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ON THE COHOMOLOGY OF ORIENTED GRASSMANN
MANIFOLDS

JULIUS KORBAS AND TOMAS RUSIN

(communicated by Donald M. Davis)

Abstract

This paper presents a new approach to studying the kernel
of the additive homomorphism from HY(G,, ;) to HITY(G,, 1)
given by the cup-product with the first Stiefel-Whitney class
of the canonical k-plane bundle over the Grassmann manifold
G 1 of all k-dimensional vector subspaces in Euclidean n-space.
This method enables us to improve the understanding of the
Zy-cohomology of the “oriented” Grassmann manifold G,, ; of
oriented k-dimensional vector subspaces in Euclidean n-space.
In particular, we derive new information on the characteristic
rank of the canonical oriented k-plane bundle over G, , and the
Zo-cup-length of én,k. Our results on the cup-length for three

infinite families of the manifolds C~}’n73 confirm the corresponding
claims of Fukaya’s conjecture from 2008.

Dedicated to Professor Ulrich Koschorke on the occasion of his 75-th birthday.

1. Introduction

The Zy-cohomology algebra of the “unoriented” Grassmann manifold G, (k <
n — k) of k-dimensional vector subspaces in R™ has a simple description in terms of
generators and relations [3]: we can write

H*(Gni) = Zown, ..., wi]/Ink, (1)

where dim(w;) = ¢ and the ideal I, j is generated by the k homogeneous components
of (1+w;+ - +wg)~! in dimensions n —k+1,...,n. If v, (briefly v) denotes
the canonical k-plane bundle over G,, 1, then the indeterminate w; is a representative
of the ith Stiefel-Whitney class w;(7) in the quotient algebra H*(G,, x). For w;(7),
we shall also use w; as an abbreviation. Note that all cohomology in this paper will
be taken with coefficients in Zs. Also note that w; = w;(v) should not be confused
with the Stiefel-Whitney classes of the manifold, namely w;(Gp 1) = w;(T'G,, k), the
Stiefel-Whitney classes of its tangent bundle.
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Besides 7, and its (n — k)-dimensional orthogonal complement fyf;) . (briefly v1),
over G, ;, we have a nontrivial line bundle £ = det(vy) = det(y*). Then the “oriented”
Grassmann manifold émk of oriented k-dimensional vector subspaces in R™ which,
of course, is a double cover of G,, i, can be interpreted as the 0-sphere bundle of £
([9, Corollary 12.3] or [12, Theorem 5.7.11]), to which one has an exact sequence of
Gysin type,

s HI Y (G) 25 HI(Gg) 2 HI(Gg) —2 HI(Grg) 5 2)

We write here and elsewhere H/ =1 (G,, ) —% H?(Gy, 1) for the homomorphism given
by the cup-product with the Stiefel-Whitney class wi(€¢) = w; = wi(y+), and
p: én,k — Gy is the obvious covering projection. Note that én,k is always orientable
as a manifold, whereas G, j is an orientable manifold if and only if n is even.

It is known [14] that Im(p*: H*(Gp k) — H*(Gnk)) is a self-annihilating sub-

space of H*(Gy ) of half the dimension. Very little is known about the algebra
m* (én,k)a apart from the cases of (n — 1)-dimensional spheres éml =~ §"~1 and com-
plex quadrics én’g. This is due to the fact that it is difficult to obtain information on
cohomology classes that generate

Im(y) = H* (G i) /Ker(¢) = H*(Gp ) /Tm(p®). (3)

A reason for this is that, in general, it is hard to calculate explicitly in H*(G,, ;) and

determine the kernel of wy; of course, by (2), the latter vector space is the same as
Im(¢).

Over G, we have the canonical oriented k-plane bundle 7, j (briefly ), which is

isomorphic to p*(7). As a consequence, p*(w;) = w; for all ¢, where w; is an abbrevia-

tion, used throughout the paper, for the Stiefel-Whitney class w; (¥, ); note wy = 0.

The subspace C(j;n, k) := Im(p*) of the Zy-vector space H7(G,, 1) is the character-
istic subspace (all its elements can be expressed in the Stiefel-Whitney characteristic
classes of 4, x; that is why we call it by this name). If we denote dim(C(j;n,k)) by
X;(Grr) and dim(Im(h)) by a;(G 1), then (see (3))

Xj(Gn,k) + (Gn,k) = bj(Gn,k)7

the right-hand side being the jth Zs-Betti number of émk.

