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TOPOLOGICAL HOCHSCHILD HOMOLOGY OF K/p
AS A K} MODULE

SAMIK BASU
(communicated by Gunnar Carlsson)

Abstract

For commutative ring spectra R, one can construct a Thom
spectrum for spaces over BG L1 R. This specialises to the clas-
sical Thom spectra for spherical fibrations in the case of the
sphere spectrum. The construction is useful in detecting A..-
structures: a loop space (up to homotopy) over BGL1 R yields
an A.-ring structure on the Thom spectrum. The topolog-
ical Hochschild homology of these A..-ring spectra may be
expressed as Thom spectra.

This paper uses the identification of topological Hochschild
homology of Thom spectra to make computations. Specifically,
we take R to be the p-adic K-theory spectrum and consider
a certain map from S to BGL, R, so that the Thom spectrum
is equivalent to the mod p K-theory spectrum. We make com-
putations at odd primes.

1. Introduction

The goal of this paper is to use generalised Thom spectra to calculate the topo-
logical Hochschild homology of K /p in the category of modules over KZ/)\.

Let R be a ring spectrum and G L R its space of units. It is the H-space of homo-
topy automorphisms of R as an R-module. An R-twisting of a space X is a continuous
map ¢ from X to BGLiR. Associated to ¢, one can define the Thom spectrum of ¢,
X¢ (see [2]). This notion specialises for R = S° to the Thom spectrum of a spherical
fibration. The homotopy groups of X¢ is the group of twisted R homology classes
with respect to the twisting (.

Suppose that R is an E-ring spectrum. Then its space of units is an infinite loop
space. Given a map f: BG — B2GL R, let ( ~ Qf: G — BGL,R. Then the Thom
spectrum G¢ admits an A, R-algebra structure.

1.1. K/p as a module over K
Suppose that R = Kzf, the spectrum of p-adic K-theory. Let G be the group
S'. A twisting on S' is a map ¢: S' - BGL,K]}. This is classified by the group

Supported in part by ERC-Adg TMSS-228082.

Received December 3, 2010, revised August 31, 2016; published on April 12, 2017.
2010 Mathematics Subject Classification: Primary 55P42; Secondary 55P43, 55N15.
Key words and phrases: Thom spectra, topological Hochschild homology, K-theory.
Article available at http://dx.doi.org/10.4310/HHA.2017.v19.n1.2a13

Copyright (© 2017, International Press. Permission to copy for private use granted.



254 SAMIK BASU

T (BGL1K))) = mo(GL1K))) = Z. If we choose ( =1—pe ZY, then the Thom
spectrum (S1)¢ ~ K/p, the mod p K-theory spectrum. Moreover, the twisting ¢ can
be realised as a loop map, and so, for every way of writing ¢ ~ Qf we get an A,-ring
structure on K /p as an Ké\—module‘

1.2. Topological Hochschild homology of Thom spectra

Given amap f from X to B2GL R, let G ~ QX and ( ~ Qf: G ~ QX — BGLR.
In this case, the Thom spectrum G¢ has an A..-ring structure. We write n* f for the
composite

LX — > LB2GL,R —> B2GIL,R x BGL,R

J/nxid

BGLR x BGLiR——— BGL1 R,

where 77: ¥R — R is induced from S % S° via S A R — S° A R ~ R. In the above
situation, THH(GC) ~ LX"" /. The case R = S° was proved in [5]. The same argu-
ment applies for general R [3].

Using this identification of THH as a Thom spectrum, we compute the topological
Hochschild homology of K/p. For odd primes p,

KA Z/(p>))t if x = 2k,
mo(THH ™ (K/p)) = { (<) [ if % = 2k 41,

where 4 is an integer between 1 and p — 1 depending on the choice of f with ( ~ Qf.

Similar results were obtained before by Angeltveit in [1]. He used the Bokstedt
spectral sequence (see [6, Chapter IX]).

We can also form mod p K-theory as a Thom spectrum by starting with X = S2,
R = Kzf and(=pé€ 7T3(BGL1KZ/)\) = wg(GLlKZ/)\) = Z,. Again, this ¢ can be realised
as a loop map and we can compute THH of these A,.-ring structures in an analogous
way. This gives the same results.

Acknowledgments

The author wishes to thank Mike Hopkins for suggesting the computation which
formed a part of the author’s dissertation. The author would also like to thank Ib
Madsen for helpful suggestions in the process of writing the paper.

2. The Thom spectrum

The notion of a generalised Thom spectrum used here is discussed in detail in [2].
The construction resembles a twisted version of the group ring. Given an extension
of a group G by the units in a field &,

(r):1=k">FE—>G—1

the algebra k7 [G] = Z[E] @z« k is a twisted group ring. If the extension 7 is trivial,
one gets the group ring k[G]. Imitating this definition of a twisted group ring for
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spectra leads to the construction of the Thom spectrum. One replaces the field k& by
an F-ring spectrum R, and the units k* by the space of units GL; R acting on R.

2.1. The space of units and the Thom spectrum

The space of units of a ring spectrum is a generalisation of the group of units of a
commutative ring, the set of invertible elements under multiplication. It is defined to
be the components of Q2°°R that lie over the units in mo(R). Following [2], we make
the definition:

Definition 2.1. Let R be an E..-ring spectrum. Its space of units GLq R is defined
to be the homotopy pullback

GLiR ——= Q=(R)

L]

mo(R)* —— mo(R).

It follows from the definition that the homotopy classes of maps from a space X
to GL1 R are given by

[X,GL1R] = R°(X)*

the units of the cohomology ring R(X) = [X, Q*R].
From the pullback diagram one can read off the homotopy groups of GL1 R:

_f m(R) ifn>0,
Wn(GLlR) - { 7T0(R)>< ifn=0.

We note that GL1 R is an H-space for any ring spectrum R. If R is E.,, then
GL1R is an infinite loop space: there is a connective spectrum gl R with 0?"-space is
GL1R (Theorem 3.2 in [2]).

We can view Q°°R as the space of endomorphisms Endg(R, R), in the topological
category of R-modules, and GL1R = Autg(R, R) C Endgr(R, R) as the subset of weak
equivalences. Therefore, the units GLi R is the space of homotopy automorphisms of
R in the category of R-modules. In this way, the infinite loop space GL; R acts on
the spectrum R by weak equivalences, and R is a module over the F., ring spectrum
YCGLiR,.

Definition 2.2. Given a map (: X — BGL1 R, let P be the GL; R bundle classified
by ¢ described as the pullback

P——= EGL{(R)
X— % ~ BGL/(R)
and define the associated Thom spectrum to be
X¢=3%Py AMsecr, (), R.

