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POSTNIKOV DECOMPOSITION AND THE GROUP OF
SELF-EQUIVALENCES OF A RATIONALIZED SPACE
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(communicated by Alexander Mishchenko)

Abstract
Let X be a simply connected rational CW complex of finite type.
Write X[ for the nth Postnikov section of X. Let £(X["*+1) denote
the group of homotopy self-equivalences of X", We use Sullivan
models in rational homotopy theory to construct two short exact
sequences:

Hom (41 (X); H"HH(X M) o £(X ) — Dot

Hom (1,41 (X ); H"H(X M) oo & (X ) o gttt

where Dt is a subgroup of aut(Hom(m,(X); Q)) x £(X) which
is defined in terms of the Whitehead exact sequence of X and where
GnHl s a certain subgroup of & (X M), Here &(X™) is the sub-
group of those elements inducing the identity on the homotopy
groups. Moreover, we give an alternative proof of the Costoya—Viruel
theorem [9]: Every finite group occurs as £(X) where X is rational.

1. Introduction

Let £(X) denote the group of self homotopy equivalences of a simply connected
CW-complex X and let &(X) denote the subgroup represented by self-equivalences
that induce the identity map on 7, (X). The subgroup &£;(X) is not in general trivial,
for instance in [3] it is shown that & (S? x S™) & 7,,42(5?) & Z2 where n > 3.

The study of the groups £(X) and &(X) by means of a cellular decomposition
of X is a difficult problem with a long history. See Rutter [11, Chapter 11] for a
survey.

When X is a simply connected rational CW complex of finite type, i.e., m,(X)
is a vector space of finite dimension for every n > 1, the group £(X) has emerged
as a recent object of interest, for instance the realization problem, namely which
group occurs as £(X)? Arkowitz—Lupton [2] gave the first examples of finite groups
occurring as £(X). Further examples were given by the author in [6, 7]. Costoya—
Viruel [9] then proved the remarkable result that every finite group G occurs as
G = £(X) for some elliptic rational space X . All these works have been accomplished
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using Sullivan models in rational homotopy theory. A similar approach of studying
the group £(X) based on Anick’s DG Lie algebra models [1] over a certain subring
of Q has been developed by Benkhalifa—Smith [8].

The aim of this paper is to study the effect of rational cell-attachment on the group
of self-equivalences using the Postnikov tower. More precisely let X be a simply
connected rational CW complex of finite type. Write X[ for the nth Postnikov
section of X [4, page 237]. We consider the situation in which

xly, (Ueg), where [ is finite and ¢ > n, (1)
iel
is the space obtained by attaching rational cells to X[ by a map «: '\E/I Sé — X
where Sé is the rational sphere of dimension ¢ [10, page 102]. Let Z¢ bze the pullback
of the map X" — K(m,(X);q+ 1) over the path fibration:
71 — PK(my(X);q+1)

P (i S K(my(X);q+1).
Recall that if ¢ = n + 1, then the space Z? coincides with (n + 1)th Postnikov section
X+t of X
We prove:

Theorem 1.1. There exist two short exact sequences of groups:

Hom (7, (X); H"* (X)) — £(27) — DY,
Hom (my(X); H"PH(X M) — &(27) — G,

where DY (respect. G2 ) is a certain subgroup of aut(Hom(m,(X); Q)) x E(XM) (re-
spect. of E(XM)) (see (14) and (15) for the definitions).

Consequently, we prove the following first result concerning the question of
(in)finiteness of the group £(X).

Corollary 1.2. Let X be a simply connected rational CW complex of finite type.
Assume that m(X)®@Q #0 fori=n—1,nn+ 1.
If £(X M) is finite, then E(XTY) and (XYY are infinite.

Next we prove the following result showing the relationship between the finiteness
of the group £(Z"*2) and the Postnikov invariant [k"] of the space X [4, page 237].

Corollary 1.3. Let X be a simply connected rational CW complex of finite type.
Assume that E(Z"2) is finite, then the space X"+t has the homotopy type of XM x
K (mns1(X),n+ 1),

In addition we give a second proof of Costoya—Viruel in [9] that every finite group
occurs as E(X) for some elliptic rational space X.

We establish these results in an algebraic context using the notion of Sullivan
models in rational homotopy theory [12]. Recall that if X is a simply connected
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rational CW complex of finite type, then there exists a free commutative cochain
algebra (AV,0) called the Sullivan model of X, unique up to isomorphism, which
determines completely the homotopy type of the space X. Moreover, the Sullivan
model recovers homotopy data via the identifications:

aut(AV, 9)

Hom(7.(X),Q) 2 V*, H*(X;Q) = H*(AV,9) and &(X)=

where W is the group of homotopy cochain self-equivalences of (AV,d) modulo
the relation of homotopy between free commutative cochain algebras (see [12]). We
write

E(AV) = aut(AV,0)/ ~,

for this group. Similarly, we have &(X) = auty(AV,0)/ ~. We denote the latter group
by &(AV'). Here auty (AV, ) is the group of homotopy cochain self-equivalences induc-
ing the identity automorphism on V*.