Recall [10, 8] that, for a real vector bundle « over a path-connected CW-complex
X, its characteristic rank, charrank(ca), is defined to be the greatest integer ¢, 0 <
q < dim(X), such that every cohomology class in H’/(X), 0 < j < ¢, is a polynomial
in the Stiefel-Whitney classes w;(a) € H'(X). In particular (see [7]), if TM is the
tangent bundle of a smooth closed connected manifold M, then charrank(7T'M) is the
characteristic rank of M, denoted charrank(M).

Now the greatest integer ¢ such that

ao(Gnp) = a1(Gnp) = = ay(Gni) =0

is nothing but the characteristic rank of 7, j, briefly charrank(%,, ).
Of course, we have

al—&-charrallk("?mk) (én,k) 7£ 07

since 1 4 charrank(%,, ) is the least degree, in which an “anomalous” (not expressible
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exclusively in the Stiefel-Whitney classes of ¥, ;) generator of H *(énk) appears.
Note that (see (2)) charrank(5,, ) > j (for some j) if and only if p*: H (G, ) —
Hl(énk) is surjective or, equivalently, wy: H'(G,, ) — H™ (G, 1) is injective, for
all non-negative integers ¢ < 7. _

When we know that some cohomology group of G, x, in a degree not exceeding

half of dim(G,, ), does not vanish, we can use it to obtain an upper bound for
charrank(7,, ). More precisely, due to the fact that the subspace Im(p*) C H*(Gy, 1)
is self-annihilating, one can easily adjust the proof of [2, Theorem 2.1] to verify that

it H'(Gx) # 0 for some ¢t < Lk(n — k), then we have
charrank (¥, x) < k(n — k) —t — 1.

Under certain conditions, the characteristic rank of a vector bundle over a smooth
closed connected manifold M and the Zs-cup-length, denoted by cup(M), are nicely
related, as shown in the following generalization of [7, Theorem 1.1] which, in par-
ticular, will be used (in Section 3) for deriving upper bounds or exact values for the
cup-length of énk

Theorem 1.1 (Naolekar and Thakur [10]). Let M be a connected closed smooth d-
dimensional manifold. Let o be a vector bundle over M satisfying the following: there
exists j, j < charrank(a), such that every monomial w;, (a) -+ w;_ (), 0 < 4y < j, in
dimension d vanishes. Then
cup(M) < 1+ m,
M

where ry; is the smallest positive integer such that Hrv (M) # 0.

In addition, for any j < charrank(7, i), one sees that both the w;-homomorphisms
in the Gysin sequence (2) are injective and the homomorphism p*: H? (G, 1) —

HI(G,1) is surjective, thus we have
HI (Gng) = H (G)/Im(wy : H Y (Gg) = H (Gg))-

Of course, now dim(Im(wq: H' =Gy i) = H (Gnk))) = bj—1(Gy.k). Consequently,
if j < charrank(9,, &), then we have for the Betti number b;(G,, 1) that

b (Gri) = bj(Gn) — bj—1(Gp).

The difference of the Zy-Betti numbers of the Grassmann manifold G, ; on the
right-hand side is readily calculable from the Poincaré polynomial, and is nothing
but the number of linearly independent semi-invariants of degree k and weight j of
a binary form of degree n — k, provided j < w (note that the latter number
equals £dim(G,, 1)), by a theorem of Cayley and Sylvester (see [11, Satz 2.21]). This

interesting interpretation of the Betti numbers bj(énk) for

k(n—k
J < min{charrank(y, 1), #}

seems to have remained unnoticed thus far.
Theorem 2.1 in [8], on lower bounds or exact values for charrank(, ) (3 <k <

n — k), gives information on the structure of the Zs-cohomology of the manifold én,k-
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In the present paper, we add further results. As compared to [8], we present a different
approach to studying the kernel of w;. Some of the new results on the characteristic
rank presented here imply new exact values of the Zg-cup-length of G,, ;.. In partic-

ular, our results on the cup-length of three infinite families of the manifolds G, 3 in
Theorem 3.6(2) confirm the corresponding claims of Fukaya’s conjecture [4, p. 196].

2. An approach to studying the kernel of w;

The aim of this section is to develop tools for studying the kernel of the homomor-
phism wy: HY (G ) — HITHG k).