In the above A” denotes the derived smash product in the category of modules
over the Fo,-ring spectrum X°°GL; Ry as in [6]. We note from Section 7 of [2], that
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the Thom spectrum functor commutes with homotopy colimits, and from Section 8.6
of [2] that it generalises the classical Thom spectrum of a spherical fibration.

The Thom spectrum of the map x — BG L1 R is weakly equivalent to R, since the
universal bundle associated to the inclusion of a point in BGL1R is isomorphic to
GL1R and X*°GL1 Ry /\éwGLlRJr R~ R.

Similarly, the Thom spectrum of a map X — BGLq R which is null homotopic is
weakly equivalent to R A X . Indeed, the universal bundle associated to the constant
map is X x GL1R. Then the Thom spectrum is 3°°(X x GL1R)4 /\éooGLlR+ R~
(Z®°X} AR®GLiRy) Nwogr,r, R~ RA X,

Suppose that the space X ~ XY, the reduced suspension on Y. Then, a map
X 5 BGLyR is described by a map Y <5 GL1 R, via [X, BGL,R] = [XY, BGL, R] =
[Y,GL1R]. Such a  is a unit in RO(Y) which induces u¢c: RA Y, — R.

Proposition 2.3. Suppose that ¢ is a map from X ~ XY to BGL1R. Then, the
Thom spectrum X¢ is equivalent to the homotopy colimit of (R <+~ R A Y, — R) where
one of the maps is the projection py and the other is uc.

Proof. The space X is the homotopy colimit of * <— Y — %, and this gives a homotopy
pushout square of Thom spectra

VS o€
* —— (ZY)C.

The Thom spectrum ¢ is weakly equivalent to R and Y¢ ~ R A Y., so the homo-
topy pushout can be written as

RAY,—— >R

|

R (2Y)C.

From this, one obtains a Mayer Vietoris sequence for calculating the homotopy groups
. = T (RAYL) = m(R) @ o (R) = T ((BY)) ... .

To compute the maps in this sequence, one must examine the GL;R-bundle over
X ~ XY This restricts to trivial bundles over the two copies of the cone of Y inside
X and on their intersection Y, the bundles are identified via the map (: Y — GL1 R.

In the long exact sequence, there are two maps R.(Y}) — m.(R). One of these
maps is given by the map from Y to a point (py) and the other is the map u¢ defined
in the preceding paragraph. O

Remark 2.4. The proposition describes the homotopy groups of the Thom spectrum
as twisted R-homology groups. An R-twisting on a space X can be defined as a
l-cocycle in the sheaf (of groupoids) — {units in R°(X)}. The groupoid of units in
RO is classified by the units GL; R, and therefore, 1-cocycles on X are equivalent to
[X, BGL1R]. Therefore, a twisting is given by a continuous map ¢ from X to BGL R.
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For X = |JU; a l-cocycle defines units over U; N U; satisfying a cocycle condition
on further intersections. A twisted R homology class is an element in each R.(U;),
two of which are identified using the values of the 1-cocycle on the intersections. The
abelian group of these classes is defined to be the twisted R-homology of X with
respect to the twisting . This is isomorphic to the homotopy groups of the Thom
spectrum X¢. The proposition above verifies this in the case X = XY, where X is
the union of two contractible open sets.

2.2. Computations of some Thom spectra
Proposition 2.5. Suppose that (: S' — BGLlKIf represents

l1-pe wl(BGLl(K;\)) = WO(GLl(KpA)) =2Z).
Then, (S1)° ~ K/p.
Proof. By Proposition 2.3 with Y = S°, the Thom spectrum is a homotopy pushout

K}V K} —— K]
|
K) ——(S")".
Therefore, there is a cofibre sequence
K)VK) = K)VE)— (S

Proposition 2.3 also identifies the left map in the sequence in suitable coordinates, to
be given by the matrix

1 1

1 1—-p )°

Therefore, the cofibre sequence can be rewritten as
AP A 1\¢
K, — K; — (57)%,
so that (S1)¢ ~ K'/p~ K/p. O

Remark 2.6. Consider the map ¢: S* — BGL1((S°))) given by (1 — p) as in the pre-
vious proposition. Then, (5)¢ ~ (5°))'/p ~ M, is the mod p Moore spectrum. In
fact, for any ¢: S' — BGL1R, (S')¢ ~ cofibre(1 — (: R — R). This follows from the
argument above.

Proposition 2.7. Let ¢: S3 — BGLlKI/)\ represent the element p of
(5%, BGLy(K))] = m3(BGL1(K))) = ma(GL1(K))) = m2(K))) = Z,.
Then (S%)¢ ~ K/p.

Proof. The space S? is homotopy equivalent to the suspension of S2. Proposition 2.3
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implies the homotopy pushout
Ké\ A 5_2’_  —— Ké\
K) ——— (S 3)¢
and the associated Mayer Vietoris cofibre sequence
A 2 A A A 3\¢
K} N(S?) VK, — K VK, — (5)°.
In suitable coordinates, the map in the Mayer Vietoris sequence is given by the matrix
1 0
L p
and the sequence can be rewritten as
P
S2K) 5 K — (S7)C.
By Bott periodicity S2K/* ~ K so that (5%)¢ ~ K /p, as claimed. O

2.3. Ring structures
Suppose R is an F..-ring spectrum so that GL; R is an infinite loop space. Given

f: X - B?2GL1R,and ¢: G ~ QX &, BGL; R, the Thom spectrum G¢ has an Aq-
ring structure. This follows from [3] where it is proved that the Thom spectrum
functor is symmetric monoidal (Proposition 4.10) and loop maps rectify to monoids
over an appropriate model of BGL1 R (Appendix A). This raises the question when
a map

(:G— BGLR
from a monoid G is homotopy equivalent to a loop map, i.e., ( ~ Qf for
f: BG — B®>GL:R.
We have the standard maps
YG % BG, YGL:R % BGL\R,

so the question is if
coX(: G — B>GLR

extends over BG:

G — L~ SBGL\(R)
BG - — - — - ~ B2GLy(R)

Proposition 2.8. Let G = S', R = Kz/)\ and ( =1 —p as in Proposition 2.5, then
(S1)¢ ~ K/p has an A -ring structure.
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Proof. The classifying space of S' is C'P> so, in this case, the diagram above is

§2 2P SBGLy(K))
CP®— -~ - - B2GLy(K))

The space C'P*° has a CW structure made of even dimensional cells so that all the
cells are attached along odd dimensional spheres. The spectrum Kz/)\ has non trivial
homotopy groups only in even dimensions and hence, so does BQGLlKI/,\. Thus, all
the obstructions to extending the map »1 — p must vanish, which implies that there
is an Ay -ring structure on the Thom spectrum K/p. O

Proposition 2.9. Suppose that G = S®, R = K]}, and ¢ = p as in Proposition 2.7,
then the Thom spectrum has an As.-ring structure.