The exact sequences in Theorem 1.1 are then the translation of the exact sequences
given, in (11), for E(AV) and & (AV). We end this work by giving an example showing
that there exists a free commutative cochain algebra (AV,d), which is not of finite
type, such that E(AV) = Z.

2. Homotopy self-equivalences of cochain morphisms

2.1. Notation and fundamental results

All vector spaces, algebras, tensor products, etc. are defined over QQ and this ground
field will be in general suppressed from the notation.

A commutative cochain algebra is a (positive) graded differential vector space
equipped with a graded linear map 9* (called the differential) (9": A™ — A™T! such
that 92 = 0) together with linear maps A* ® A* — A*, denoted by (a ® b — a.b) and
i: Q = A* which satisfy the associativity, commutativity (in the graded sense), and
unit conditions and the following relations:

AV AT C AT and  d(ab) = d(a).b+ (=D%a.d(b) | a,be A.

A commutative cochain algebra (A*, d) is said to be 1-connected if HY(A) = Q and
H'(A) =0, and of finite type if each vector space H"(A) is finite dimensional.

Definition 2.1. Let V' be a (positive) graded vector space and let T(V) be the
free tensor algebra over V. Put T(V) = Q ® T2 (V) and define AV, called the free
commutative algebra, to be T'(V') divided by the two-sided ideal generated by elements
of the form (a.b).c — a.(b.c) and a.b — (—1)I%1lp.q where a,b,c € T(V).

The free commutative algebra AV can also be described as follows: AV = E(V°%) @
S(Veven), where E(V°%) is the exterior algebra on the oddly graded part of V' and
S(Veven) is the symmetric algebra on the evenly graded part of V. Moreover, if 0 is
a differential on AV, then (AV,0) is called a free commutative cochain algebra (fcca
for short).

Let us recall the following results (see [10, 12]) which are fundamental in rational
homotopy theory.
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Theorem 2.2. For every I1-connected commutative cochain algebra (A*,d), there
exists a quasi-isomorphism (AV,0) — (A*,d) such that O is decomposable, i.e., ITm 0 C
ATV.AYV. The feca (AV, ) is called a minimal Sullivan model of (A*,d), it is unique
up to isomorphism. Moreover, two 1-connected commutative cochain algebras are
quasi-isomorphic if and only if their minimal Sullivan models are isomorphic.

Theorem 2.3. Let X be a simply connected CW-complex having rational homol-
ogy of finite type. Let Apr(X) be the simplicial cochain algebra associated with X
(see [10, 12]). The minimal Sullivan model (AV,0) of Apr(X) is called the mini-
mal Sullivan model of X. Recall that H*(AV,0) =2 H*(X,Q), as graded algebras, and
V™ =2 Homy(m,(X); Q) for every n > 2. In addition there exists a bijection between
the set of rational homotopy types of simply connected CW-complexes having rational
homology of finite type and the set of isomorphism classes of fccas.

2.2. Notion of homotopy for free commutative cochain algebras

Definition 2.4. Let (A(V), ) be a 1-connected fcca. Define the vector spaces V and
V by (V)" = V" and (V)™ = V™. We then define the fcca (A(V,V, V), D) with the
differential D is given by

D(v) = d(v), D(%) =0, D(7) = 7.

We define a derivation S of degree -1 of the fcca (A(V,V, V), D) by putting S(v) =7,
S(w)=5@)=0.

A homotopy between two cochain morphisms «,a’: (A(V),0) = (A(V),0) is a
cochain morphism

such as F(v) = a(v) and F o e’(v) = o/(v), where

ee(v):erﬁJrZ%(Soa)”(v), veV and #=DoS+SoD.

n>=1
Thereafter we will need the following lemma;:

Lemma 2.5. Let ¢ >n and let V=VIa& VS" and a,a’: (A(V),0) — (A(V),0) be
two cochain morphisms satisfying:

av)=v+z a)=v+z onV? and a=do =id on VS",

Assume that z — 2/ = d(u), where u € A(V'). Then « and &' are homotopic.

