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COMPARISON OF POWER OPERATIONS IN
MORAVA E-THEORIES

TAKESHI TORII
(communicated by Donald M. Davis)

Abstract

There is a Hopf algebroid without antipode which is the dual
of the algebra of power operations in Morava E-theory. In this
paper we compare the category of comodules over the Hopf
algebroid in the nth Morava E-theory with that in the (n + 1)st
Morava E-theory. We show that the nth Morava E-theory of a
finite complex with power operations can be obtained from the
(n + 1)st Morava E-theory with power operations.

1. Introduction

An H.,-ring spectrum gives rise to power operations in the corresponding coho-
mology theory. Steenrod operations in mod p cohomology and Adams operations in
K-theory are examples of power operations associated to H.o-ring spectrum struc-
tures. Roughly speaking, giving an H.,-ring spectrum structure on a spectrum is
equivalent to giving power operations in the corresponding cohomology theory. Thus,
it is important to understand the structure of power operations for an H.,-ring spec-
trum.

Let E,, be the nth Morava E-theory spectrum at a prime p. Recall that E, is
an even periodic commutative ring spectrum and the degree 0 coefficient ring EO =
7T0(En) is

W(Fpn)[[wl, ce ,wnfl]],

where W (F,n ) is the ring of Witt vectors with coefficients in the finite field F» with p”
elements. Power operations in Morava E-theory were first studied by Ando in [1, 2],
where he used power operations in complex cobordism to produce power operations
in Morava E-theory. In [6] Goerss—Hopkins showed that Morava E-theory supports
an F.,-ring spectrum structure unique up to homotopy, which implies the existence
of an H,-ring spectrum structure on Morava E-theory. Power operations are related
to the cohomology groups of classifying spaces of symmetric groups and these struc-
tures in Morava E-theory are related to level structures and finite subgroups on the
associated formal group. The moduli spaces of level structures and finite subgroups
on formal groups and the Morava E-theory of classifying spaces of symmetric groups
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were studied by Strickland in [13, 14]. More generally, Ando—Hopkins—Strickland
in [3] studied the algebraic geometry of complex orientable H..-ring spectra. Based
on these works, the algebra of power operations in Morava E-theory was introduced
by Rezk in [12].

The stable homotopy category is considered to be built from K (n)-local categories,
where K(n) is the nth Morava K-theory. Thus, it is important to understand the
relationship between K (n)-local categories. In [15, 16] for this purpose we introduced
the generalized Chern character

ch: En+1 — E,

where E, 1 is the (n 4 1)st Morava E-theory spectrum and B is a K (n)-local com-
mutative ring spectrum that is an extension of FE,. We define B,, to be the K(n)-
localization of F, A E,11:

B, = LK(n) (En A En+1)-

In this paper we assume that the residue field of the local ring mo(B) is the composite
field of IF,» and IFn+1. In this case the commutative ring spectrum B is equivalent to
B,, (see Lemma 4.1 below).

In [19] we discussed the relationship between the Hecke operators in the nth
Morava E-theory and those in the (n + 1)st Morava E-theory via the B,-theory.
Hecke operators in Morava E-theory are defined by averaging power operations. In
this paper we compare the category of modules over the algebra of power operations
in the nth Morava E-theory with that in the (n + 1)st Morava E-theory. Actually,
we compare the categories of comodules over the dual Hopf algebroids in this paper.
There is a Hopf algebroid without antipode which is the dual of the algebra of power
operations, and the category of modules over the algebra of power operations is equiv-
alent to the category of comodules over the dual Hopf algebroid.

Since F, is even periodic, we have the associated degree 0 one dimensional formal
Lie group F,, over EY. The formal group F,, is a universal deformation of the Honda
formal group F,, over Fpn. Let S, be the nth Morava stabilizer group, which is the
automorphism group of F,, over F,» and let Gal(F,» /F,) be the Galois group of Fn
over the prime field F,. The group Gal(F,»/F,) acts on S,, and the nth extended
Morava stabilizer group G,, is defined to be the semidirect product

Gal(F,n /F,) % S,.

We can identify G,, with the group of multiplicative automorphisms of F,, in the
stable homotopy category. In particular, G,, acts naturally on the FE,-cohomology
ring E2(X) for any space X.

In [16] we essentially showed that the E,-cohomology of a finite complex X with
action of G,, can be obtained from the FE,,;i-cohomology of X with action of G, 4.
This means that there is a functor

C: Gpy1-Mod(EY, ) — G,-Mod(EY),

where G,,-Mod(EY) is the category of twisted E2-G,,-modules, and there is a natural
isomorphism EY(X) = C(EJ, (X)) of commutative twisted EJ-G,-algebras for any
finite complex X. The functor C' is given by C(M) = (BY ®ge M)Cn+1 for M €

Gn41-Mod(EY 1), where G,,41 acts on B, ®po M diagonally.
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Let S,, be the Hopf algebroid without antipode which is the dual of the algebra
of power operations in the nth Morava E-theory. We denote by G,,-Comod(S,,) the
category of comodules over S,, with compatible G,-action, and by G,,-ComodAlg(S,,)
the category of commutative S,-comodule algebras with compatible G,-action. The
following is our first main theorem.

Theorem 1.1 (Theorem 5.14). There is a functor
C: Gpr1-Comod(S,+1) — G,,-Comod(S,,),

which is given by
C(M) = (B @pg, M)%r+,

for M € Gp41-Comod(S,,41). Furthermore, this functor induces a functor

C': Gy y1-ComodAlg(S,,1+1) — G,-ComodAlg(S,,).

Combining this theorem with the result in [16], we obtain the following theorem,
which is our second main theorem.

Theorem 1.2 (Theorem 5.17). For any finite complex X, there is a natural isomor-
phism

En(X) = C(Ey (X)),

of commutative S,,-comodule algebras with compatible G, -action.

The organization of this paper is as follows: In §2, we fix notation used throughout
this paper. In §3, we review the Hopf algebroid without antipode which is the dual of
the algebra of power operations in Morava F-theory. We also study the action of the
extended Morava stabilizer group on a comodule over the Hopf algebroid. In §4, we
construct a Hopf algebroid Sg over BY, which is the base change of S, 1 along the
map ch: EY 11— BY. For this purpose we study the moduli space of finite subgroups
of the p-divisible group over B obtained from the p-divisible group associated to the
formal Lie group of F,, 1 by base change along ch. We show that there is an adjoint
pair of functors between the category of comodules over Sg and the category of comod-
ules over S,,41. In §5, we study the G,, x G, 41-action on the Hopf algebroid Sp and
the category of comodules over Sg with compatible G,, x G,,1-action. We show that
the adjoint pair of functors constructed in §4 upgrades to an adjoint pair of functors
between the category of comodules over Sg with compatible G,, x G,,;1-action and
the category of comodules over S,,11 with compatible G,,;1-action. Furthermore, we
construct a quotient Hopf algebroid S of Sg. We show that SY is obtained from S,
by base change along a map EO — BY and that there is an adjoint pair of functors
between the category of comodules over S,, with compatible G,,-action and the cat-
egory of comodules over Sﬁ with compatible G,, x G,,41-action. Using these results,
we construct the functor C' from the category of S, 41-comodules with compatible
G 41-action to the category of S,-comodules with compatible G,,-action, and prove
our main theorems.
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2. Notation

We fix a prime number p and a positive integer n. Let K(n) be the nth Morava
K-theory at p, and let E,, be the nth Morava E-theory at p.

Let CL be the category of complete Noetherian local rings with residue field of
characteristic p and local ring homomorphisms. For R € CL we denote by CLp the
under category (R ] CL) whose objects are maps in CL with source R and whose
morphisms are commutative triangles in CL. We denote by Spf(R) for R € CL the
functor from CL to the category of sets given by

Spf(R)(S) = Home (R, S).

For a complete Noetherian semilocal ring R with residue fields of characteristic p, we
set

Spf(R) = [ [ Spf(Ri).
=1

where R =[], R; is the decomposition of R into a finite product of local rings in
CL.

For a commutative ring E, we denote by Mod(F) the category of E-modules and E-
module homomorphisms. We let CAlg(E) be the category of commutative E-algebras
and F-algebra homomorphisms.

3. Power operations in Morava E-theory

In [6] Goerss—Hopkins showed that Morava E-theory supports an E..-ring spec-
trum structure unique up to homotopy. Thus, we can consider power operations in the
E,-cohomology of spaces. In [12] Rezk introduced the algebra of power operations
in Morava E-theory, which naturally acts on the degree 0 homotopy group of any
K (n)-local commutative FE,,-algebra. In this section, we review the algebra of power
operations in Morava E-theory.

3.1. Finite subgroups of a formal Lie group

Let X be a one dimensional formal Lie group over R € CL. We assume that X has
finite height. For a map f: R — S in CL, we denote by f*X or Xg the base change
of X along f.

