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Abstract
Using equivariant obstruction theory we construct equivari-

ant maps from certain universal spaces to representation spheres
for cyclic groups, products of elementary Abelian groups and
dihedral groups. Restricting them to finite skeleta constructs
equivariant maps between spaces which are related to the topo-
logical Tverberg conjecture. This answers negatively a question
of Özaydin posed in relation to weaker versions of the same
conjecture. Further, it also has consequences for Borsuk–Ulam
properties of representations of cyclic and dihedral groups.

1. Introduction

This paper deals with the construction of equivariant maps from certain infinite
dimensional complexes into representation spheres. These maps bear a curious con-
nection to equivariant maps related to the Topological Tverberg conjecture [2, 3].
The conjecture states that for every map f from the simplex Δ(d+1)(n−1) to Rd, there
are n disjoint faces whose images have a common intersection point. This turned out
to be a significant unsolved problem in combinatorics having a positive answer for
prime powers n [3, 21]. Very recently counter-examples have been discovered when
n is not a prime power in most cases in [8] (more precisely, when d � 3n+ 1 and n is
not a prime power). The lowest counter-examples up to now have been constructed
in [1] (when d � 2n and n is not a prime power).

The proof of the Topological Tverberg theorem in the prime power case involves
a reduction to a question in equivariant homotopy theory. A map violating the
topological Tverberg conjecture leads to a map from the n-fold deleted join of ΔN

(N = (d+ 1)(n− 1)) to the complement of a diagonal subspace in the n-fold join
of Rd. Moreover, this map commutes with the action of Σn, the permutation group
on n elements. After making certain identifications one obtains a Σn-map from the
N + 1-fold join {1, · · · , n}∗N+1 to S(W d) where W denotes the standard represen-
tation of Σn and the notation S(W d) denotes the sphere in W d. (This reduction is
clearly explained in [16].) Non-existence of such equivariant maps imply the topologi-
cal Tverberg conjecture. The case n = 2 of the above problem reduces to the question
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of C2-equivariant maps from SN+1 → SN which do not exist by the Borsuk–Ulam
theorem.

The first proof of the topological Tverberg conjecture for the prime power case
appeared in Özaydin [21]. He did this by proving the restriction of the above equiv-
ariant question to (Z/p)r ⊂ Σpr does not have a solution. In [22], Sarkaria considers
Borsuk–Ulam properties of representations inspired by the restriction of the equiv-
ariant question to groups G ⊂ Σn and also provides a new proof in the prime power
case. These may be viewed as generalizations of the Borsuk–Ulam theorem.

In [21], Özaydin further observes that when n is not prime, the Cn-equivariant
maps {1, · · · , n}∗N+1 → S(ρ̄d) do exist for N = (d+ 1)(n− 1). (Observe that the
standard representation W of Σn restricts to the reduced regular representation
ρ̄ of Cn.) Using equivariant obstruction theory he constructs maps from free (d+
1)-dimensional G-complexes to (d− 1)-connected ones under some hypothesis. The
statement for the symmetric group is used by Frick to construct the counterexam-
ples in [8] building on the work of Mabillard and Wagner [14]. With respect to the
counter-examples, a natural question to ask will be: Does a weaker version of the
Tverberg conjecture hold when n is not a prime power? More specifically, by weaker
version of Tverberg conjecture, we mean choosing a greater value of N :

For a map f : ΔN → Rd (with N > (d+ 1)(n− 1)), are there n disjoint faces whose
images have a common intersection point?

One readily notes that the equivariant obstruction theory arguments are dimen-
sion-sensitive and leaves open the possibility of proving weak Tverberg theorems as
above. Recently, certain upper and lower bounds on N have been found in [4]. As
in the Tverberg case, a map violating the above hypothesis induces a Σn-equivariant
map {1, · · · , n}∗N+1 → S(W d). This leads to the following question:

For a subgroup G ⊂ Σn, does there exist a G-equivariant map {1, · · · , n}∗N+1 →
S(W d) with N > (d+ 1)(n− 1)?

Özaydin introduces this question and particularly instructs the reader to try for
obstructions to such maps using equivariant K-theory especially for the cyclic group
case [21, paragraph following Proposition 5.1]. In this paper, we consider the above
question for G = Cn the cyclic group, G = a product of elementary Abelian groups,
and G = Dn the dihedral group (for n odd). We prove that such equivariant maps
exist in this case.

For the Cn case, the left hand space is a free Cn-space and so it sits inside the
universal space ECn. Thus, one is led to the question of existence of Cn-equivariant
maps from ECn to S(ρ̄d). Maps out of EG to a G-space X correspond to homotopy
fixed points of X, and their existence can be studied using the Sullivan conjecture
[17, 18]. If G is a p-group and X is a finite G-space without fixed points, then Sulli-
van’s conjecture states that after p-completion, XG is equivalent to XhG. Therefore,
if the fixed points are empty so are the maps out of EG. However, if G is not a
p-group there do exist finite complexes X with XG = ∅ which support equivariant
maps EG→ X [7]. For G = Cn with n �= pk for any p or k, one may proceed by
equivariant obstruction theory to show that a Cn-space X with XCn = ∅ maps to
S(ρ̄d) for d� 0.