Proof. The classifying space of S? is the infinite quarternionic projective space H P>,
and 5% = % — BS3 = HP™ is obtained by attaching even cells along maps of odd
dimensional spheres. Therefore the extension problem can always be solved. ]

3. Topological Hochschild homology of Thom spectra

In the last section, we observed that the Thom spectrum of a loop map carries
an induced Ao structure. In this setting, there is a convenient description of the
topological Hochschild homology as a Thom spectrum along the ideas of [5, 3] and
[11]. In the following G will be a group, X a space, and G homotopy equivalent to
QX as As-spaces. R will be an FE, ring spectrum.

The Thom spectrum of a map G — BGL1 R is a twisted R-module generated by
G. If this is a loop map, the construction is that of a twisted group ring. Recall that
the Hochschild Homology of group rings over a field is given by

HH,(k[G) = k® H.(G,G),

where G acts on itself by conjugation. This is the homology of the Borel construc-
tion Gpg ~ EG X G ~ LBG, the free loop space of BG, and so, HH,(k[G]) =
k ® H.(LBG). The analogous statement for topological Hochschild homology is the
classical result of Bokstedt and Waldhausen:

THH(S®QX,) ~ S°LX,.

In the category of R-modules, the theorem is THH®(RA QX ) ~ RA LX,, com-
puting the topological Hochschild homology of the Thom spectrum of the constant
map. More generally, let f: X — BGLiRand ( ~ Qf: G — BGL;1 R, the Thom spec-
trum has an A..-ring structure, and the topological Hochschild homology is the Thom
spectrum of a map from LX to BGLyR.

In the second part of the section, we apply the theorem for R = Ké\ and G = S,
in the computation of the previous section. This implies that the Thom spectrum is
homotopy equivalent to the cofibre of a certain map K If NCPY — Kzf NCP.
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3.1. Identifying topological Hochschild homology as a Thom spectrum
Recall that the free loop space LY fits into a fibration

QY - LY =Y.

If Y is an H-space, then the fibration splits as LY ~ Y x QY. This is an equivalence
of H-spaces if Y is homotopy commutative.

Let f be a map from X to B2GLR and n: B?GL,R — QB?>GL; R be induced
from the Hopf map by

B2GL\R ~ Maps(S?, B*GL1 R) s Maps(S®, B*GL, R)
~ Maps(S*,Q*B*GL,R)
~ Maps(S*, B>GL1R)
~ QB*GL;R.

Let L"f be the map from LX to BGLiR defined by the diagram

LX — Y IB°GL(R) — > B2GL\(R) x QB*GL:(R)

\Lnxid

QOB2GLy(R)

lg

BGL(R).

L"f

The map 7 x id: B2GL1R x QB?>GLR — QB2*G L, R is the product of the maps
n and id using the H-space structure of QB2G L, R. Without proof, we state:
Theorem 3.1. There is a homotopy equivalence
THHE(G) ~ (LX)*"7.

This was proved in the case of the sphere spectrum in [5, 11]. The argument for
general E.-ring spectra R is given in [3, Theorem 1.7].

3.2. The example of G = S' and R = K}
By Proposition 2.8, we have the commutative diagram

§? P BGLy(K))

C

CP* — - = B*GLi(K})

and write THH™? (K/p, f) for the topological Hochschild homology corresponding
to this Ao -ring structure.
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Proposition 3.2.
THH™? (K/p, ) ~ (LCP™)7,
where f is the composite
Lep> H 1B°GL K] ~ B*GL K] x BGLK) 22 BGL K).

Proof. By Theorem 3.1, THH' (K/p, f) ~ (LOP>)L"1. Since m(K,)) =0, 1=

0
in this case. Hence, the proposition. ]

The focus of the rest of the paper will be the calculation of m,((LCP>)/) =
THH > (K/p, f). First of all we note that:

Proposition 3.3. There is a long exact sequence

K} CP® — K} CP™ — . THH"" (K/p, ) — K} CP>....

Proof. Note that C'P*° is an infinite loop space, and hence homotopy commutative,
which implies that LCOP>® ~ QCP>® x CP>* ~ S!' x CP>. The space S! is a union
of two contractible open sets whose intersection is SV, so, there is a homotopy pushout

CP*UCP*® —— CP*™
l l (3.1)
CP*> LCP*>

and hence, a homotopy pushout square of Thom spectra

(P> uCP=) — (cP=)/

| l

(cp>)f (LCP>)f

The two maps CP* — LC P in (3.1) are the inclusion of constant loops, so, the
two compositions CP* — LCP>* — LBQGLlK;,\ — BGLleA are nullhomotopic
and the Thom spectra are ~ K,' A CP°. The map from CP> L CP* to BGL, K,
factors through CP* — BGL, K, so, the Thom spectrum (C'P* L Cp>)f ~ K} A
CP¥V Kﬁ A CP{°. Therefore, the pushout can be written as

K) NCPPV KN\ CPY —— K) ACPY

| |

K) NCP (LCP>)ES,

This gives a Mayer Vietoris sequence on homotopy groups
A A A A Lf
= K *(CPOO) © K, *(CP‘X’) — K, *(CPOO) © K, *(CP‘X’) = ((LCP>®)" ).

To simplify, one needs to understand the left hand map i.e., how K ;\ NCPE NV KX A
CP%° maps to the two different copies of Ké\ A CP in the pushout square. For
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that one needs to examine the structure of Pf, the GLlKZf—bundle over St x C P>
classified by f

Following the pushout square (3.1), we see that P is obtained by identifying two
trivial bundles over C'P*° after restricting over C' P> LI C'P*°, via a map u: CP* U
CP>® — GLlKZf. The adjoint of u is the map w in the diagram:

CP* U CP*® —= CP®VCP® —> §' x CP® — XCP¥ V £CP

—
0 _ -
~ ~
~ u
£

BGL\K).

The top row is the cofibre sequence associated to the pushout (3.1). Since the
map St x CP>® — BGLlKIf is nullhomotopic on CP>* Vv C'P*| it factors through
YCP¥ VECPY as u.