A divisor on X is a closed subscheme which is finite and flat over R. The degree
of a divisor is the rank of the coordinate ring over R. A finite subgroup of a one
dimensional formal Lie group was defined by Strickland in [13, §5].

Definition 3.1 ([13, §5]). A finite subgroup of X is a divisor which is also a subgroup
scheme.

Note that the degree of a finite subgroup is a power of p (see, for example, [13,
Proposition 17]). For a nonnegative integer m, we define the functor

Sub(X, m)

over Spf(R) by assigning to U € CLg the set of all the finite subgroups of Xy of
degree p™. By [13, Theorem 42], the functor Sub(X, m) is representable by a complete
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Noetherian local EC-algebra. We denote by S(F,,,m) the representing ring so that
Sub(F,,, m) = Spf(S(F,,m)).

Note that S(F,,,m) is a finitely generated free E2-module (see [13, Theorem 42]).

Let Y be a one dimensional formal Lie group over S € CL. We suppose there is a
map f: R — S in CL which induces an isomorphism Y 5 f*X. A finite subgroup of
Y can be regarded as a finite subgroup of f*X = Xg. This implies that there is an
isomorphism of functors

Sub(Y,m) — Sub(X,m) Xspi(r) SpE(S).

For a finite subgroup K of X with degree p™, we can construct the quotient formal
group X /K over R (see [13, Theorem 19]). The formal group X/K sits in an exact
sequence

0—K—X—X/K-—0,

of fppf sheaves of abelian groups on Spf(R). Let k be the residue field of R and let
m: R — k be the reduction map. Since 7*X is a formal group over a field of charac-
teristic p, we see that 7*(X/K) is isomorphic to (¢")*n*X, where o is the absolute
Frobenius for k, and that the quotient map 7*X — 7*(X/K) can be identified with
the mth iterate of the relative Frobenius.

3.2. The graded Hopf algebroid S,, without antipode
First, we recall graded Hopf algebroids without antipode (see [12, §5.5]).

Let E be a commutative ring and let {S(m)} be a family of commutative rings
indexed by nonnegative integers m. We suppose there are ring homomorphisms

Sm:  E — S(m),
tm: E— S(m),
i S(0)— E,

Cmrm: S(m—4+m') — S(m') %} S(m),
s, Bt

for all m,m’ > 0. In the tensor product S(m’) % . S(m) we regard S(m’) as an E-
Sy El

module via s,,, and S(m) via t,,. We use abbreviations s,t,c for s, tm, Cm/ m for
m,m’ > 0, respectively, when there is no confusion. The data ' = (E, {S(m)}, s, t,,¢)
is said to be a graded Hopf algebroid without antipode if it represents a graded affine
category scheme, that is, if it corepresents a functor from the category of commuta-
tive rings to the category of graded categories (see [12, §5.5] for the definitions of a
graded category and a graded affine category scheme), where E and S(m) corepresent
the set of objects and the set of morphisms of degree m of a graded category, respec-
tively, and the maps s,t,1, ¢ correspond to source, target, identity, and composition,
respectively. An F-module M is said to be a (left) I'-comodule if M is equipped with
FE-module homomorphisms

Yarm: M — S(m) (X;EM,
S,
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for all m > 0, which satisfy the coassociativity and counit conditions. Note that the F-
module structure on S(m) @5 g M is given by the E-module structure on S(m) via t,,.
An E-module map f: M — N between I'-comodules is said to be a I'-comodule map if
[ respects the comodule structure maps, that is, if the identity (idg(m) ® f) © Yarm =
Yn,m o f holds, for all m > 0. We denote by

Comod(T)

the category of I'-comodules and I'-comodule maps.

The category Comod(I") of I-comodules is a symmetric monoidal category with
the tensor product ®pg and the unit object E. A T'-comodule M is said to be a
commutative I'-comodule algebra if M is a commutative monoid object in Comod(T").
A T-comodule map f: M — N between commutative I'-comodule algebras is said to
be a commutative I'-comodule algebra map if f is a map of commutative monoid
objects in Comod(I'). We denote by

ComodAlg(T")

the category of commutative I'-comodule algebras and commutative I'-comodule alge-
bra maps (see, for example, [11, Appendix Al.1] for the definition of a comodule
algebra over a Hopf algebroid).

If S(m) is a finitely generated projective E-module for all m > 0, then there is
a graded bialgebra B over F (see [12, §85.2 and 5.5] for the definition of a graded
bialgebra) and the category Comod(I") of I'-comodules is equivalent to the category
of modules over the graded bialgebra B by [12, Proposition 5.3]. Hence in this case
the category ComodAlg(T) of commutative I'-comodule algebras is equivalent to the
category of B-algebras (see [12, §5.4] for the definition of an algebra over a bialgebra).

Recall that F,, over EY is a universal deformation of the Honda formal group F,,.
If X is a deformation of F,, to R € CL and A is a finite subgroup of X with degree
p™, then X /A is also a deformation of F,,, and hence there is a unique map E? — R
in CL which classifies X/A. This implies that there is a map

tm: EY — S(F,,,m).
We let
St BY — S(F,,,m)
be the inclusion, and we let
i: S(F,,0) — E?

be the canonical isomorphism. Suppose X’ is a deformation of F,, to R € CL such
that X/A is x-isomorphic to X’. For a finite subgroup A’ of X’ with degree p™ , the
kernel of the composition

X — X/A X — X/ /A
is a finite subgroup of X of degree pm+m/. This implies that there is a map

Cmom: S(Fp,m+m') — S(F,,,m’) ® S(F,,m),
s, B0t

n?

in CL. By [12, §11.6], the data S,, = (E2,{S(F,,,m)},s,t,i,c) represents a formal
graded category scheme, that is, S,, is a formal graded Hopf algebroid without
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antipode. Thus, we can consider the category Comod(S,,) of S,-comodules and the
category ComodAlg(S,,) of commutative S,,-comodule algebras.

3.3. The action of G,, on S,

Recall that G,, is the nth extended Morava stabilizer group, which is the semidirect
product of the automorphism group S,, of the Honda formal group F,, over Fp» and
the Galois group Gal(Fy»/F,) of Fy» over the prime field F,,. The action of G,, on
F,, over Spec(F,») extends to an action on F,, over Spf(EY). Hence we obtain a
commutative diagram of functors

Sub(F,,,m) —— Sub(F,,,m)

| |

Spf(EY) ——2—— Spf(EY),

for any g € G,, and any m > 0. This gives rise to an action of G,, on the representing
ring S(F,,, m), which is compatible with the action on E?. Using the universality of
the ring S(F,,, m), we obtain the following proposition.

Proposition 3.2. The structure maps s,t,i,c of S, are Gy -equivariant and G,, acts
on the graded Hopf algebroid S,, without antipode.

3.4. Power operations in K(n)-local commutative E,-algebras

For a space X, we denote by X5°X the suspension spectrum of X with a disjoint
base point. By [6], Morava E-theory F,, is an F..-ring spectrum unique up to homo-
topy. Thus, we can consider the category of K (n)-local commutative F,,-algebras. For
a K(n)-local commutative F,-algebra R, we have a structure map

v STES, A R — R,

for each nonnegative integer k, where Y is the symmetric group of degree k, E¥,
is its universal space, and R"F is the k-fold smash power of R. Let S° be the sphere
spectrum and let (S°)"* be the k-fold smash power of S°. For a map f: S — R,
by the composition

idAf P
—_—

NEBY = ST ED A (SO)NF EFEZ ) RN 5 R,

we obtain a natural map
Pj: mo(R) — R°(By),

where BY; is the classifying space of ¥;. Note that Pj is not an additive map in
general.

For any m > 0 and 0 < i < p™, we have the transfer map E2(B(X; x Xpm_;)) —
EY(BX,m) for the subgroup X; x Xpm_; of Xpm. Let J be the ideal of E)(BX,m)
generated by the images of the transfer maps for 0 < ¢ < p™. By [14, Theorem 9.2],
there is an isomorphism of rings

S(F,m) = EO(BSy) ]
We denote by m,,, the quotient map E2(BY,m) — S(F,,, m). Recall that E2(BX})
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is a finitely generated free E%-module for any k (see, for example, [13, Proposi-
tion 3.6]). This implies that there is an isomorphism

The composition

P,m ~ T ®id
VR mo(R) —— RY(BY,m) = ES(BY,m) ® mo(R) 725 S(F,,,m) ® 7o(R)
gives rise to an Sp,-comodule structure on my(R), and hence my(R) is a commutative
Sy-comodule algebra for any K(n)-local commutative E,-algebra R. In particular,
when R = FE,, we obtain the map

tm = VE: BY — S(F,,,m).

