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COMPLEX N-SPIN BORDISM OF SEMIFREE CIRCLE ACTIONS
AND COMPLEX ELLIPTIC GENERA

M. NAEEM AHMAD
(communicated by Donald Davis)

Abstract

We give a complete bordism analysis of rational bordism
groups of semifree circle actions on complex N-Spin manifolds.
Moreover, we introduce the notion of a complex N-Spin®! man-
ifold and give a characterization of cobordism groups of such
manifolds which we use to compute the rational bordism groups
of free circle actions of type t on complex N-Spin manifolds. Fur-
thermore, we exploit this bordism analysis to furnish a mecha-
nism with which we investigate a description, in terms of kernels
of complex elliptic genera, of the ideal v ' generated by bor-
dism classes of connected complex N-Spin manifolds admitting
an effective circle action of type ¢, in the rational complex N-
Spin cobordism ring Q%Y % Q.

1. Introduction

Ochanine introduced elliptic genera in [16]. Landweber defined the classical elliptic
genus of level 2 in [13]. This genus is intimately related with string theory (see, for
instance, Witten [20, 21]). The elliptic genus possesses a striking property which is
its rigidity with respect to group actions. This was conjectured by Ochanine in [16],
and by Witten in [20], where string theory arguments were used to support it. The
rigidity of the elliptic genus was proved by Taubes in [18], Bott and Taubes in [2],
and Liu in [14].

This work involves a study of bordism groups of semifree circle actions on com-
plex N-Spin manifolds. The motivation for this study comes from a question of
Witten [19]. He was interested in the Dirac operator with coefficients in the tan-
gent bundle of a Spin manifold. He asked if the character valued index, for a circle
action on a Spin manifold, is a constant. He further suggested that the problem can
be investigated via the bordism groups of circle actions on Spin manifolds. The prob-
lem becomes simpler if attention is restricted to circle actions which are semifree.
In [16], Ochanine determined the ideal in the rational Spin cobordism ring generated
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by bordism classes of Spin manifolds admitting a semifree circle action of odd type
by finding all multiplicative genera which vanish on it.

A complex N-Spin manifold is a manifold equipped with a stable complex struc-
ture on its tangent bundle and an N-th root of the associated complex line bundle.
Hirzebruch defined bordism invariants ¢y for these manifolds, which take values in
modular forms of level N. He also showed in his rigidity theorem that these invariants
vanish if such a manifold comes equipped with an S'-action for which an invariant
t € Z/N called the “type” is non-zero (see [8]). Here the action is not required to be
compatible with the N-Spin structure; in fact, ¢ can be thought of as the obstruction
to a lift of the induced S'-action on the principal U(1)-bundle (determined by the sta-
ble complex structure) to its N-fold covering (determined by the N-Spin structure).
Denoting by IN' the ideal in the rational cobordism ring of complex N-Spin
manifolds generated by connected complex N-Spin manifolds equipped with an effec-
tive S'-action of type t, the above can be reformulated as INt C ker pn for t £0
(mod N). Noting that a complex N-Spin structure determines a complex n-Spin
structure for n|N, it follows that )" (N, nte KeT @y In [9], Hohn showed that the
equality holds when ¢ = 1 and based on that he conjectured that for all pairs (N,t)
with N > 2 and t Z 0 (mod N), we have

LY = (Vv g KT . (1.1)

In this work, we extend the investigation of this conjectural equation to higher
values of ¢t. In Section 2, we find a condition under which the conjecture holds true.
That condition involves constructing bordism classes of complex N-Spin manifolds
satisfying a certain inclusion (see Proposition 2.4). In Section 3, we give a complete
bordism analysis of rational bordism groups of semifree circle actions on complex
N-Spin manifolds using classical geometric techniques. In Section 4, we invoke that
analysis on the exactness of the sequence (3.1) to construct bordism classes satisfying
the inclusion of Proposition 2.4 and verify that the conjectural equation (1.1) holds
true for all values of ¢t with N < 9, except for the case (NV,t) = (6, 3) which remains
unanswered. Moreover, the technique developed in this work provides a way with
which to investigate the conjectural equation for any values of N and ¢.

This work is part of the author’s Ph.D. thesis [1], written at Kansas State Univer-
sity in 2011. T would like to thank my thesis advisor, Professor Gerald Hoehn, for his
ideas and several useful discussions.

2. The universal complex elliptic genus

Krichever showed in [11] that if the first Chern class of a unitary manifold is
divisible by a whole number k, then the Ag-genus is rigid. (The generating series for
the genus Ay, where k = 2,34, ..., is of the form kxe®/(e** — 1).) He proved in [12]
that the universal complex elliptic genus is rigid for S'-actions on SU-manifolds,
that is, almost complex manifolds whose first Chern class is zero. Hohn studied the
universal complex elliptic genus ¢.;; and rediscovered this result in [9]. The complex
elliptic genus ¢y of level N factors over pq;. We will exploit this relationship to
study the ideal IN" in terms of kernels of elliptic genera. We begin by summarizing
a few definitions and results from [9] needed to present the definition of ¢,y and set
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up notation for the subsequent development of this article. Let M be a connected U-
manifold with the principal S'-bundle K associated to its principal stable tangential
U(n)-bundle via the determinant representation A™: U(n) — U(1) = S1. A complex
N-Spin structure (or simply an N-structure) of M is a pair (F,n) consisting of a
principal S'-bundle E over M and a covering map 7: E — K (of degree N) such
that the diagram

ExSl— > F

N

TXAN ™ M

KxS8 — K

commutes, where Ay : S* — St is the canonical N-fold covering map given by g
g", and the horizontal maps are the natural actions of S on E and K. Two complex
N-Spin structures (F,7) and (E’,7’) of M are said to be equivalent if there exists
a principal S'-bundle isomorphism f: E’ — E such that 7o f = 7’. A connected U-
manifold with an equivalence class of a complex N-Spin structure is called a complex
N-Spin manifold (or simply an N-manifold). A U-manifold admits a complex N-
Spin structure if and only if its first Chern class is divisible by N. The map vy
QU from the complex N-Spin cobordism ring QY to the U-cobordism ring QU
defined by forgetting the complex N-Spin structure, becomes a ring isomorphism
after tensoring with the rationals Q. Now, let o: S' x M — M be a smooth action
of circle S* on the connected complex N-Spin manifold M and for A € S denote the
differential of «(A) on the tangent bundle 7(M) of M by Da(A); then the type of the
circle action « on the complex N-Spin manifold M is the unique element ¢t € Z/NZ C
S1 defined as follows: Let p € K, and let v: S* — K given by A + det(Da()\) @ id)p
be a closed path. Let ¢ be an element of E with w(q) = p. The type of the circle
action « is the element ¢ € Z/NZ such that t7'(0) =+/(1), where v': [0,1] = E is
the unique lifting of v with 7 o+’ =+ and +/(0) = ¢q. The type t of a smooth circle
action on a connected complex N-Spin manifold is independent of the chosen ¢, but
it generally depends on the chosen complex N-Spin structure. However, if [M] # 0
in Q%Y @ Q, i.e., not all Chern numbers are zero, then the type of the circle action
is independent of a chosen complex N-Spin structure and it is equal to the residue
class modulo N of the sum of rotation numbers of any fixed point component. For
the ideal I in QY'Y & @ generated by the connected complex N-Spin manifolds
with an effective circle action of type ¢, we have Nt=rV ged(Nt) g any positive
integer N. Hence we will normally consider only those ideals [, Nt for which an integer
representing the class of ¢ is a divisor of N. Let ¢ and s be two positive integers. By
an abuse of notation we will also denote by t and s the equivalence classes of the
integers ¢ and s in Z/NZ, respectively. If t|s, then I ANl ARl el R

For n|N, a connected complex N-Spin manifold M with a circle action of type
t #0 (mod N) is also an n-manifold with a circle action of the type ¢t # 0 (mod n)
if nft. So, it follows by the rigidity theorem of Hirzebruch for elliptic genera of level
n (see [8, p. 58]) that [M] € 1,y .y ker 5, where ¢, denotes the complex elliptic
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genus of level n. Hence the ideals L{V’t with t Z 0 (mod N) satisfy the inclusion L{V’t C
ﬂnl N,ntt Ker @n. This inclusion will be used later in this section.

Let A be a graded commutative algebra with identity over the rationals Q. A com-
plex genus ¢ is a graded algebra homomorphism QU ® Q — A so that (1) = 1 holds.
The Chern numbers of a complex N-Spin manifold specify its rational bordism class in
QN & Q and in QV ® Q, and as noted above VN Q =0V ®Q, so one can iden-
tify the genera of Qv g Q and QV ® Q with one another. Analogous to the genera of
OV ® Q with values in an algebra over Q, one can also consider the genera of QU @ C
with values in an algebra over C. If ay, ..., a, € N, then the weighted projective space
with weights ay,...,a, € N — denoted by CP*» % — is defined by (C™ \ {0})/~,
where (z1,...,2,) ~ (y1,...,Yn) if and only if there exists a A € C* with y; = A% x;
for all i=1,...,n. Let V (not necessarily irreducible) be a projective variety in
CP* % with weighted homogeneous annihilator ideal I(V) C Clzy,...,z,], where
x; has weight a;, and K (V') denotes the graded coordinate algebra Clzy, ..., z,]/I(V)
of V' with the projection map n: Clz1,...,2z,] — K(V). Now with these notations
one can associate a genus to the variety V as follows: Let [X7],[X2],... be a basis of
QU ®C, and let a; < ag < --- < a,. The genus belonging to the variety V is a graded
algebra homomorphism ¢y : QU ® C — K(V) defined by ¢y =70 A\a,.. a,, Where
the map Ao, 4, : QU ® C — Clz1,...,x,] is given by

X T3 =
0  otherwise.