Proof. Define F' by setting

Fvy=v+y, F@)=2 -2 and F(©v)=2z for veVq
F(v) =, F(©)=0 and F(0)=0 for veVs"

then F' is the needed homotopy. O
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2.3. The graded linear map b*

Definition 2.6. Let (A(V? @ VS"),9) be a 1-connected fcca where ¢ > n. We define
the linear map b7: V¢ — HItL(AVS") by setting

b (v) = [0(v)], ve Vi (2)
Here [9(v)] denotes the cohomology class of d(v) € (AVS™)a+1,

For every 1-connected cdga (A(V4 & VS"), ), the linear map b is natural. Namely,
if [a] € E(A(VI @ VS™)), then the following diagram commutes:

Ve a’ »Va
be be (3)
at+1l(qSn
HIH L (AVS™) HT (™) - HIHL(AVSP),

where a: V* — V* is the graded homomorphism induced by « on the indecompos-
ables and where aS™: (AVS"™, 9) — (AVS",9) is the restriction of a.

2.4. The groups DI

Definition 2.7. Given a 1-connected fcca (A(V? @ VS"),9) where ¢ > n, let DI be
the subset of aut(V?) x £(AVS") consisting of the couples (£, [@S"]) making the
following diagram commute:

Ve 3 » Ve

b b4 (4)

Hq+1(a<")

Hq+1(AV<n)
Clearly, D¢ is a subgroup of aut(V4) x £(AVS™).
Proposition 2.8. The map g: E(A(VI @ VS")) — DI given by
g(la]) = (@7, [a~"])

is a surjective homomorphism of groups.

- Hq+l(Avén)_

Proof. First it is well-known [10, Proposition 12.8] that if two cochain morphisms are
homotopic, then they induce the same graded linear maps on the indecomposables,
i.e., @ = o, moreover, aS" a/S" are homotopic and by using the diagram (3) we
deduce that the map g is well-defined.

Next let (&, [aS"]) € DI. Recall that, in the diagram (4), we have:
H 1 (aS") 0 b(v) = aS™ 0 d(v) + Im OS™,
b0 &% (v) = 9o &l (v) + ImOS", (5)
where 9S™: (AVS?)4 — (AVSP)atl

Since by Definition 2.7 this diagram commutes, the element (<™ 0 9 — 9 0 £9)(v) €
Im &S™. As a consequence there exists u, € (AVS")? such that

(@S" 00— 00N (v) = 05" (uy). (6)
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Thus we define a: (A(V4 @ VS"),9) — (A(V?® VS"),9) by setting
a(v) = E1(v) + uy, and a=aS" on VS,
As d(v) € (AVS™)? then, by (6), we get
doa(v) =0(&1v)) + 05" (uy) = aS" 0 d(v) = a0 d(v).

So a is a cochain morphism. Now due to the fact that u, € (AVS")? and q > n, the
linear map a?: V¢ — V' coincides with £9.

Then it is well-known (see [10]) that any cochain morphism between two 1-
connected fccas inducing a graded isomorphism on the indecomposables is a homotopy
equivalence. Consequently, [a] € E(AV, 0). Therefore g is surjective.

Finally, the following relations:

gllall0’)) = glaoa’)) = (@oa’ [a%" 0 a'<])
= (@, [a="]) o (o, [0'S")) = g([a]) o g([o'])
assure that g is a homomorphism of groups. ]

2.5. Characterization of kerg
Next by definition we have

kerg = {[a] € E(A(V)) | @ =idva, [0%"] = [idyw=a] .
therefore for every [a] € ker g we have

alv) =v+ z, z € NI(VS™),

aS" = idy y<ny, (7)
So define
Oo: VI = AUVS™) by O,(v) = a(v) —v. (8)
Notice that the relations (7) and (8) imply that

Oaroa = Oor + 0. (9)
Lemma 2.9. Let [a] € kerg. Then there exists [§] € kerg satisfying:
1. 05(v) is a cocycle in A9(VS") for every v € V4
2. B<n = agn
3. [B] =[]
S =

Proof. Since [aS [ida(v<n] there is a homotopy

F:(A(V@V VS, D) = (A(VS™),0),

such that F(v) =v and Foef(v) =aS"(v). Therefore for v € V9 the element
F(Z Soa ) is a well-defined element in AY(V'S™). Thus we define 3 by
n>1
setting
v, for v € V4,

Bv) = a(v)—F(Zni(Soa)"( )), for v € VS™,

n>1
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Given v € V7 we compute

8(05(v)) = 0 (a(v) - F(Z%(S o 8)”(1})) - v>

n>1

= a(0@)) ~ 0o (Y 1(500) (1) ~ o)

n>1
= Foel(d(v)) — Fo D(Z%(S ° 8)”(1))) —9(v)
n>=1
=FoDoe(w)—Fo D(Z%(S o 8)"(1})) — J(v)

=FoD(w+79)—0(v)

=0d(v) — 9(v) = 0.
Thus 3 satisfies (1). For (2) and (3), we define G: (A(V,V, ?),D) — (A(V),0) by
setting G = F on (A(V@L,V@L7 V<), D) while, for v € V4, we set G(v) = B(v) and
G(v) = G(v) = 0. First, it is easy to check that G is a cochain morphism. Next, for
v € V4 we have

Goel(v) = G(v +0+ Z%(s o 8)"(1})) =G + G<Z;'(S ° 3)”(1}))

n>1 n>1

= B(v) + F<Zil(5 o 8)n(1})> = a(v).