For a space X, we denote by EX the function spectrum. Note that E:X is a K (n)-
local commutative E,-algebra for any space X. When R = E-X, we obtain a natural
operation

Um: Bp(X) — S(Fpn,m) @4 po E(X).

In particular, when X is the infinite complex projective space CP*, we obtain a
map ¢, : E)(CP*) = S(F,,,m) @, go E)(CP>). This induces an isogeny of formal
groups

\Ilfl" csp B — 0 Fy,

whose kernel is a universal finite subgroup of s F,, over S(F,,,m).

Now we regard S(F,,,m) as an E9-module via the inclusion s,, for any m > 0. We
define PW,,(m) to be the abelian group of all the E9-module homomorphisms from
S(F,,,m) to E9, and we set

PW, = @5 PW,(m).

m=0

We can regard PW,, as a graded module, and PW,, supports the structure of a graded
twisted cocommutative EO-bialgebra. We call PW,, the algebra of power operations
in Morava E-theory (see [12, §5.2]).
For v € PW,,(m), the composition
y®id

mo(R) —2 S(F,,m) @ To(R) % mo(R)

n

gives rise to a right action of PW,, on 7o(R), and hence m(R) is a PW,,-module. Fur-
thermore, 7y(R) is a commutative PW,-module algebra. By [12, Proposition 5.3], the
category of PW,-modules is equivalent to the category of S,-comodules Comod(S,,),
and the category of commutative PW ,-module algebras is equivalent to the category
of commutative S,-comodule algebras ComodAlg(S,,).

3.5. §,-comodules with compatible G,-action
Let E be a commutative ring. We suppose that a group G acts on . An E-module
M is said to be a twisted F-G-module if M is equipped with a G-action such that

glem) = g(e)g(m),
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for any g € G, e € E, and m € M. We denote by
G-Mod(FE)

the category of twisted E-G-modules and G-equivariant E-module homomorphisms.
This category is an immediate abstraction of the category of continuous Galois equiv-
ariant twisted Sy,-F/,-modules studied by Devinatz in [4]. Though we are not aware
of a reference for the following concepts, they are all natural, given the context that
we are working in. The category G-Mod(F) is a symmetric monoidal category with
the tensor product ® g and the unit object E. A twisted E-G-module is said to be a
twisted commutative E-G-algebra if it is a commutative monoid object in G-Mod(E).
A map of twisted E-G-modules between twisted commutative E-G-algebras is said
to be a twisted commutative E-G-algebra map if it is a map of commutative monoids
in G-Mod(E). We denote by

G-CAlg(E)

the category of twisted commutative E-G-algebras and twisted commutative E-G-
algebra maps.

Let T'= (E,{S(m)},s,t,i,c) be a graded Hopf algebroid without antipode. We
suppose that G acts on I'. A I'-comodule M is said to be a I'-comodule with compatible
G-action if M is a twisted E-G-module such that the comodule structure map M —
S(m) ®s g M is G-equivariant for any m > 0, where G acts diagonally on the right-
hand side. We denote by

G-Comod(T")

the category of I'-comodules with compatible G-action and G-equivariant comodule
maps.

It is easy to see that G-Comod(I") is a symmetric monoidal category. We say that
a commutative monoid object in G-Comod(T") is a commutative I'-comodule algebra
with compatible G-action. We denote by

G-ComodAlg(T")

the category of commutative I'-comodule algebras with compatible G-action and G-
equivariant comodule algebra maps.

By Proposition 3.2, the extended Morava stabilizer group G,, acts on the graded
Hopf algebroid S,, without antipode. Hence we can consider G,,-Comod(S,,) the cat-
egory of §,-comodules with compatible G,-action. The group G,, acts on PW,, by

(97) (@) = g(v(g~ " 2)),

for vy € PW,,(m),z € S(F,,m) and g € G,,. A PW,,-module M is said to be a PW,,-
module with compatible G,-action if M is a twisted E-G,-module and the action
map M x PW, — M is G,-equivariant, where G,, acts diagonally on the left-hand
side. The following proposition is easily obtained.

Proposition 3.3. The category of PW,,-modules with compatible G, -action and G, -
equivariant EO-module homomorphisms is equivalent to the category of S, -comodules
with compatible G,-action G,-Comod(S,). This equivalence restricts to an equiv-
alence between the category of commutative PW,,-module algebras with compatible
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Gy -action and the category of commutative S, -comodule algebras with compatible
Gy,-action G,,-ComodAlg(S,,).

For the remainder of this paper we use comodules over the Hopf algebroid S,
without antipode instead of modules over the algebra PW,, of power operations.

4. Operations in B,-theory

For a p-divisible group X over R € CL, we denote by X° the identity component
of X. For amap f: R — U € CL we denote by f*X or Xy the base change along f.

In [16] we defined the K (n)-local commutative ring spectrum B that is an extension
of E,. In this section, we introduce a commutative ring spectrum B,, that is equivalent
to B and study a natural S, 1-comodule structure on the B,,-cohomology of spaces,
which is an extension of the S§,41-comodule structure on the E,;-cohomology of
spaces.

4.1. The B,-theory

Let B4 be the (n + 1)st Morava E-theory. In order to distinguish EY and EY_;,
we write ES = W (Fpn+1)[ur, ..., u,]. Let Ly, be the Bousfield localization func-
tor with respect to K(n). We define the spectrum A,, by

Ay = Lgm)Enya-

The spectrum A, is an even periodic commutative ring spectrum. Note that the
degree 0 coefficient ring A is given by

Ay = (W((un))pluss - - un—al,

where W = W (F,nt1), W((u,)) is the ring of formal Laurent series over W with
variable u,, and (W((uy)));, is the completion of W ((u,)) at p.
We define the spectrum B,, by

B, = Lin)(EnAEni1).
We have ring spectrum maps
inc: E, — B,
which is given by the inclusion into the first smash factor of B,,, and
ch: E,y1 — B,

which is given by the inclusion into the second smash factor of B,. The map ch
induces a map of ring spectra

jr A, — By,
We use the same symbols for the induced ring homomorphisms on .

Let F be the composite field of F,» and Fpn+1, that is, the minimal field that
contains Fp» and Fjn+1. Note that

F = ]Fpn ®IFP Fpn,+1.

We have the commutative ring spectrum B constructed in [16]. In this paper, we
assume that the residue field of the local ring mo(B) is F.
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Lemma 4.1. The commutative ring spectrum B is equivalent to B,,.

Proof. For a finite extension k of F,, we denote by W (k) the ring of Witt vectors
with coefficients in k. Note that we have an isomorphism

W(F) = W(FP”) ®W(]Fp) W(Fpn+1).

Let S be the completion of the sphere spectrum S° at p. We denote by SW (k) the
commutative Sg—algebra obtained from Sg by adjoining roots of unity such that the
map Sy — SW (k) is a Gal(k/F,)-Galois extension of commutative S-algebras. We
set

R(k) = L n)SW (k).
Note that R(Fp) = L (n)Sp ~ Lk ()S°. We assume that Ly (,,)S” is a cofibrant com-
mutative S-algebra. We may also assume that the map Ly (,)S° = R(k) is a K(n)-
local Gal(k/FF,)-Galois extension of commutative S-algebras. There is an equivalence
R(F) = R(Fpn) ALy, 50 R(Fpn+1), (1)

of K(n)-local commutative S-algebras.

Let E! be the variant of the nth Morava E-theory spectrum such that the residue
field of (E)? is F and let EJ,,; be the variant of the (n + 1)st Morava E-theory
spectrum such that the residue field of (E/, ;) is F. We have a diagram

E;L <— R(F) — LK(n)E;LJrl,

of commutative S-algebras by [17, Proposition 3.4]. We assume that Ly, E;,,; and
E] are cofibrant commutative R(F)-algebras. In [17] we showed that there is an
equivalence

B ~ L) (Ey, ArE) L) Enyi)-

By [17, Proposition 3.4], we have a canonical map R(F,») — E,, of commutative S-
algebras up to homotopy. We may assume that E,, is a cofibrant commutative R(Fpn )-
algebra. Since E, Ar,.) R(F) is the K(n)-local commutative S-algebra obtained
from E,, by adjoining (p"*! — 1)th roots of unity, we see that there is an equivalence

E;L ~ En /\R(]Fpn) R(]F) (2)

In the same way, by [17, Proposition 3.4], we have a canonical map R(F,n+1) —
Lk (n)Eny1 of commutative S-algebras up to homotopy. We may assume that the com-
mutative S-algebra L,y Epy1 is a cofibrant commutative R(IF,n+1)-algebra. Since
Lk (n)En+1 AR, oi1) R(F) is the K(n)-local commutative S-algebra obtained from

L (n)En+1 by adjoining (p™ — 1)th roots of unity, we see that there is an equivalence
L)y Eni1 ™ L) Ens ARG 11) R(F). (3)
By equivalences (1), (2), (3), we obtain an equivalence
By Arw) Ly Ep1 = En Mg oy50 Lic(n) Ent,
of commutative S-algebras. By [5, Lemma 3.13], there is an equivalence

L) (En ALy (50 Lic(n)Ent1) ~ Lic(n)(En A Lic(n) Eny1)-

Hence we obtain an equivalence between B and B,,. O
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Since E,, and E, ;1 are Landweber exact, we have an isomorphism
W*(En A En+1) = 7T*(Ean) ®MU* MU*(MU) ®MU* 71-*(BjTH’l)’

where MU is the complex cobordism spectrum. Since p,w,...,w,_1 is regular in
the 7. (E,)-module m,(E, A E,t1), we see that m,(B,,) is the completion of 7. (E, A
E,+1) at the ideal (p,wy,...,w,_1). Taking a coordinate, we can regard F,, as a
formal group law over EO such that its p-series is given by
n .