The genus ¢y depends upon the choice of a basis sequence and the choice of a
coordinate system for CP**> %", Let V and W be two projective varieties in CP% %"
with a fixed coordinate system. Then with a fixed basis sequence one can see that
ker oyuw = ker oy Nker ppy.

The universal complex elliptic genus is the genus belonging to the power series
which is the solution of a certain second order differential equation defined as follows:
Let S(y) = y* + @1y + q2y® + @3y + q4 be a standard polynomial in y with coeffi-
cients q; to qq, and let Q(x) = 1+ a2 + azx® + - - - be a power series in x. Let h(x) :=
ff/((;)) be the logarithmic derivative of f(x) = G(zy- 1t was shown in [9, Lemma 2.2.1]
that the second order differential equation

(W (x))* = S(h(x)) (2.1)

has a unique solution h(z) € Q[q1, g2, g3, ga][[z]][x '], which in turn determines the
power series Q(z) € Q[q1, g2, g3, q4][[%]]. Furthermore, if ¢; to g4 are assigned weights
1 to 4, then the coefficients a,, of Q(z) are homogeneous polynomials of weight n in
q1 to q4. The universal complex elliptic genus

peu: QU ®Q — Qlq1, g2, 43, q4]

is the complex elliptic genus having the characteristic power series Q(x) belonging to
the solution of the differential equation (2.1). A basis sequence [W1], [Wa], [Ws], [W4],
[Ws], ... of QU ® Q was constructed in [9] on which the universal complex elliptic ge-
nus takes the values: pei ([W1]) = A, weu((Wa]) = B, @eu([W3]) = C, wen([W4]) = D,
and @ ([W,]) = 0 for all n > 5, where the indeterminates A = %ql, B = %q% — 4qs,
C=3¢—tag+ g3, and D = 3oqi — 2¢iq2 + 193 + 363 — 3qa are provided
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with the weights 1 to 4. Conversely, if A to D are given, then one can determine ¢; to
qs as: q1 =24, qo = %AQ — iB, q3 = %A?’ — iAB +4C, and ¢4 = 1—16144 — %A2B +
2AC + éBQ — 2D. With respect to this homogeneous change of coordinates we will
consider the universal complex elliptic genus

ver: QY ®Q — Q[A, B, C, D]

as the complex genus with values in the graded rational algebra Q[A, B,C, D].
Let C[A, B,C, D] be the graded coordinate algebra of the twisted projective space
CP"?3*, The universal complex elliptic genus can also be regarded as the genus

verr: QY ®@ C — C[A, B, C, D]

belonging to the weighted projective variety CP%3* and a basis [W], [Wa], [Ws],
(W), [Ws], [Vé, - - ., where [V,,] from ker ¢y | QU ® C are the bordism classes of man-
ifolds such that the Milnor numbers s, ([V,]) # 0 for all n > 6.

Let H = {z € C: Im(z) > 0} be the complex upper half plane, and let 7 € H. Con-
sider the lattice L = 2mi(Z7 4+ Z) in C, and let o € C/L be a non-zero N-division
point of the associated elliptic curve. There is a unique elliptic function h(z) of L
with the divisor N -(0) — N - («) and the normalization h(z) = 2 + O(zV+1) of
the Taylor expansion around the origin. The function f(z) = XY/h(z) is well-defined
if f(x) =+ O(2?). The complex elliptic genus of level N — denoted by pn —
is the complex elliptic genus having the characteristic power series Q(z) = % =
1+ byw + byx? + - -+, where f(x) as above is the function belonging to the lattice
L =2mi(Z7 + Z) and the primitive N-division point % The modular subgroup

'y (N) ;:{(i Z) € SLy(Z) : (CCL Z) = ((1) lf) (mod N)}

of SLy(Z) acts on H under the action o: SLo(Z) x H — H given by the map which

sends ((Z Z) ,7') to Z:is The orbit space of this action is denoted by H/T'y (N).

The function f(z) in the definition of ¢ is determined by either of the following two
differential equations: The first differential equation is of order 2 and has the form

(5 -5(5)

where S(y) = y* + ¢19° + ¢29? + g3y + qu is a polynomial of degree 4, and the coef-
ficients ¢; are modular forms of weight ¢ for T'y (IV). Since the power series f(x)
corresponding to ¢y satisfies the differential equation (2.1) with special ¢;, the com-
plex elliptic genus ¢y of level N factorizes over ¢.;;. The second differential equation
is of order 2 and has the form

S N=r (f/> (2.3)
TN 2N =4iIN\ 7 ) .
N f

where Ty (y) =y +diyN '+ +dy_1y + dy is a polynomial of degree N and
d; are modular forms of weights ¢ for I'; (V). The polynomial T (y) is a so-called
Zolotarev-polynomial. It is characterized by the equations dy_1 =0, and Tx(y) =
4dyn for y # 0 with Th(y) = 0, and another equation which gives a relationship
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between S(y) and T (y) given by S(y)Th (v)? = N?y*(Tn(y)? — 4dan). This differ-
ential equation gives rise to two (depending on N) relations Ry_1 and Ry1 which
are weighted homogeneous in the coefficients ¢; to g4 of S(y). Note that the relations
Ry-1 and Ry41 can also be considered weighted homogeneous in the indetermi-
nates A to D. We will denote the variety V((Ry_1, Rn+1)) C CP*%34 by Cy. The
mapping

. 1,2,3,4
P UnleMH/Fl(n) — CP ,

which for each n|N, n>1 assigns to a pair (7,n) the point (q1:¢2:¢3:q4), where g1
to g4 are the coefficients of the polynomial S(y) of the differential equation (2.2),
is surjective to the curve C. The images ®(H/T'y(n)) form a decomposition of Cn
into irreducible components. The image ®(H/T';(n)) is independent of N (see [10,
Chapter 3]). We will denote the projection C[A, B,C, D] — C[A, B,C, D]/I1(Cy) by
mn. The kernel of 7 is the annihilator ideal I(Cy) of the curve Cy, simply denoted
by In, and therefore by the Hilbert Nullstellensatz the radical of (Ry_1, Ry+1). It
was shown in [9, Theorem 2.3.5] that (Ry_1, Ry+1) is a radical ideal. It has the
primary ideal decomposition

Iy = ﬂn|N,n>1 P"’

where the ideal P,, corresponds to the irreducible component ®(H/T';(n)) of the curve
Cy. The ideal P, is independent of the multiples N of n. The complex elliptic genus
pn of level N becomes the composition

oV @ Q —*» Q[A,B,C, D] —— QI[A,B,C,D]/Py,

where 7y denotes the projection map.

Definition 2.1. For #|N, we define the ideal PN as the following intersection of
ideals

pNt — Nt Pr-
For the first few ideals PNt we havel

P2l = (C, A),

P31 = (125 B* + 1152 AC — 384 D, 18 A — B),

P4 = (125 B2C + 768 AC? — 384 CD, 125 AB? + 768 A*C — 384 AD,
8A% — AB+4C),

P2 = (2AC - D,8 A% — AB +40C),

P> = (15625 B* + 480000 AB%C + 1843200 A*C? + 36864 BC? — 96000 B>D
— 1474560 AC'D + 147456 D?, 6250 A>B? — 125 B3 + 32000 A3C
— 640 ABC + 4096 C% — 19200 A%2D + 384 BD, 1250 A* — 250 A’B + 67 B>
+ 1600 AC' — 192 D).

' The computations were accomplished with the help of computer programs in Mathematica and
MAGMA.
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Definition 2.2. Let [W1], [Wa], [W3], [W4], [V5], [Vs), - - - be a basis sequence of QV ®
C with ([Vs], [Vs] . . .) = ker ey and [W1] to [Wy] having the same meaning as above in
this section. We define by ¢+ the genus belonging to the variety Cn: = V(PN ¢
CPL234.

The definition of v is independent of the chosen basis manifolds from ker ¢,
and the following situation exists in the A, B, C, D-coordinate system for CP»%34:

Pell

Qe C C[A, B,C, D]

PNt

K(Cn:) =C[A,B,C,D]/I(Cny),
that is,
YNt = TNt © Pell- (2.4)
Proposition 2.3. We have keryn,; = ﬂn‘NMt ker ¢, .
Proof. Observe that

ker iy =ker ooy . = (v, nne KT 0, = () npe KeT P (T (0))"

Now [X] € ker 9 7y, € @en([X]) € I(@(H/T1(n))). The point P € & (H/T1(n))

corresponding to 7 € H/T';(n) has the parametrization:
P(r) = (A(7):B(7):C(7):D(1)).