The map w gives two units up, us in the KI/)\O(CPOO). In the Mayer Vietoris
sequence for the Thom spectrum, these describe the map K ;\ NCP¥V KZ/)\ NCPY —
K) NCP¥V K} NCP as the matrix

1 (5
U1 1 ’
In fact, u1 and ug are equal because each summand in XCP° of XCP V EC P

is the cofibre of the map C P> — LOP> = S' x CP> given by the inclusion of the
constant loops and both can be defined by the same diagram

CpP*>

| e

§tx cP= —Ls BGLy(KD).

|

SCPge

In terms of u, we can rewrite the Mayer Vietoris sequence as the long exact sequence

o KD (CP®) LK) (OP%) — m ((LOP®)H) — .. (@)
which proves the required statement. 0

To calculate W*(THHK£ (K/p, f)), it remains to understand the map w. This is
done as follows:

Proposition 3.4. The adjoint of the map u: XC P — BGLy R, is homotopy equiv-
alent to the composite ZQC’PiO & op> i> BzGLlKI/)\, where [ is the composition

oAid

S20PE =~ §2 ACPR "B P A CP® - CP>,
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Proof. The following diagram commutes:

SUA(SY x CP=) —=» LA LOP* 225 g1 A LB2G L, (K))

ev i ev

Cp> B2GL,(K)).

Consider the inclusion of the based loops BGL K] < LB*GL1K,". Under the
composite
St x BGL1K)) — S' x LB*GL1K)) <% B*GL1K}),

the copies S' x * and % x BGL1K)> map trivially. Thus, it factors through S* A
BGL\K)) as XBGL, K} 5 B?*GL1K,)). We are trying to figure out the map

St x LCP® — §' x LB*GL1K)) — S' x BGL1K]) — B*GL1K)).
Then, this factors through
S'ANLCP* = S' A LB*GL,K)) — S' A BGLLK)) % B*GL1K,).

Also LCP*>® — BGLlKI/)\ factors through S A CP$ as u. Putting all the remarks
together, we have a commutative diagram

52 AN CPEe S'ABGL K}

N

~ 1 S'ALF 1 2 A
Lx OP®) = > §L A LOP* — 2 gl A LB2GLy (KD |o

cp> B2GL,(K}).

The left hand vertical map from 5% A CP$° to S* A (S* x CP>) is the inclusion of a
factor in the splitting of the suspension of S* A (S x CP>) ~ (S2ACP) Vv (ST A
CP>). It follows that u ~ 0 0 Yu ~ f o g, where

g: S x XOP® — S A (S' x OP®) ~ S* ALCP> &% CP™

and the composition g ~ p. O

4. The structure of GL,(K))

In this section, we prove a splitting of G L1 K} using the logarithm I,,: gl K]} — K}
defined by Rezk (see [10]). Throughout this section, we assume that p is an odd prime.
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Proposition 4.1 (Rezk, [10]). Let R be an E, ring spectrum. Then there is a loga-
rithmic cohomology operation, lp ., from gli(R) to L) (R) for every n, and prime
p. If R is K(n)-local, this is a map from gli(R) to R. Whenn =1, l,: glhR — R is

given by the formula:
_ 1 ()
Ip(x) = —plog( " ) .

[Recall that a #-algebra structure is described by operations ¢ and 6 (v is a ring
homomorphism) such that ¥ (x) = P + pd(x).]

Proposition 4.2. Suppose that R = K). The operation l,: g K — K, factors
through kuﬁ, the connective cover of K;\. On homotopy groups, the map is an iso-
morphism on m, forn > 2. At n=2, it is 0. And for n =0, this is the map

~ p:
ZX=Z)(p—1)x Z, B Z,.

Proof. The spectrum Klﬁ\ is K (1)-local, and the operation ¢ is the Adams operation
p. Since gllKZ/) is connective, the map [, factors through ku;\. Recall, that the
homotopy groups of gl K. Zf are given by

(KQO(Sn))X zﬂ-n(KI/)\) if n >0,

ﬂ-n(gllK;é\) = { (KQO(SO))X — WO(K;?)X if n=0.

Since ﬂnK{,\ is nonzero only for even n, it suffices to restrict our attention to
even dimensional spheres. The K-theory of S?" is generated by e where for the map
p: (S?)" — S?" which quotients out the lower cells, € splits as the product

(0 =JJa - L.

where L; is the canonical line bundle over the i*" copy of S? = CP'. We have
—— 0 —0
Ton (gl (K})) = gli(K}) (8%") = (K (5%) =1+ eman(K}).
To calculate [, on wzngllK;\ one needs to compute I,(1+ ke) for 1+ ke in

gllKQO(S%) = ﬂo(gll(KZ/,\Szn)). To accomplish this, we need to calculate v, (¢). We
do this by calculating ¢, (p*(¢)) and using that p* induces an injection in K-theory.
Since the Adams operation ), raises line bundles to the " power,

Up(Li) = LY
— Qﬂp(l—Ll):l—L?
=1—(1-(1-Ly))".
The element 1 — L; lies in the K-theory of S2, so it squares to 0. Therefore,
Up(1 = Li) =1 —(1—p(l—Ly))
=p(1—Li)
= Yp(e) =p"e
= YPp(l+¢)=1+p"e
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Hence,

1, (40tke
Ly(1+ ke) = pl g<(1+k€)p>

1y (1R
p & (1+ ke)r

_z% log(1+ (p" — p)ke) (mod p),

which becomes multiplication by 1 —p"~! (mod p) if n > 0. Since the homotopy
group Wgn(gllKﬁ) = Z, for n > 0, this is an isomorphism for n > 1. For n =1, this
map is 0. For n = 0, the map l,: Z)* = p, 1 X Z, — Z, is given by

1
— = log(z'~P).
’ (z77)

This map has kernel v,_1, the group of (p — 1)** roots of unity, as it takes p-adic
integers of the form 1 + pk to

@uﬂM—fg%w+mwﬂ

= *%log(l +p(1 —p)k)
=—(1-=pk+0(p)
=—k (mod p).

Therefore, the map [, on Z) = v, 1 X Z,, has kernel v, ; and is an isomorphism
onto Z,,. O

Recall that the spectrum kuﬁ splits into Adams summands,
ku) ~ BVY?B...X* 1B,

where B is the p-adic Adams summand(m.(B) = Zp[v1]). Using this, we identify the
image of the logarithmic cohomology operation. We construct K,(2) from the spec-
trum ku)) by killing the 2"¢ homotopy group:

Definition 4.3. Let By be the 2-connective cover of B. Define

K,(2) = BVY?B,...vy¥~4B
Proposition 4.4. There is a split cofibre sequence
Hup VY2HZ, — gl (K)) — K,(2).
Proof. From the definition above, note that g, K, LN kup, — Kp(/2\) is surjective on

homotopy groups. The fibre F' has homotopy only in dimensions 0 and 2. The Post-
nikov tower of F' then is a cofibre sequence

Y*HZ, — F — Hvy 1 — S°HZ,.