In fact, one may do a lot better. We follow a construction in [7] to deduce that
there are equivariant maps ECn → S(ρ̄d) for any d when n is not a prime power
(cf. Corollary 3.4) resolving the question in the cyclic group case. In the case of the
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dihedral groupDn ⊂ Σn, we work out a more delicate obstruction theory computation
to make the same conclusion. This rules out proofs of weaker versions of Tverberg’s
theorems using the groups Cn and Dn (cf. Corollary 3.12).

The techniques of the paper also have applications to Borsuk–Ulam-like properties
of the representations of Cn and Dn. There are many definitions of Borsuk–Ulam
properties in the literature. We consider Borsuk–Ulam properties for specific repre-
sentations as considered in [22] and [10]. The first refers to constructing equivariant
maps out of skeleta of EG and the second to constructing maps out of representation
spheres of high dimension. These turn out to be analogous when G is a cyclic group.

We define that a fixed point free representation V has the anti-Borsuk–Ulam prop-
erty if there are maps from representation spheres of arbitrarily large dimension to
S(V ). Our techniques imply that if n is square free, there is a dichotomy among
fixed point free Cn-representations V – either V has the Borsuk–Ulam property, or
V has the anti-Borsuk–Ulam property (cf. Theorem 4.1). When n is not square free,
Sullivan’s conjecture restricts the existence of equivariant maps from ECn to S(V ) if
S(V )Cpk = ∅ for pk | n. We observe that if this condition is avoided by V , it satisfies
the anti-Borsuk–Ulam property (cf. Theorem 4.4). Analogous results are also obtained
for the group Dn where n is odd and not a prime power (cf. Theorems 4.5 and 4.6).

This paper is organised as follows. In section 2, we introduce some preliminaries on
equivariant obstruction theory. In section 3, we discuss the results on the existence of
maps out of universal spaces. In section 4, we discuss some applications of the results
of section 3 specially in the context of Borsuk–Ulam theorems.
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2. Preliminaries

In this section, we recall some basic definitions, notations and results in equivariant
obstruction theory. Most of these ideas are from [17] and [5]. In equivariant homotopy
theory, one uses orthogonal representations to construct G-spheres and disks.

Definition 2.1. For an orthogonal representation V, the unit disc in the representa-
tion is defined as the space

D(V ) = {v ∈ V : ‖ v ‖� 1}
and the unit sphere is

S(V ) = {v ∈ V : ‖ v ‖= 1}.
The spaces D(V ) and S(V ) have an induced G-action and there is an equivariant
homeomorphism

D(V )/S(V ) ∼= SV ,

where SV is the one point compactification of V .

The equivariant homotopy category is defined using weak equivalences on fixed
points.
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Definition 2.2. A G-map f : X → Y between pointed G-spaces is called G-weak
equivalence if fH : XH → Y H is a weak equivalence for all subgroups H � G. For
n ∈ N and H � G, define

πH
n (X) = [G/H+ ∧ Sn, X]

G
∗ ∼= πn(X

H).

This definition is accompanied by the concept of equivariant CW-complexes which
are filtered G-spaces obtained by attaching G-cells of increasing dimension. Note
that a G-action on a disjoint union of points is classified upto G-equivalence by the
decomposition into orbits, and therefore, the 0-cells are a disjoint union of copies
of G/H for conjugacy classes of subgroups H. Equivariant n-cells are the G-spaces
G/H ×Dn(with trivial action on Dn) where H ⊆ G runs over conjugacy classes of
subgroups. The boundary of such a cell is G/H × Sn−1. One defines

Definition 2.3. A relative G-CW complex is a pair of G-spaces (X,A) together with
a filtration {X(n)} of X such that

(a) A ⊂ X(0).

(b) X(n+1) is obtained by X(n) as a pushout

�j∈JG/Hj × Sn

��

�� X(n)

��
�j∈JG/Hj ×Dn+1 �� X(n+1).

(c) X = ∪n∈ZX(n) has the colimit topology.

One may note that the disks D(V ), and the spheres SV are examples of G-CW-
complexes. There is an equivariant Whitehead theorem [23, Theorem 3.4] which states
that a weak equivalence between G-CW-complexes is a G-homotopy equivalence.

In this paper, we are interested in the construction of equivariant maps using
obstruction theory. For equivariant maps, the obstruction theory can be carried out
as usual and the result produces obstruction classes in Bredon cohomology (with local
coefficients). We briefly recall the theory here.

Let OG denote the orbit category of G whose objects are orbit spaces G/H and
morphisms are equivariant maps.

Definition 2.4. A coefficient system is a contravariant functor from OG to Abelian
groups.

An example of a coefficient system is the assignment πn(X)(G/H) = πn(X
H) ∼=

[G/H+ ∧ Sn, X]G∗ associated to any G-space X. Taking singular chains is another
example. Denote by Cn(X) the coefficient system

Cn(X)(G/H) = Cn(X
H ;Z)

the singular n-chains of the space XH . The boundary map ∂n : Cn(X)→ Cn−1(X)
is the natural transformation induced by the boundary maps of the singular chain
complex ∂n(G/H) : Cn(X

H ;Z)→ Cn−1(X
H ;Z).
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Let M be a coefficient system. Define the cochain complex of X with respect to
M as

Cn
G(X;M) = HomOG

(Cn(X);M),

with coboundary δ : Cn
G(X;M)→ Cn+1

G (X;M) defined as HomOG
(∂, id).