3

A key role will be played by the fact that, for the Zs-vector space H (G, i) (k <
n — k), the set

k k
{wfl---wg’“;Ziaizj,ZaiSn—k} (4)
i=1 i=1

is an additive basis. This follows from [9, Corollary 6.7]; another proof can be found
in [5]. We shall refer to the basis (4) as “standard basis” in this paper. We say that
an element, w{' - --wi* € HI(G,, 1), of the standard basis is regular (with respect to
the homomorphism wy: HI (G, ) — HITH (G, 1)) if its wi-image is an element of
the standard basis for H/T1(G,, x), that is, if Zf:l a; <n —k. An element of the
standard basis that is not regular is said to be singular.
Of course,
dim(Im(wy : HY (G i) — HTHGrr)))

is greater than or equal to the number of regular elements of the standard basis for
HI(G, 1) and

dim(Ker(wy: H (G 1) — H T (Gnr))) = (G

does not exceed the number of singular elements of the standard basis for H (G, ).
The latter inequality can be concretized. Indeed, let p({1, 2, ..., k — 1},2) denote
the number of partitions of a non-negative integer x into parts, each taken from the
set {1, 2, ..., k—1}; in particular, if © < k — 1, then p({1, 2, ..., k — 1}, 2) = p(x)
is the total number of partitions of .
Proposition 2.1. For the Grassmann manifold G, 1 (2 <k <n—k), we have the
following:
(a) If 1 <x < n—k, then all the elements in the standard basis for H**=*(G,, 1)
are regular, thus we have op_—y(Gp k) = 0.
(b) Ifx >0, then precisely p({1, 2, ..., k — 1}, z) elements of the standard basis for
H" (G, ) are singular; thus ay—g12(Gng) < p({1, 2, ..., k—1},1).
Proof. Part (a). Let w{* - - - wj* be an element of the standard basis in H"~*~%(G,, x).

We have
k

k
Zaigzmi:n—k—x,
i=1

i=1

thus the equality E?Zl a; =n — k is impossible; in other words, each basis element
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is now regular.
Part (b). If w{* - - - wi* is a singular element of the standard basis in H"**(G,, 1),
then clearly a; + as + -+ 4+ ax = n — k, whence

as +2as + -+ (k— 1ay = x.

Since a; is uniquely determined by the equation a; =n — k —ay — - - - — ag, the num-
ber of singular elements of the standard basis is equal to p({1, 2, ..., k—1},2). O

Remark 2.2. Of course, the vanishing of v, _j—, (G, 1) for all z in Proposition 2.1(a)
is equivalent to the known inequality [8, (2.5)] charrank(y,, x) >n —k — 1.

The next lemma is elementary and stated without proof.

Lemma 2.3. Let dq,.. .,Ez’m,gl, .. .,gn be linearly independent vectors in a wvector
space V' over a field K. If ¢1,...,8 (s < n) are linearly independent vectors in the
linear span [51, N l;n] C V, then also the vectors dy,...,dm,C1,...,Cs are linearly
independent.

In Zo[wn,...,wg], let w;(wn,... ,wg) (briefly w;) denote the homogeneous com-
ponent of (1 +wy + -+ +wg) ' =1+w; +---+wg + (wy + -+ +wp)? +... in di-
mension i. Of course, in particular, w; withi=n—k+1,n—k+2, ..., n are the
generators of the ideal I, x; see (1). In addition, let g;(wo, ..., ws) (briefly just g;)
denote the reduction of w;(wy,...,w;) modulo w;. We note that w; is a represen-
tative of the Stiefel-Whitney class w;(y1) € H(G,,.1); we shall also use w; as an
abbreviation for w;(y1).

Ifi=n—k+1,n—k+2, ..., n, then the polynomials g;(ws, ..., wy) are repre-
sentatives of some multiples (by an abuse of notation, also denoted by g;(wa, ..., wy),

briefly ¢;) of the first Stiefel-Whitney class w; in the quotient algebra H*(G,, 1)
The singular elements of the standard basis in H"~*+%(G,, ;) (z > 0), when mul-
tiplied by w1, do not produce elements of the standard basis in H"~*+*+1(G,, 1).
Combined with Lemma 2.3 (where we take those elements of the standard basis
divisible by w; in the role of the vectors @; and the others in the role of the vec-
tors 5}), this explains why the following proposition focuses on elements of the form
wSQ s ’wzk’gn,kJrlJri € Hn_k+m+1(Gn’k) (Z =0,1,...,k— 1).

Proposition 2.4. For a non-negative integer x, we associate with H"””IH(GH,;@)
(2< k<n—k) the set

k—1
Naz(Gn,k) = U {U}SQ v U}Zkgn,kJrlJri; 2by +3bg + -+ kb = x — Z}
1=0

(1) The cardinality of Ny(Gn) is equal to p({1, 2, ..., k—1},x), which is the
same (by Proposition 2.1) as the number of singular elements in the standard
basis for H"*%(G,, 1).

(2) If x <m—k—1, then each element of Ny(Gp 1) consists exclusively of mono-
mials w? - - - w;’“ such that co + -+ + ¢ < n —k, thus of elements not divisible
by wy and belonging to the standard basis of H* kTG, 1.).