Hence ¢ ([X])(P(7)) = wn([X])(7), if weu([X]) € I(2(H/T1(n))) < ¢n([X]) = 0.
Thus the result follows. O

Now we find a condition under which the conjectural equation (1.1) is true:
Proposition 2.4. If there exist bordism classes [Vi], [Val, ..., [Vm] € IN" such that
PN CeanlVal eenlVals - -y e [Vinl)

then we have

IVt = ﬂn‘N’nﬂ ker o, .
Proof. Let the sequence [W5], [Wg], ... have the same meaning as above in this section,
then ker ey = ([Ws], [We], . ..). It was shown by Héhn in [9] that ((Ws], [We],...) C
INY c N forall t # 0. So we get ([Va], [Val, - - - [Vinl, [Ws], [Wel, ...) € IX". As noted
above in this section, we have the inclusion

Nt ¢ (V| e KET P

Hence by Proposition 2.3, we get
(il [Vel, - - [Vin], W], [Wel, - - ) © I € Ny uge ket o = ker (v ,e).-

Now it remains to show that ker(¢n ) C ([Vil, [Val, ... [Vial, (Ws], [Ws], - . .). Let [V]
be a bordism class in ker(¢n ). Since by equation (2.4) )N, = TN, © Peu, We have
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veu([V]) € ker(mn ), and hence e ([V]) € PNt and so we([V]) € (pen[VA], peu[Val,
- 0er1[Vim]), by hypothesis. Since @ is a homomorphism, there exists a [U] €

([V1],[Val, - . - [Vin]) such that vei([V]) = @en([U]) which implies [V] — [U] € ker(@ernr)
= ([Ws], [Wel, ...). Hence [V] € [U] +([Ws], W], ...) € (Vi], [V, - .., [Via], [W5],
[Ws], . . .). This completes the proof. O

In Section 4, we will verify the conjectural equation (1.1) for several cases of pairs
(N, t), by constructing bordism classes satisfying the condition of Proposition 2.4,
after we introduce certain notions and prove our main results pertaining to bordism
theory of complex N-Spin manifolds with circle actions in Section 3 required for our
work with proofs of those cases of the conjectural equation.

3. Bordism of semifree circle actions

This section is devoted to the study of smooth circle actions on complex N-Spin
manifolds from the bordism theory viewpoint. A smooth circle action on a smooth
manifold is called free if all its isotropy groups are the unit subgroup of S! and
semifree if they are either S! or the unit subgroup of S'. In what follows, we will
tacitly assume that a circle action on a U-manifold preserves its U-structure, and we
will denote by:

(i) QY(F) the bordism group of all closed n-dimensional U-manifolds with free
circle actions,

(i) QY(SF) the bordism group of all closed n-dimensional U-manifolds with semifree
circle actions, and

(iii) QYU(SF,F) the bordism group of all compact n-dimensional U-manifolds with
semifree circle actions which are free on the boundary.

Also, we will use notations QU (F), QUN(SF), and QYN (SF, F) for similar
bordism groups of complex N-Spin manifolds with circle actions which preserve
their underlying U-structures, as well as notations QU:NI(F), QUNI(SF) and
QUN(SF, F) for bordism groups of complex N-Spin manifolds with such circle
actions having a fixed type t.

It was noted in [7] that the sequence

S QU(F) Y QU(SE) 2 QU(SE, F) 2 QU (F) —— -

is exact, where the maps iy, ju, and Jy have the usual meanings (see, for instance, [7]).
Analogously, the sequence

3 QUN(F) Y QUN(S ) 2 QU (SF, F) — 2 QU (F) ——s -

is exact, where the maps iy, jn, and Oy have the same meanings as in the above
sequence.

Recall from Section 2 that the type of a circle action on a connected complex
N-Spin manifold is an element ¢ of the group Z/NZ. We have the decompositions:

WNE) = @ UNNF),  QUNEE) = @ QUNUSF),  and
teZ/NZ teZ/NZ
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OUN(SF )= P QYNY(SFF),
teZ/NZ

where the groups QUNA(F), QUNY(SF), and QUN*(SF, F) are defined by requiring
circle actions to be of type t. Furthermore, each map in the above sequence preserves
the type t of circle actions, and so the sequence

iN,t Nt ON,

- —— QUNH(F) =5 QUN(SF) =5 QUNH(SE, F) =5 QN (F) — -
is exact, where the maps in:, jn¢ and Oy, are the restrictions to the groups
QUNL(F), QUANH(SF), and QUNH(SE, F) of the maps iy, jn, and Jy, respectively.

The above three sequences remain exact after tensoring with the rationals Q. In
particular, we will use the exactness of the sequence

L —— QUNHF) @ Q —X QUNY(SF) @ Q X QUNY(SF,F)® Q

2 NP 9 Q ——

(3.1)
to construct bordism classes satisfying the condition of Proposition 2.4, where we
denote by an abuse of notation the maps iy ® Q, jn: ® Q, and In: ® Q by in ¢, in ¢,
and On ¢, respectively. In the remainder of this section we will do bordism analysis to
find computable characterizations of the groups QUN'(SF, F) ® Q and QUN4(F) ®
Q needed to make calculations to construct those bordism classes. We will begin
by studying the groups QU (SF,F) and QUM (SF, F), and then we will rationalize
them to find a characterization of the group QUN(SF, F) ® Q which will lead to
a computable characterization of the group QUN:*(SF, F)® Q. After that we will
introduce and develop the notion of a complex N-Spin®! structure needed to find a
computable characterization of the group QUM (F) @ Q.

3.1. The group QU(SF,F)

In this subsection we will study the group QU (SF, F) of bordism classes of com-
pact n-dimensional U-manifolds with semifree circle actions which are free on the
boundary.

Proposition 3.1. Let [M] € QU(SF, F) and {F;} be the totality of connected com-
ponents of the fixed point set of the circle action on M. If D; is an equivariant closed
tubular neighborhood of F; with respect to an equivariant Hermitian metric on M,

then we have
(M) = >(D

in QU(SF, F).

Proof. The result follows directly from [4, 5.2] because the circle action restricted to
M \ UiDi is free. [

Let M be a U-manifold with a semifree circle action which respects the U-structure
and is free on the boundary, and X; a connected component of the fixed point set of
the circle action. Then X; has a natural U-structure and the normal bundle v(X;) of
X; in M becomes a complex vector bundle on which S acts by U-structure preserving
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isomorphisms. Moreover, there is a decomposition of the normal bundle v(X;) = fuj‘ &)
v; such that A € § 1 C* acts on the complex bundles 'U;r and v; by multiplication
with A and A1, respectively (see, for instance, [9]).

In what follows we will denote a generic element [M, f] of QU (BU(p) x BU(q)) by
[M, E & G], where the complex bundles E and G of complex ranks p and g are the
pullbacks of the universal bundles over the classifying spaces BU(p) and BU(q) under
the first and second components of f, respectively. Consider the homomorphism

0: Q/(SEF)~ P Q(BU®P) x BU(q))
k+4+2p+2q=n
defined by
o[M] = Z[Xiavzr QBU;]v

7

where the summation is taken over the connected components of the fixed point set.
It is a well-defined homomorphism.

Proposition 3.2. The homomorphism

0:Q)(SF,F)— @ Q(BU(p) x BU(q))
k+4+2p+2q=n
s an tsomorphism.

Proof. We will prove the result by exhibiting an inverse for 6. Define the homomor-
phism

¢: P Q(BUP) x BU(q)) = QI (SF, F)
k4+2p+2q=n

by sending an element [X, E @ G] of QY (BU(p) x BU(q)) to [D(E @ G)], where E
and G are vector bundles over X of complex ranks p and g respectively, and D(E & Q)
is the disk bundle with respect to an equivariant metric on the vector bundle £ & G.
It is a well-defined homomorphism. Clearly 6 o ¢ = identity and by Proposition 3.1 it
follows that ¢ o 8 = identity. Thus @ is an isomorphism. O

3.2. The group QUN(SF, F)

This subsection is devoted to studying the group QYN (SF, F) of bordism classes
of semifree circle actions on compact n-dimensional complex N-Spin manifolds which
are free on the boundary. Let 7, and -, be the universal complex vector bundles
(of real ranks 2p and 2¢) over BU(p) and BU(q), respectively. We denote by
Qg’N(BU(p) x BU(q),7p & 4) the bordism group consisting of 4-tuples (M, f, g, s)
such that f: M — BU(p) and g: M — BU(q) are continuous maps on a (k — 2p —
2q)-dimensional U-manifold M and s is a complex N-Spin structure on 7(M) @®
() ® 9*(74). (Here by a complex N-Spin structure we mean a complex N-Spin
structure on the stable bundle representing the U-structure.) The bordism relation
between the elements of Qg’N(BU(p) x BU(q),Yp @ q) is defined as follows: Two 4-
tuples (M, f1,91,51) and (Ma, fa, g2, s2) are said to be bordant if there is a third
4-tuple (W, f,g,s) with a (k —2p — 2¢g + 1)-dimensional U-manifold W such that
OW = My U—Ms, fIMy = f1, fIMy = fa, g|M; = g1, g|Ms = g2, and the complex
N-Spin structures s; and ss are induced by s.
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Now we intend to show that the groups QY'Y (SF, F) are isomorphic to the groups
@ Qg’N(BU(p) x BU(q),vp ® 7q)- First we need to define a homomorphism
k+2p+2g=n

v QUNSEF) - @ QN (BU®p) x BU(q), 7 ® 7q)-
k+2p+2q=n

Let [M, a] be an element of Q7' (SF, F) with the given complex N-Spin structure on
M denoted by s and X*~2P~24 the union of the (k — 2p — 2¢)-dimensional components
of the fixed point set of the circle action a. Also, denote by v, ; the normal bundle of
X*=2r=2¢ in M. The complex N-Spin structure s on M induces a complex N-Spin
structure s, , on 7(X*~%~29) @ v, , because 7(M)| X 72720 = 7(XF-272) oy, .
Now define

v QUNSEF) - @ N (BU(p) x BU(9), 7 ® )

k+2p+2q=n
by
k—2p—
v([M,a]) = @ [x*-2p qufp,mgp,qup,q]a
k4+2p+2q=n
where f,, and g, , are the classifying maps of v}, and v, , respectively. It is a

routine matter to see that v is a well-defined homomorphism.