Since the group H?*(Hv,_1;Z,) = 0, the sequence splits and one obtains
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F~Hv, 1VX*HZ,.
Therefore, there is a cofibre sequence
Hup 1 VS2HZ, — gh(K)) — K,y (2).
The next term in this sequence is
S(Hvy-1 VE*HZ,) ~ SHv, 1V X*HZ,

and the next map is K,(2) = S Hv,  V S3HZ,. Since the spaces in the Adams sum-
mands are retracts of bué\, their homology concentrated in even dimensions. Therefore,

(2B, YHv, ,VY*HZ,| = H (B;v, 1) ® H*(B; Z,) 0.
Since the spectrum Bs is 3-connected,
[¥2By, Y Hv, 1 VY*HZ,) = H Y (By;v,_1) ® H'(B2; Z,) =0
— [K,(2), H'(Bivp1) © HY(B; Z,)] = 0.
Hence, the cofibre sequence splits and
gli(K)) =~ K,(2) V Hup_y VX2 HZ,
completing the proof. O

We will use this decomposition later to calculate homotopy classes of extensions.
For that, we also have to understand how the splitting looks like when we map a
space X to GLi(K,)). Recall, [X,GL,(K}))] = Ké\O(X)X. The map [, gives the way
to map this to [X, K,(2)]. The map KI/)O(X)>< — HY(X;v,_1) is the composite

X — GLl(KI/]\) — WOGLI(KZ/)\) = Z; = Vp—1 X Zp — Vp—1 X K(l/p_l,O).
The third factor is X2H Z,,, and we have to understand the map from H?(X; Z,) to

KPAO(X)X. Now, H*(X; Z,) = [X, K(Z,,2)] = [X,CP>}]. The space CP*> classifies

line bundles which are invertible elements in K-theory.

Proposition 4.5. The map H*(X;Z,) — KZZ\O(X)X is given by f € [X,CP>)] —

LT where LT is the line bundle classified by f.

Proof. The formula in the statement of the proposition defines a map of infinite loop
spaces C’P;"A — GLlKI’)\, and hence, a map of spectra ¥?H Z,, — gllKlf. Composing
it with [,,, we get

(35

()

1
= ——log(1
’ g(1)

=0.

The computation above shows that the composition ?H Z, — gh(K)) — Kp@)
equals 0. Therefore, it factors through v,_; x X?HZ, in the diagram:
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S2HZ,

_
-
-
~
~

A
Huy g x S*HZ, — gli(K})) — K,(2).

To complete this proof, we need to show that the map X*H Z, — Hv,_1VX*H Z, —
$2HZ, is an equivalence. The only non zero homotopy group of X?HZ, is 2, so it
suffices to check that the map [S?, CP>] — H?(S?%; Z,) as described by the statement
is an isomorphism. The left group is isomorphic to Z,, via k — L¥, L = the tangent
bundle of S?. The right group is H?(S?; Z,,) = Z, inside K} (5?)* as elements 1 + ke,
€ =1 — L. The map between the two is L* + (1 — ¢)¥ = 1 — ke because €2 = 0, and
is evidently an isomorphism. O

5. Calculation of THH
In this section, we complete the computation of THH for odd primes p. We first

parameterise the homotopy classes of extensions f

§? PP SBGLL(K))

cpe —— 1 paLy(K))
using the results of the previous section.
Recall that
GL1(K)) = vp_1 x K(Z,,2) x Q°K,(2)
= B?GL\(K)) = B%vy_1 x K(Z,,4) x Q52K (2).

The condition on the map f is that its restriction to S? is 1 — p. The homotopy
classes of maps from S? to B*GL;(K})) is split into three factors:

1. [S% B%vy_1] = H*(S%vp-1) 2 vy,
2. [S%,K(Z,,4)] = H*(S2; Z,) = 0,
3. 82, Q°%2K,(2)] = [S2,Q°(22BV XiB, VEOB. .. v E¥1B] = [§2, QN2 B
= B%(5%) ~ Z,.
In the splitting
(S, B?GL1(K}))] = vp—1 @ B*(S*) © HY(5% Z,) = vp1 © Z, B0,

1 — p is in the factor Z,, where it equals [,,(1 — p) = a; and
1 _
ap = —Elog((l —-p)'?)

- —%logu —(1-p)p)

=—-1 (mod p).
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5.1. Calculation at the prime 3
Let us begin the calculation at the prime 3. The cofibre sequence for gl; K3 is

HZ/2V X2HZs — gl (K)) — K3(2)

and

K3(2) = BV ¥?B,.

Therefore,

GL K] = Z/2 x K(Z,,2) x QB x Q% B,.

We will study the extension to C'P* of the map 1 — p, to the four factors Z/2,
K(Z3,2), Q*°B, QB one by one. Let us start with the factor B. The Adams sum-
mands are the eigenspaces of the action of the (p — 1)% roots of unity by Adams
operations. The spectrum B is fixed by all the Adams operations. The projection
from K" (X) to B*(X) is given by

1
W:p—1(1+¢<+¢c2+“'+¢<%2>»

where ¢ € v,—1 C Z.
For the prime 3, we can take ( = —1 and then the projection operator is

14+
T= —.
2

Let us start by working out an example.

Ezxample 5.1. Consider the element SL € K3A2(CP°°) where [ is the Bott element.
Applying the projection, we get
L-L!
ror) = P
2
Restricting to S2, using L = 1 — € and €? = 0, we obtain
Bll-—e) A=) Bll—¢—(1+6)
2 2
= —66
=—1.

In order for it to be an extension of the kind required, this restriction must be ag, so
we multiply by —as. This defines

BL— L)

f = —as="

Recall that, THH (K/3, f) is the cofibre of

K) ANCP™ "3 KM A CP™ (8)
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where u € K{°(CP®)* = [OP°, GL1(K4)] is the adjoint of
S2ANCP
s
op> — 1. par, (i}).

