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ON THE RELATION OF SPECIAL LINEAR
ALGEBRAIC COBORDISM TO WITT GROUPS

ALEXEY ANANYEVSKIY

(communicated by Charles A. Weibel)

Abstract
We reconstruct derived Witt groups via special linear alge-
braic cobordism. There is a morphism of ring cohomology theo-
ries that sends the canonical Thom class in special linear cobor-
dism to the Thom class in the derived Witt groups. We show
that for every smooth variety X, this morphism induces an iso-
morphism

MSLI(X) ® W2 (pt) — W*(X)[n,n7"],

MSLEZ* (pt)

where 7 is the stable Hopf map. This result is an analogue of the
result by Panin and Walter reconstructing hermitian K-theory
using symplectic algebraic cobordism.

1. Introduction.

The main result of this paper relates special linear algebraic cobordism to derived

Witt groups. It is a variation of the algebraic version of Conner and Floyd’s theorem
[CF66, Theorem 10.2] that reconstructs real K-theory using symplectic cobordism.
The direct algebraic analogue involving symplectic algebraic cobordism and hermitian
K-theory was obtained by Panin and Walter [PW10d]. It claims that for every
smooth variety X there exists a canonically defined natural isomorphism
MSpEI(X) @, ¢ e,y KOG (pt) = KOLI(X),
Here KO[:](f) are Schlichting’s hermitian K-groups [Sch10a, Sch10b, Sch12] and
MSp[I] (—) stands for the symplectic algebraic cobordism that is the ring cohomology
theory represented in the motivic stable homotopy category SH(k) by the spectrum
MSp [PW10c]. We use a non-standard notation for the double grading of repre-
sentable cohomology theories that could be rewritten in a more standard way as
A[?] = A?n~4": gee Section 2 for the details. Symplectic algebraic cobordism is the
universal symplectically oriented cohomology theory [PW10c, Theorem 13.2], and
the above isomorphism is induced by the homomorphism MSpl(X) — KO (x)
arising from the symplectic orientation of hermitian K-theory.
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In fact, not only is hermitian K-theory symplectically oriented, but it is also SL-
oriented; thus by the universality of special linear algebraic cobordism [PW10c,
Theorem 5.9] there is a natural morphism MSLI* (X) — KO (X) and one may ask
whether we can substitute in the above theorem the special linear cobordism for
the symplectic one. In this paper we show that after inverting a certain element
neE MSL[:P (pt) and the corresponding element in KO[:ll] (pt) one indeed obtains
an isomorphism. The element 7 arises in the following way. Recall that there is a
spectrum BO representing hermitian K-theory [PW10Db], i.e., for this spectrum one

has natural isomorphisms BO[?] (X/U) = KO[?] (X,U). Every represented cohomol-
ogy theory is a module over stable cohomotopy groups 7'('[::] (pt) in a natural way. Hence
for every motivic space Y we have a structure of ! (pt)-module on MSLI (Y) and
on BOM(Y) and can localize these modules at the stable Hopf map 7 € W[:i] (pt)
corresponding to the Y5°-suspension of H: A% — {0} — P!, H(x,y) = [z : y]. Theo-
rem 7.9 claims that for every small pointed motivic space Y the universal morphism
MSLI(Y) — KO (Y) induces an isomorphism

MSLEL(Y) @yygi241 o) BOL (pt) = BOL(Y).

See Definition 7.1 for the precise meaning of MSL%*)E and BO%*,!.
For every smooth variety X the corresponding pointed motivic space X is small,
and the above formula could be rewritten as
* 2 ~ *
MSLIY(X) @ KO (pt) = KOU, (X)),

MSLZ* (pt) ns*

where ng € KO[:ll] (pt) is the element corresponding to 7 € BO[:P (pt) via the fore-

mentioned isomorphism BO[:}] (pt) = KO[:ll] (pt). In Theorem 6.5 we construct nat-
ural isomorphisms
BOI(X) = KOy (X) = W*(X)[n,n "]

with an appropriate graded ring structure on the right-hand side. Here W*(X) stands
for the derived Witt groups defined by Balmer [Bal99]; one can find a comprehensive
survey including definitions and applications of these groups in [Bal05]. Combining
the above observations in Corollary 7.10 we obtain for a smooth variety X a natural
isomorphism