Z o wiXpZ )

i=0
where X is a formal variable, wg = p and w,, = 1. Also, taking a coordinate, we can
regard F,, ;1 as a formal group law over EY 11 such that its p-series is given by

n+1 )

T
> Friy XP
i=0

where X is a formal variable, uyp = p and wu,+; = 1. Note that there is an isomor-
phism of formal group laws over B? between inc*F,, induced by the ring homomor-
phism inc: EY — B and ch*F, 4 induced by ch: EO,; — BY. The existence of an
isomorphism between the two formal group laws implies that (p,wq,...,wy_1) =
(psuiy .. up—1) as ideals of 7. (B, ). The spectrum B,, is an even periodic commu-
tative ring spectrum. By [16, §4], the degree 0 coefficient ring B is a complete
regular local ring with maximal ideal (p,w1,...,w,—1). Let L be the residue field
of BY. The field L is a Galois extension of F,((u,)) with Galois group isomorphic
to Gal(F/F,) x S,, and the fixed field of the subgroup S,, is F((u,,)). Since F is the
composite field of Fp» and IF,n+1, we have

Gal(F/F,) = Gal(Fyn /F,) x Gal(Fns1 /).

Hence Gal(F/F,) x S,, = Gal(Fn+1/F,) x G,, and L is a Galois extension of the field
Fpnt1((un)) with Galois group isomorphic to G,.

Let G = F,41[p™] be the p-divisible group over E, associated to the formal
group F,, 1. We denote by G, the base change along the map E’?L—‘rl — A%, The p-
divisible group associated to the formal group of A, is identified with the identity
component G. Let H = F,,[p™] be the p-divisible group over E? associated to the
formal group F,,. Suppose we have two maps f: A2 — Rand g: E? — R in CL. Then

we have two connected p-divisible groups f*GY and ¢g*H. We denote by

Iso(f*GY, g*H)
the set of all the isomorphisms of connected p-divisible groups between f*GY and
g*H, and by

Hom§ ,(B),, R)
the set of all the maps h: BY — R in CL such that hoj = f and hoinc = g.
Lemma 4.2. There is a bijection between Iso(f*GY, g*H) and Hom$ ,(BY, R).

Proof. Let MUP be the periodic complex cobordism spectrum. We have my(E,, A
An) = E,g ®MUP0 MUP()(MUP) ®1\/[UP0 A?L Since Bn ~ LK(n)(En A An), BO is the

n
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completion of mo(E, A A,) at the ideal I,, = (p,w1,...,w,—1). The lemma follows
from the fact that MU Py(MUP) classifies isomorphisms of formal group laws. O

4.2. Finite Subgroups on a p-divisible group

Let X be a p-divisible group over R € CL. We assume that the finite subgroup
X|[p"] is embeddable in a smooth curve in the sense of [9, (1.2.1)] for any r > 0. A
divisor on X is a closed subscheme which is finite and flat over R. The degree of a
divisor is the rank of the coordinate ring over R.

Definition 4.3. A finite subgroup of X is a divisor which is also a subgroup scheme.

For a finite subgroup K, we denote by degK the degree of K. Note that the degree
of a finite subgroup is a power of p. We denote by K° the identity component of K
and by mo(K) the group scheme of connected components. There is an exact sequence

0— K% — K — m(K) — 0,

of fppf sheaves of abelian groups.
For a nonnegative integer m, we define the functor

Sub(X, m)
over Spf(R) by assigning to U € CLr the set of all the finite subgroups of X of

m

degree p™.
Let Y be a p-divisible group over T' € CL. If there are a map f: R — T in CL and
an isomorphism
Y = X,
then a finite subgroup of Y can be regarded as a finite subgroup of f*X. This implies
that there is an isomorphism of functors

Sub(Y,m) = Sub(X,m) xgpe(r) Spf(T).

Now suppose that there is a one dimensional formal Lie group X’ of finite height
over R’ € CL and that X is obtained from the associated p-divisible group X'[p°°] by
base change along a map R’ — R. We do not assume that the map R’ — R is a local
ring homomorphism. By definition, there is a natural isomorphism

Sub(X'[p™],m) = Sub(X', m).
Since Sub(X’,m) is represented by S(X’,m), we obtain the following theorem.

Theorem 4.4. If there is a one dimensional formal Lie group X' of finite height
over R’ € CL and X is obtained from the associated p-divisible group X'[p™] by base
change along a map R’ — R, then Sub(X,m) is represented by the complete Noethe-
rian semilocal ring S(X',m) ®p: R so that

Sub(X,m) = Spf(S(X',m) @r R).
4.3. Extensions of p-divisible groups
Suppose there is an exact sequence of p-divisible groups
0—Y —>X—E-—0 (4)

over R € CL such that E is étale. For a finite subgroup K of X, weset L =Y xx K.
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Notice that L is a finite subgroup of Y and K/L is a finite subgroup of E. Assigning
K/L to K, we obtain a map of functors

m: Sub(X,m) — [ Sub(E,r),
o<r<m
for any m > 0. We identify A € Sub(E, r)(R) with the corresponding map Spf(R) —
Sub(E, r).
Definition 4.5. For 0 < r < m and A € Sub(E,r)(R), we define the functor
Sub(X,m, A)
over Spf(R) to be the fiber of 7 at A.

Assigning L to K, there is a natural transformation
Sub(X, m, A) — Sub(Y,m — r),

for 0 <r <m and A € Sub(E, r)(R). Let 0 € Sub(E, 0)(R) be the zero divisor. The
following lemma is easily obtained.

Lemma 4.6. We have an isomorphism of functors
Sub(X,m, 0) 5 Sub(Y,m),

for any m > 0.

Lemma 4.7. Let k be an algebraically closed field equipped with a map R — k in CL.
If Y is connected, then Sub(X,m, A)(k) is a one-point set for any m >0 and any
A€ Sub(E,r)(R) (0<r < m).

Proof. Notice that Y is isomorphic to the identity component X° and that E is iso-
morphic to the group scheme of connected components 7y(X). Since k is algebraically
closed, exact sequence (4) canonically splits over k. Hence we have X =2 Y x Ej.
The lemma follows from the fact that Sub(Y,m — r)(k) is a one-point set since Y is
connected. O

For an abelian group M and r > 0, we denote by Sub(M,r) the set of all the
subgroups of M with order p”. Now suppose E is constant. Then Sub(E,r) is a
constant sheaf associated to Sub(E(R),r). We identify A € Sub(E(R),r) with the
finite subgroup Ag of E. There is an isomorphism of functors

Sub(X,m) = [ ] Sub(X,m, A),
A

for any m > 0, where A ranges over [[, Sub(E(R), ).

Theorem 4.8. We suppose that X is obtained from the p-divisible group X'[p>]
associated to a one dimensional formal Lie group X' over R’ € CL by base change
along @ map R' — R. If Y is connected and E is constant, then Sub(X,m, A) is
represented by a complete Noetherian local ring S(X, m,A) for any m >0 and any
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A eI, Sub(E(R),r). There ezists a decomposition of S(X',m) ®p' R into a finite
product of complete Noetherian local rings

S(X',m)®r R=[]S(X,m,A),
A

for any m > 0, where the product is taken over A € []", Sub(E(R), ).

Proof. By Theorem 4.4, Sub(X,m) is represented by S(X';m) @ R. By [13, The-
orem 42], S(X’,m) is finite over R’. This implies that S(X,m) ®xr R is a complete
Noetherian semilocal ring. The theorem follows from Lemma 4.7. O

For a finite subgroup K of X, we denote by X /K the quotient as a fppf sheaf of
abelian groups. Note that X /K is a p-divisible group by [10, Proposition 2.7]. By the
snake lemma, we obtain the following lemma.

Lemma 4.9. There exists an exact sequence
0—Y/L—X/K—E/(K/L)—0,
of p-divisible groups over R.