)



76 JULIUS KORBAS anp TOMAS RUSIN

(3) If vt <n—k—1 and there are t linearly independent (over Zs) elements in the
set Ny (G i ) then
an—k,—i—m(Gn k) ({1 2 - 1}71’) -
In particular, if t <n—k—1 and the set NI(Gn,k) s linearly independent,
then

wy Hn—k-‘rw(Gmk) SN H7L—k+x+1(Gn k:)

s

is a monomorphism and o, —p+q(Gn k) vanishes.

Proof. Part (1). The set {wg"’ . -wZ‘"’gn,kHH; 2by + 3b3 + -+ - + kb, = x — i} consists

of p({2, ..., k},x — i) elements. Thus the cardinality of N,(G, ) is equal to
k-1
=0

If S is a set of positive integers and p(S,j) is the number of partitions of j whose
parts are from S, then (see [1, Theorem 1.1] if needed) we have, for |¢| < 1,

=0 €8
Since
k k—1
(I+ag+a+-+H[[a-a) " =T[0-da),
i=2 i=1

the cardinality of N, (G, k) (the sum in (5)) is p({1, 2, ..., k — 1}, z).
Part (2). Since each element of N, (G, ) is some wSQ ~~w,};’“gn_k+1+i such that
2by + 3bs + - - + kb, = x — 14, it consists of monomials of the form

ba by ¢k _ ., bateca b +ck
wy - wpwy? - wit = w C Wy ]

where Zfﬁi(bi +c¢)=n—k+x+1 Thus, if e <n—k—1, then

k

—k 1
Z(bi+ci)<$<n—k.
=2

Part (38). This is obviously implied by Lemma 2.3 and the first two parts of this
proposition. O]

3. Results on the characteristic rank and cup-length

In this section, the tools developed in Section 2 yield new bounds or exact results
on the characteristic rank of 7, 5 (for odd n, also on the characteristic rank of G,, 1).
These lead to obtaining infinitely many new exact values of the cup-length of én73,
regarded as likely in Fukaya’s conjecture [4, p. 196].

Theorem 3.1. For the oriented Grassmann manifold énk (4 <2k < n), with the
unique integer t such that 28~ < n < 2', we have the following:
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(1) Ifn is odd, then charrank(¥,2) = n — 2, and if n is even, then charrank(7, 2) >
n— 3.

(2) If s=1 ors=2,r is a non-negative integer, and 2= + [*51] <n <2/ — 5 —
2, then charrank(Ypqr34r) 2n+s—2. If 3<s<6 and 2714+ 551 ] <n <
2! — s — 2, then charrank(y,3) > n+ s — 2.

In addition, if n is odd, then the replacement of the canonical bundle 7, Y.k by the

corresponding manifold Gn k gives the corresponding result on charrank(G k)

Proof. Tt is known ([8, Theorem 2.1] and the final part of its proof) that if n is odd,
then charrank (¥, x) = charrank(én,k). Thus it suffices to prove Parts (1) and (2).

Part (1). By Remark 2.2, charrank(¥,2) > n —3 for all n. If n is odd, then
No(Gh,2) (see Proposition 2.4) only contains g,—1. From (1 4+ w2) ™! =1 + wq + w3 +
wj + -+, one sees that g,_1 # 0. Thus, by Proposition 2.4(3), an_g(émg) vanishes
and we have

charrank(J, 2) > n — 2.
Part (2) We shall repeatedly use the fact that, by [8, Lemma 2.3(i)],
gi(wz,ws) = 0 if and only if i = 27 — 3 for some j > 2. (6)
The following lemma (when combined with (6)) will also be useful; cf. each of the
four tables that occur in the proof of Theorem 3.1.
Lemma 3.2. For G, 3, let g; denote the same polynomial in Zs|ws, ws] as in the rest
of this paper.
(a) If m # 4 is such that g,,_1 # 0 and g, # 0, then w3gm_1 + wW3gm # 0.
(b) If m # 9 is such that g,_2 # 0 and gmo1 # 0, then w3 gm_o + W3gmy1 # 0.
Proof of the lemma. We know [6], for all j > 1, that

i R
95 = Z <3Z_j>w§” Twh ™%, (7)

Part (a). Of course, a necessary condition for w3g,, 1 + w3g,, = 0 is that
wg | 9m and w3 ‘ 9m—1- (8)

Writing m = 6a +b (0 < b<5), from (7), one either directly sees that w2g,, 1 +
wsgm 7 0, or that the divisibility condition (8) is not satisfied.

Indeed, if b = 0, then g,,, and if b = 1, then g,, 1 is equal to w3% + - - - + w3®, thus
the condition (8) fails for b =0, 1. Similarly, if b =2, then g,,, and if b =3, then
gm—1 is equal to wow3® + -+ + w3“+1 thus the condition (8) fails for b = 2, 3.