Proposition 3.3. The homomorphism

v: QUNSEF) - @ N (BU(p) x BU(g), 7 )
k+2p+2q=n

is an isomorphism.

Proof. We will prove the result by showing that the homomorphism v has an inverse.
Let [M, f.g.5] € " (BU(p) x BU(q),7 ) and set E:= f*(7,), G = g*(7,),
then f and g give rise to the maps f: D(E) — D(v,) and §: D(G) — D(v,) between
the disk bundles which may be assumed transverse regular to the zero sections BU (p)
and BU(q) of v, and ~,, respectively. So one gets v(M, E) = f*(v(BU(p),vp)) =
f*(vp) = E and v(M, G) = ¢g*(v(BU(q),74)) = 9" (74) = G, where v denotes normal
bundle. If 7: E @& G — M denotes the projection, then by using the identity 7(E &
G)=7"(1(M)® E ® G) we have that the complex N-Spin structure s induces a
complex N-Spin structure 7*(s) on 7(E & G) which restricts to a complex N-Spin
structure on the disk bundle D(E @ G). If we denote by 3 the complex multiplication
on the bundle F and complex multiplication after inverse on G, then the assignment
[M, f,g,s] = [D(E & G), 8] gives an inverse of v. O

From now on we will denote a generic element [M, f, g, s] of QkU’N(BU(p) x BU(q),
Yp @ Yq) simply by [M, h,s|, where h is the map (f,g): M — BU(p) x BU(q). The
bordism group QY (BU(p) x BU(q),7p & 74) can be defined similar to the bordism
group Qg’N(BU(p) x BU(q),7p ® v4) by considering only a U-structure in place of a
complex N-Spin structure, and the following result can be proved along the lines of
Proposition 3.3.
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Proposition 3.4. The homomorphism
ViQUSE P @ QU(BU(p) x BU(q), v )
k+42p+2q=n

is an isomorphism, where v’ has similar meaning as v.

Next, we want to show that the bordism group Q,[c]’N(BU(p) x BU(q),Yp & 7vq) 1S
isomorphic to the complex N-Spin bordism group QkU’N(D(vp B 7q), S(vp B yq)) of
pair (D(v, ®7q), S(vp ®7q)), where D(y, @ ,) and S(y, @ 7y,) denote the disk and
sphere bundles of v, @ 74, respectively. Define

p: N (BU(p) x BU(9), 7 ®7q) = 2 (D (3 ©74), S (1 @ 79))
by
p[M, hys] = [D(A* (3 © 79))s AID (R (7 © 7)), 7 ()| D(R" (7 ® 7)),
where  is the map from h*(vp ® 7vq) to vp B 7y4 induced by h. Since 7(h* (v, & v4)) =
T (T(M) & h*(vp ® 7vq)), where m: h*(y, & v4) = M is the projection, the complex

N-Spin structure s induces a complex N-Spin structure 7*(s) on h*(y, ® v,). It is
clear that p is a well-defined homomorphism.

Proposition 3.5. The homomorphism
p: QN (BU(p) x BU(9),% @ 7g) = ™ (D(9 7). S (1 7))
18 an isomorphism.

Proof. We will prove the result by exhibiting an inverse for p. A generic element of
QN (D(yp @ 74), S(p @ 7)) is represented by a bordism class [W, H, s], where W is
a k-dimensional compact complex N-Spin manifold with the given complex N-Spin
structure s and H is a continuous map (W, 0W) — (D(vp ® v4), S(7p ® 7)) One may
choose H so that it is transverse regular to the zero section BU (p) x BU(q) of 7, &
vq- Put M := H=Y(BU(p) x BU(q)) and h := H|M. Since v(M, W) = h*(v(BU (p) x
BU(q),vp ®7q)) = h*(7p ® ) and 7(W)|M = 7(M) & v(M, W), therefore 7(W)| M
=T7(M) & h*(vp  ~q). It follows that the restriction of s induces a complex N-Spin
structure § on 7(M) @ h*(yp ® v4). Now define

6: QN (D 7). S(p @ %)) = QN (BU(p) x BU (@), % ® %)
by
S[W,H,s] = [M,h,3].
Clearly § is a homomorphism and ¢ o p = identity. We need to prove that pod =
identity. Observe first that
pod[W,H,s| = p[M,h,3]
= [D(h* (3 @ 79)), HID (A" (@ 7)), 7 (8) [ D (R (3 © 7).

Now we must show that (D(h*(3, @ 7)), hID(* (3, @ 7)), 7 (3) Dk (3 ® 7))
and (W, H, s) represent the same bordism class in Qg’N(D(vp D7), S(vp ©7q)) by
constructing a bordism between them. The unit interval T = [0, 1] has a natural com-
plex N-Spin structure corresponding to a stable U-structure (see, for instance, [9]).
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We identify D(h*(vy, @ 7v4)) with a tubular neighborhood of M in W. Then, after
smoothing a corner at W x 1 and introducing a corner at S(h*(v, @ 74)) X 1, one
can interpret (W x I, h,s) as a bordism between (W, H,s) and (D(h*(y, ®v,)),
H|D(h*(vp ®7q)), s|ID(R*(vp ® 7v4))). The maps h and

H: (D(h*(vp ©7q)), S(K* (p©74))) = (D(7p @ Yq), S(7p © 7q))
are homotopic, so p o §[W, H, s| = [W, H, s] and this finishes the proof. O

The following result can be proved along the lines of Proposition 3.5.

Proposition 3.6. The homomorphism

' QL (BU(p) x BU(q),7p ®7q) = QL (D(9p @ 79), S(9p & 7))

s an isomorphism, where p' has similar meaning as p.

We conclude this subsection by combining Proposition 3.3 with Proposition 3.5
and Proposition 3.4 with Proposition 3.6 into the following two results.

Proposition 3.7. We have an isomorphism:

pov: Qg7N(SF7F)—> @ QkU’N(D(’Yp@'Yq)vS('Yp@'Yq))-
k+4+2p+2g=n
Proposition 3.8. We have an isomorphism:

pov: QU(SF F) — @ fo(D(%@vq%S(%@%))-
k+2p+2q=n

Since a complex N-Spin bordism in the groups QUN (SF, F), Qg’N(BU(p) xBU(q),
Yo B 7q), and QkU’N(D('yp ®74), S(7p ®4)) is also a U-bordism in the groups QY (SF,

F), 0N (BU(p) x BU(q),7 © ), and QY (D(v © 79), S(vp 7)), respectively,
therefore the forgetful homomorphisms

QUN(SF, F) — QY(SF, F),

0N (BU(p) x BU(q), 7 ®vg) = 2 (BU(p) x BU(q),p & 7q),
and
Qg’N(D(% ® ), S(1p ®7g)) — ercj(D('Yp ® ), S(vp D g))

are well-defined.

Proposition 3.9. The diagrams

QUN(SEF) —— @ N (BUp) x BU(9),% @)
k+4+2p+2q=n

! l

Q(SFF) —— @ Q(BU@p) x BU(g), 7 &)
k+2p+2q=n
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and

P WYBUG xBU@wov) — D VDO ©79), S &)
k+2p+2g=n k+42p+2g=n

J J

’

@ Qg(BU(p) x BU(q),Yp ® 7q) — @ Qg(D(’Yp@'Yq)>S('Yp€B’Yq))
k+2p+2g=n k+2p+2q=n

are commutative, where vertical arrows are the forgetful homomorphisms.

Proof. Note that v’ and p’ have the definitions similar to v and p, respectively, and
the vertical arrows are forgetful homomorphisms. Therefore, the result follows by
using the definitions of maps involved in the diagram. O

3.3. The group QUN(SF, F)®Q

In this subsection we will tensor bordism groups considered in the previous two
subsections with the rationals Q. It will give us more traction on those groups and will
help by using the results of those sections to compute the group QU (SF, F) ® Q,
and then the group QUN#(SF, F) ® Q which appears in the exact sequence (3.1).

It is a routine matter to check that Q%N( -) is a generalized homology theory (see,
for instance, [3, p. 9]). Hence it becomes trivial when tensored with the rationals
(see, for instance, [6]). Since the forgetful map QY — QU is a rational isomorphism
(see [9]), therefore, we have the following result:

Proposition 3.10. Let (X, A) be a finite CW -pair. The forgetful homomorphism
QUN(X, ) eQ—Ql(X,A)®Q
is an isomorphism.