4.4. The decomposition of S(Gg,m)

Recall that G = F,,;1[p>°] and H = F,,[p>°]. We denote by Gp the p-divisible
group over BY which is obtained from G by base change along the map ch: E? 11
B, and by Hp the p-divisible group over BY which is obtained from H by base

n

change along the map inc: EJ — BY. The maps ch: EO,(CP>) — BY (CP*™) and

inc: EY(CP>™) — B2 (CP*) induce an isomorphism of coimected p-divisible groups
0: GY 5 Hp,
where G}, is the identity component of Gg. Furthermore, there is an exact sequence
of p-divisible groups
0—-Hg — Gg — (Q,/Zp)s — 0 (5)

over B? by [18, Theorem 5.3].

We set S(Gg,m,r) = S(Gg, m,Qp/Zy[p"]) for 0 < r < m. For U € CLyo, we note
that Sub(Gg, m, )(U) is the set of all the finite subgroups K of G such that deg K =
p™ and deg K° = p™~". By Theorem 4.8, there is a decomposition

S(Fpi1,m) ® IB%?L%“HS(GIB,m,T).

s B r=0

4.5. Base change of graded Hopf algebroids without antipode
Let ' = (E,{S(m)}, s, t,i,¢) be a graded Hopf algebroid without antipode. Sup-
pose B is a commutative ring equipped with a ring homomorphism £: £ — B. Set

V(m) = S(m) @ B,

for each m > 0. We define maps s/,: B — V(m) form > 0and ¢: V(0) - Bby s/, =
sm ®idp and i’ = i ® idg, respectively. We set 1, = idg(m) ® §: S(m) = S(m) @, g
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E — S(m) ®s, g B = V(m) for m > 0. Suppose there is a ring homomorphism
t.: B —V(m),
for each m > 0 such that ¢, 0 £ = 1y, o t,,. Note that there is an isomorphism
V(m') @y gy V(m) =2 S(m') @5+ S(m) @s g B,

for any m,m’ > 0. We define the map ¢, .- V(m +m') = V(m') @y pv V(m) for
m,m’ >0 by ¢, ,, = cmm ®idp. The following lemma is easily obtained.

Lemma 4.10. The data ¥ = (B,{V(m)},s',t',i',c') is a graded Hopf algebroid with-
out antipode if and only if B is a commutative I'-comodule algebra by the maps
t,: B— S(m)®s.g B for m>0. If this holds, then the map (§,{nm}): T' — X is
a map of graded Hopf algebroids without antipode.

For the remainder of this subsection, we assume that B is a commutative I'-
comodule algebra by the maps ¢/, for m > 0. Let R: Mod(B) — Mod(E) be the
forgetful functor. We can easily verify that R induces a functor

R: Comod(%) — Comod(T").

Let L: Mod(F) — Mod(B) be the extension of scalars functor given by L(M) =
B ®p M. Since Comod(T") is a symmetric monoidal category and B is a commutative
I'-comodule algebra, RL(M) has a I'-comodule structure if M € Comod(I").

Lemma 4.11. Let M be a B-module. The map R(u): RLR(M) — R(M) is a map of
I'-comodules if M is a 3-comodule, where u is the counit map. Conversely, if R(M) is
a T-comodule and R(u) is a map of T'-comodules, then M has a ¥-comodule structure
such that R(M) is the given T'-comodule.

Proof. Suppose N is a B-module and a I'-comodule. We can verify that the I'-
comodule structure maps N — S(m) ®s g N 2 V(m)®y g N for m >0 give N a
Y-comodule structure if and only if the multiplication map B ® p N — N is a map
of I'-comodules. This completes the proof. ]

If M € Comod(T"), then RL(M) = B®g M € Comod(I'). Furthermore, the mul-
tiplication map B ®p B®g M — B®g M is a map of I'-comodules since B is a
commutative I'-comodule algebra. By Lemma 4.11, we see that the functor L extends
to a functor

L: Comod(T") — Comod(X).
Proposition 4.12. There is an adjoint pair of functors
L: Comod(T") = Comod(X): R,

where the left adjoint L is the extension of scalars functor and the right adjoint R is
the forgetful functor.

Proof. Let M € Comod(T') and N € Comod(X). It is not hard to see that the counit
LR(N) — N is a map of ¥-comodules and that the unit M — RL(M) is a map of
I'-comodules. The natural bijection Homyoq(g) (M, R(N)) = Homyioq(py (L(M), N)
restricts to a bijection between Homeomoa(ry (M, R(N)) and Homgomeacs) (L(M), N).

O]
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It is not hard to see that R is a symmetric monoidal functor and that L is a strong
symmetric monoidal functor. Hence we obtain the following corollary.

Corollary 4.13. There is an adjoint pair of functors
L: ComodAlg(T") = ComodAlg(X): R.

4.6. The graded Hopf algebroid Sp without antipode

We construct a formal graded Hopf algebroid Sg = (B2, {S(Gg,m)}, s, 1,1, ¢) with-
out antipode in this subsection.

Let s2 : B2 — S(Gg,m) be the inclusion for m > 0, and i®: S(Gg,0) — B? the
canonical isomorphism. There is a decomposition S(Gg,m) = [[/-, S(Gg,m,) by
Theorem 4.8. We denote by pp,.,: S(Gg,m) — S(Gp,m,r) the projection for 0 <
r < m. We set S]?;w, = Py 0 S2.

The map ch: EY ; — BY induces a map of semilocal rings

ch(m): S(Fp41,m) — S(Gg, m),
for m > 0. We define the map
ch(m,r): S(Fpi1,m) — S(Gg,m, ),

for 0 <r < m to be the composition p,,, och(m). The map ch(m,r) induces an
isogeny of p-divisible groups

ch(m, r)*\IlfL"“ : (SITB;’T)*GB — ch(m, r)*(tﬁ"“)*(},

from the isogeny of formal groups Pl sEFn =t Foyg.

Let S(Gg,m,r) — R be a map in CL for 0 < r < m, and let Ag be the corre-
sponding finite subgroup of Gr. We put By = Hy xq, Ar. By exact sequence (5),
we see that Bp is a finite subgroup of Hr with degree p”~", and we obtain a map
of local rings

inc(m,r): S(Fp,m —r) — S(Gg,m, 7).

) B En,
Notice that s,, ,. oinc = inc(m,r) o s, ..

~

Lemma 4.14. The isomorphism 0: G} = Hg induces an isomorphism
?Z (GR/AR)O = HR/BR7
of connected p-divisible groups over R.

Proof. This follows from Lemma 4.9. L]

Lemma 4.15. The composition ch(m,r) o th': E%., — S(Gg,m,r) extends to a

map f: A2 — S(Gg,m,r) of local rings for any 0 < r < m.

Proof. We have an isomorphism of formal groups s}, F,+1/A =t} F,, 11 over the ring
S(Fy41,m), where A is the universal finite subgroup of s F,, 1. This implies that
there is an isomorphism of p-divisible groups s G/A = t* G. Put R = S(Gg,m,r),
h = ch(m,r) o s, and k = ch(m,r) o t,,. We have an isomorphism h*G/Ar = k*G.
By Lemma 4.14, (h*G/AR)? =2 Hp/Bg, and hence (k*G)° = Hpr/Bgr. Since the
height of Hp is n, we see that the height of (k*G)? is n. This implies that ¢ (u;) = 0
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(i < n) and ¥ (u,) # 0 in the residue field of R. Hence k extends to a map f: AY — R
since R is a complete local ring. O]

Proposition 4.16. For any 0 < r < m, there exists a unique map of local rings

tIEnyr: B — S(Gg,m,7)

satisfying
IB ’VL
tmroch = ch(m,r)oty ",
t8 oinc = inc(m,r)otlr,,

and making the following diagram commute

ch(m,r)* \Ili"'*'1

*O
er

*@

Proof. Put R = S(Gg,m,r). For the extension f: AY — R of ch(m,r)o thr . given
in Lemma 4.15, we have the isogeny ch(m, r)* Yl (s m)r) G = G — f*Gy. This
induces an isomorphibm f*Ga = Gr/ARg, where Apg is the universal finite subgroup.
For g = ch(m,r) o tZ"  we have the isogeny inc(m,r)* Wk (sp.)Hg =Hp —

¢*Hpg. This induces an isomorphism ¢*H =~ Hpr/Bgr. By Lemma 4.14, the isomor-

(tm,r) G2

J(tﬂfn )6 (6)
inc(m,r)* pEn

»)"Hg — (Sm.r) Ha.

phism 6: GJ 5 Hp induces an isomorphism 6: f*G9 22 g*H of connected p-divisible
groups over R. The proposition follows from Lemma 4.2. ]

We define the map £ : B — S(Gg,m) for m > 0 by

m H tm

The isogeny of formal groups Wi+ : st Fpi1 — t5F, 1 induces an isogeny of p-
divisible groups

UE . s* G — t* G,
over S(Gg,m), which is a disjoint union of the isogenies

B Lox *
\Ifm’r. Sm,rGlB — tm’TGB,

for 0 < r < m. Notice that the kernel of \I/]EM. is a universal finite subgroup of s}, . Gp
over S(Gg,m,T).