If b =4, then we see that the condition (8) is fulfilled. But one calculates that
W3Gm_1 + wagm is equal to

2.  2a+1 +.

3a—4
awyws

<+ aw; 3a+24

3a—1
w3 + Bwi* twd + awi* 2w,

where the third last and second last coefficients are abbreviated,

() o)+

Thus, of course, w3g,_1 + ws3gm # 0 if a is odd. For even a, one readily verifies



78 JULIUS KORBAS anp TOMAS RUSIN

that if @ =8[,8/ + 4, then o =1, and if a =8/ + 2,8/ + 6, then § =1, thus again
Ui%gm,1 + W3Gm 7é 0.

Finally, if b = 5, then g, 1 = -+ + wg‘”z, thus w3 1 grm—1.

Part (b). We proceed similarly as in the proof of Part (a). A necessary condition
for w3gm_o + w3gm+1 = 0 is that

W3 | gmt1 and wg | gn—o- 9)

Writing m = 6a +b (0 < b < 5), one either directly sees, from (7), that w3g, 2 +
w3gm+1 # 0, or that the divisibility condition (9) is not satisfied. Indeed, if b = 0,

then g2 = goa—2 = Go(a—1)+4 = wga_l + -+, and if b=4, then gm_2 = goar2 =
o w3 thus ws { g, _2; the condition (9) fails for b =0, 4. If b = 1, then g,,, 11 =
G6at+2 = Wow3® + -+ if b =2, then g41 = geatr3 = w§a+1 + .-+, and if b =5, then
Im+1 = G6(at1) = w§a+2 + -+, thus w3 { gmo1; the condition (9) fails for b =1, 2, 5.

Finally, let us suppose that b = 3. Then g1 = geara = (a + Dwdw3® + - + wi*2,

thus w3 { gm+1 if a is even. It remains to see what happens for odd a. If a =
8/ +1 (I > 1), then one calculates that w3g,, 2 + W3gmi1 = W3Jear1 + W3G6ats =

S wga_lowg + -+ #0,if a = 81 + 3, then one calculates that w3 g,, 2 + W3gmi1 =
--~+wg’“71w§+-~- #0, if a=8+5, then we have w3g, 2+ wW3gmi1 =+
wg’“qwg + -+ # 0 and, finally, if a = 8] + 7, then we have w3g,,_2 + W3gmi1 = -+ +

wy wd + -+ # 0. This proves the lemma.

Now we are ready to verify the claims of Theorem 3.1(2).

Case s = 1. We have 2/~1 < n < 2! — 3 and assumptions of the theorem imply that
n > 9. By [8, Theorem 2.1], we know that charrank(¥,4r34,) > n — 2. One readily
calculates (see Proposition 2.4) that

N2(Gn,3) - {w29n72(w27 w3)7 gn(w27 w3)}

Since (see (6)) wagn—2 # 0, g, # 0 and, since wag,_2 + gn = Wsgn—3 7# 0, the set
N3(Gp3) is linearly independent. At the same time,

No(Grirstr) = {wagn—o(wa, w3, ..., W34y), gn(Wa, w3, ..., W34y)}

By iterating the obvious “inclusion” G — Gpt1k+1 (D — D @& R), we obtain an
inclusion

j: GnVIf — Gn—‘,—’r‘,k-‘,—r (10)

such that, for the pullbacks, we have j*(v) & v ® re (here re is the trivial r-plane
bundle) and j*(y+) = 4+, Of course, for the induced cohomology homomorphism,
we have that j*(w;) =w; (with the right-hand side zero when k=3 and i > 4)
and j*(w;) = w;. Thus, since the set No(G 3) = 7*(N2(Gpir3+,)) is linearly inde-
pendent, No(Gp4r3+,) has this property as well. Proposition 2.4(3) implies that
an,l(énﬂygﬁn) = 0 and charrank (¥4, 34+r) = n — 1.