Therefore 5 ~ a and the lemma is proved. O

Thus Lemma 2.9 and the relation (8) allow us to define a map ®: kerg —
Hom(V?, H1(A(V'S™))) by setting ®([8])(v) = {f3(v)} for v € V7 where [3] is chosen
as in Lemma 2.9.

Proposition 2.10. The map ®: kerg — Hom(V?, H1(A(V'S™))) is an isomorphism.

Proof. First we prove that ® is well-defined. Suppose [§] = [8'] satisfy the conclusion
of Lemma 2.9. Since both maps then restrict to the identity on A(V'S"), the homotopy
F: (A(V,V,V),D) — (A(V),0) between them can be chosen so that

F(Vs™y = F(TS") = 0. (10)
Given v € V4, according to (8) we then have
0 (v) = O3(v) = B(v) — B'(v) = F o ¢’ (v) = F(v)
= F(v') + F( 3 %(s o 8)"(1}))
= F(D(s0)) + F(Y (S0 0)"(v))

n!
n=1

— A(F(sv)) + F(Z%(S 00)"(v)) = D(F(sv)).

n=1 :
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Thus 6g (v) — 03(v) is a coboundary. Notice that the relation (10) implies that
F(X 4(500) () =0.

n>1

For the injectivity, assume that ®([8])(v) = ®([8])(v) in HIFTL(A(V'SM)), the
Op (v) — Os(v) = B(v) — B'(v) is a coboundary and Lemma 2.5 implies that [3] =[5
For the surjectivity, given a homomorphism x € Hom(V?, H4(A(VS™))), write x(v)

{Xf(\;)}7 where Xf(\;) is a cocycle. We define 3: (A(V),0) — (A(V),0) by
B(v)zv—i—)z(\;) for veVH? and  B=id on VS",
Then S is a cochain morphism with ®([5]) = x.
Finally, given 3, 5" € kerg as in Lemma 2.9. So 5(v) = v + 03(v) and §'(v) = v +
g (v) for v € V9. Therefore, by (9) we get

B0 B(v) = v+0s(v) +05(v) = v+ 00(v).

Consequently, ®([5'1.[8]) = ®([8' o 5]) = 93105 = b5 + 63 = B(8']) + B([3]). Thus @
is a homomorphism of groups. O

=]

Summarizing, we have proven:
Theorem 2.11. Let ¢ >n and let (A(VI® V<S"),0) be a 1-connected feca. Then
there exists a short exact sequence of groups
Hom (V9, HY(A(VS"))) — E(A(V @ VS")) 5 Do (11)

We now focus on the subgroup &(A(V?@® VS™)) of E(A(VI & V")) of the ele-
ments inducing the identity on the graded vector space of indecomposables. Let us
define G4 as the subgroup of &(A(VS")) of those elements [a] satisfying H9!(a) o
b? = b where b: V¢ — HITL(A(VS™)) is as in (2).

Theorem 2.12. Let ¢ >n and let (A(VI®VS"),0) be a 1-connected feca. Then
there exists a short exact sequence of groups

Hom (V4, HI(A(VS™))) — E(A(VI® VS™)) — GL.

Proof. First let [a] € kerg. From the relation (7) we deduce that a? =idy« and

aS" ~ id(y<n), therefore aS" induces the identity on the indecomposables. So & =

idy . It follows that kerg C & (A(V? @ VS™)).
Next from (11) we obtain the short exact sequence

Hom(V4, HYA(VE")) = &AWV & V") = g(E(AVT 0 V),
where
g(&A even)) = {w(a) = @, [05) | o] € EAWVIO V)],

As [a] € &(A(V1 @ VS™)), the graded automorphism & € aut(V? & V'S") is the iden-
tity which, in turn, implies

g(&AvTeve)) = {ldve, [a¥"]) | [a¥"] € &AWV .

As [a] € &(A(VI @ VS™), the pair (idya, [@S"]) makes the diagram (3) commute.
As a result we can identify g(Eu(A(V‘I @ Vgn))) with the subgroup GZ. O
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Corollary 2.13. Let ¢ >n and let (A(VI®VS"),0) be a 1-connected fcca. If
E(A(VS™)) is trivial, then

Hom (V?, HY(A(VS™))) 2 &(A(VI @ VS™).