The group structure of C'P> classifies tensor product of line bundles so, pu*L =
L ® L. This implies

-1 -1
) - MEOE 0L

The K-theory of S? is generated by € =1 — L with ¢ = 0. We can rewrite the
equation using the generator

B(1—€)@L—(1+¢)® L1

p(f) = —as 5
Be® (L+ L7
= - Q33—
2
Using the suspension isomorphism (given by Se = 1) we get
. L+ L7t
p(f) = —as Tl

To get u we need to invert the logarithmic cohomology operation. Suppose that
u = h(z) € K{°(CP>)*. Then, we have to solve

1 Ps(h(x)) L+ L™t
5 (S~
= W = exp (3043L+2L_> . (5.1)

Note that ¥3(x) = 1 — (1 — z)® and hence,
h(l1—(1—x)%) L+L7!
W =exp | 3as 5 .

Let us look at the equation (mod (3%, 2%)). The right side of the equation can be
written in terms of z using L =1 — z, and then, L™! =1+ 2 + 22 (mod (32, 23)).
Therefore, the right side simplifies to

L+ L 2 4 a2
exp | 3ag——— | = exp | 3a3 5

2

0431'2

2
Now we will simplify the left side of (5.1). Suppose that h(x) = a + bz + cx?. In
order to solve the equation, we have to invert l3. We know that [3 has a kernel
Z/2V K(Z3,2), so the equation can be solved once we know the restriction to these.
In the part of HZ/2, 0: S? — C'P* induces an isomorphism in H?(—; Z/2). There-
fore, the extension is 0 here. The map K4°(CP>)* — HO(CP>;Z/2) sends a — a

:1+30é3+3
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(mod 3) (identifying Z/2 with the group of units in F3). Therefore, since p*(0) = 0,
we get the equation

a=1 (mod 3).

In the factor K(Z3,2), there is no restriction on f. Assume that it is trivial, so
w*(0) = 0. This maps into GL1 (K%) by taking a line bundle over C P> to the corre-
sponding unit in K-theory. If we look at k € Z, = H*(CP>; Z3) = [C P>, K(Z3,2)],
this is the line bundle LF = (1 — 2)* =1 — kx + @xz (mod x?). This is the only
factor that gives a non zero coefficient of x so, we get that b = 0.

Therefore, h(z) = a + cx? (mod (32,2%)) and @ = 1 (mod 3). The left side of (5.1)
is

P(h(l —(1—2)3)) _ h(3z — 322 + 23)
h(z)? h(z)?
_ a
~a® + 3ca’x?

=aq? (1 — 32:02) (mod (32, 2%)).

Working (mod (3%, 23)), we have

Oég!EQ

2
— a=1+3a3 (mod3?) and c=az (mod 3).

a2 (1 —3fx2) —1+3as+3
a

Thus a = 14 3(unit) and c is a unit (since a3 is a unit). Therefore, u — 1 looks like
3(unit) + 22 (unit). We can choose a different parameterisation for K-theory of C'P>
to assume that u — 1 = 3 + z2.
Now K (CP>) = K4 {Bo,B1,-..} where §; is dual to z*. Therefore,
‘ | 3 ifj =i,
(w=1)(B),27) = (Ba’B+2%) = { 1 ifj=i-2
0 otherwise.
Therefore, the map v — 1 on KQ*(CPOO) is given by

B 361 if 1 = 0717
(u—1)(8:) = { 38; + Bi—a ifi > 1.

Following the cofibre (), we understand that u — 1 is injective, and its cokernel

has two copies of Z/(3°) in even dimensions. Thus,

N 0 if k£ is odd,
me( THH™S (K/3), f) = { Z/(3%°) @ Z/(3%°) if k is even,

completing the calculation in this example.

Now we perform the calculation at the prime 3 for all extensions that are non
trivial only on the factor QB of GLi(K4%'). The extension in the example was of
this kind. So, we are looking at elements in B?(CP°°) which restrict to a3 in S2.
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An element in K4?(CP>) is given by Bg(z). Therefore, an element in B2(CP>) is

B(g(w)—g(l—ﬁ)).

2

m(Bg(x)) =

Suppose that g(x) = a’ + b’z + 2% (mod (32, 23)). Restricting to S? (using = = ¢
and €2 = 0) we get b’. We need to get as. Thus, to get an extension we must have
b" = a3. This gives us all possible extensions f on the factor B. Let us work as before
(mod (3%, 23)). Then,

Ao -9 (1-5))

2
Bl + Vot a? — g(—a—a?)
B 2
_ Bld 4 Vx4 da? — (o =V —ba® + dz?))
B 2
B2z + b z?)
2
/
= Btz + %x%
We have to calculate u using
S% x O P>
l'u‘ \

cp~ —' Bar (Kp).

By definition, the multiplication map takes z to the formal group, which for K-theory
is the multiplicative group. Therefore,

r—eRl+1QQr—exx
= 2 (@1+10r—e®a)?
=122 +2c@x — 2@ 2>

To get 1* we must project onto the factor S2 A CP?°. Thus, we obtain
prr)=el—e@z, p*(2?) =2e@x — 2 ® 22,
Using these formulae and the suspension isomorphism fe = 1 we calculate p*(f).

M*(f)Zﬁb’(e®1—e®$)—|—%6/(26@1”—26@1:2)

/

=V(1-2x)+ %(2:5 — 22%)
=b —Va?

To get u, we have to invert the logarithmic cohomology operation I3, as in the example.
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Suppose that uw = h(x). Then, we need to solve

¢3(h($)) / 2
We have the formula 3(x) = 1 — (1 — 2)3. Similar to the example, we assume that
in our extension the contribution from HZ/2 is 1 and HZ3 is 0. In the same way,

this implies that if h(x) = a + bx + ca?,
a=1 (mod3), b=0.
Then, the equation becomes
a (1 — 32%2) = exp(—3b'(1 — %))
=1—3b 4 30'2%
In the same way, we understand that the unit u = 1 + 3.unit + 22.unit, and so, we

obtain the same computation

0 if k£ is odd,

wk(THHKaA(K/?))vf) = { Z/(3%°) @ Z/(3%) if k is even.

Now we want to see what happens if we allow extensions with non trivial contri-
butions from the other 3 factors of GL1(K%) = Z/2 x K(Z3,2) x Q®°B x Q®Bs. In
the part Z/2, the restriction H?(CP>;Z/2) — H?(S?;Z/2) is an isomorphism. So,
this factor always contributes trivially.

For the factor K(Zs,2), the group [S? B?K(Zs,2)] = [S? K(Z5,4)] = H*(S?
Z3) = 0. Therefore, there is no condition on f here. The group H*(CP>;Zs) is
generated by 22 and f is given by axz? for some a € Z,. To compute u, consider:

S2 x C P>
lu \
f
Ccp K(Zs,4).