Definition 2.5. The Bredon cohomology of X with coefficients in M is defined as
the cohomology of the cochain complex C∗G(X;M). It is denoted H∗

G(X;M).

The obstruction theory for extending maps from CW-complexes can be formulated
using Bredon cohomology in a similar way as the non-equivariant situation. Let X be
a G-CW complex and let Y be a G-space such that Y H is non-empty, path connected
and simple (that is, the fundamental group acts trivially on the higher homotopy
groups) for every subgroup H of G. Then, given an equivariant map φ : X(n) → Y,
one may define an equivariant obstruction cocycle cG(φ) ∈ Cn+1

G (X;πn(Y )) leading
to the following proposition (see Theorem 1.5 of Chapter II in [5]).

Proposition 2.6. Let φ : X(n) → Y be a G-map. Then, the restriction of φ to X(n−1)

can be extended to X(n+1) if and only if [cG(φ)] ∈ Hn+1
G (X;πn(Y )) is 0.

For our purposes we need to lift maps from the base to the total space of a G-
fibration. This theory may be read off from [19] or [20]. Consider a lifting diagram

X
f �� Y

Z.

u

����

Assume that the equivariant homotopy fibre of f , F (f) satisfies that for every sub-
group H ⊂ G, F (f)H is a simple space. Then, the homotopy groups πnF (f) induces
an equivariant local coefficient system on the base Y and by pullback u∗πnF (f) on Z.

Filter Z by skeleta as Z = ∪nZ
(n). Suppose we have a lift φ : Z(n) → X for n � 1.

Then one may define obstruction classes [cu(φ)] ∈ Hn+1
G (Z;u∗πnF (f)) so that

Proposition 2.7. The restriction of the lift φ to Z(n−1) can be extended to Z(n+1)

if and only if [cu(φ)] ∈ Hn+1
G (Z;u∗πnF (f)) is 0.

Our interest throughout the document is the case:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
G = Γ/H,

Y = Map(EG,W )v,

X = MapH(EG,W )v,

f : X → Y = the standard inclusion.

In the above, the subscript v refers to the connected component of v, W is usually a
Γ-representation sphere (hence, a simple space) on which H acts via maps of degree
1 and Z is some universal space for a family of subgroups, and u is some constant
map. For these cases we note the following:

Proposition 2.8. The fibre F (f) is path-connected and has simple fixed points for
every subgroup K of G.

Proof. This follows from the proof of Lemma 3.3 of [7].
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Proposition 2.9. The local coefficients u∗πnF (f) reduces to the coefficient system
πnF (f).

Proof. This follows either because u is some constant map or because Z is some
universal space, hence, there does not exist any non-trivial coefficient system on Z.

3. Construction of equivariant maps from universal spaces

This section deals with the construction of equivariant maps from universal spaces
and universal spaces of subgroups which turn up in the topological Tverberg the-
orem. Recall that a map ΔN → Rd which violates Tverberg’s condition induces a
Σn-equivariant map

{1, · · · , n}∗N+1 → S(W d), (1)

where W denotes the standard representation of Σn. We consider the subgroups
G = Cn and G = Dn (for n odd) of Σn and show that there does exist G-equivariant
maps as above. This is proved by constructing equivariant maps out of appropriate
universal spaces. Therefore, in order to prove weak versions of Tverberg’s theorem
along these lines, one needs to consider other subgroups of Σn.

For techniques of constructing equivariant maps from universal spaces we use the
ideas of [7]. In that paper it was proved that if G is not a p-group then there is a fixed
point free finite complex W which carries an equivariant map from EG onto it. In
the case G is a semi-direct product of a p-group and a q-group for primes p �= q, there
is an explicit construction of W . For our purposes we adapt the proof for G = Cn

and G = Dn to deduce results about the existence of G-maps of the type (1) in large
dimensions.

We use the following version of Lemma 3.3 of [7]. Let W be a simply connected
Cm-space with WCm �= ∅ and for each g ∈ Cm the induced map on W is homotopic
to the identity. Then,

Lemma 3.1. For any contractible space E with free Cm action, define Fi to be
the homotopy fibre of the map i : MapCm(E,W )u → Map(E,W ). (Here, the space
MapCm(E,W )u refers to a path component of a Cm-equivariant map u : E →W .)
Then Fi is path connected and its homotopy groups are m-profinite groups. (That is,
inverse limit of groups with p-torsion for p|m.)

Proof. The proof of Lemma 3.3 in [7] may be repeated verbatim together with
the observation that the group cohomology of Cm has only m-torsion in positive
degrees.

3.1. Equivariant maps for cyclic groups
Using Lemma 3.1, we construct Cn-equivariant maps between universal spaces and

representation spheres. Recall that the set of real irreducible representations of Cn

are listed as {
{1, ξ, ξ2, . . . , ξ n−1

2 }, if n is odd,

{1, σ, ξ, ξ2, . . . , ξ n
2−1}, if n is even.

The notation above can be read off as follows. For a cyclic group Cn of odd order,
complex irreducible representations are one-dimensional and given by multiplication
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by roots of unity; the real irreducible representations are obtained by restriction which
are two dimensional. Denote by ξ the representation obtained by multiplication by
e2πi/n. Recalling that the restriction of a complex representation satisfies res(V ) ∼=
res(V̄ ), the set of real irreducible representations of Cn are {1, ξr, 1 � r � n−1

2 }.
For the group C2n there is a 1-dimensional irreducible real representation given

by sign. The other representations are given by the n-th roots of unity. Thus the
irreducible representations are {1, σ, ξ, ξ2, . . . , ξn−1}. This justifies the notation above.

