO VCIANCET, s>r'>§ =7,

CH v CENCTT, s>r' s and s’ #£r <r orr<s'.
Proof. Since |[Cf,’sl7Cf,’S 1| = maz{25'+1,27"+1} [1], this lemma is easily obtained
(7)1

from the cofibre sequence S* A C%° ——— (M3, vV SY)ACYY — O35 ACHY. O

Now by C2% A C’f}s/ o~ Cf,’sl A O3 and C2° A Cf,’s/ ~ D(C>" A C’S,’T/), it suffices
to compute the following cases, denoted by Cases X

(a) s=7r">s>r (b)s=r">¢=mr; (c)s=r'"=¢>r

(d)s=r"=¢=mr (e)s=s>r">r f)s=§>r"=r.

We will prove case (a) of Cases i and omit the proofs of the other cases since
they are similar or easier.

5.2. (C5*AC%*)/S% and (C5 A CH)O for s=1" > 5 >
(1) Determining (C2* A Cf/s )/S¢
Applying Lemma 2.4 to the cofibre sequences

—(27, : I 21",’ ,
s3v mE I, gy o giy p3, TR, g8 o8
with the identification X M3, A MQ?’S/ o~ M275, \% M;, we have

(C2* A C%) /S0 =~ (STV M. v STV ML) Ua C(S™V ML, v M. v ML, v MS,),

57 M7 , Mgs M7 , MS ,
, 25 28 25
ST 2" nq 0 0 0
where A= m7, | o0 0 0 ing & +rinng
ST —27 0 nq 0 0
M7, 0 —27 0 0 nAl
25
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Take transformations 2" ~"r3 4+ r1; —r3; —ry on A to get (C25AC%®) /S0 ~
C2*V L, where L is the mapping cone of the map

M7 M7 M8

25/ 25‘, 25/
ST nq 0 0

. / . .
M3, 0 ing &5 + rKinng
MI, |2 0 nAl

Lemma 5.3. L~ C%" Vv (C?" v C?) U(a) CS? where a = ZM(%) and 7y is deter-
¥
mined by qsy = (22/) (ipg and qs are the maps in Cof4 of CE’S/ and Cof1 of C?,

respectively).

My, mr, S°

. (9) : . S7 nq 0 0
Proof. 1t is easy to know L'?) is the mapping cone of the map M7 0 ing 0
7
M7, 2r 0 in
26
M7, S8
’ . . 28
Hence L) ~ C?% Vv Ly, where L; is the mapping cone of 577 nq 0
M', 2" in
25

Similarly as in the proof of Lemma 4.7, we get L;~C%" Vv (C? and
LO) ~ 095 v 097 v 09,

There is a cofibre sequence

fL:<5)
S° T, 09 v et v e 5 L S0 0105y 0107y 019,

a= ’LM(Z%), B=is (yon), 7 is determined by gsy = ("), where z,y, z,w € {0,1} and
a €Z.

C S9 S9
2€s 0 wn
ool wl e
« B v
ME, v 88— C* 5 STV 88— CY —— 58V S°,
im s is as

a = 2% from [L,S) = Z/25". From Proposition 2.1, for s = 1/ > §' > r,
[(C5 A C5) /88,88 = [C5% A C5 | S8 = (€5, % | = 2)2° @ Z)27 H @ /2.
Together with [(C2* A Cf}sl)/SG, S8 = [C9s, S8 @ [L, S8], we get
[L,S% =7Z/2° @ z/2" .
On the other hand, by the cofibre sequence of L above, there is an exact sequence

7)2

(z,y,z,w)

(" ")

0— —[L, 8% —»z/2° T @ Z/27 T — 5 72,
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where o*(1) = z,7*(1) = w. Hence w = 0,z = 1. By the following commutative dia-

gram:

f .
[ LS L Ve LAV ie pu—

el ©
0=0f1, v

’
89— CP* v IV C) — Cy,

cPs cor 9

9,s’ - . . N 3 .
where © = ngs H 0 0 |is a homotopy equivalence, /i and A are induced
cor A 1 0
c? 0 0 1
by the following commutative diagrams:
mn in
(25’) iv 04 (ZSI) M 9 s
S s M1, VS — P S8 = ML Vv S8 — P
1,0 R 0,0 .
(Iq, 1) i " lo (yq, O) i A
\ \
S8 ——————— ML vSS —= P 88— > STV OO
i g (3 :
(1) )