Corollary 2.14. Letq > 2n + 1 and let (A(V? ® VS27+1) 9) be an n-connected feca.
Then

Hom (V, HI(A(VS21))) = &(A(V9 @ V<L),

Proof. As (A(V1 @ VS2t1) 9) is n-connected, then V! = ... = V" = 0. So, for de-
gree reasons, the group Ey(A(VS2"H1)) is trivial and we then apply Corollary 2.13.
O

3. Topological applications

All the CW-complexes which we consider in this section are simply connected
having rational homology of finite type.

Let (A(V),0) be a l-connected fcca. Recall that in [5] it is shown that with
(A(V),0) we can associate the following long exact sequence

1 bn+1

oV s AW o BT AW) 5 VS

called the Whitehead exact sequence of (A(V'),d). Recall that b* is the graded linear
map defined in (2).

Now let X be a simply connected rational CW-complex of finite type and let X[
be the nth Postnikov section of X. For ¢ > n, as in (1), let

xly, (Ueg), where I is finite and ¢ > n,
iel
be the space obtained by attaching rational cells to X[ by a map «: '\/1 Sé — X
1€

where S is the rational sphere of dimension g. If (A(V'), ) is the Sullivan model of

X, then it is well-known that (A(VS"),9) is the Sullivan model of X"} while (A(V? &
V'S™),9) is the Sullivan model of the pullback Z9 of the map XM — K(my(X);q+1),
whose homotopy class is the cohomology class in H9+! (X" (X)) =X [n]. K(my(X);
q + 1)] given algebraically by

b € Hom (V45 HTFL(A(VS") ) = B (X1, (X)),
over the path fibration:
2% — PK(mg(X);q+1)

(12)

XM K(7,(X);q+1).

Observe that the fibration long exact sequence implies that mq(X) = 7,(Z?). Hence
by the virtues of the properties of the Sullivan model, the Whitehead exact sequence
of (A(VZ@® V<S"),0) yields the following exact sequence
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hq+1 bq+1
) = Hom(ﬂ'q_,_l(X),Q) — ey,

(13)

- % Hom (my(X), Q) & HOH (XM — 9t (29

where h* is the dual of the Hurewicz homomorphism.
Let Dg be the subgroup of aut(Hom(my(X),Q) x £(XM)) of those pairs (¢, [f])
making the following diagram commute:

Hom (7, (X), Q) S Hom 7y (X), Q)
b b (14)
Hq+1(X[n]) Hq+1(f) Hq+1(X[n])
and let
Go — {m € &(XIM) such that HIH'(f)o b7 = bq}. (15)

Clearly G is a subgroup of &(X™). From Theorems 2.11 and 2.12 we deduce the
following topological results:

Theorem 3.1. Let X be a CW-complex. Then for every n and for every q > n there
exist two short exact sequence of groups:

Hom (7, (X); HI(X ™)) — £(2%) — D2,
Hom (my(X); HI(X ™)) — &(27) - G4.

Moreover, if E(X™) is a trivial group, then Hom (my(X); H(XI")) = £,(Z7). Here
Z9 is the space given in (12).

(16)

Proof. The two sequences (16) follow from Theorems 2.11 and 2.12. Notice that
Sullivan theory implies the following identifications:

E(ZN =EAVIOVE), B2 = &AWV O VE),
Di=Di, G} =gl
Finally, the last assertion follows by applying Corollary 2.13. ]

Remark 3.2. According to Theorem 3.1, if we take X[ = K (7, n), where  is a vector
space of finite dimension, then we get

&(Z9) = Hom (74 (X); HY(K (m,n))).
Indeed, we know that the Sullivan model of K(m,n) is (A(V™),0) where V™ =
H"(K(m,n),Q). Therefore the group & (K (w,n)) = E(A(V™)) is trivial.

Let X be a simply connected rational CW-complex of finite type. As the space
Z"t1 coincides with X[+ Theorem 3.1 implies:

Corollary 3.3. Let X be a simply connected rational CW-complex of finite type. The
following two short sequences are exact:
Hom (g (X); H4(XM)) — e(x 1) — Dp_y,

Hom (7, (X); HI(XM)) »— &(X ) — an_,.
Moreover, if E(X"=1) is finite, then Hom (mq(X); H1(XM)) 2 &(X ).
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Now let us consider the dual of the Hurewicz homomorphism A* given in the long
exact sequence (13) and let Eﬁ(qul)(X ("]} denote the subgroup of & (X)) consisting

of the self-homotopy equivalences [f] such that HI+1(f): HIt (X)) — Fat1( Xl
is the identity.