Case s =2. Now 2!=1 < n < 2! — 4 and assumptions of the theorem imply that
n > 9. By the result for s =1, we know that charrank(¥,4+,3+,) = n — 1. Since

w3gn—2 # 0, wagn—1 # 0, and w3gn—2 + Wagn—1 = gnt1 # 0, the set
N3(Gp3) = {wsgn—2, Wagn—1}

is linearly independent. Similarly to the case of s =1, one sees for r > 0 that the
set N3(Grar3+r) = {Wsgn—2,W2gn—1, gn+1} is independent. Thus Proposition 2.4(3)
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implies that we have an(én_l'_r’g_‘_r) = 0 and charrank(¥,+r 34+r) = n.
Case s = 3. We have 27! + 1 < n < 2! — 5; assumptions of the theorem imply that
n > 10. By the result for s = 2, we know that charrank(7, 3) > n. One verifies that
N4(Gy 3) consists precisely of the obviously nonvanishing elements w% Gn—2, W3Gn_1,
and wag,; they are linearly independent, as the following table shows.

|

2 | hs | haw3gn_s + hawsgn_1 + hawagn ‘
1 gnt2 # 0

1| wawszgn—3 #0

0 w3Gn_2 + wsgn_1 # 0, Lemma 3.2(a)
1 wggn—él # 0

1

=== >
e =1

By Proposition 2.4(3), now a,+1(Gp,3) = 0 and charrank(¥,, 3) > n+ 1.

Case s =4. Now 271 +1 < n < 2/ — 6 and, by assumptions of the theorem, we
have n > 18. By the result for s = 3, we know that charrank(¥, 3) > n + 1. We see
that N5(Ghp,3) consists precisely of the obviously nonvanishing elements wawsgy,—2,
w3gn_1, and w3g,; they are linearly independent, as the following table shows.

| 1 | ha [ hs | hawawsgn—o + hawdgn_1 + hswsgn |
0 1 1 W3gn—_1 + w3gn # 0, Lemma 3.2(a)
1 [0 |1 | wig,3#0
1 |1 |0 | wagny1 #0
1 1 1 Gn+3 # 0

So we have proved that a,12(Gp3) =0, and Proposition 2.4(3) implies that now
charrank (%, 3) > n + 2.

Case s = 5. We have 27! + 2 < n < 2! — 7 and assumptions of the theorem imply
that n > 19. By the result for s = 4, we know that charrank(%,, 3) > n + 2. One calcu-
lates that Ng(G,,3) consists precisely of the obviously nonvanishing elements w3 g,, 2,
W3Gn—2, Waw3zgn_1, and wig,. The following table shows that they are linearly inde-
pendent.

|

>
=

4 ‘ hlwggnf2 + h2w§gn72 + hswowsgn_1 + h4w§gn
Wagnt2 7 0

Gnta 70

w3w3gn—3 # 0

w3gn+1 7 0

wo (W3 gn—2 + w3gn_1) # 0, Lemma 3.2(a)
(w3 + w3)gn_o #0

W3 g, + W3gnt1 # 0, Lemma 3.2(a)
w2w§gnf4 7é 0

w3 (W3 gn—3 + w3gn—_2) # 0, Lemma 3.2(a)
w3 gn—2 + wagn+1 # 0, Lemma 3.2(b)
wggn—S #0

[\
w

Ll e i =l i k= =l =]

el Bl Bl =l il e K=l e R = =R
il =l I =l = =1 = N =
e =l L  E=1 = R= A NN Ny
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So we have proved that now a,43(Gn,3) = 0. By Proposition 2.4(3), we have
charrank(%,, 3) > n + 3.

Case s = 6. We have 27! +2 < n < 2t — 8 and assumptions of the theorem imply
that n > 19. By the result for s =5, we know that charrank(¥, 3) > n+ 3. One
calculates that N7(G,, 3) consists precisely of the obviously nonvanishing elements
WEW3Gn—2, Wign_1, Wign_1, and wowsg,. The following table shows that they are
linearly independent.

| b1 | ho | hs [ ha | Miwdwsgn—o + how3gn_1 + hswign_1 + hawowsgn
0 0 1 1 WaGn42 # 0
0 |1 |0 |1 |we(w3gn_1+w3gs)#0, Lemma 3.2(a)
1 0 0 1 Wow3i g3 # 0
0 [1 |1 [0 | (w+w?)g,1#0
1 [0 |1 |0 | w3(w3gn_2+w3gn_1)#0, Lemma 3.2(a)
1 [1 |0 |0 | wign1#0
0 [1 |1 |1 |wlgn 1+ w3gnio#0, Lemma 3.2(b)
1 0 1 1 Wign_4 # 0
1 |1 [0 |1 | wagnes#0
1 1 1 0 w%gn+1 + wggnfl =gnts # 0
1 |1 |1 |1 | w3gni1+ w3gnio # 0, Lemma 3.2(a)

So we have proved that now a,,+4(Gy 3) = 0. By Proposition 2.4(3), we have
charrank (¥, 3) > n + 4.

The proof of Theorem 3.1 is finished. L]

Conjecture 3.3. We conjecture that Theorem 3.1(2) holds true for all s > 1 such
that 2071 + 551 | < n < 2! — s — 2, and not just when s < 6.