There is an isomorphism between S(F, 11, m")®; go +1¢S(Fn+1, m)®S7E?L+IIB%9L and
S(Gp,m' )@, m0 +5(Gp, m) for any m,m’ > 0 by the isomorphism between S(Gg,m)
and S(F,, 1, m) ®s,59,, BY for m > 0. We define the map

&, 8(Gg,m+m') — S(Gg,m') © S(Gg,m),

m)
s,BO .t

n?

B :
for m,m’ >0 by ¢, ., = ¢,0 0 @ idgo .
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Lemma 4.17. The map C]EL/J” induces a map of local rings

&, S(Gy,m4+m! r+1') — S(Gg,m',r") @ S(Gg,m,T),
S 5,BO t

for any 0 <r <m and any 0 < v’ <m'.

Proof. Suppose there are isogenies of p-divisible groups f: Gy — G2 and g: Gy —
G3 over R € CL such that degker(f) =p™ and degker(g) = p™ . If degker(f)° =
p™~" and degker(g)? = p™ ="', then deg ker(g o f)0 = pmtm' =r=r" Hence the map
(Pm’ 7 @ D) © C]’?;Ll,m factors through S(Gg, m +m/,r +r'). O

The following lemma is easily obtained.

Lemma 4.18. There is a commutative diagram

E,
c’n

S(Fp,m+m! —r—p/) —mrimer SFnm' =) © S(Fnm—r1)

inc(m-i—m/,r-i-r')l J/mc(m r )®1nc m,r)

C
m! m,r!r

S(Gg,m+m/,r+1)

S(GB7m/,T/) & S(GB7m7T)7
B
for any 0 <r <m and any 0 <" < m'.

Proposition 4.19. There is a commutative diagram

B
EO m4m/! r4r!
n

S(Gg,m+m/,r+1r")

B B
tnz’,r’l Jcm/,7n,r’,r

id Bt »
S(Gg,m’,r") 5Gpom ) B, S(Gg,m’,r") ]g@ . S(Gg,m,r),
S,

n?’

forany 0 <r <m and any 0 <" < m'.
Proof. This is obtained by Lemma 4.2, Proposition 4.16, and Lemma 4.18. O

Corollary 4.20. The maps t2: B? — S(F,41,m) ®,,50,, By, make B) into a com-
mutative Sy,41-comodule algebra.

We use abbreviations s,t,i,c for s2 2 % B m (m,m’ > 0), respectively, when

mo m’ » “m/

there is no confusion. By Lemma 4.10, we obtain the following theorem.
Theorem 4.21. The data Sg = (B, {S(Gg,m)}, s,t,1i,c) represents a formal graded
affine category scheme. The map ch induces a map ch: S,11 — Sp of graded Hopf

algebroids without antipode.

By Proposition 4.12 and Corollary 4.13, we obtain the following proposition.
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Proposition 4.22. There is an adjoint pair of functors
Lyy1: Comod(S,41) S Comod(Sg): Ry,
where the left adjoint L,y is the extension of scalars functor given by L, (M) =

B? ®po,, M for M € Comod(S,,4+1) and the right adjoint R, 1 is the forgetful func-
tor. This induces an adjoint pair of functors

L, 11: ComodAlg(S,,+1) = ComodAlg(Sg): Ryt

5. Comparison of comodules over the Hopf algebroids

In this section, we construct a functor which compares the category of S,41-
comodules with compatible G, 1-action and the category of S,,-comodules with com-
patible G,,-action.

5.1. The group G, 1
Recall that F is the composite field of Fp» and Fyn+1 in this paper. In [17, §5] we
constructed a commutative S-algebra C and the action of the profinite group

G = (Gal(F/Fp) X Sn) XGal(F/]Fp) (Gal(]F/IFp) X Sn+1)
on C in the category of commutative S-algebras (see [17, Lemma 5.3]). We set
Gn,n+1 = Gn X Gn+1~
There is an isomorphism
(Gal(F/F,) x Sp) XGaie/r,) (Gal(F/Fy) x Spq1) = Gal(F/Fp,) x (Sy X Spy1)-
By the isomorphism Gal(F/F,) = Gal(F,- /F,) x Gal(F,n+1/F,), we obtain an iso-
morphism
G= Gn,n+1~

Hence G, ,,4+1 acts on C in the category of commutative S-algebras. The commutative
S-algebra C is a model of the ring spectrum B constructed in [16] by [17, Theorems 4.1
and 5.4]. Note that the spectrum B in [16] is the spectrum B in [17]. Hence we may
think that B is a commutative S-algebra and the group G, 41 acts on B in the
category of commutative S-algebras.

By the work of Goerss-Hopkins in [6], we have the action of G,, on E,, and the
action of G, 11 on F, 1 in the category of commutative S-algebras. These two actions
induce an action of G, 5,41 on B, = LK(n)(En A En11) in the category of commuta-

tive S-algebras. We see that the actions of G, ,,+1 on B and on B,, are compatible on
the point-set level under the equivalence in Lemma 4.1 by the following lemma.

Lemma 5.1. There is an equivalence B,, = B of commutative S-algebras, which is
Gy nt1-equivariant on the point-set level.

Proof. We use the notation in the proof of Lemma 4.1. We regard the commutative
S-algebra C as a model of the ring spectrum B. By definition, we have

C = L (B Arw) Licny Ensa)
(see [17, §5]). The group G acts on E!, through the projection G — Gal(F/F,) X S,,
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on Ly By, | through G — Gal(F/F,) x S,,41, and on R(F) through G — Gal(F/F,)
in the category of commutative S-algebras. Since the maps R(F) — E;, and R(F) —
Ly m)E, , are G-equivariant, the group G = G,, 11 acts on C in the category of
commutative S-algebras.

By (2), we have the equivalence Ej, ~ E,, Agr(,.) R(F) of commutative S-algebras.
By the inclusion into the left factor, we obtain a map E,, — E! of commutative S-
algebras. This map is G-equivariant on the point-set level, where G acts on F,, through
the projection G = Gy, ny1 — G,. By (3), we have the equivalence Ly (,)E} ;1 ~
LgnyEnt1 A R(E, 1) R(F) of commutative S-algebras. By the inclusion into the left
factor after the K'(n)-localization, we obtain a map E, 41 — L) E,, 1 of commu-
tative S-algebras. This map is G-equivariant on the point-set level, where G acts on
E, 41 through the projection G = Gy, 5,41 — Gp41. These two maps induce a map

By, = Li(n)(En A Ent1) — Lg(n)(E), Ar@) Lxm)Ey 1) =C

of commutative S-algebras. By Lemma 4.1 and its proof, this map is an equivalence
of commutative S-algebras. By the construction, we see that this map is equivariant
with respect to the actions of G = G, ;,+1 on both sides. O

By [17, Theorem 5.6], the action of G on C in the category of commutative S-
algebras is a lifting of the action on B in the stable homotopy category. In particular,
the induced action of G, ;11 on the commutative ring IB%?L coincides with the action on
B considered in [16] (see [16, Theorem 4.15] for the action of G on the cohomology
theory B*(—)). Now we shall consider the category

Gn,7z+1‘MOd(B9z)

of twisted B2-G,, ,41-modules.
By [16, Corollary 6.4], the fixed subring of B? under S,, ;1 is isomorphic to (E/,)°:

(By) = (E,)°.

We note that S,,1; is a normal subgroup of Gy, ,,+1 and there is an isomorphism
Gnynt1/Snt1 = Gy x Gal(Fyn+1 /Fy). Hence the group G, x Gal(F,n+1/F,) acts on
the commutative ring (E7,)°.
Since
(B,)° = E) @wE,.) W(F)
& E.?L QW (F,) W(Fpn+1)

and the inclusion map W(F,) — W(F,.+1) is a Galois extension of commutative
rings with Galois group Gal(F,n+1/F,), the inclusion map EY — (E/,)° is also a Galois
extension of commutative rings with Galois group Gal(F,»+1 /) (see, for example, [7,
Lemma 1.11]). In particular, we obtain an isomorphism

(B1)0) 5 ) = RO,
Hence we see that the map inc induces an isomorphism
EY =5 (B)Cn+t,
Thus, we can define the functor

Fo: Gy py1-Mod(BY) — G,,-Mod(E?)
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by assigning the G,,41-invariant submodule M Gnt1 to a twisted E?L—Gn,nﬂ—module
M. We can easily see that the extension of scalars functor L, i1: Mod(ETOLH) —
Mod(B?) extends to a functor

Lpt1: Guypr-Mod(EY, 1) — Gy, 1-Mod(BY).
We define the functor
C: Gpy1-Mod(EL, ;) — G,-Mod(E?)
to be the composition F;, L, 1. The functor C' induces a functor
C: Gpy1-CAlg(EY, ;) — G,-CAlg(E?).