Lemma 3.11. The forgetful homomorphism QN (SF,F) @ Q — QU(SF,F) ® Q is
an isomorphism.

Proof. The diagrams in Proposition 3.9 remain commutative after tensoring with the
rationals Q. Putting them together after tensoring with Q, we get the commutative
diagram

QUN(SFF) Q@ —— ®k+2p+2q:n Qg’N(D('Yp DY) S(7p ®7q)) ®Q

QUSFF)©Q —— ®k+2p+2q:n QL (D(vp @ 79), S © 7)) @ Q,

where vertical arrows are the forgetful homomorphisms and horizontal arrows are the
composites of the isomorphisms from Proposition 3.9, tensored with the rationals Q.
Since the right hand vertical arrow is an isomorphism by Proposition 3.10, it follows
that the left hand vertical arrow is also an isomorphism. O

Now the following result gives a way to compute the group QUVN(SF, F) @ Q.
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Lemma 3.12. We have an isomorphism

VeQ: QIN(SFF)eQ— @ QJ(BU(p) x BU(q)) @ Q,
k+2p+2q=n
with ¥ given by
IM] = (X, 0] @ o],
where the summation is taken over the connected components of the fized point set,
and v;t,v; have the same meanings as in Proposition 3.2.

Proof. The result follows from Lemma 3.11 and Proposition 3.2. O

Note that we have the decompositions

QNSEF) Q= P IVISEF)2Q
teZ/NZ

and

P oBUE xBU@WQ)eQ= @ QL (BU@p) xBU@Q) Q.
k4+2p+2q=n k+2p+2q=n
p—g=t (mod N)
The type of an S'-action on a complex N-Spin manifold is the sum of rotation
numbers of a fixed point component modulo N. Hence the summands involving ¢ in
above two decompositions correspond to each other under the isomorphism of groups
in Lemma 3.12. Thus we have:

Theorem 3.13. The homomorphism

Qg’N’t(SF,F)®Q—> @ Qg(BU(p) x BU(q)) ® Q
k+2p+2q=n
p—g=t (mod N)
given by

[M] =Y [ X, v @ 0]
is an isomorphism.

3.4. Complex N-Spin®! structures

Let N and t be two positive integers such that ¢|/N. In this subsection we intro-
duce the notion of a complex N-Spin®! structure which is needed to characterize
the rational complex N-Spin bordism group having a free circle action of type ¢. In
what follows we will use the identifications U (1) = S = R/Z and U(1) = R/NZ = S!
without further mention. At times we will also use S* and U(1) separately when it is
needed to distinguish between the actions on manifolds and bundles, respectively.

Let (Zy,-) denote the group of N-th roots of unity generated by e~ . It is iso-
morphic to the group (Zy, +) of residue classes of integers mod N. So we note for a
later use that one can identify the cohomology groups H"(X;Zy) and H"(X;Zy) for
any space X and any nonnegative integer n. Let Ay : U(l) — U(1) given by A+ AN
be the N-fold covering of U(1). Note that Zy = ker Ay. We denote by i: Zy — U(1)
the inclusion.
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Definition 3.14. Let N and ¢ be positive integers such that ¢|V, and let iy : St
S* given by ¢ — (/! be the N/t-fold covering of S'. Let Zy act on U(1) x S by
sending (), g,¢) to (Ag, A7*(), where A € Zy, g € U(1), and ¢ € S1. We define UV:¢t
as the group U(1) x S*.

Zy

We will represent a generic element of UN:¢* by [g, (], where g € U(1), and (e St
Notice that Zy/; can be considered as a subgroup of UN-t generated by [e%, 1] =

2mti

[(62131')’16217\7,((ezﬁi)il)’tl] =[1,e’~]. Let p: UN*" - U(1) x S* be induced by
the map Ay X pnye: U(1) x ST — U(1) x S'. Then we have a short exact sequence:

0 —— Zyy — UMt L5 U1) x §t —— 1. (3.2)

Definition 3.15. Let A be a principal U(1)-bundle over a finite connected CW-
complex B. A complex N-Spin®t structure (or simply an N*-structure) on A consists
of

1. a principal UY-“*-bundle 1 over B,
2. a principal U(1)-bundle A over B, and

3. abundle map f: E(n) = E(A) x E(A) such that f(xzg) = f(x)u(g), where x €
E(n), and g € UN-et,

Let £ be a principal U(n)-bundle over a finite connected C'W-complex B and
A be the associated principal bundle belonging to the determinant representation
U(n) = U(1). A complex N-Spin®t structure (or simply an N%¢-structure) on £ is a
complex N-Spin®! structure on A. The notion of a complex N-Spin®! structure is a
generalization of the notion of a Spin® structure, and a complex N-Spin®? structure
becomes a complex Spin€ structure if N = 2 and t = 1. We will see that every principal
U(n)-bundle over a finite CW-complex admits a complex N-Spin®! structure. The
coefficient sequence (3.2) determines the exact sequence:

H'(B;UNY) " gY(B;U1)) @ H'(B; S) —2/ H*(B;Zyy).  (33)

The map ¢y, sends a pair (A, A) to the cohomology class py/i(c1(A)) — tpnyi(ci(A)),
where pyji: H?(B;Z) — H?(B;Zyy;) is the mod N/t reduction. It follows by the
exactness of sequence (3.3) that the bundle £ (equivalently A) can be given a complex
N-Spin®! structure if and only if there exists a cohomology class u in H?(B;Z) such
that pn/¢(c1(A)) = tpn/i(u). Since the first Chern class ¢, () of £ is the same as the
first Chern class ¢1(A) of the determinant line bundle A, one can take u = ¢1(&) to
see that the principal U(n)-bundle £ admits a complex N-Spin®?! structure.

Proposition 3.16. Let E; and E5 be two complex vector bundles over a finite CW -
complex B. Then a choice of complex N-Spin®t structures on two of the three bundles
E\, By, By ® Ey uniquely determines a complex N-Spint structure on the third one.

Proof. The bundles F; and FEs can be provided with Hermitian metrics to look
at the associated principal U(n)-bundles. Let uy,us € H?(B;Z) be two cohomol-
ogy classes such that pn/.(c1(E1)) = tpn/(u1) and py/i(c1(Ez)) = tpnyi(uz). Since
c1(E1 @ En) = c1(E1) + c2(E»), therefore, pnyi(c1(Er & E2)) = pnyi(c1(Er) + c2(E2))
= pnyi(c1(E1)) + pnyi(ca(E2)), and so pnyi(ci(E1 @ Ea)) = tpn/i(ur) + tpnye(uz) =
tpnye(ur + ug) with uy +ug € H?(B;Z). Hence a choice of complex N-Spin®! struc-
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tures on E; and E5 uniquely determines a complex N-Spin®! structure on E; @
Es. Similarly, the equations py/(c1(E1)) = pnyi(ci(Er @ Ea)) — pnye(c1(E2)) and
pn/i(ci(E2)) = pny(ci(Er @ E2)) — pnyi(c1(Er)) can be used to prove the other two
cases. O
3.5. The group Qg’Nc’t

We define a complex N-Spin®' manifold (or simply an N®'-manifold) as a U-
manifold together with a complex N-Spin®! structure on the principal U(n)-bundle
belonging to its stable tangent bundle representing its U-structure. We will denote
the cobordism group of n-dimensional connected closed complex N-Spin®! manifolds
by QU:N o

Let ¢: B — BU(n) be a classifying map of a U(n)-bundle £ and consider the
map ¢ — t¢y: BS x K(Z,2) — K(Znyt,2), where ¢ is the first Chern class reduc-
tion mod N/t. Let ¢n/; be the pullback, with the map ¢ — ¢, of the fibra-
tion py/e: PK(Znyt,2) — K(Znyt,2) having the fiber homotopy type QK (Zy,2) =
K(Zpyyt,1). Further pulling back the fibration ¢y /¢ with det xid to BU(n) x K(Z,2)
gives the fibration (qAﬁN/t)n: BU(n) — BU(n) x K(Z,2):

BU(n) BS! PK (Znt,2)

(Gnye)n PN/t PN/t

det xid

BU(n) x K(Z,2) =55 BS' x K(2,2) ——"% K(Zn/:,2)

A
B BU®).

An equivalence class of a complex N-Spin®! structure on £ corresponds to a fiber

homotopy class of a lifting 1 of 1 regarded as fibration, where f = (mp)1 0 ((i;N/t)n
and (m,)1: BU(n) x K(Z,2) — BU(n) is the projection to the first component. The
fibrations (¢A>N/t)n: ET\J(n) — BU(n) x K(Z,2) induce the fibration ¢?N/t: BU — BU
over the stable classifying space:

BU(n) SELINEN BU(n+1) _ BU _ BS1
l(‘Z’N/L)n l(@N/t)n+1 l&z\r/t ld)N/t

BU(n) x K(2,2) —=% BU(n+1) x K(2,2) —— BU x K(Z,2) <9, Bg1 « K(z,2).