MSLE(X) @ 1,241 () W (D) > W (X)[1,71)-

The paper is organized as follows. In Section 2 we recall the general context of
unstable Ho (k) and stable SH (k) motivic homotopy categories introduced by Morel
and Voevodsky [MV99, Voe98]. Then we do some preliminary calculations with
stable cohomotopy groups w[:] staying mainly in the unstable homotopy category
Ho (k). In Section 4 we deal with special linear and symplectic orientations and recall
the universality theorems for the algebraic cobordism MSL and MSp. In the next two
sections we deal with hermitian K-theory and the spectrum BO—in particular, we
show that BOLI*,! (X) is isomorphic to the Laurent polynomial ring over the derived
Witt groups W*(X).

The last section is devoted to the main theorem relating MSL-cobordism to the
derived Witt groups. Using Panin and Walter’s result one can easily show that the
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examined homomorphism is surjective and construct a section. The main issue is
to show that the section maps the Thom classes of special linear bundles to the
corresponding Thom classes. It is an easy observation that the claim holds for the
Thom classes of symplectic bundles and, thanks to the theory of characteristic classes
developed in [An15], the general case follows from this observation. Recall that for
an SL-oriented cohomology theory one has a good theory of characteristic classes
only after inverting the stable Hopf map 7, for the details see loc. cit. In this case one
has analogues of the projective bundle theorem and the splitting principle. Roughly
speaking, the splitting principle claims that working with SL-oriented cohomology
theories with inverted stable Hopf map one may think that every special linear bundle
of even rank is a direct sum of special linear bundles of rank two. But a special linear
bundle of rank two is a symplectic bundle in a natural way, thus every special linear
bundle of even rank is, in a certain sense, a symplectic bundle. See [An15, Theorem 7]
for the precise statement.
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2. Preliminaries on SH(k) and ring cohomology theories.

Throughout this paper k is a field of characteristic different from 2.

Let Sm/k be the category of smooth varieties over k. A motivic space over k
is a simplicial presheaf on Sm/k. Each variety X € Sm/k defines a motivic space
Homyg,,, /1 (—, X) constant in the simplicial direction. We write pt for Spec k regarded
as a motivic space. Inverting the weak motivic equivalences in the category of pointed
motivic spaces gives the pointed motivic unstable homotopy category He(k). The
smash-products of pointed simplicial presheaves induces a symmetric monoidal struc-
ture on H,(k) with the unit given by pt_.

Let T = A'/(A' — {0}) be the Morel-Voevodsky object. A T-spectrum M is a
sequence of pointed motivic spaces (Mo, M1, Ma,...) equipped with maps o,: T A
M,, — M, +1. A map of T-spectra is a sequence of maps of pointed motivic spaces that
is compatible with the structure maps. Inverting the stable motivic weak equivalences
as in [Jar00] gives the motivic stable homotopy category SH(k). See loc. cit. for the
discussion of symmetric monoidal structure on SH (k) based on motivic symmetric
spectra.

A pointed motivic space Y gives rise to a suspension T-spectrum

SXY = (Y, TAY,TATAY,...).

Put S = X% (pt, ) for the spherical spectrum. This spectrum is the unit for the
monoidal structure on SH(k) constructed in [Jar00], and the suspension functor

B Ho(k) — SH(K)

is a strict symmetric monoidal functor.
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Recall that there are two spheres in He(k), the simplicial one S0 = Al /9(A?)
and St! = (G,,, 1). For integers p, g > 0 we write SP*99 for (S1:1)" A (S0)AP and
¥P+4:9 for the suspension functor — A SPT%4, This functor becomes invertible in the
stable homotopy category SH(k), so we extend the notation to arbitrary integers p, ¢
in an obvious way.