Note that in this case, p*(x) = e ® 1 + 1 ® 2, which implies
pra?) = (e@1+ 1)
=2 ®z+1®a>%

To get u we have to project to S? A CP%° and apply the suspension isomorphism.
Then, we get 2ax € H?(CP>; Z3). Recall from the previous section that, from this we
get the unit by taking L?¢, where L = (1 — x) is the canonical line bundle. Therefore,
the contribution to u from this factor is (1 — x)2¢.

Now if a is divisible by 3 then, we still get that our w = 1 + 3.unit + 22.unit which
results in the same calculation for . (THH K (K/3,f)). If a is not divisible by 3
then, it is a unit, so that u = 1 + 3.unit 4+ x.unit. Therefore, by reparameterising we
can write u — 1 =3+ x.

3 ifj=1,
= ((u—1)(8),¢’) = (Bi,a’B+a)) =1 1 ifj=i-1,
0 otherwise
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[ 3B if i =0,
. (u—l)(ﬁz)—{ 3B; + Bi—1 ifi>0

Therefore, in this case,

0 if k£ is odd,

m(THH'S (K/3), f) ={ Z/(3%°) if k is even.

Now consider the factor ¥?By. We know that this is 5-connected. So, if we look at
extensions we know that they always restrict to 0 € K4 (CP?). Since we are working
(mod z3), this means that these extensions always give 0.

Therefore, we get that, depending on f either 71'*(THHKBA (K/3, 1)) = (Z/(3%))
in even degrees where i = 1 or 2 depending on f. This finishes our calculation at the
prime 3.

5.2. Calculation at primes > 5
Let us now look at the other odd primes and work (mod (z”,p?)). Recall that
there is a splitting

GL1(K)) = vp_1 x K(Z,,2) x Q°K,(2),
K,(2)=BVY?By V... 2% 4B.

We start by working in the factor B of Kp(ﬁ). The projection operator from
K} (X) to B*(X) is given by

e 1-|—1/Jc+'1/142+...¢07—2
= P .

Define k to be the composite
* 00 * * 0oy = *—2 00
K)'(CP®) 5 K" (S ACPYR) = K" 7 (CP™).
First observe that the following diagram commutes:
2 0o Ya 2 0o
KZ/)\ (CP*>®) —— KQ (CP*>)
0 o'} Ya 0 e%s}
Kz/)\ (CP>) —= K" (CP>).
This implies all Adams operations hence 7, commutes with .

Write 2 = 1 — L for the generator in K£2(CP°°) and € its restriction to S%. We
have to look for f as in the diagram:

s? S SNBGLy(K))
cp> L. B2GLy(KD).

Suppose that f is given by 7(8g(z)), where
g(z) =ap+arz+ - +ap_12”~"  (mod (27, p?)).
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Claim 5.2.
k(Bg(x)) = ¢'(z)(1 - x)

Proof. Tt is enough to check this on the generators z™. The multiplication takes x to
the formal group of K-theory, which is the multiplicative formal group.

pE)=el-—cuz
Therefore,
p(Ba")=pBe®@l+1l®z—ex®x)"
=B1@z" +ne@az" ! —ne®a™).

& is obtained by projecting this onto the factor S? A CP%° of the product, and then
applying the suspension isomorphism (8¢ = 1). Therefore, we obtain

k(Bx™) = na" "t — na"

=nz" (1 —x)
= ("Y1 - 2),

which proves the claim. ]

If we restrict f to S?, we get

m(Bg(e)) = m(B(ao + aze))
B (1+¢<+¢<2 + . ep2
= v

) (Blao +are).

The action of the Adams operations on the Bott element and e are given by

Ya(B) = g , Yale) =1 —(1—€)" = ae.

Therefore,

() = (T (3o + )
Blag(L+ ¢ +¢ 2+ +*P)+ (p—1)ase)
p—1
Blag(l+ M+ 2+ 4 (777))

= 1 + ae.

Since ¢ is a (p — 1)*! root of unity, we get
1+ ¢+ ¢+ 4P = PP+ 4 ¢
=0.

This shows that m(8g(z)) restricts to a; € B?(S?). Thus, we have that a; =
(1 —p) = ay.
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We need to calculate u from the extension w(8g(x)) by solving

bp(u) = rr(By(x))
= mr(By(x))
= (g (x)(1 - x)).

Suppose that h(z) = ¢'(z)(1 —x) = co + 12 + - + ¢p—12P~ 1 (mod (z?,p?)). Then
L4ttt

7 (h(x)) = (h(z))
- o))
- Z T

i=0
Let us look at the coefficient of £ in the above equation.
p—2 i
n 1-(1-2)%)"
[r(z")]a = [ —

p—1

Since ¢ is a (p — 1)** root of unity,
4 4 e [0 ifi=1,2,....p—2
7 2\% p—1\i _ )4y ) )
O @y @ty ={ 0 T

The binomial coefficient (z) is a polynomial in y of degree a with the constant term
0 and the top coefficient 1/al. Therefore,

0 ifa=1,2,...,p—2
2 p—1 ) 4y ; )
a a a (p 1)-
p—1 ifa=0.
Therefore, we get
0 ifa=1,2,...,p—2,
m(@™)]a =4 oo (DD ifa=p—1,
> (7) (—1)! ifa=0

— =% (7)o ={ § 0

The other possible non zero coefficient is [w(z™)],—1. If n = 0, this must be 0. If n. > 0
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this gives
a1 = gy () -0
-1 > (7) )t

_Z(l>(_1)z

—(1-1)"+1
1 (mod p).

Summarising the calculation (mod p), we get

1 ifa=0,n=0,
[r(2™)]a=<¢ 1 ifa=p—1,n>0,
0 otherwise.

Now we are in a position to calculate 7(h(x)) (mod p)
m(h(z)) = 7(co + 1z + -+ cp1aP ™)
=com(1) + () + -+ cpym(aP ™)

—1 —1
=cot+ P -+ cpoaa?

= co + baP7 L,
where ¢y = a; and
b201+...Cp,1
=a; —2az +2a2 —3as3... — (p— Dap—1+ (p — ap—1 — pa,

=a; (mod p).
Thus the equation for u (mod p) reduces to
lp(u) = a; +bzP™t  (mod p)

- ()

= W = exp(—p(a1 +ba?~1)) = 1 — pay + pba?~ " (mod p?).

ay +bxP~t  (mod p)

We are looking at extensions which are non trivial only on the factor B. This implies
u(x) € B°(CP>) which implies u is in the image of 7. By the calculations above,
this implies that u(z) = do + dy2P~!1 (mod 2?). Then

Yplulz)) _ do
up do? + pdf) ' dyar—!