Let G = Cn such that n is not a prime power. That is, n is divisible by at least
two distinct primes. Write n = pk ·m so that k � 1,m > 1 and p does not divide m.
Hence Cn = Cpk × Cm.

Equivariantly embed Cm inside S(ξp
k

) and Cn inside S(ξ). Define

W = S(ξp
k

) ∗ (S(ξ)/Cm) ∼= S(ξp
k

) ∗ S(ξm) = S(ξp
k ⊕ ξm).

Then W is a fixed point free Cn-space satisfying the conditions of Lemma 3.1.

Proposition 3.2. For n is not a prime power, there is a Cn-equivariant map from
ECn to W .

Proof. We follow the proof of Proposition 3.3 in [7]. Take a point x ∈ S(ξp
k

) ⊂W and

denote by x the corresponding constant map ECn →W . Since WC
pk = S(ξp

k

) then
x is Cpk -equivariant and hence x ∈ MapC

pk (ECn,W ). Consider the lifting diagram
of Cm-spaces

MapC
pk (ECn,W ) �� Map(ECn,W )

ECm.

u

����

AsWCm �= ∅, there exists a Cm-equivariant constant map u : ECm → Map(ECn,W ).
Then we apply equivariant obstruction theory in Proposition 2.7, to observe that the
obstructions lie in certain groups of the form Hk(BCm;Mi) for k � 1 where the
modules Mi are p-profinite as abelian groups by Lemma 3.1. These groups are indeed
0 as p � m. Therefore the lift exists.

Now, we apply the exponential correspondence which says that a G-equivari-
ant map X × Y → Z is equivalent to a G-equivariant map X → Map(Y, Z)
[7, Remark 1.1]. Using this, a Cm-equivariant map ECm → MapC

pk (ECn,W )
induces a Cn-equivariant map ECm × ECn →W via the following identifications:

MapCm(ECm,MapC
pk (ECn,W )) � MapCn(ECm,MapC

pk (ECn,W ))

� MapCn(ECm,Map(ECn,W ))

� MapCn(ECm × ECn,W ).

In the above, the first equivalence stems from the fact that the action of Cpk on

ECm and MapC
pk (ECn,W ) are trivial and the second from the fact that a Cpk -fixed

space mapping to a Cn-space lands in the Cpk -fixed set. Note that as a Cn-space,
ECm × ECn � ECn. Therefore the result follows.
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From Proposition 3.2, we readily deduce the following theorem. This is useful in
constructing Cn-equivariant maps from high-dimensional representation spheres to
low-dimensional ones in the following section.

Theorem 3.3. If n is not a prime power and d any integer � 1, there exists a Cn-
equivariant map ECn → S(ρd).

Proof. Note that if n is odd or if n is even, n = pk ·m with either (p, k) �= (2, 1) or

m �= 2, ξp
k ⊕ ξm is a summand of ρ̄. Recall W = S(ξp

k ⊕ ξm) as in Proposition 3.2.
Thus there is an equivariant map W → S(ρ̄) ⊂ S(ρ̄d). Therefore in these cases the
result follows from Proposition 3.2.

Otherwise, we have n = 2l with l odd. In this case we consider W = S(ξ2 ⊕ σ).
As Cm still acts via maps of degree 1, W satisfies the conditions of Lemma 3.1. We
repeat the proof of Proposition 3.2 with pk replaced by l and m by 2 to obtain an
equivariant map ECn →W . Again ξ2 ⊕ σ is a summand of ρ̄. Therefore, the result
follows.

The restriction of the standard representationW of Σn to Cn is the reduced regular
representation ρ̄ which is the sum of all the non-trivial irreducible representations of
Cn as listed above. Restricted to the group Cn, the equivariant existence problem (1)
specializes to the following existence problem for Cn-equivariant maps.

C∗N+1
n → S(ρ̄d),

with evident Cn-action on both sides. We readily observe:

Corollary 3.4. If n is not a prime power, there exist Cn-equivariant maps from
C∗Nn → S(ρd) for all d � 1 and N � 1.

Proof. As C∗Nn is a free Cn-space, there is an equivariant map C∗Nn → ECn. Hence
the result follows from Theorem 3.3.

3.2. Equivariant maps for a product of elementary Abelian groups
We take G = Ln the product of elementary Abelian groups (Cp1)

a1 × · · · × (Cpk
)ak

where the primes pi and the integers ai are defined by the factorization n = pa1
1 · · · pak

k .
As #(Ln) = n, the action of Ln on itself by left multiplication induces an injection
Ln → Σn. These groups were used in [21] and [22] for the proof of Tverberg’s theorem
in the prime power case. We also prove that the equivariant existence problem (1)
has a positive answer when n is divisible by at least two distinct primes.

Note that via the inclusion Ln → Σn, the standard representation W restricts to
the reduced regular representation ρ̄ of Ln. The following is an analogue of Theo-
rem 3.3 for the case G = Ln.

Proposition 3.5. If n is not a prime power, there is an Ln-equivariant maps ELn →
S(ρ̄), and hence ELn → S(ρ̄d) for any d.