Corollary 3.4. Let X be a simply connected rational CW-complex and let Z9 be the
space given in (12). Assume that h? is nil and h9" is injective. There exist two short
exact sequence of groups:

Hom (m, (X); HY(X ")) — £(2%) — £0H0 (x 1),

Hom (m (X); HI(XIM)) — &(29) — &7 (x1). a7

Proof. First notice that if A9 is nil and h9T! is injective, then according to the
long exact sequence (13) the map b7: Hom(my(X),Q) — H9T1(X[) is an isomor-
phism. Then for every [f] € £(X™) the pair ((b9)~' o H¥!(f)ob?,[f]) makes the
diagram (14) commute. Therefore we get a map £(X™) — D% defined by [f] —
((67)~' o HTTL(f) 0 b?,[f]) and it is easy to see that it is an isomorphism of groups.

Likewise by (15) we can say that the group G% coincides with the subgroup
Eﬁ(qﬂ)(X ™). Thus the sequences (16) imply the sequences (17). O

Corollary 3.5. Let X be simply connected rational CW-complex of finite order. As-
sume that w;(X) # 0 fori=n—1,n,n+ 1. If E(X™) is finite, then £(X*) and
E(X =Y are infinite.

Proof. Working algebraically, we assume given a fcca (A(V),0) with Vi #£0 for
i=mn—1,n,n+1 and suppose that £(A(VS"H1)) is finite. We prove E(A(VS")) is
infinite. The result then follows from the properties of the Sullivan model.

Since £(A(V'S"T1)) is finite, applying Theorem 2.11 gives that H*" 1 (A(VSP—1)) =
0. This implies the the linear map b™: V" — H"TL(A(VS"~1)) = 0 vanishes. Now by
taking a = id: (A(VS"71),0) — (A(VS"71),9) and €2 € aut(V"),a € Q, such that
&%) = av for v € V™, the following diagram commutes obviously:

V’n, {a > V’n.

b =0 b =0

H" (o) =id

HUH AV HUH A (V).

Therefore there exist an infinity of pairs (€2, [id]) € Djr_,, so the group Dj_, is infi-
nite, it follows that £(A(V'S™)) is infinite by Theorem 2.11. Finally, if E(A(VS"™1))
is finite, then by the above argument the group £(A(V'S™)) must be infinite. Contra-
diction. O

Corollary 3.6. Let X be a simply connected rational CW complex of finite type.
Assume that £(Z"F2) is finite, then the space X" has the homotopy type of X" x
K(mp1(X),n+1).

Proof. As £(Z"*2) is finite, Theorem 3.1 implies that
Hom (,(X); HY(X")) = H" (X", 7,14 (X)) = 0.
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This implies that the Postnikov invariant [k"] € H"+2(X[™ 7,1 (X)) is nil. As a
result the space X["+1] has the homotopy type of X[ x K (m,11(X),n + 2). |

Remark 3.7. Let X be as in Corollary 3.6. Then if the Postnikov invariant [k""!] is
not nil, then £(Z"*?) is infinite.

3.1. Realization problem

Recall that the realizability problem for groups deals with the following question:
Given a group G, is there a space X such that G = £(X)? A complete answer to the
realizability problem for finite groups is given by Costoya—Viruel [9]. Here, in this
section, we give an alternative proof based on the main result of this work.

Let G ={g1,92,---,9n} be a group of order n. By Cayley’s theorem there is a
monomorphism G — S, given by gs+> 0s: gr — 9sgk, 1 <k <n. For 2<s<n

1 2 e n

write oy = ( s 0u(2) - aun) ) and let

oy = (1201(2) o ,052(2)) (im(il) Lo (il)) (ikal(ik) . ..a;”k(ik)) (18)

be the decomposition of o5 as a product of cycles. Notice that the monomorphism
G — S, implies that

005(1)(1)208001(3)7 1<i,j,s<n. (19)

For a group G, we define (A(x17x2,y1,y2,y37 {Zjij}lgjgn)ﬁ), where |21| =8, |z2| =
10, |w;| = 40, by

I(x1) = O(z2) = a(“’j) =0, J(y)= $?$27 Iy2) = x%mg, d(y3) = $1$§7

k
d(z1) = wi + wiwawsy + Zwlwiﬁg Futar’, u=yiyerial — YiyaTiT + y2ysat,
T=1
k
0(zj) = w;’ +wjwg; (2) :r2 + ij Ug(“)xQ +u+x®, 2<j<n. (20)
T7=1

Thus applying Theorem 2.11 to the feca (A(x1, 22,1, Y2, Y3, {2, wjf1<j<n), 0) we
get the following exact sequence