Any T-spectrum A defines a bigraded cohomology theory on the category of
pointed motivic spaces. Namely, for a pointed motivic space (Y, y) one sets

APV, y) = Homgy ) (S5 (Y, y), 5270 A)

and Al Y,y) = @A[?] (Y,y). If p—q,q >0, one has a canonical suspension iso-
n,i

morphism A[?] (Y, y) = Ayi;_q‘_]Qq (3P1(Y,y)) induced by the permutation isomorphism

§2n—in A GP.q =2 G2n—itp,ntd [n the motivic homotopy category there is a canonical

isomorphism T = $%1, and we put
Sr: AB(v,y) S AT (v AT

for the corresponding suspension isomorphism. See Definition 3.4 for the details.
For a variety X we put A[?] (X)= A[?] (X4, +) for the externally pointed motivic
space (X, +) associated to X. Groups Al (X) are defined accordingly. Put ) (X)=

S[I] (X)) to be the stable cohomotopy groups of X. Given a closed embedding i: Z — X
of varieties, we write Th(7) for X/(X — Z). For a particular case of the zero section
z: X — FE of a vector bundle, we put

Th(E) = Th(z) = E/(E — X)

and refer to it as Thom space of E. Recall that for a T-spectrum A a closed embedding
i: Z — X of varieties gives rise to the long exact localization sequence

A -A
G A TG 2 A (x0) L A (x - 2) & AP (Th(i) = -

Here j: X — Z — X and p: X — Th(i) are the obvious embedding and projection
morphisms, respectively. The localization sequence is the long exact sequence associ-
ated to the cofibration j: X — 7 — X.

A commutative ring T-spectrum is a commutative monoid
(A,ma: ANA— A eg: S— A)

in SH(k). The cohomology theory defined by such spectrum is a ring cohomology
theory satisfying a certain bigraded commutativity condition described by Morel (see
below). Recall some facts related to the multiplicative structure which are parallel to
the classical topological ones studied in [Ad74, IIL.9)].

(1) Cross-product: Let Y7 and Ys be pointed motivic spaces. Then there exists a
functorial bilinear pairing

< A (Y1) > AT (vp) — AT (7 A va)
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given by a x b = (ma A o) o (ida ATg2n—in 4 Aidgzm—sm) o (a AD),

anb

YiAYs AN SZTEn A AN SZmim

ida ATngl—i,n,,A/\idS27n—j,m

malo

ANAN SQn—i,n A S2m—j,m AN S2(n—%—m)—(i+j),n+m7

where
Tg2n—imn A 52"71"" A A i} AN Sani,n’

o S2n7i,n A Smej,m i} S2(n+m)7(i+j),n+m

are canonical permutation isomorphisms.
(2) Cup-product: For a pointed motivic space Y there is a functorial graded ring
structure

u: APy x AP (y) = AP ()

given by a Ub = A4(a x b), where A: Y — Y AY is the diagonal morphism. More-
over, let i1: Z7 — X and i9: Zy — X be closed embeddings of varieties and put
i12: Z1 N Zy — X. Then there is a functorial, bilinear and associative cup-product

U: AZ(Th(ir)) x A% (Th(is)) — A% (Th(is))

given by aUb = A%(a x b), where A: Th(iys) — Th(iy) A Th(is) is induced by the
diagonal embedding A: X — X x X.In particular, setting Z; = X, we have Th(i;) =
X+ and therefore obtain an Al (X)-module structure on Al (Th(iz)). We will usually
omit U from the notation.

(3) Module structure over stable cohomotopy groups: The unit morphism e4: S —
A induces a homomorphism of graded rings 7l (pt) — Al (pt). For every pointed
motivic space Y this homomorphism, together with the cross-product, defines a
! (pt)-bimodule structure on A (Y). For a variety X there is a canonical mor-
phism X — pt inducing a homomorphism w[:] (pt) — w[:] (X). We equip A[I] (X) with

the structure of a graded unital ] (pt)-algebra using the composition ] (pt) —

FE:] (X) — Al (X) and cup-product. The unit of Al (X) is usually denoted by 1x =
14.
(4) Graded e-commutativity [Mor04, Lemma 6.1.1]: Let € € 7T[8] (pt) be the element
corresponding under the T-suspension isomorphism to the morphism 7" — T, x — —z.
Then for every pointed motivic space Y and a € A[?] (Y), be AB"” (Y), we have

ab = (—1)Y " pa.
Recall that ¢ = 1.