Proof. First assume n is odd. The factorization n = pa1
1 · · · pak

k must satisfy k � 2
by the given condition. Define m = pa2

2 · · · pak

k and note that Ln = (Cp1)
a1 × Lm.

Fix a projection Ln → Cp1 and another projection Ln → Cp2 . Fix a primitive p1-th
(respectively, p2-th) root of 1 and let ξ1 (respectively, ξ2) be the induced Ln
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representation. Let W = S(ξ1 + ξ2). We observe first that there is an Ln-equivariant
map from ELn →W .

We follow the steps in Proposition 3.2. As, W (Cp1 )
a1

= S(ξ2) is non-empty, we fix
a point x ∈ S(ξ2) which induces a (Cp1)

a1 equivariant map ELn →W . Consider the
lifting diagram of Lm-spaces

Map(Cp1 )
a1
(ELn,W ) �� Map(ELn,W )

ELm.

u

����

Note that WLm = S(ξ1) �= ∅. Thus, there exists an Lm-equivariant constant map
u : ELm → Map(ELn,W ). Apply Proposition 2.7 to observe that the obstructions lie
in Hk(BLm;Mi) for k � 1 where Mi are p1-profinite by Lemma 3.1. As the cohomol-
ogy of the group Lm consists of pi-torsion for i � 2 these groups are 0. Therefore the
lift exists. A similar argument as the proof of Proposition 3.2 using the exponential
correspondence yields an Ln-equivariant map ELn →W .

Now ξ1 and ξ2 are distinct non-trivial irreducible representations and hence ξ1 + ξ2
is a subrepresentation of ρ̄. Hence W is a Ln-subspace of ρ̄ and the result follows.
For n even, the above proof may be repeated by assuming p1 to be odd and that ξ2
is induced by the sign representation if p2 = 2.

Note that for Ln ⊂ Σn the equivariant problem (1) becomes the following existence
question

L∗N+1
n → S(ρ̄d).

As the action of Ln on L∗N+1
n is free, we readily observe

Corollary 3.6. If n is not a prime power, there exist Ln-equivariant maps from
L∗Nn → S(ρd) for all d � 1 and N � 1.

3.3. Equivariant maps for dihedral groups
Let Dn

∼= Cn � C2 denote the dihedral group of order 2n: 〈x, y|xn = y2 = 1, yx =
x−1y〉. We consider the case when n is odd. The real irreducible representations of Dn

may be denoted by {1, σ, ξ̂, ξ̂2, · · · , ξ̂ n−1
2 }. The representation σ is given by the sign

representation ofDn/Cn
∼= C2. The representation ξ̂r is the unique real representation

whose restriction to the group Cn is ξr. The elements of order 2 in Dn act on ξ̂r by
reflections.

One may apply the techniques of [7] as in section 3.1 to obtain equivariant maps
from EDn to representation spheres.

Proposition 3.7. Write n = pk ·m where p � m. Then there exist Dn-equivariant

maps from EDn to S(ξ̂p
k

+ ξ̂m).

Proof. Write V = ξ̂p
k

+ ξ̂m. From Proposition 3.2 we have a Cn-equivariant map
ECn → S(V ). As S(V )C2 �= ∅, we have a C2-equivariant map EC2 → Map(EDn,
S(V )) which lifts to MapCn(EDn, S(V )) by obstruction theory and Lemma 3.1. Thus
there exists a Dn-equivariant map EDn → S(V ).
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Fix n odd which is not a prime power. For the dihedral group Dn, we are interested
in maps of the kind

{1, 2, · · · , n}∗N+1 → S(ρ̂d). (2)

The representation ρ̂ is the restriction of the standard representation W of Σn to
Dn. It follows that as a direct sum of irreducible representations, ρ̂ is the sum

∑
ξ̂r.

Proposition 3.7 implies that there are equivariant maps EDn → S(ρ̂) and hence to
S(ρ̂d) for any d. However, this does not produce equivariant maps as in (2) because
the action of Dn on {1, · · · , n} is not free. It turns out (as we observe below) that
one needs to use universal spaces of a certain family of subgroups instead of EDn.

The action of Dn on the set {1, 2, · · · , n} is equivalent to the action on the normal
subgroup 〈x〉. As a Dn-set, this is isomorphic to Dn/H where H = 〈y〉. Note that the
assumption n odd implies that all the elements of order 2 in Dn are conjugate.

Define EHDn = (Dn/H)∗∞, the infinite join of Dn/H. Note that this satisfies

EHDK
n =

{
� ∗, if K = e or K has order 2,

∅, otherwise.

Hence EHDn is the universal space for the family of subgroups given by subconjugates
of H. We compute the Bredon cohomology of EHDn. Let D denote the orbit category
of Dn andM a coefficient system (that is, a contravariant functor from D to abelian
groups). Denote by Me the Dn-module M(Dn/e). We have:

Proposition 3.8. There is a long exact sequence in the range i � 2

· · · → Hi
Dn

(EHDn;M)→ Hi(Dn;Me)→ Hi(H;Me)→ Hi+1
Dn

(EHDn;M)→ · · · .
For i = 1 there is an abelian group A such that the above long exact sequence extends
to the i = 0 case with H1

Dn
(EHDn;M) replaced by A and there is a surjective map

A→ H1
Dn

(EHDn;M).