For any spectrum X, we have E0(X) € G,-Mod(E?). Furthermore, if X is a space,
then EQ(X) € G,-CAlg(EY?).
Lemma 5.2. The map inc: EQ(X) — BY(X) induces a natural isomorphism

ER(X) = Fu(BY (X))
in G,-Mod(E?) for any spectrum X. If X is a space, then this is an isomorphism in
G,-CAlg(EY).
Proof. By [16, Theorem A], the inclusion map (E/,)°(X) — BY (X) induces a natural
isomorphism
(E7)°(X) — B (X)*+,
in (Gal(F/F,) x S,)-Mod((E.)°) for any spectrum X. Note that Gal(F/F,) x S,, =
Gy x Gal(IFyn+1/IF,). Since ((E)0)CalEpnsa /o) o B0 we obtain a natural isomor-
phism
(240 ()G Eyrrs /) o B (X))o,
of twisted E9-G,,-modules. Since
(E7,)°(X) = EQ(X) @ww,n) W(F)
= ES(X) Qw (F,) W(Fpn-u)

and the inclusion map W (FF,) — W (F,n+1) is a Galois extension of commutative rings
with Galois group Gal(Fn+1/F),), we see that the inclusion map EQ(X) — (E},)"(X)
induces a natural isomorphism

()0 (X) Gt B0) o 50X

(see, for example, [7, Theorem 7.1]). Hence we see that the map inc: E2(X) — B (X)
induces a natural isomorphism

BY(X) — Fa(B(X)),

in G,,-Mod(E?) for any spectrum X. If X is a space, then this is an isomorphism in
G,-CAlg(E?) since inc: E2(X) — BY(X) is a map of commutative rings. O

Let MUP be the periodic complex cobordism spectrum. When X is a finite
spectrum, we have isomorphisms E9 | (X) = E2 | ®pyppo MUPY(X) and BY (X) =
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B’ ®ppp0 MUP(X) = BY ®po E. 1 @ymupo MUP?(X). Hence there is a natu-
ral isomorphism BY (X) = BY ®R9,, E9%.,(X). This implies that there is a natural
isomorphism

Ep(X) = C(Bny, (X)),

in G,,-Mod(E?) for any finite spectrum X. If X is a finite complex, then this is an
isomorphism in G,,-CAlg(E?).

5.2. Group action on the base change of a Hopf algebroid

We let T'=(E,{S(m)},s,t,i,¢) be a graded Hopf algebroid without antipode
equipped with an action of a group G. Suppose that there is a map £: E — B of
commutative rings and that, as in Lemma 4.10, we can form a graded Hopf algebroid
Y = (B,{V(m)},s,t',i,c) without antipode. If G acts on B and ¢ is G-equivariant,
then G acts diagonally on V(m) = S(m) @, g B for m > 0. The following lemma is
easily obtained.

Lemma 5.3. If t,,: B — V(m) is G-equivariant for all m >0, then G acts on the
graded Hopf algebroid ¥ without antipode and the map (&, {idgm) ®£}): T' = ¥ of
graded Hopf algebroids without antipode is G-equivariant.

For the remainder of this subsection, we assume that G acts on B and that £: ' —
B and t],: B— V(m) for all m > 0 are G-equivariant.

Let H be a normal subgroup of G. If the restriction of the G-action to H is trivial
on F, then there is an adjoint pair of functors

L: (G/H)-Mod(E) = G-Mod(B): F,

where the left adjoint L is the extension of scalars functor and the right adjoint F
assigns to N € G-Mod(B) the H-invariant submodule N .

We suppose that the restriction of the G-action to H is trivial on S(m) for all
m > 0. This implies that H acts trivially on E. Furthermore, we suppose that S(m) is
a projective module over F via s,, for all m > 0. If F is a free E-module with trivial H-
action and N is a twisted E-H-module, then F ® g N is isomorphic to the coproduct
of copies of N as twisted E-H-modules. Hence we have (F ®@p N)? = F@p N7 If
P is a projective E-module with trivial H-action, then (P @ N)# = P @ N since
P is a direct summand for some free F-module with trivial H-action. Hence we see
that there is a natural isomorphism

(S(m) ®s,5 N) =2 S(m) @, N,

for any twisted F-H-module N and any m > 0. We can extend Proposition 4.12 and
Corollary 4.13 as follows.

Proposition 5.4. Let I' = (E,{S(m)},s,t,i,¢) be a graded Hopf algebroid without
antipode equipped with an action of a group G. We assume that S(m) is a pro-
jective module over E wvia s, for all m > 0. We also assume that there is a map
& E — B of commutative rings and that we can form a graded Hopf algebroid ¥ =
(B,{V(m)},s',t',i, ") without antipode as in Lemma 4.10. Furthermore, we assume
that the map & and t,,: B — V(m) for allm > 0 are G-equivariant.
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If a normal subgroup H of G acts trivially on S(m) for allm > 0, then there is an
adjoint pair of functors
L: (G/H)-Comod(T') = G-Comod(X): F,

where the left adjoint L is the extension of scalars functor and the right adjoint F is
given by F(N) = N for N € G-Comod(X). This induces an adjoint pair of functors

L: (G/H)-ComodAlg(T") = G-ComodAlg(X): F.
5.3. The G, ,41-action on Sg

The group G, ,+1 acts on exact sequence (5) and hence we have a map of exact
sequences

0 HB G[B; (Qp/Zp)B — 0
lpn(g) lpc(g) JPE(g) (7)
0 Hg Gg (Qp/Zp)y —— 0,

for g € Gy, 41 covering the action on BY. Note that pp(g) is the identity map for
g € G141 and that pg(g) is the identity map for g € G,, (see [16, §4]). This induces an
action of G,, 5,41 on S(Gg, m) for m > 0. In particular, we obtain an action of Gy, ;41
on S(Gg, m,r) for 0 < r < m such that the projection p,, ,: S(Gg, m) — S(Gg, m, 1)
is G, py1-equivariant.

Recall that there is an isomorphism S(Gg,m) = S(Fn+17m)®s)E2+lE%% for any
m > 0. We suppose that G,, ,,+1 acts diagonally on S(F,,11, m)®S’E2+1B(BL7 where the
action on S(F,41,m) is given through the projection G,, ,+1 — Gy41. The following
lemma is easily obtained.

0

Lemma 5.5. For any m >0, the isomorphism S(Gg,m) = S(Fn+1,m)®s,E9HBn

respects the Gy, 5,41-actions.

By Lemma 4.6, we have an isomorphism S(Gg,m,0) = S(F,,, m)® goBY, for any
m > 0. We suppose that G,, 41 acts diagonally on S(Fn,m)@)syEng, where the
action on S(F,,,m) is given through the projection Gy, 41 — G,,.

Lemma 5.6. The isomorphism S(Gg, m,0) = S(F,, m)®s7E2]B%g respects the actions
of Gy py1 for any m > 0.

Proof. By diagram (7) and the isomorphism 6: GY = Hg, we obtain py(g) 06 =
00 pc(9)? for g € Gy, ny1. The lemma follows from the fact that prr(g) is the identity
map for any g € G, 41. O

The following lemma is obtained in the same way as Lemma 5.6.

Lemma 5.7. The map inc(m,r): S(F,,,m —r) — S(Gg, m,r) is G,, n4+1-equivariant
forany 0 <r < m.

Lemma 5.8. The map th, .: B) — S(Gg,m,7) is Gy ni1-equivariant for any 0 <
r<m.
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Proof. We put R = S(Gg,m,r).For g € Gy, 41, welet h=go t]?;w, and k = t%r og.
We can verify that hoj =k ojand h o inc = k o inc. Recall that we have the fixed iso-
morphism 6: GY = Hg. By Lemma 4.14, 6 induces an isomorphism 0: (Gr/AR)° 5
Hpr/Bg. By Lemma 4.2, the map h corresponds to the isomorphism ¢g*#. On the other
hand, we have an isomorphism ¢g*6: g*GI% 5 g"Hp. This induces an isomorphism
g*0: g*Ci%/g*A?{ 5 g*HRr/g*Br. The map k corresponds to the isomorphism g*0.
Since g*0 = g*# under canonical identifications, we obtain h = k by Lemma 4.2. [

Corollary 5.9. The maptZ,: BY — S(F,11,m) ®s,B9, B is Gy, 54 1-equivariant for

any m = 0.