Aﬂoz i
Then 6 = O f, = (Aa+6> = (0>. Rewrite o as «,
¥ ¥

L~ Gy OO v (COF v C?) @) cs’

5
«, 7y satisfy the conditions in the lemma. O]
Thus
(C55 A Cf,’sl)/S6 ~ %5 v oV (C?’S/ v C9) U(a) CS?% s=1r">s>r. (16)
gl

(2) Determining (C;),s A Cf;s')(g)
Apply Lemma 2.4 to Cof4 of C2* and Cf;sl 0 get

(C2* A CHYO) ~ (M AME, v MG, v ML, v 5%) Ug C(M, v 55V ML, v S%),

2
M s M, s i s, s
M3 AMS, [TAi 0 inAT 0 M3 AMS, [TA 0 AT 0
B— M, 2’ 0 0 in | M, 0 0 0 in
M7, 0 in 2° 0 M, 0 in 0 0
S8 0 25’ 0 28 58 0 25 0 0

by noting that 2% =0 € [MJ.,MJ.] and 2° =0 ¢ (M., M].] for s =1">5">r.
From (11), for v/ > r, (M3, A M23T,) Uanininaty C(M3,. v M;,) ~ M3 NC)V oo
Thus

(C55 ACH ) ~ M3 AN CEVCP VO VY fors=1">8 > (17)
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5.3. Decomposition of C>* A C’f/slfor s=r'">¢>r
Denote a column vector by ((1,Ca, -+ ,(s)T in the rest of the paper.
From (17), there is a cofibre sequence

vw)t Y s’ . s'
§0 LU NS A CE NV OOV OV CF = OO A
Since 6; = izt 06 for some ¢ € Z,
(C% N C%) )85 2 €O v (O V OV CF) Uy e CS°.
On the other hand, from (16)
(C55 ACT) /80 = OO v (C2* v C% v CF) Ugg.mmyr CS°.

Thus (C95 V C% V ) Upyasyr CS? = (C25V C%¥ v C2) Ufg amyr CS?, which are
2-local spaces. Consequently, there is a homotopy equivalence A yielding the following
homotopy commutative diagram:

go T sy o0y o0 c 510
—_— 7V o Vg —— ()T o

)\/l iA ~
(0,0,7)T

’
S —————> PV V) ——>C (g 0y —> S,

’
,8

where ) is the restriction of \, which is a self-homotopy equivalence of C2* v C’f, Y
co.
Let ' be induced by the following commutative diagram:

[T / ’
89— M3 ACSV YV O VO —— CP° AC®

,,,/
rl r
9 9,s’ v
M3 ACHV Cr v C0 v O ————— Co.

0=T"(81,p,v,0) "
Sg _ >

M3 ACS SV ST v
Since I' = M3. ACH 1 0 is a self-homotopy equiva-
!
cPo v e v ey 0 N
lence, I' is also a homotopy equivalence.

0= F(élaﬂa Vaw)T = (617 )\I(‘u, v, W)T)T = (513 0705,’Y)T'

Consequently, for s =7" > s > r,
COSNCEH = Co=CP*VQi, Q1= (My ACIVC% v C) Uy, amyr CS.
Lemma 5.4. Q; ~ C%%' A Cos, s=1r">38>r.

Proof. (1) Determining 01, i.e., t;

By Lemma 5.1, C>% A C;r’,’s cannot split out M. A C;;), which implies that §; # 0
in (M3, A C7). Hence we can assume that ¢; = 1 for 7 = 1 and ; € {1,2} for r > 2.
Next we determine ¢ for r > 2.
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Lemma 5.5. For s >1',s" and r > 2, there is a short evact sequence of abelian
groups

05 Z/20Z/20L/2® L/2° T — mo(CP* ACY) = Z/260 Z/2 — 0,

where €, =0 for v’ =1 and € =1 for v’ > 1.

Proof. We only prove the case ' > 1
mo(C2 ACS ) = (05 A O 8T 2 [0T7,C%']  (Proposition 2.1).

By Cof5 of C7'", there is an exact sequence
(57,05 Zs L 07 o6) 5 [0, 5] (89, ¢5 % (07, 5.