Proof. We recall from Proposition 4.8 of [17] that Hi
Dn

(EHDn;M) ∼= ExtiD(ZH ,M)
where ZH is the coefficient which is Z at sub-conjugates of H and 0 otherwise. We
map the projective FDn/H [5, part I, p. 23] to ZH . Note

FDn/H(G/K) =

⎧⎪⎨
⎪⎩
Z, if K = H or a conjugate of H,

Z{Dn/H}, if K = e,

0, otherwise.

We have a surjective map FDn/H → ZH . The kernel is 0 at Dn/K for K �= e and the
kernel at Dn/e is K = Ker(Z{Dn/H} → Z). Therefore for i � 2,

Hi
Dn

(EHDn;M) ∼= ExtiD(ZH ,M) ∼= Exti−1
Dn

(K,Me).

From Proposition 16.1 of [9], the short exact sequence K → Z{Dn/H} → Z of Dn-
modules induces a long exact sequence

· · · → Exti−1
Dn

(K,Me)→ Hi(Dn;Me)→ Hi(H;Me)→ ExtiDn
(K,Me)→ · · · .

The first statement follows. For the second, put A = Ext0Dn
(K,Me). The short exact
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sequence 0→ K → FDn/H → ZH → 0 induces an exact sequence

HomD(FDn/H ,M)→ Ext0Dn
(K,Me)→ Ext1D(ZH ,M)→ 0.

The second statement follows.

From Proposition 3.8, we readily deduce:

Corollary 3.9. Suppose that M is a coefficient system such that Me is m-profinite
for m relatively prime to 2n. Then for i > 1, Hi

Dn
(EHDn;M) = 0.

Proof. We have from the given conditions thatHk(Dn;Me) = 0 andHk(H;Me) = 0
if k > 0. Thus the long exact sequence in Proposition 3.8 impliesHi

Dn
(EHDn;M) = 0

for i � 2.

Now we may work out the obstruction theory for EHDn as before to deduce the

existence of maps as in (2). Write n = pk ·m and W = S(ξ̂p
k

+ ξ̂m).

Proposition 3.10. There exists a Dn-map from EHDn →W .

Proof. We write Dn = Cpk �Dm. Note that S(ξ̂p
k

)Cpk �= ∅ and S(ξ̂m)Dm �= ∅. So
we have a Cpk -equivariant map EHDn →W and one considers the lifting diagram

MapC
pk (EHDn,W )

i �� Map(EHDn,W )

EHDm.

u

����

The first step involves lifting the map over the 0-skeleton. For this we require a Dm-
equivariant map Dm/H → MapC

pk (EHDn,W ) which is homotopic to the restriction

of u. We take a Cpk -equivariant constant map v which maps EHDn to S(ξ̂p
k

)H �
S0. Thus v ∈ MapC

pk (EHDn,W )H , and hence v produces a Dm-map Dm/H →
MapC

pk (EHDn,W ). Now the composition onto Map(EHDn,W ) maps Dm/H to the

corresponding constant map to a point in S(ξ̂p
k

)H . In W = S(ξ̂p
k

+ ξ̂m) = S(ξ̂p
k

) ∗
S(ξ̂m) this is Dm-homotopic to the constant map onto S(ξ̂m)H .

The obstructions to lifting the homotopy class u starting at v lie in the groups
Hj

Dm
(EHDm;πj−1F (f)) by Proposition 2.7. From Lemma 3.1 the groups πj−1F (f)

e

are p-profinite and hence Hj
Dm

(EHDm;πj−1F (f)) = 0 if j � 2 by Corollary 3.9.
Therefore the obstructions are forced to be 0 if j � 2.

For j = 1 we apply Proposition 3.8. Let M denote π0F (f). Then we have a sur-

jective map A→ H1
Dm

(EHDm;M) and an exact sequence

H0(Dm;Me)→ H0(H;Me)→ A→ H1(Dm;Me)→ H1(H;Me).

From Proposition 2.8 we haveMe = 0. Thus A = 0 and hence,H1
Dm

(EHDm;M) = 0.
Thus we have

MapDm(EHDm,MapC
pk (EHDn,W )) �= ∅,

which gives a Dn-equivariant map EHDm × EHDn →W . Since EHDm × EHDn �
EHDn is a Dn-homotopy equivalence, we get a Dn-map from EHDn →W .
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Proposition 3.10 implies the following result as in Theorem 3.3. This also allows
us to construct Dn-equivariant maps from high dimensional representation spheres
to lower dimensional ones in the following section.

Theorem 3.11. If n is odd and not a prime power, then there exists a Dn-equivariant
map EHDn → S(ρ̂d) for all d.

The following corollary readily follows encoding the existence of the maps in (2).

Corollary 3.12. If n is odd and not a prime power, then there exists a Dn-equiv-
ariant map (Dn/H)∗k → S(ρ̂d) for any positive integers k and d.

Proof. Note that the isotropy groups of points in (Dn/H)∗k are contained in sub-
conjugates of H. Thus there exists a Dn-equivariant map (Dn/H)∗k → EHDn. The
result follows from Theorem 3.11.

4. Applications

In this section, we discuss some applications of the existence of equivariant maps
proved in Theorems 3.3 and 3.11. Most of these applications are usually considered
alongside the topological Tverberg theorem.