1

We suppose G, 41 acts on S,,41 through the projection Gy, 11 — Gpyi.

Theorem 5.10. The profinite group Gy, n41 acts on Sg and the map ch: S, 11 — Sg
s Gy ni1-equivariant.

Proof. This follows from Lemma 5.3 and Corollary 5.9. O

5.4. The graded Hopf algebroid S without antipode

We let s, = 57, o B) — S(Gg,m,0) be the inclusion, and we let t,, = £, o: B) —
S(Gg,m,0) for m > 0. We let i: S(G,0,0) — BY be the canonical isomorphism. By
Lemma 4.17, we have a map

Contom = c?;l,7m70)0: S(Gg,m+m',0) — S(Gg,m’,0) ‘]g% t S(Gg,m,0),

n

for m,m’ > 0. Note that S(F,,m’) ®, go; S(Fn,m) @ go BY is isomorphic to the
target of the map ¢,/ .. We can identify C]Em,m’,O,O with cﬁ’jm, ® idgo by Lemma 4.18.
By Proposition 4.19, we can see that the maps t,, o: By = S(F,,m) ®, go B, for
m > 0 make B? into a commutative S,-comodule algebra. /

The action of G,, 41 on S(Gg,m) restricts to an action on S(Gg,m,0) and the
map t,,: BY — S(Gg,m,0) is G,, 1 1-equivariant for any m > 0 by Lemma 5.8. We
suppose that G,, 41 acts on S, through the projection G, 41 — G,. By Lem-
mas 4.10 and 5.3, we obtain the following theorem.

Theorem 5.11. The data S = (B?,{S(Gg,m,0)},s,t,i,c) is a graded Hopf alge-
broid without antipode. The map inc induces a map inc: S, — S of graded Hopf
algebroids without antipode. The group G, 11 acts on 8§ and the map inc: S,, — SY
is Gy ny1-equivariant.

The projections pp, o: S(Gg, m) = S(Gg,m,0) for m > 0 induce a map po: Sp —
8 of graded Hopf algebroids without antipode. Since py, ¢ is G, n41-equivariant, we
see that the map pg: Sp — S]g is Gy, n41-equivariant.

Let Yarm: M — S(Gp,m) @, g0 M for m > 0 be the comodule structure map for
an Sg-comodule M. The composition (pm,0 ® idar) © Yarm: M — S(Gg,m,0) ®s,Bo
M gives M an Sﬁ—comodule structure. Furthermore, if M € Gy, ;,+1-Comod(Sg), the
map (Pm,0 @ 1idar) © Yasm i Gy ny1-equivariant for all m > 0. Hence we obtain a
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functor
Py: Gy pt1-Comod(Sg) — Gn,nH—Comod(SIg).
This functor restricts to a functor
Py: Gy p41-ComodAlg(Sp) — GnﬁnH—ComodAlg(S]g).
5.5. Comparison of comodules with compatible action

In this subsection, we construct a comparison functor and prove our first main
theorem.

Proposition 5.12. There exists an adjoint pair of functors
L1 Gpy1-Comod(Sp41) S Gy pt1-Comod(Sg) : Froga,

where the left adjoint L,+1 is the extension of scalars functor and the right adjoint
Foy1 is given by Fni1(N)= N® for N € Gnont1-Comod(Sg). This adjoint pair
induces an adjoint pair of functors

Lyt1: Gpy1-ComodAlg(S,41) S Gy py1-ComodAlg(Sg) : Fry.

Proof. This follows from Proposition 5.4, Theorem 5.10, and the fact that S(F,,+1,m)
is a free module over EY , via s,, for all m > 0. O

In the same way we obtain the following proposition.

Proposition 5.13. There is an adjoint pair of functors
Ly : G,-Comod(S,) = G, s 1-Comod(S) : Fy,

where the left adjoint L, is the extension of scalars functor and the right adjoint F, is
given by F,(N) = NC+1 for N € G,, ,+1-Comod(S89). This induces an adjoint pair
of functors

Ly G,-ComodAlg(S,) S Gy, 11-ComodAlg(S)): F,.

Proof. This follows from Proposition 5.4, Theorem 5.11 and the fact that S(F,,, m)
is a free module over Eg via s,, for all m > 0. O]

The following is our first main theorem.
Theorem 5.14. There is a functor
C': Gpy1-Comod(S,41) — G,-Comod(S,,)
given by
C(M) = (BY @pg | Mo+,
for M € G, 41-Comod(S,,+1). Furthermore, this functor induces a functor
C': Gp41-ComodAlg(S,,+1) — G,,-ComodAlg(S,,).

Proof. We have the functors L,41: Gy,q1-Comod(S,+1) = Gy py1-Comod(Sp) and
F.: Gy ny1-Comod(S2) — G,-Comod(S,,) by Propositions 5.12 and 5.13. We obtain
the desired functor C' as the composition F,, PyL;,4+1. O
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5.6. Morava E-theories with power operations

Let S be the stable homotopy category. For a spectrum Z, we denote by A(Z)
the full subcategory of the over category (S | Z) whose objects are maps Zy — Z
with Z) finite. Let X be a CW-complex and let {X,} be the filtered system of
all the finite subcomplexes of X. We denote by {¥°X,} the filtered system in S
obtained by applying the functor £3°(—) to {X,}. Note that we can regard {3 X,}
as a subcategory of A(X3°X) and the inclusion functor from {¥°X,} to A(X°X) is
cofinal (see, for example, [8, Definition 2.3.8] for the definitions of a filtered category
and a cofinal functor).

Since B? is a complete Noetherian local ring, B is a linearly compact B2-module
with respect to the I,-adic topology, where I,, = (p,wy,...,w,—1) is the maximal
ideal of BY (see [8, Definition 2.3.13] for the definition of a linearly compact module).
Since B,, is an even-periodic commutative ring spectrum with B? Noetherian and
linearly compact, there is a natural isomorphism

BY(X) = 1im BY(Z,)

by [16, Lemma 3.4], where the limit is taken over (Zy — X3X) € A(XX). Since
the inclusion functor from {¥3°X,} to A(X3°X) is cofinal, we obtain a natural iso-
morphism

BA(X) = lim B(X.), ®)

If X is a finite complex, then we have a natural isomorphism B?(X) =~ B? ® E9,,

E? ., (X). The natural commutative S,,;1-comodule algebra structure with compat-
ible G,,11-action on EY ;(X) produces a natural commutative Sg-comodule algebra
structure on B (X) with compatible G, ,,+1-action by Proposition 5.12. Using iso-
morphism (8), we obtain a natural commutative Sg-comodule algebra structure on

BY (X)) with compatible G, ,,+1-action
BY)(X) € Gy ni1-ComodAlg(Sg),

for any space X since S(Gg,m) is a finitely generated free BY-module via sE, for all
m > 0. Let W% : BY(X) — S(Gg,m) @, p0 B (X) be the comodule structure maps,
and we set W5, o = (pm,o ® 1) o UF : B) (X) = S(Gg,m,0) ®, g0 B (X) for m > 0.

m

Lemma 5.15. There is a natural commutative diagram

E’Vl
EY(X) — S(Fn,m) © E(X)
s, B9
inCJ Jinc(m,O)@inc
\II]EVLU
BO(X) —— ™ s §(Gp,m,0) @ BI(X),
s,B

n

for any space X and any m > 0.

Proof. By (2, Proposition 3.7], an unstable ring operation between Landweber exact
cohomology theories is determined by its values on the one-point space and the infinite
complex projective space CP*°. Hence it is sufficient to show that the diagram is
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commutative when X is the one-point space and when X is CP*°. If X is the one-point
space, then the diagram is commutative since ¢, , o ch = ch(m,0) o thr " and bt 0©
inc = inc(m, 0) o tEn . If X = CP*, then we see that the diagram is commutative by
commutative diagram (6). O

Proposition 5.16. The natural map inc: EO(X) — B (X) induces an isomorphism
E}(X) 2 F, Py(By (X)),
of commutative S,,-comodule algebras with compatible G, -action for any space X.

Proof. The map inc: E2(X) — BY(X) induces an isomorphism E9 (X)) 5 F, (BY (X))
in G,,-CAlg(EY) by Lemma 5.2. By Lemma 5.15, we see that this is an isomorphism
of commutative S,,-comodule algebras with compatible G, -action. ]

Theorem 5.17. For any finite complex X, there is a natural isomorphism
Ep(X) = C(Ep (X)),
of commutative S,,-comodule algebras with compatible G,,-action.

Proof. We have a natural isomorphism B (X) & L, 1 (ES ; (X)) of commutative Sg-
comodule algebras with compatible G, ,,1-action when X is a finite complex. The
theorem follows from Proposition 5.16. L]
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