If one sets Bg,, := Bopt1 := B/B (n), then one gets the following commutative diagram:

ni=td
T BZn 5]2n—) BQn+1

lfzn lf271+1 lf2n+2

5 BO(2n) —2r BO@2n+1) 2 BO@n+2) —— -

Here jj: BO(k) — BO(k + 1) is the natural map which belongs to the addition of

9gon41:=kn
. BQn+2 [
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a trivial real line bundle, and fy is the fibration defined by fs, := h, o ((;ASN/t)n,
font1 := Jon © fon, where h,, = ¢, o (m,)1 and ¢, : BU(n) — BO(2n) is the natural
map belonging to “forgetting” the complex structure.

Theorem 3.17. The cobordism theory Q. (B, f), belonging to the above family of
fibrations fi.: Bx — BO(k), corresponds to the cobordism group Qg’Nc't.

Proof. A complex N-Spin®! manifold M with a given complex N-Spin®! structure
corresponds to a unique stable equivalence class of the homotopy classes of the liftings
fi: B; = BO(l) to the classifying maps of the normal bundle of M.

A complex N-Spin®’ structure on the stable tangent bundle induces a complex
N-Spin®*-structure on the normal bundle: Embed M differentiably in R2?*, s large,
then (7(M) @ €k) @ v = €2°. Provide the tangent bundle €2° of R?* with the canonical
U- and complex N-Spin®! structures and restrict them to M. The normal bundle v
can be provided with a U-structure (see [5, p. 21]) and by Proposition 3.16 one gets
the complex N-Spin®? structure. The relationship between U-structures and liftings
is clear, we have discussed the relationship between complex N-Spin®? structures and
liftings previously.

The set of equivalence classes 2, (B, f) corresponds to the set of equivalence classes
QUAN', O

Let M be a complex N-Spin®? manifold. Let f: M — CP* denote the classifying
map of the principal U(1)-bundle over M which exists due to the second axiom
of definition of complex N-Spin®* structure. We call the map QUN"" — QU(CP>)
which sends [M] to [M, f] the forgetful homomorphism.

Theorem 3.18. For t|N, the forgetful homomorphism
QUNT o QU(CP)

is an isomorphism after tensoring with the rationals Q.

Proof. Let TBU U, denote the Thom space of the pullback of universal vector bundle
over BO(k) to BU([§]) with fi = (jk—1) © hyxy o (dny4)x): BU([5]) = BO(k). Then
by Theorem 3.17 and the generalized Pontrjagin—Thom Theorem (see [17, p. 18]) one
gets:

QU,N""

n ’ = lim 7Tn+k(T§(\]k7OO>.
k—o0

Since the Thom space TBU k is (k — 1)-connected, therefore, by results of Serre
(cf. [15, p. 207]), after tensoring with the rationals @, the Hurewicz homomor-
phism 7,4 (TBU,00) @ Q = H, 4, (TBU,00,Z) @ Q is an isomorphism for n +
k < 2k —1, and hence for k£ > n + 1. Because the map fi is induced by a complex
vector bundle, the bundle f}(vx) is oriented, and so we have by Thom isomor-
phism that H,x(TBUy,00,Z) = H,(BU([£]),Z). Also, we get H,(BU([%]),Q) =
Hn(BU([g] x K(Z,2)),Q) by applying the Leray spectral sequence to the fibration
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(énye)s - BU([S]) — BU(5]) x K(Z,2)
)

with the fiber K(Zy/:,1) and H.(K(Zyst,1),Q) = Q. Consequently, we have for

k> n+1 that
Tnik(TBU,00) ® Q = H,y 1 (TBUy, 00,Z) ® Q
=~ H,(BU([%]),Q)
~ H,(BU[%] x K(Z,2),Q)
~ (P (H:(BU[%],Q) ® H;(CP>,Q)).
itj=n

The last isomorphism is by the Kiinneth theorem.
Since one has

oY(CP*) Q= @ (2 Q) ® H;(CP™,Q),

i+j=n
and also QY = klim itk (T BUy, 00), therefore, by using the previous arguments and
— 00

applying the Serre theorem and the Thom isomorphism we get m; (T BUy, 00) ® Q
H; ,(TBUg,00,Z) @ Q & Hi(BU[g],(@), for k > i+ 1. More precisely, now we have
that the forgetful homomorphism is also a rational isomorphism. O

3.6. The group QV'N*4(F)2Q

This subsection is devoted to finding a computable characterization of the rational
bordism group QY:N*(F) @ Q of n-dimensional closed complex N-Spin manifolds with
free circle actions of type ¢ for ¢|N, which appears in the exact sequence (3.1).

Proposition 3.19. Let M be a compler N-Spin manifold with o free circle action
a, and let t # 0 be such that t|N. Then the circle action o has type t if and only if
the orbit space M/S' can be given a complex N-Spin®t structure with the principal
U(1)-bundle 7: M — M/S' and principal UN-%*-bundle given by the composition
E — M — M/S", where E — M is the U(1)-bundle over M determined by the given
complex N-Spin structure on M.

Proof. Let the complex N-Spin structure on M be given by the following commuta-
tive diagram:

FE——— K

M,

where K is the U(1)-bundle associated to the stable tangent bundle representing the
U-structure on M, E is a U(l)—bundle, and f is the N-covering map.

Suppose that the circle action « has type ¢. Then the connected N/t-covering St of
ST acts freely on E and commutes with the right U (1)-action on E, and is compatible
with f: E — K. Define an action & of (1) x S' on E by sending (z, (g, \)) to A~ 'zg,
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where z € E, g € U(1), and A € S*. This is a free action of U(1) x $' on E and it
induces a free action of UY:“* on E. Moreover, the composition mop: E — M —
M/St is a UN-¢t-bundle over M/S*.

Now define a map u: E — K/S' x M as u(z) = (7(f(z)), p(z)), where 7: K —
K/S! is the orbit projection. The map u is equivariant, and we have the following
commutative diagram:

K/S'x M

.

M/S?.

So we have a complex N-Spin®! structure on K/S! and hence on M/S*.
Conversely assume that a complex N-Spin®! structure on M/S! induced by the
complex N-Spin structure on M is given by the following diagram:

K/S'x M

N

M/SY,

where ;1 sends an element z of E to the element (7(f(z)),p(x)) of K/S' x M. Let
us consider the following commutative pullback diagram:

E
wof

™ (K/SY) — 2 K/S!
|
M ——— M/S".

Define a map v: E — 7*(K/S*) by v(z) = (7(f(z)),p(z)), for z € E. Because the
map p: E — K/S' x M is an N-covering, therefore, the diagram

E—Y s (K/SY)

N/

defines a complex N-Spin structure on M which, under the identification K =
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7*(K/S'), coincides with the given complex N-Spin structure on M. We need to
show that the circle action « is of type t. Let € E and the map
() R = 7 (K/ST)
induced by a be given by

Also, define
@V(x) R FE
by

2mtis

&V(:E)(S):x[Le N ]a

27ti

where [1,e“%] € UN-ef. We see that () (0) = z, and v(y(x)(s)) = v(@.[1,e %))

= p(x.]1,e7 ) = (ﬁ(f(z));q(e%is,p(x))) = Q1) (s). Therefore, &,y is a lifting of

Qy(g), and () (1) = x.[1,e7~ ]. Thus the circle action « is of type t. O

The above proposition can be translated in terms of bordism language as follows.

Lemma 3.20. Fort # 0 and t|N, we have an isomorphism
QINHF) Q)

given by
[M] = [M/S7].

A direct consequence of Theorem 3.18 and Lemma 3.20 is:

Theorem 3.21. Ift # 0 and t|N, then the homomorphism
QUNA(F) - QU_, (CP™)
given by
[M] — [M/S*, f]

is an isomorphism after tensoring with the rationals Q, where f is the classifying map
of St-bundle M — M/S*.

4. Applications

In this section we will discuss a few applications of the theory developed in the
previous section to explore the ideal IM' in the rational bordism ring QN @ Q
generated by bordism classes of complex N-Spin manifolds admitting an effective
circle action of type t. We will find a condition to determine the ideal I Nt and make
computations to show that the condition holds true for several values of N and ¢,
and thereby verify the conjectural equation (1.1) for those values of N and t. More
precisely, we will see that the conjectural equation holds true for all values of ¢ with
N <9, except for case (N,t) = (6,3) which remains undetermined.
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4.1. Exact sequence

In this subsection we will set up a general framework for computations to explore
the ideal 12" by exploiting characterizations, obtained in the previous section, of the
bordism groups in the exact sequence (3.1).

Composing the isomorphisms obtained from Theorem 3.13 and Theorem 3.21 suit-
ably with the maps iy, jn ¢, and dn ¢ of the exact sequence (3.1) we get maps iy ¢,
Jn.t, and éN,t, respectively, which we will denote with an abuse of notation simply
by in+, jnt and On ¢, respectively. Thus we have:

Lemma 4.1. The sequence
R, QU_(CP®) ®Q Nt QUNE(SE) @ Q
j t 8 t
— P (BU(p) x BU() ©Q —== QY ,(CP*) @ Q — -+
k+2p+2q=n
p—g=t (mod N)
18 exact.