We start with an easy consequence of Theorem 3.3. Recall Theorem 2.6 of [11]
which asserts the implication (1) =⇒ (2) =⇒ (3) of three statements (1), (2), (3).
The implication (2) =⇒ (3) asserts: If C is a finite Cn complex with a Cn-equivariant
map C → S(ρ̄d) then there is an i < d(n− 1) such that Hi(C) �= 0. It was found to
be erroneous in [12] and it is already contradicted by [21]. From Theorem 3.3 we
find that if n is not a prime power, for every k and d there is a finite Cn-complex
C with Hi(C) = 0 for i � k and there exists a Cn-equivariant map C → S(ρ̄d). For
example we may choose C to be an arbitrarily large skeleton of ECn. This rules out
the existence of weaker versions of Theorem 2.6 of [11].

Other arguments that are commonly used in the proof of the topological Tver-
berg theorem in the prime power case are generalizations of the Borsuk–Ulam the-
orem. There are many definitions of Borsuk–Ulam theorems in the literature. One
category of definitions are of Borsuk–Ulam properties of groups (see [15]) which
encodes whether equivariant maps between fixed point free representation spheres
implies non-zero degree. The other approach is to define Borsuk–Ulam properties
of representations for a fixed group G. In this respect we find two different defini-
tions:

(1) A fixed point free Cn-representation V of dimension N has Borsuk–Ulam prop-
erty if any equivariant map from C∗N+1

n → V has a zero [22].

(2) A G-representation V is said to have the Borsuk–Ulam property if the existence
of a G-map from S(W )→ S(V ) implies dim(W ) � dim(V ) [10].

We apply the techniques in section 3.1 to the above situation.

Theorem 4.1. Suppose that n is square free. Let V be a fixed point free representation
of Cn. Then either V has the Borsuk–Ulam properties ((1) and (2)) as above or there
exists a Cn-equivariant map ECn → S(V ).
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Proof. If n is prime, a fixed point free representation is necessarily free. Such rep-
resentations have the Borsuk–Ulam property [6, 13]. We restrict our attention to n
square free and not prime so that n = p1 · · · pk for k > 1.

First consider the case where V is the realization of a complex representation. Then
V = ⊕imiξ

i. From [22] and [10] we have that V has the Borsuk–Ulam property if the
Euler class e(V ) =

∏
i i

mi is not divisible by n. Otherwise n |∏i i
mi which happens

if and only if for every j � k, there is an i with mi �= 0 so that pj | i. If all the pj
divide the same i then V contains the representation ξn = εC the trivial representation
and hence is not fixed point free. Therefore, V contains a summand ξr + V1 so that
p1 · · · ps | r and the restriction of V1 to the group Cps+1···pk

has Euler class 0 (after a
possible rearrangement of pj).

We may proceed by induction on k the number of distinct primes dividing n. Write
n = l ·m where l = p1 · · · ps and m = ps+1 · · · pk so that Cn

∼= Cl × Cm. From the
induction hypothesis, there exists an equivariant map u : ECm → S(V1). We may now
proceed as in Proposition 3.2. Since ξr is Cl-fixed it follows that MapCl(ECn, S(V ))
is non-empty. Also S(V ) satisfies the conditions of Lemma 3.1 as a Cl-space. Now we
may consider the appropriate lifting diagram

MapCl(ECn, S(V )) �� Map(ECn, S(V ))

ECm,

u

����

whose obstructions lie in H∗(Cm;F ) where F is l-profinite by Lemma 3.1 and hence
are 0. Thus we obtain a Cn equivariant map ECn → S(V ) as required.

It remains to consider the case where V has a one-dimensional real irreducible
summand. In this case n is even = 2l and V = σ + V1 where V1 is the realization of
a complex representation. If e(V1) = 0 we are done by the above argument.

We have e(V ) ∈ Hdim(V1)+1(C2l; Ẑ). The local coefficient Ẑ has the action corre-
sponding to orientability of the associated representation; thus, it is a tensor product
of the trivial coefficient Z over Cl and the usual action of ±1 over C2. The class e(V )

is the tensor product of e(V1) ∈ Hdim(V1)(Cl;Z) and the class e(σ) ∈ H1(C2; Ẑ). The
class e(σ) can be identified as the characteristic class of the canonical line bundle over

RP∞ which is the unique non-zero class in H1(RP∞; Ẑ) ∼= Z/2. Therefore e(V ) = 0
if and only if e(V1) ≡ 0(mod 2).

Let V = V1 ⊕ σ such that e(V ) = 0 so that V does not have the Borsuk–Ulam
property. Then e(V1) is even which implies V C2

1 �= ∅. Note that σ is fixed by Cl so
that MapCl(ECn, S(V )) is non-empty. As above consider the lifting diagram

MapCl(ECn, S(V )) �� Map(ECn, S(V ))

EC2.

u

����

The map u is obtained as ∅ �= S(V1)
C2 ⊂ S(V )C2 . The obstructions are 0 in the same

way as above. Thus there exist Cn-equivariant maps ECn → S(V ) as required.

Theorem 4.1 invites the following definition:
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Definition 4.2. A real representation V of a finite group G is said to have the anti-
Borsuk–Ulam property if for every r there is a representation U with dim(U) > r and
a continuous G-equivariant map from S(U) to S(V ).

As S(rξ) is free, there is a map S(rξ)→ ECn. From Theorem 4.1 we conclude
that if n is square free, either fixed point free representations have the Borsuk–Ulam
property or the anti-Borsuk–Ulam property. However, this does not hold if n is not
square free as demonstrated in the following example.