119
H (A(Ila T2,Y1,Y2,Y3, W1, ... 7wn)) — E(A(Ilv T2,Y1,Y2,Y3, {Zja w3}1<1<n))
119
— Dy
119 _
Lemma 3.8. H'"7(A(x1, 22, y1,Y2, Y3, Wi,...,wy)) = 0.
Proof. First A is spanned by
7.3 2.7 3.6 8,2 9 4.5 2.3 3.2 4
Y1T1Ty , Y1X7Ty , Y2X1Ty , Y2L1Ty , Y3T1Ty , Y3T1Ty , Y1W;T1Ty , YoW;T1Ty , Y3W;T1Ty.
Next, if
7.3 2.7 3.6 ) 9 4.5
¢ = Alylwle + Asyrwy Ty + Asyﬂlxz + Agyoriy + Asysrize + Ayzr Ty

n

ZA7 yrw;rirs) ZAS Yyaw;aiTs) + (Z A yswjaty),
j=1
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it follows that
A(P) = (A1 + Ay + As)x x5 + (As + As + Ag)ziah
n
+<ZA§]) —|—Aéj) +A§J))wja:‘;’x§. (21)
J=1

So the space of 119-cocycles is spanned by ysz{r, — yiaiad, yoatal — yraiad,
2.7 4.5 3.6 4.5 4 2.3 3.2 2.3

YITITS — Y3TTTH , YoTixs — Y3TIT3 , Y3W;T1Ty — Y1W;TIT3 , YoW,;TTT5 — Y1W,;T1T5.
But we have

6\ _ 7.3 9 5 _ 8,.2 7.3
O(Y3y173) = Y1T{T5 — Y31y, O(Yoy177T9) = Y2T1T5 — Y1717,

4y _ 2.7 4,5 2,3\ _ 3,.6 4,.5
O(Ysy17123) = Yy17775 — Y3T1T3, O(Y2y3riTy) = Y2r725 — Y3703,

Ay1yow;rs) = yrwjaias —yrwjaiel, (yiyswiz,) = yswjrizs — yrw;zics
and the lemma is proved. O]
Let gs € G. For every j < n, define

fs(zj) = Zo.(j5)> as(wj) = Wo,(5)» a,=1id on x1,T2,Y1,Y2, Y3

Clearly’ [as] € g(A<x17x2)y17y2a Y3, Wi, -, wn)) and b119 o §s = HlQO(Oés) o b119. So
we get a map Q: G — Di}? defined by Q(gs) = (&, [as)).

Proposition 3.9. Q is an isomorphism of groups.

Proof. Let (&,[a]) € D33P, For degree reasons we have

alzr) = Brxr, ofre) = Poxe, alyr) =p1va, o(y2) = paye, o(ys) = psys,

(22)
a(wj) = aj1wy + -+ AjpW, + lel‘? + 7j2$§7 f(Zj) = Nj1z1 + -+ Ajnzn.
As a(0(y;)) = 0(a(y;)) it follows that
p1 = 5%52, b2 = 5%5& b3 =c1 = ﬂ15§~ (23)
Thus
k
a(D(2)) = o) + (g, @y2d) + o 3 wjg, i, y03) +alw) +alal?),
T=1
k
0(€(25)) = M1 (W} + wiwazl + Y wiwg, )5 +u+ %) + -
T=1
k
i (W2 + waw,, (273 + Z Wn W, (i,)T3 + V7 +u+ 21°).
T=1

As (&,[a]) € D4 and due to (5) there exists ¢; € A (21, 22, y1, Y2, Y3, w1, . . ., wy)
such that

9(&(z)) — (0(z)) = 9(p;),  Vj<n. (24)

. 3 .
By expanding a(w?) = (aﬂwl + ot ajaw, et + fngx;l) the monomials
a?iajswzwt, ’yjz-lajsx%ows,'y%x? where 1 < s#t < n appear. As « is a homotopy
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equivalence it induces an isomorphism on the indecomposables. So a;1,...,a;, can-
not be all nil. Equating the coefficients in (24) and (21) leads to

a2

s@jt =0, Y1 =2 =0, 1<s#t<n, 1<j<n. (25)

As a result if a;5 # 0, then a1; = 0 for every 1 < s # j < n. It follows that a(wi) =
a1sws and

k
a(0(z1)) = a3 w? + ajwsa(waxy) + Z arswsaw;. x3) + a(u) + a(zl®),
k‘r:l (26)
a(f(zl)) = )\sl (wg + wswas(Q)x% + Z wswat(ir)x% +u+ x%f)) +eee
T=1