(2"p1qs)* is zero for r > 2 and [C7, C’f,’sl] =~ [S9,0%% A Cf,’sl] = ﬂg(CS}SI vVCyA C’f}sl)
~7)20L)2® L)26 7)25 1 for s > 1,5 (the last isomorphism is from (4)). [

There is a cofibre sequence

(61,007 7" 9,s’
§Y s MG ACOV Ot VEY = Q= 57,

which implies the following exact sequence

(61*704*7’)’*)T
_—

7 Z/Aigoe) © Z)2(in 1) © Z/2(inagon) © Z/2((51m)g) © Z((2j2)5)

— m9@Q1 — 0,
where 1, (1) = tiizos, a. (1) = ipj1& and v, (1) = 25/’1(2j2)§.

ZIADL2DL)2DL/2B L Q{ Z20Z/20L/20L/25 Y, t =1,
t, = 2.

O TTE L0027\ ZH4ez2eL20T/2,

Since mo(C2% A CTS,’S/) ~7/2®7)2® 9@ induced by C>% A Cf,’s/ ~ C%% Vv Q; for
s =1' > s >r, together with the short exact sequence for mo(C>* A C%*) in Lem-
ma 5.5, we have

7T9Q1 = Z/Q@Z/Z @Z/Q @Z/Qsl+17 i.e., tl = ]., 51 = Za‘(_)g

(2) The cell structure of C%" A C5*
Apply Lemma 2.4 to Cofl of C°#" and Cofd of C>*5 to get

(€ A CP*)O =~ M3 A C3v O v Cl
There is a cofibre sequence
56,97 s’ s’ s
§9 L0 B A CE v % v O 5 A o §10, (18)

where § = ietos, & = ZM(JC;T]/) and ¥ is determined by ¢g (Z:) for &,9,2 € {0,1} and

t,aeZ,ie.,
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g9 59 59 .

(ﬁfrl) (Zﬁ)

Sy e N

5 & g
q6 Hﬁé Mg)'r' A C’s ; M;\, v S8 : C,?;S/ ; C»,? ? S8 v 59’
in
a = 2% for Hy(C®' A C%%) 2 7/2%. Cofibre sequence (18) induces

W), g9,

Z ’ / [e3

0= / _ L [O5 A CPe, S8 o 2 g gt (0
(#,9,2)

where 4*(1) = & and 4*(1) = 2. Since C%* A C%* is indecomposable for s = ' > s’ >

r, #=1or § = 1, which implies @ng) = 0. On the other hand,

[C ACD®, 88 = [C5*,C5) 2 Z/2 T & Z)2" .

Thus £ =1 and 2 = 0. Now from the following commutative diagram:

6.a9T 0.8 / 5 s
59 M3 AC3V O v O —— O35 ACY
€] (~)l O (~)
0=0(5,6,9)7 \
59 M3 AC3VC% v 0 ——— Cy,

where the self-homotopy equivalence © is given by

’ in
M ACS % (=) . /
M3, ACS I 0 0] S$———>M, Vs ——0C)"
o 0 A 0
co 0 0 1 (Lo N
r 9q,1 v
8 7 8 9,s"
88— M7, VS —— %,

we can assume y = 0. Next we are going to calculate 3, ie., t.
t=1forr=1and e {1,2} for r > 2 since § # 0.

For the case r > 2, similarly as the calculation of mg@Q1, we get

N{ Z)20L/20L/2@ L2+, {=1, (19)
t=2.

O A OB 2 :
o VE zezpezpen,

On the other hand, mo(C%* A C%%) 22 [C7,, C%%] and from Cof3 of C7,, we get the
following exact sequence
2 20 (89, C0%) = [T, 08 — [F, 08+ 20, (95, 08]. (20)

c3. 0]
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There is a commutative diagram for the morphism (in25/)* by (3)

’
(in2%)"

i/_\

2°)
07, 089 — > 55, o8 2 e o8

(iM)*TN (ZM)*TN (iM)*]N

* v
(€T, M3 vS®] ' (85 MA.vs5] (27 )7 (85 Mk vis®)

(41 1c7.5% (47) 155,5°] (327)* [55,5]

(2°)"  z)00z
((2,29)) ((1,29)) ((1,29))°

7/ADT ¥ /2@

where ¢(1,0) =0 and ¢(0,1) = (0,2). Hence ker(i,2°)* =Z/2® Z/2° " in (20).
Together with (19), we have

To(COF NCP) 2 L2 Z/2B L2 Z/2° ), e, i=1.

From the analysis above, we get 5= 0, & =« and ¥ =1, i.e., Q1 ~ C5s' A css. O

Hence C3% A C%* o~ C95 v C%% A CPS for s =1/ > s > r.
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