Now we recall from [9], a few details about the complex twisted projective bundles
needed for the subsequent development of this article. Let ¥ and G be two complex
vector bundles of rank p and g over a U-manifold B, respectively. The U-structure on
B and the complex structure on E & G provide a U-structure o*(E @ G) ® o*7(B)

on E®G—"— B and — after a choice of Hermitian metric — on the disk bundle
D(E & @), and the sphere bundle S(E & G) = 0D(E @ G). Consider on E & G the
Shaction a: S'x E® G — E® G given by a(), (p,ep, gp)) = (p, Aep, A 1gy). This
Sl-action restricted to S(E @ G) is free and respects the U-structure. The quotient
S(E @& G)/a as a differentiable manifold is the complex projective bundle CP(E &
G), where G is the complex bundle conjugate to G. The twisted projective bundle
@(E ® G) of two complex vector bundles E and G over a U-manifold B is defined
as the bundle CP(E @ G) with the stably almost complex structure 7(CP(E @ G)) :=
(S* @71 E® S*®@7*G @ n*1(B)), where S* is the dual bundle of the tautological
line bundle S, and 7: CP(E @& G) — B is the projection map. The orientation of
@(E @ G) induced by this “twisted” stably almost complex structure is (—1)7 times
the usual orientation of CP(E @ G). The cohomology of @TP’(E @ G) is the cohomology
of CP(E @ G):

H*(CP(E® G)) ~ H* B/t +c(E@ G - oy (BD G)), (4.1)
where ¢; stands for the i-th Chern class, and ¢t = ¢1(S*) denotes the first Chern
class of the dual bundle of the tautological line bundle S. The S*-bundle S(E & G)
over @P’(E@G) under the given action « has the first Chern class —t. If h is
the S'-principal bundle classifying map, then [@(E @ G), h] defines an element in

QU(CP>). The bordism group QY (CP>) as a QV-module is isomorphic to the bor-
dism group QY, | (F) of U-manifolds with free circle actions. The stably almost com-

plex structure on CP(E & G) was chosen such that [CP(E @ G), h] under the above
isomorphism of S!-manifolds is equivalent to [S(E & G), a].
Let vj and v; have the same meanings as in remarks preceding Proposition 3.2.

Define ky: QU(SF, F) — QY (SF) by [M]— > [CP((v] & et) @ v; )], where €k is
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the trivial complex line bundle. If ji; is the inclusion map QU (SF) — QU(SF, F),
then ki o jiy = id (see, for instance, [7]). Now, in particular, if [M] € QU (SF), then
[M] = ky o ju[M] = ku(ju[M]) = ky[M], therefore, the equation

[M] = >"[CP((vf @ et) & v])] (4.2)
holds in QU (SF).
Let
ST P A BUP xBU@)2Q-0eQ
k+42p+2g=n

p—q=t (mod N)
be the linear map defined by sending [X, F & G] to [(EfP’((E ®el) d Q).

Lemma 4.2. If there exist bordism classes [Ui], [Uz], ..., [Un] € Im(en t|ker(on )
such that

PNt (pen[Uh], pen[Ual, - - -, @en[Um]),

then we have
Nt = ﬂn‘N’Mt ker .

Proof. Let [U]] € ker(dn,) be such that ey ([U/]) = [U;]. By the exactness of se-
quence in Lemma 4.1, there exists a [V;] € QUN{(SF) ® Q such that jy.([Vi]) =
[U!]. By equation (4.2), the Chern numbers of [V;] and [U;] are the same, and hence
@en[Vi] = en[Us]. So there exist bordism classes [Vi], [Va],. .., [Vin] € I such that
PNt (pen[Vh], @en[Vals - - - s @elt[Vin]). The result follows by Proposition 2.4. O

4.2. The ideals I;""

In this subsection we study the ideal N in the ring QV* ® Q generated by bor-
dism classes of complex N-Spin manifolds with an effective circle action of type ¢.
More precisely, we verify the conjectural equation (1.1) for several values of N and
t by constructing bordism classes of manifolds satisfying the sufficient condition of
Lemma 4.2. We begin the case N = 4 and ¢ = 2 with an explicit proof including details
of its various important steps to present the general technique which will work for
higher values of N and ¢, as well.

Theorem 4.3. Let ¢4 denote the elliptic genus of level 4. Then we have
I+? = ker(py).
Proof. Consider the linear map

ha: @D QU(BU®) x BU(g) © Q- QY (CP®) & Q.
k+p+q=4
p—qg=2 (mod 4)
We intend to compute its kernel. Let E; and G; be complex vector bundles over U-
manifold B;, 1 < ¢ < 4, where By and Bs are zero dimensional U-manifolds with the
number of elements r and s respectively, and B3 and B, are 2-dimensional manifolds.
If the bundles E, Eo, E3, E4 are of 3, 1, 2, 0 complex ranks, and Gy, Ga, Gz, G4
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are of 1, 3, 0, 2 complex ranks, then [Ey @& G1, B1] + [E2 © G2, Ba] + [E3 ® Gs, B3] +
[E4 ® G4, By] is a well-defined element of @ 0% (BU(p) x BU(q)) and its

k+p+q=4
p—qg=2 (mod 4)

rational image under 0y 2 is given by
[CP(E1 & Gh), ha] + [CP(Ey & Ga), ha] + [CP(E3 & Gs), hs] + [CP(Ey & Ga), ha.
(4.3)
Consider the total Chern classes ¢(Bs) = 1 + a1(Bs) + a2(Bs), ¢(Bs) = 1+ b1(By) +
ba(B4), c(Es) =1+e1(E3)+ea(Es), ¢(Gy) =1+ g1(G4) 4+ 92(G4). An element
[M,h] ® 1 of QY (CP*) ® Q is zero if all of its generalized Chern numbers c3, cac1,
3, cad, c3d, c1d?, and d? are zero, where d = h*(g) in H?(M, Z) is the pullback of the
generator of H*(CP*>°,Z) = Z[g]. By using the equation (4.1), the generalized Chern
numbers of the expression in (4.3) are given by

c3 = 2r — 25 + 2ag — 2bo,
Ccac] = Qaf + 2a9 — be — 2bo,
3 = —8r + 85+ 6at + 2eF — 8ey — 607 — 297 + 8go,
c2d = —az + are; — by + big,
c;id =4r +4s — a% — e% +4eq + 2a1€1 — b% — g% + 499 + 2b1 g1,
c1d® = —2r 4+ 2s + €2 — 2ey —aje; — g> + 292 + b1 g1,
d?’:r—&—s—e%—&—eg—g%—i—gz.
Each solution of the system, obtained from the above system by putting left sides of
equations equal to zero, determines an element of the kernel of d4 2. The solution set of
the system is spanned by (-5, —3,—14,2, -10,-2,0,—12,0,0,0,2), (—-1,-1,0,0,0, 1,
0,0,0,0,1,0), (1,1,3,0,1,0,0,3,0,1,0,0), (7,3,20,—2,12,2,0,16,2,0,0,0), (—1,0,
-1,1,-1,0,1,0,0,0,0,0) with respect to the coordinates (r,s,a?, as,e?, ez, ajey, b?,
b27 9%7 92, blgl)'
Consider the linear map

€42 P BBUK xBU@)2Q— 0 ©Q.

k+p+q=4
p—q=2 (mod 4)

We intend to compute Im(e4 2 |rer(a,..))- Let By, Gi, 1 < i < 4 be as above, then the
Chern numbers of the bordism class [@@’((El ®et)®Gr) + [@((EQ @ er) B G2)] +
[CP((E3 @ €l) @ Gs)] + [CP((E4 @ €&) & G4)] are given by
¢y = 3r — 5+ 3az — by,
csc1 = 6r + 25 4 3a% + 9ag — b3 + by,
c3 = —4r —4s +9a3 + 6ag + e — 3eg + b — 2by + g7 — 3o,
coct = —18r + 25 + 21a? + 9ag + 62 — 18ey + bT + by + 2b1 g1,
¢} = —81r — s + 54a3 + 27e? — 8ley + 603 + 397 — g2 + 8b1g1.
One obtains that the image Im(e4,2 |ker(a,.,)) is spanned by [U;] = (1,4,~-1,0,0) and

[Uz] = (0,3,13,28,64), where the coordinates are the Chern numbers (c4,czcq, c3,
c2¢3, c}). The polynomials of degrees three and four associated to the multiplicative
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sequence of the genus . are given by:
K3 = 53-(48Cc3 + (2AB — 48C)cacy + (24° — AB 4+ 16C)c}) and

Ky = 55222 ((—8B% + 4608D)cy + (5760AC + 8B* — 4608D)c3c;

+ (24B? — 2304D)c3 + (120A%B — 5760 AC — 28 B + 4608D)c3cy
+ (60A* — 60A%B + 1920AC + 7B* — 1152D)c})

(see, for instance, [9]). It follows that e ([CP?]) = (2C)/3 — (AB)/6 + (44%)/3 and
ven([U1]) = AC — D/2. Since P*? = (2AC — D,843 — AB + 4C) by remarks preced-
ing Definition 2.2, we see that P2 C (¢en([U1]), @en([CP?])). Lemma 4.2 finishes the
proof. O

We will see that the conjectural equation (1.1) also holds true for a few higher
values of N. We can give proofs for those cases of higher values of N along lines
of the above proof. However, to simplify their presentation we will use the idea of
Hilbert—Poincaré series of a graded ideal of C[A, B,C, D]. Let J = @ Jn, be a graded

neN
ideal in C[A, B, C, D], where each J,, containing elements of degree n has the finite

dimension, say, a,. The Hilbert—Poincaré series of J in indeterminate s is given by
Z ans". We make an observation here which will be useful in formulating a simple
neN
proof of the conjecture for a few higher values of N: Let J' C J be an inclusion of
graded ideals in C[A, B, C, D], and let J be generated by a finite number of elements
with the highest degree of its generators equal to ng. If al, = a,, for all n < ng, then
we have J' = J.