= (do)'? (1 Pdll’p1> :
do
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Therefore, we obtain

Ay =1—pay
— do = (1 —pal)ﬁ
p
:1—
l—pa1

—1-par (mod p?)
= d; = 7d0pb
=-1 (mod p).
Therefore, dy = 1 + p.unit and d; = unit. Thus, u = 1 + p.unit + unit.z?~1. We can
reparameterise so that u =14+ p 4+ 2P~ 1.
((w=1)(8:),27) = (Bi, a7 (p+ 2P71))
p ifj=i,
1 ifj=i—(p—1),
0 otherwise
pBi if 1 =0,
— (u—1 i) = .
(u=1)(5) { PBi+ By 0> 0
Inputting this in the long exact sequence (a), we get

N 0 if k£ is odd,
Tl'k(THHKp (K/p, f)) = { (Z/(p>=))P~t if k is even.

Now let us look at what happens if we allow non trivial extensions in the other factors.
Under restriction to S%, Hv}_,(S?) = Hv2 | (CP>) = vj,_1. The element 1 — p gives
1 € vp_1. So, this part always contributes trivially.

The factor $?By is (2p — 1)-connected. So, [CPP~1,3%2By] = 0. Thus (mod zP)
this factor is always trivial.

Next lets look at the factor X2 H Z,,. Since [S*, X' HZ,)] = HZ,(S?) = 0, we have no
condition on f from this factor. The group HZ,(CP>) is generated by z*. Suppose
that f is given by az? € HZ;‘(C’POO). To compute the contribution to u, we have the
diagram

S? x O P>
lu \
op>— I L K(z,4).
Under p, x pulls back to the formal group and thus
pr(r?) = (e®14+1®x)?
=2Qz+1®z%

Projecting this to the factor S% A CP%°, and applying the suspension isomorphism
we get 2ax € HZZ(CP>). The map from HZZ2(CP>)— [CP*® GLi(K))] =
KPAO(C’P‘X’)X is given by ax — (1 + z)*.

Therefore, if a is divisible by p then we still get that u = 1 + p.unit + 2P~ . unit.
This does not change the calculation of THH Ky (K/p, f). If a is not divisible by



278 SAMIK BASU

p, then it is a unit. Then, v = 1 + p.unit + x.unit. This can be reparameterised to
u=1+p-+x. Then

(Biy ! (p+ x))
p ifj=i,
1 ifj=i-1,
0 otherwise

= (u—-1)(8) = { pBi + Bi—1 i1 >0.

((w—=1)(B:),27)

Therefore, we obtain

K [0 if k is odd,
m(THH"» (K /p, f)) = { Z)(p™) if k is even.

The other factors are X2*B for k = 2,3,..., p — 2. These correspond to the eigen-
spaces of the action of the Adams operations where v¢: acts as ¢ ki The projection
operator is given by

LR+ e -+ RO
= = .
The group [S?, Q°%252% B] = B2k+2(52) = 0, so, there is no condition on restriction
to S2. Then, we may choose any 74 (8h(x)) for f, and u must satisfy
lp(uw) = &(mi(Bh(z)))
= mi(k(Bh(x)))
= (B ()(1 — 7).

Now assume g(x) = h'(z)(1 —x) = cg + c1x + - + ¢p—12P~ 1. Then

14—k “2kg)g 4 (TR g) s
rlo(a)) - L T e O

LR - (- 2)) + g = (L= a) ) 4 RO - (1))
p—1 '

The following proposition is useful to complete the calculation

Tk

Proposition 5.3. There is a polynomial fy(x) = 2% + apy 12" + ... such that,
Im(7y) has polynomials that are multiples of fr, (mod zP).

Proof. These polynomials are in the p-adic K-theory of CP*°. By looking (mod z?),
we are restricting to the K-theory of CPP~!. It splits into eigenspaces

K)Y(CPPY) = e gAy,

where Ay, = [CPP~1, Q>°¥2k B] = B2k(C'PP~1) is the eigenspace on which the Adams
operations v¢ act as multiplication by ¢ k1 is the projection on to the eigenspace Aj.
In this decomposition, dim(Ag) = 2 and dim(A;) =1 for all & > 1. Therefore, Ay, =
span(fi) for some polynomial fj. To see how the polynomial f; looks we compute
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7 (z) (note that 7 (1) = 0, so we don’t get any information out of it).

L+ ¢ *ape + ¢ pea + -+ CHP D

() = p— (@)
1 2 :
=—Y ¢*1-(1-a)¢
Tt
p—2
Tp-1 1Z< Zkz ( ) n
=0
p72oo
1 1<— lk)(c>
11: n:l

Let us look at the coefficient of 2™ in the above formula. (Z) is a polynomial of degree
n in y, and therefore, (—1)*~1y=* (f{b) has terms of degree —k to —k + n. So, if we
sum the series, it is 0 if n < k. Thus, the first possible non zero coefficient of x is in

degree k. The coefficient of ¥ in () is given by

p= 1 =0
p—2
_ %1 (_1)%1%
p i=0
_ 1
- (p— DR
#0 (mod p)
So, this is a unit in Z,. Therefore, Im(my) = Span(fi) where fi looks like z* +
O(z* 1. O
Therefore, 7 (g(x)) = cfr(z) for some constant ¢. The equation for u is
_ _ wp(u) -
bp(u) = mi(g(x)) = cfu(z) = = = = exp(—pcfi(2)).

If ¢ is divisible by p, then (mod p?) the above equation is 0. If ¢ is not divisible by
p, then the coefficient of z* in the right side is p times an unit. We can solve for u as
in the cases before. From here, we get a contribution = wunit.«*. Therefore, the unit
becomes u = 1 + p.unit + z*.unit. As before, we have the long exact sequence ()

Kp (CP™) "= Kp (CP™) — m.(THH™ (K/p, f))

and

((u=1)(Bi),27) = (Bi, 2" (p + 2*))

p ifj=i,
= 1 ifj=i—k,
0 otherwise

= (u—1)(B) = { pBi + Bi_k ifi> 0.
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Therefore, we obtain that

KA 0 if n is odd ,
= m(THH > (K/p, f)) = { (Z/(™))F if n is even.

This ends the calculation for all odd primes. The homotopy groups of THH Ky (K/p)
are 0 in odd degrees and (Z/(p>))* in even degrees, where k is a number between
1 and p — 1 depending on the A, structure on K/p. This result was proved before
by Angeltveit [1]. He used the Bokstedt spectral sequence to calculate topological
Hochschild homology.

Remark 5.4. This is the calculation identifying K/p as the Thom spectrum of St. A
similar calculation can be carried out for the Thom spectrum of S? to get the same
results.
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