In the proof of Theorem 3.1(2) for s = 1 or s = 2, we have extended a specific lower
bound for the characteristic rank of G, 3 to a lower bound for the characteristic rank

of (N?nngH (r = 0). The following theorem brings an additional piece of information
on the homomorphism w; and offers further possibilities for extensions of results on
the characteristic rank of the vector bundle 7, .

Proposition 3.4. For the Grassmann manifold G, (1 < k <n—k) and any posi-
tive integer | not exceeding n — 1, we have the following:

(1) If the homomorphism wy: HY (G k) — HN (G, k) is injective, then also
wy: HY(Gpi1 k1) — HFTYGpy1 k41) i injective.

(2) An obvious consequence of (1) is that if charrank(7,, 1) > [ then, for any non-
negative integer r, we have charrank(Y, 4, g4r) = [.
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Proof. Let j: Gy i, = Grpy1,x+1 denote the inclusion described in (10). The diagram
Hl(GnJrl,kJrl) — Hl+1(Gn+1,k+1)

1k

Hl(Gn,k) w1 Hl+1(Gn k)

)

obviously commutes. Let us suppose that the lower homomorphism w; is injective;
we should prove that the upper homomorphism w; is injective as well.
The standard basis vectors (see (4)) in H'(Gy41,5+1) are

W (Yng1,k41) - Wi (Vg1 ket )W (g 1,k41) (11)

such that a; +2as + -+ kar + (k+ Dag41 =1 and a1 +ag+ -+ ap + agy1 <
n — k. The images, under w : Hl(GnH’kH) — HH‘I(GnH’kH), of those vectors (11)
having ag41 = 0 are linearly independent. Indeed, these images are

Wit (Vg1 e1) W (Yt 115

the vectors j*(w Yrtthe1) e (gt k1)) = w1 T (Ynk) - W (Yk) (being
images of the standard basis vectors w{*(vx)  w* (Ynx) € H'(Gp ) under the
injective linear map wy: H' (G, 1) — H'(G, 1)) are linearly independent. Thus also
w#‘“ (Yn+1,k41) - We* (Yn41,k+1) are linearly independent. In addition, the images
under w1 : HY(Gpi1k+1) = H'TH(Gpy1 k1) of those vectors (11) having aj41 > 1 are
also linearly independent, because all the standard basis vectors (11) having a1 > 1
are regular. Indeed, we have for any of these standard basis vectors in H l(Gn+1,k+1)
that

(a1 +as+ -+ ap +aps1) +kager < a1+ 2a2+ -+ kag + (K + a1 =1,
thus

1
1

ap+as+---Fap+ap <l—kagpr <l—-k<n—-k—-1

Finally, the w;-images of all the standard basis vectors (11) of H'(G,41,5+1) are
linearly independent. Indeed, let us suppose that a linear combination of all these
images vanishes, that is,

Z O[(al,...,ak,0)1‘0%-"_011’u}g2 o wzk + Z a(al,...,ak,ak+1)w%+alw(212 e wzsziﬁl = 0
ag+121
(12)
When mapped by j*: HY(Gpy1 k11) — H (G, 1), this gives that

> a0yl T (k) WS (V) - Wik (k) = 0,

implying that all the coefficients (4, ... q,,0) vanish, since wﬁ’“ (Ynoke) -+ Wik (Vi)

are linearly independent. So the left-hand side of (12) is reduced to a linear combi-
nation of vectors already known to be linearly independent, we have

1+a; as Ag41 _
> Qariarsars) W (ke 1) WS (Yt h41) - WphE (g1 pr1) = 0,
ag+121

thus also all the coefficients a4, ... ay,a111) (ak+1 = 1) must vanish. This finishes the
proof of Proposition 3.4. O
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Remark 3.5. The assumption | < n —1 in Proposition 3.4(1) is the best possible,
in the sense that the claim is false, in general, for [ = n. Indeed, wy: H7(G7,2) —
H®(G72) is readily seen to be a monomorphism (apply Proposition 2.4(3); the set
N3(G72) = {wage} is linearly independent), but the homomorphism wy: H (Gs 3) —
H®(Gs 3) is not injective (by a calculation in the cohomology algebra H*(Gs 3), (1),
or consulting Stong’s result on the height of w; in [13], one sees that the kernel of
this homomorphism contains w{ # 0).

Theorem 3.1 enables us to derive, among others, new exact results on the charac-
teristic rank and Zsy-cup-length of three infinite families of the manifolds G, 3.