From now on we will be more specific about notations of maps ey and dn ¢,

and will denote them by 55\71 and 8](\2, respectively, when their domains of defini-

tion have degree n. We will denote the image 90€”(Im<55\7;)t|ker(a<")))) of the universal
’ N,t

elliptic genus by Pr’LN't. Let P/ = @ P,’LN’t and PNt = @Pév’t be graded ideals
neN neN
of C[A, B,C, D] with dimensions of P/ and PN+ denoted by d/, and d,, respec-
tively. We remark that P’ M ¢ PNt In fact, a generic element of P’ ™ has the form
weu[U], where [U] € Im(en t|ker(ay.,))- As in the context of the proof of Lemma 4.2,
there exists [V] € IX"" such that ¢.;[U] = pen[V]. Since I ¢ (Vo gt KeT @ (see
Section 2), we have [V] € 1,y .y ker ¢n, and so it follows by Proposition 2.3 that
[V] € ker i ¢. By equation (2.4), we get [V] € ker(mn, © weir). Hence 7 ¢(peu[V])
is the zero element and so . [V] € ker my, = PN, Hence ¢ [U] € PN, and as it
was a generic element of I} ,, we have the inclusion P’ " PNt This remark and
the above observation will be used in proving the following result which will give a

general framework to present a simplified proof of the conjecture for several values of
N and t.

Proposition 4.4. Let ng be the highest degree of generators of PN:t. If d,, = d., for
n < ng. Then

Nt = ﬂn\Nynft ker ¢y, .
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Proof. Since P’ Mo pN 't therefore, hypothesis of the proposition together with the
above observation imply that P = PNt Tt follows from this equation and the
definition of """ that the sufficient condition of Lemma 4.2 pertaining to the exis-
tence of bordism classes and inclusion is satisfied with equality. This completes the
proof. O

Theorem 4.5. The dimensions d,, and d., of PNt and P/lN’t, respectively, up to the
degree n = 12, for several values of N and t are given in Table 1.2

Table 1: Dimensions d,, and d’, of PNt and P!, respectively
[((N,o)/n][1]2]3]4]5]6]7] 8 [9] 10 J11] 12 |

(4,2) 1[2[3[5][7] 10 [13] 17 21| 27
(6,2) 1(1[3] 5 [7] 10 |14| 18
(6,3) 1[2[4][6() |9 |12(11) |16 | 21(19)
(8,2) 1] 1 |3 4 7 10
(8,4) 1] 2 |4 6 9 13
(9,3) 1 |1 3 1 8
(10,2) 1 1 3 1
(10,5) 1 2 1 6

The dimensions d!, are made bold and given in Table 1 only when they differ from
the dimensions d,,. The entries in the table containing zeros are kept empty. Now we
will use the highest degree of generators of P! to obtain the following result. In
most cases we can verify that P! is generated by three elements whose degrees can
be determined. But we will not need to use this fact in the proof, however, we will
discuss it later for extra information.

Theorem 4.6. For (N,t) = (6,2), (8,2), (8,4), and (9,3), we have
IVt = ﬂn‘NMt ker ¢y, .

Proof. The highest degrees of generators of P%2 P82 P84 and P%3 are 8, 12, 9,
and 12, respectively.? The result follows from Proposition 4.4 and Theorem 4.5. [

Our technique does not work for higher values of N because computer runs out of
memory while running Mathematica program to compute dimensions d/, of P,’LN"t for
higher degrees n. For instance, the highest degree of generators of P'%2 is 16 and this
degree is too big for the Mathematica program to compute d4 for (N, t) = (10, 2). The
technique developed in our work does not generate enough bordism classes in case of
(N,t) = (6, 3) to verify the sufficient condition of Lemma 4.2. It is our conjecture that
the technique gives enough bordism classes except when (N,t) = (4k + 2,k + 1) for
k > 1, however, Mathematica program does not work in computations of dimensions
dl, of P,’LN’t for some degrees n needed for higher values of N. Our technique works if

2The computations were accomplished with the help of computer programs in Mathematica and
MAGMA.

3The computations were accomplished with the help of computer programs in Mathematica and
MAGMA.
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t =1 or t does not divide N, and Mathematica computations can be made to verify
the conjecture for values of N up to 9, as well. However, we combine Theorem 4.3,
Theorem 4.6, and a result of [9] concerning a verification of the conjectural equation
(1.1) in the case t = 1 to state the following result.

Theorem 4.7. Let t be a divisor of N such that t # N and 2 < N <9, except for
(N,t) = (6,3). We have

Nt = ﬂn‘N’Mt ker .

Let T +(s) denote the product of the polynomial (1 —s)(1 — s?)(1 — s%)(1 — s%)
and the Hilbert-Poincaré series of the quotient algebra C[A, B,C, D]/PN:t in the
indeterminate s. We conjecture that in most cases the ideal P! is generated at
most by three elements. More precisely, we have:

Conjecture 4.8. Let t be a divisor of N > 2 and (N,t) # (4dk+2,k+1), k> 1.
Then

(i) Tn+(s) is a polynomial of degree 2N —t + 1 given by the equation
Ty i(s) =1 sN—1 _ gN+L _ g2N=2t 4 (2N—t—1 | N—t+1 (4.4)

(ii) a minimal generating set of PNt has a generator in degree n precisely when the
polynomial T ¢(s) contains a term s™ with the coefficient —1.

Observe that a cancellation occurs in equation (4.4) when t =1 or (N, t) = (4,2),
and in these cases P! can be generated by two elements. We have verified the above
conjecture up to N = 18 with the help of computations.?

Notice that our technique seems to break down in verifying the conjectural equation
(1.1) when (N,t) = (4k+ 2,k + 1), k > 1 (cf. (N,t) = (6,3) in Table 1). These values
of N and t are consistent with two facts, namely, the values of N and ¢ for which
Tn.+(s) does not satisfy the equation (4.4) and d), is smaller than d,. For (N,t) =
(4k + 2,k + 1), 1 < k < 4, we have

Tos(s)=1—5"—s0 —s" +5° —l—slo—i—sn s'2,

Ti05(s) = 1—s° —slo—s + M 4 1T 4 19— 20

Tian(s) =1 — 813 —sld 15 1 20 4 (22 (244 (25, 2T 28

Tiso(s) =1 —s'7 —s18 519 _ g2 _ (23 | 925 | 9:26 4 927 (28 (30,

Let b, and b, denote the coefficients of Hilbert—Poincaré series of ideals

ﬂn|N,n1’t ker On and Im(EN,t |ker(3N,t)) = @ Im(sg\?’)f |ker(6§\71)) in Q*U’N® Q, respectively.
neN .

Theorem 4.9. The coefficients by, and bl, up to degree 12 for several values of N and
t are given in Table 2.4

The coefficients b/, are given and made bold in the table only when they differ from
the coefficients b,,. The entries in the table containing zeros are kept empty. Table 2
suggests the following conjecture:

4The computations were accomplished with the help of computer programs in Mathematica and
MAGMA.
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Table 2: Values of b, and b),

[(No/m[12[3[4] 5 [ 6 [ 7 ] s | 9 [ 10 [ 11 [ 12 |
(2,1) [L[1[3[3] 7 | 9 | 15 | 19 30 39 56 73
(3,1) 113 5 | 8 | 12 | 19 26 38 52 72
(4,1) 11l 4 [ 6 | 11 | 15 25 34 50 67
(4,2) 12 4 [ 7 [ 11| 17 25 36 50 70
(5,1) i 2 [ 5 | 8 14 21 32 45 65
(6,1) 2 | 3 | 7 11 19 28 43 59
(6,2) 2 | 3 | 7 12 19 29 43 61
(6,3) 2 | 4 | 8 |13(12)] 21 |[31(30)| 45 |64(62)
(7,1) 1| 3|5 10 16 26 38 57
(8,1) 1 2|5 8 15 23 36 52
(8,2) 1| 2|5 8 15 23 36 53
(8,4) 1(0)[2(0)[5(4)| 9(8) [16(15)|25(24)[38(37)|56 (55)
(9,1) 1] 2| 4 8 13 22 33 50
(9,3) 1| 2 | 8 1 13 22 33 51
(10,1) 1] 2| 4 7 13 20 32 a7
(10,2) 1| 2| 4 7 13 20 32 a7
(10,5) 1(0)[2(0)[4(0)| 7(2) | 13(8) |21 (16)]33 (28)]49 (44)

Conjecture 4.10. Let 2 < N <9, t|N, and (N,t) # (6,3),(8,4),(10,5). Then the
ideal I is generated by bordism classes of complex N-Spin manifolds admitting a
semifree circle action of type t.

Ochanine [16] proved such a result for Spin manifolds admitting a semifree circle
action of odd type whose complex case version corresponds to (N,t) = (2,1) in the
above conjecture.
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