3. Motivic spheres.

In this section we recall certain canonical isomorphisms in the homotopy category
and the definition of the stable Hopf map. Then we carry out a number of computa-
tions in the homotopy category in order to present in a convenient way the connecting
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homomorphism in the localization sequence for the embedding {0} C Al. The goal
of this section is to show that one can obtain the stable Hopf map applying this
connecting homomorphism to a certain natural element of the cohomotopy groups.
Throughout this section we will write G,,,, A', P! for the corresponding motivic spaces
pointed by 1, and Gy, , AL, P} for the motivic spaces pointed externally.

In order to write down the canonical isomorphisms for the different models of the
motivic spheres, one needs the cone construction.

Definition 3.1. Let i: Y — Y’ be a morphism of pointed motivic spaces. The space
Cone(i) defined via the cocartesian square

Y : \

-

Y A Al —— Cone(i)

is called the cone of the morphism i. Here iny: Y 2 Y Apt, =Y A Al is induced by
the embedding pt, = 0A' C AL

The following isomorphisms are well known; see [MV99, Lemma 2.15, Example
2.20].

Definition 3.2. Set p=pyop;*: T = G A Sl =821 for the canonical isomor-
phism in the homotopy category defined via

T <&~ Cone(i) 22 G,, A SL,

where i stands for the natural embedding G,,, — A! and the isomorphisms p1 and po
are induced by the maps A! — pt and A' — pt, respectively.

Definition 3.3. Put 0 = 0, ' o0y: (A2 — {0},(1,1)) = G,, AT for the canonical
isomorphism in the homotopy category. It is defined via

(A? = {0}, (1,1)) =5 (A* = {0})/ (A" x Gm) U ({1} x A1) <= G AT,

where o is induced by the identity map on A% — {0} and oy is induced by the
natural embedding G,, x A! C A% — {0}. Recall that o is an isomorphism since the
space (Al X G,,) U ({1} x Al) is Al-contractible, while o5 is induced by the excision
isomorphism G, AT = (A% — {0})/(A! x G,,), and so is an isomorphism as well.

Definition 3.4. Let A be a T-spectrum, and let Y be a pointed motivic space. Iden-
tifying T = $%1 via p, we denote

S = (idy Ap)? o 221 Al vy = Ay AT
the T'-suspension isomorphism.
Definition 3.5. The Hopf map is the morphism of the varieties
H: A* - {0} — P!
defined via H(x,y) = [z,y]. Pointing A? — {0} by (1,1) and P! by [1 : 1] and taking



ON THE RELATION OF SPECIAL LINEAR COBORDISM TO WITT GROUPS 211

the suspension spectra, we obtain the corresponding morphism
E%OH € HornSH(k)(Z’!oSJ (1%2 - {0}7 (L 1))7 Z’%O]P)l)

In order to interpret this morphism as an element of r[:i] (pt), we introduce the
following isomorphism. Let ¢ = pi; 91 € He(k) be the composition

9: Pt 2L pl/at P2 2y g2

Here ¥; is induced by the identity map on P' and 1, is the excision isomorphism
given by ¥5(x) = [z : 1]. The stable Hopf map is the unique element

nerpt) 2 wll(G,, AT) =2l (42— {0},(1,1)) =
= Homgy k) (57 (A% — {0}, (1,1)), SFP")
subject to the relation
o™ (2rEtin) = BF (W o H).

In other words, stable Hopf map 7 is the element of ﬂ'[j] (pt) corresponding to
35 H via the canonical isomorphisms between motivic spheres and suspension iso-
morphisms. For a commutative ring T-spectrum A we denote by the same letter n
the image of the stable Hopf map in A[:}] (pt) under the homomorphism W[:i] (pt) —
A[j] (pt) induced by the unit morphism S <5 A.