Theorem 3.6. For the oriented Grassmann manifolds én,k (4 <2k < n) we have
the following:

(1) If n is odd, then

- ~ 1
charrank (¥, 2) =n — 2, cup(Gr2) = “ 5
and if n is even, then
charrank (¥, 2) =n — 3, Cup(én,2) = g

(2) If ¢ > 4, then
charrank(Yoe-141,3) = 277" + 1, cup(Gas—141,3) = 297" = 3,
charrank(¥19,3) = 11, cup(élo,z)’) =5,
and, if ¢ = 5, then
charrank(Yoe-142,3) = 277" +4, cup(Gas-1423) = 297" =3,
charrank (Joo-1 43.3) = 277 + 7, cup(Gao—1433) = 277" = 3.

Remark 3.7. The results on the cup-length in Theorem 3.6(2) confirm the corre-
sponding claims of Fukaya’s conjecture [4, p. 196]; another claim contained in this
conjecture was proved in [8].

Proof. Part ( 1). Let us first suppose that n is odd. It is clear (for 1nstance from

(1)) that w2 E H"™3(G,,2) is not a multiple of wy, thus we have w2 # 0 and
cup(Gy 2) = “5=. We know, from Theorem 3.1, that charrank(7,, 2) n — 2. Thus
Theorem 1.1 implies that cup(én,g) < 21, and we see that cup(G 2) = 251, as
claimed. At the same time, this shows that charrank(¥, 2) <n —2 (charrank(ﬁn}g) >
n —1 would imply a false inequality, cup(énjg) < 252), and so charrank(Y,2) =
n — 2. [To see that charrank(7, 2) < n — 2, it also suffices to compare the Betti num-
bers b,—1(Gp2) = "T_l and b, (Gp2) = "53, readily calculated from the Poincaré
polynomial.]

Now let us suppose that n is even. First, we note that C~¥4 2 = 82 x §%; clearly
X2(Ga2) =1 = as(Ga,2), charrank(’m 2) =1, and cup(G4 5) = 2, as claimed. So we

may suppose that n > 6. Then w2 € H"%(G,,2) cannot be a multiple of wy, thus
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n—2 ~
we have w,? # 0 and cup(Gp2) > 5. We know, from Theorem 3.1, that

charrank(y, 2) > n — 3;
Theorem 1.1 gives Cup(éng) = 5. We know, from Theorem 3.1, that
charrank (¥, 2) > n — 3.

Admitting that charrank(7, 2) > n — 2 implies a false inequality, cup(én_yg) < ”T_l
[An alternative: since b, _2(Gpy2) =4 and b, 1(Gpp2) = "7_3, the homomorphism
wi: H"2(Gpo) — H" Y(G,2) is not injective, and we conclude that
charrank (¥, 2) < n — 3.] Thus charrank(%, 2) = n — 3, as claimed.

Part (2). We first note that, for any non-negative integer x, one has an obvious
“inclusion” j: C~7’2q—173 — égq—1+w’3, such that 5*(%4_1{%3) 2 9q-1 3. Thus, in coho-
mology, j*(w%q_174(§2q—1+$,3)) = wgq_174(ﬁgq—173). It was proved in [7, p. 77] that
the latter cohomology class does not vanish. As a consequence, we have that

cup(Gag1445) = 2071 - 3. (13)

For égq—l+1’3 (¢ = 4), Theorem 3.1(2) with s = 2 implies that
charrank(Je-1413) > 2971 + 1.

Then, from Theorem 1.1, we obtain that cup(égqflﬂ’g) < 2971 — 3, thus we have
(see (13)) Cup(égq—l+1’3) = 297! — 3 and charrank(Js-141,3) = 2771 + 1.

For é2q71+2,3 with ¢ = 4, that is, for é10,3, Theorem 3.1(2) with s = 3 applies and
gives that charrank(519,3) = 11. Thus from Theorem 1.1, we obtain that cup(élo,g) <
5 which, when combined with (13), implies that Cup(éloyg) = 5 and charrank(7103) =
11. Let us continue with é2q71+273, q > 5. Then Theorem 3.1(2) with s = 4 implies

that charrank(Jaq-1423) > 297! + 4. From Theorem 1.1, we see that cup(é2q71+2,3) <
29=1 — 3; this, jointly with (13), yields

Cup(ézq—1+2’3) =271 _3 and charrank(Yaa-1493) = 2071 4 4

as claimed.
For é2q71+373 with ¢ > 5, we apply Theorem 3.1(2) with s =6 and see that

charrank(Yae-1133) = 277 + 7. Theorem 1.1 implies that Cup(égq71+373) <2071 -3
which, when combined with (13), shows that

cup(é2q71+3’3) =271 _3 and charrank(Yoa-1453) = 20-1 47,
indeed. The proof of Theorem 3.6 is finished. O
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