Notice the relations (23) imply that a(u) = 8785 (u) and a(x1%) = 315. Consequently,
equating the coefficients in (26) and using (22), (23), for every 7 < k and for every
2 <5< n we get

ai, = alsazgs@ﬁ;‘ = a1saifgs(¢,)5§ = BYB5 = B1° = A1, Asj =0 (27)
it follows that as,_(2) # 0 and a;_,_¢;,) # 0 for every 7 < k. So
a(wz) = agy, (2)w2, a(wi,) = ;g (i) Wi, -
Likewise we have
a(0(z2)) ==aggdzﬂv§42>*}?2042ﬂ005@>@(w02@)$3)
D 0, (2)Wo, (2)0(Woy(5,)75) + au) + a(z]?),

=1
OE(2)) = M2z (W2 o) + 0o, 00, oy (2 @)
2 05(2)2\ W5, (2) 05(2) VYo, (2)(2)*2
k

+ Z was(z)waasm(u)x% +u+ x%5) + ...
T=1
Due to (19) we can write:
Wop,(®) = Wou(02(2))  Wou (i) = Wou(oalin)s TS
Taking in consideration (25) and comparing the coefficients in (28) we get

35 (2) = 020,(2) 00, (2),04(02(2)) 55 = 020,(2)00,(i))0u(02(i )P = B1BS = B1® = Ao, (2)2,
Mev2y; =0, 1<j#2<n, Vr<k (29)

Now set 05 (2) = r,. By iterating the above process we get

3 _ 4 4
@ ooa(ry) = Orpoa(ry)ou(ry),0s(02(rp)) 02 = Qrpou(r) Cg (o2 (i))),0s (03 (1)) 02 (30)

= ﬁ?ﬂg = %5 = )\‘7-9(Tp)7"p7 )\U-e(rp)j = 07 1 < ] 7é Tp < n.
Now comparing (27), (29) and (30), for all 1 < 7 < k we get
A1s = A254(2) = Qr,o4(rp) = B2 =B1= A1 = )‘03(2)2 = )‘os(rp)rp =1,

Qiros(ir) = Qoy(ir),0s(02(i7) = Lo (08 (ir)),00 (08T (ir)) = )\Us(ag+l(i,-)),as(z7§(i,-)) =1
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Hence, for every 7 < k and p < Ko,

a(Wop(2)) = Wo, (o5 (i), UWop(i,)) = Wo (a2 (ir))- (31)

Finally, due to (18) we can say that every 1 < j < n occurs as o (2) or o5 (i, ), where

T < k, for a certain p. Therefore from (31) we deduce that a(w;) = a(w,,;))-

Summarizing, we have proven that if (¢, [a]) € DILY, then there exists a permuta-
. 1 2 ce n
tion o5 = ( s 04(2) - os(n) ) such that
f(zj) = Zo.(j5)> a(wj) = Wq(5)5 o = 1id, on  ri,r2,Y1,Y2,Y3-

This allows us to define ': D} — G by setting Q' (€, [a]) = gs, where the element
gs corresponds to the permutation o, via Cayley theorem. Clearly Q’ is the inverse
of Q2 and as gsgs correspond to the permutation og o o4 it is easy to see that €2 is an
isomorphism. O

Applying Theorem 2.11, Lemma 3.8 and Proposition 3.9 we deduce that

E(A(z1, T2, y1,Y2, Y3, {25, witi<i<n)) =G
and by the Sullivan model there exists a simply connected CW-complex X such that
S(XQ) =Yex

Remark 3.10. The fcca (A(xh:rg,yl,yg, Y3, {zj7wj}1<j<n)78) given in (20), which is
not elliptic, is a little modification of the elliptic fcca used by Costoya—Viruel in [9]
to show their main result.

Using the arguments of the proof of Proposition 3.9 and omitting the details we
can prove that:

Ezample 3.11. 1f we define (A(ml, T2, Y1, Y2, Y3y { Zns Wn tnez)s 8), where |z1]| =8, |z2| =
10, jwy,| = 40 for all n € Z, by

A(z1) = O(w2) = O(w,) =0, O(y1) =29, O(y2) = xtws, 0O(ys3) = 1123,

O(zn) = Wy, + WnWn 175 + Y1Y2T1T5 — Y1ysz] T + Yoysal + a1,
then

E(Mz1, 22, y1,Y2, Y3, {2n, Wn}nez)) = Z. (32)
Indeed, let m € Z. For every n € Z, define
&m(2n) = Zntm, o (Wn) = Wy, Qp =14d on  T1,%2,Y1,Y2,Ys3,
so that we get a homomorphism:
Q:Z—Di?  Qm) = (bn, [m)).
Now if (&, [a]) € Did?, then there is a unique m € Z such that
&(zn) = Zntms a(wy) = Wnam, a=1id on x1,T2,Y1,Y2,Y3-

So € is an isomorphism. Finally, (32) follows by applying Theorem 2.11 and Lem-
ma 3.8.
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