Example 4.3. Let G = Cp2 and V = 2ξp for a prime p. Then e(V ) = 0 so that V
does not have the Borsuk–Ulam property. However, G is a p-group and V G = (0).
Thus by Sullivan’s conjecture [17, 18] the homotopy fixed points of S(V ) are empty.
Hence there is no Cp2 -equivariant map ECp2 → S(V ). Thus we cannot deduce the
anti-Borsuk–Ulam property for V in the above manner.

One can easily generate similar examples to the above for G = Cpk . We observe
below that these are the only kind of examples in which the dichotomy of the Borsuk–
Ulam property and the anti-Borsuk–Ulam property can fail for G = Cn. Note that
if for every prime power pk dividing n, V C

pk �= (0), then e(V ) = 0. From Sullivan’s
conjecture we know that if V C

pk = (0) for Cpk ⊂ Cn there cannot be a Cn-equivariant
map ECn → S(V ).

Theorem 4.4. Let V be a fixed point free Cn-representation such that for each prime
power pk dividing n, V C

pk �= (0). Then V has the anti-Borsuk–Ulam property.

Proof. We proceed by induction on the number of primes dividing n. The starting
point is at a prime power n = pk whence the condition implies that S(V ) has a fixed
point. In general, write n = pk ·m so that the number of primes dividing m is less
than n. We have a Cm-equivariant map u : ECm → S(V ) by induction hypothesis
and a Cpk -equivariant map ECn → S(V ). We may assume p �= 2 so that the group
elements in Cpk act by degree 1 maps. We may now proceed as in Proposition 3.2 via
the lifting diagram

MapC
pk (ECn, S(V )) �� Map(ECn, S(V ))

ECm,

u

����

whose obstructions are 0. Thus we obtain a Cn-equivariant map ECn → S(V ) as
required.

We now consider the case of the dihedral group Dn for n odd. Again we have
similar results in the square free case and the general non-prime power case.

Theorem 4.5. Suppose that n is odd and square free and let V be a fixed point free
Dn-representation not containing σ. Then either V has the Borsuk–Ulam property or
the anti-Borsuk–Ulam property.

Proof. If n is prime, V is a sum of representations ξ̂i. Then the restriction of V to
Cn has the Borsuk–Ulam property from Theorem 4.1 implying V also carries the
property. Now consider n square free and not prime so that n = p1 · · · pk for k > 1.



EQUIVARIANT MAPS RELATED TO THE TOPOLOGICAL TVERBERG CONJECTURE 169

We have V = ⊕imiξ̂
i. By restriction to Cn observe V has the Borsuk–Ulam prop-

erty if
∏

i i
mi is not divisible by n. From the proof of Theorem 4.1, V contains a

summand ξ̂r + V1 so that p1 · · · ps | r and the restriction of V1 to the group Cps+1···pk

has Euler class 0. We proceed by induction on k, the number of prime factors, to
prove that there is a map EHDn → S(V ).

Write n = l ·m where l = p1 · · · ps and m = ps+1 · · · pk so that Dn
∼= Cl �Dm.

From the induction hypothesis, there exists an equivariant map u : EHDm → S(V1).

Now proceed as in Proposition 3.10. Since ξ̂r is Cl-fixed it follows that
MapCl(EHDn, S(V )) is non-empty. Also S(V ) satisfies the conditions of Lemma 3.1
as a Cl-space. Now we may consider the appropriate lifting diagram

MapCl(EHDn, S(V )) �� Map(EHDn, S(V ))

EHDm

u

����

and check that the obstructions are 0 as in Proposition 3.10.
For the remaining note that there is a Dn-equivariant map S(kξ̂)→ EHDn for

any k. Thus we obtain maps from representations of arbitrarily large dimension.

In the same manner, we obtain an analogue of Theorem 4.4.

Theorem 4.6. Let V be a fixed point free Dn-representation not containing σ such
that for each prime power pk dividing n, V C

pk �= (0). Then V has the anti-Borsuk–
Ulam property.

Proof. We proceed by induction on the number of primes dividing n. The starting
point is at a prime power n = pk whence the condition implies that S(V ) has a fixed
point. In general, write n = pk ·m so that the number of primes dividing m is less
than n. We have a Dm-equivariant map u : EHDm → S(V ) by induction hypothesis
and a Cpk -equivariant map EHDn → S(V ). We may assume p �= 2 so that the group
elements in Cpk act by degree 1 maps. We may now proceed as in Proposition 3.10 and

lift the map from EHDm → Map(EHDn, S(V )) to EHDm → MapC
pk (EHDn, S(V )).

This gives us a Dn-map EHDn → S(V ).
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[21] M. Özaydin, Equivariant maps for the symmetric group, preprint, 1987
(http://digital.library.wisc.edu/1793/63829).

[22] K.S. Sarkaria, Tverberg partition and Borsuk–Ulam theorems, Pacific J. Math.
196 (2000), 231–241.

[23] S. Waner, Equivariant homotopy theory and Milnor’s theorem, Trans. Amer.
Math. Soc. 258 (1980), 351–368.

Samik Basu samik.basu2@gmail.com; samik@rkmvu.ac.in

Surojit Ghosh surojitghosh89@gmail.com

Department of Mathematics, Vivekananda University, Belur, Howrah-711202, West
Bengal, India



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