Definition 3.6. Let A € SH(k) be acommutative ring T-spectrum. Consider a variety
X and an invertible function f € k[X]* on X. This function defines an automorphism

fri Xy AT — X AT
via fr(z,t) = (x, f(x)t). We call the element
(f)a =7 (1 (Br1x) € AT (X)
the symbol associated to f in A.
Remark 3.7. By the very definition we have (—1), = e.
Consider the closed embedding {0} — A! and the localization sequence
AT} = AP G y) 2 AT ().
Our goal is to prove the following theorem.
Theorem 3.8. Let A € SH(k) be a commutative ring T-spectrum, and let
0: AY(Gy) — A (T)

be the connecting homomorphism in the long exact localization sequence for the embed-
ding {0} C A'. Then for the coordinate function t € k[G,,]* we have

o((~t™")a) = Srn.

Using the morphism of cohomology theories ] (=) — Al (—) induced by the unit
morphism e4: S — A, one easily sees that it is sufficient to treat the case of A =S.
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For the remaining part of the section we assume that A = S and work with the stable
cohomotopy groups 71[:](—) = S[:](—).

In order to prove the above theorem we need the next lemmas describing 0 in a
convenient way. Set § = L ~10(p™) 719,

n o n
N (Gry) " (T)

A

7 (G) s 7 (G A D).

Lemma 3.9. For the natural map r: G, — G, we have §r™ = id.

Proof. The statement of the lemma is equivalent to 9r™ = p™%10. Denote i: G,, —
A' and iy : G,y — AL the natural embeddings, and let jy: A} — Cone(iy) and
j2: Cone(iy) — Cone(j1) be the natural maps for the cone construction.

Consider the following diagram:

G A S} <—p: Cone(i) —2>T

:TU <
rAid Cone(iy)
/ l]é

Gy A SE <7Z Cone(j1)

Here v; and w are induced by A! — pt, v is induced by {+} — {1}, and u is induced
by A}F — pt. One can check that this diagram is commutative in the homotopy cat-
egory. By the very definition we have

or™ = (wjapy )X = (wiarhT )™ (r A1d)TEM0 = ((r Aid)wiayp; ) TEMO;
thus it is sufficient to show
(r ANid)ywjatpi ! = paprt = p,

and this follows from the commutativity of the above diagram. O

Suspending § with Y7 and shifting the indices, we obtain a homomorphism §r =
Srovyt,
Gy AT) 2 7l (G AT

Gy —— (G,

K2
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Put Y = (A2 — {0})/((A! x G,,) U ({1} x Al)) and consider the diagram

77(A2 — {0}) /(A x G.n)) - 7 Gy AT)

~ 3

o7 J/ vz 6Tl T(rAid)"

(A2 - {0}, (1,1)) —=— (V) —Z> (G, A T)

K3

where 1 and 1) are induced by the identity map on A? — {0}, ¢™ is the excision
isomorphism induced by the embedding G,,, x A € A% — {0}, and 7: G, — G, is
the obvious map.

Lemma 3.10. In the above diagram we have
dr = o5 (o) YT (¢7) 7
Proof. Put 64 = 03 (oT) T (¢™)~!. By Lemma 3.9 we have
or(r ANd)™ = 2pdS5t (r Add)™ = Spér™ St =id.
On the other hand, commutativity of the diagram

®

(A2 — {0})/(A X Gyp) Gy AT

%T x lmid
[en] g2

(A% — {0}, (1,1)) Y G AT

implies (r Aid)¢~ "0y Loy = id and
§p(r A1d)™ = o3 (o) "1 (67) " (r Aid)™ = id.

Finally, set s1: G,y AT — T and s2: (A% — {0})/(A! x G,,) = T for the projec-
tions (x,y) — y and note that sa¢ = s1. Recall that the localization sequence for the
embedding {0} — Al admits a splitting yielding

ker 67 = Srkerd = Sp(Im(x 7 (AL) = 700G,y ) =
= Sp(Im(r ! (pty) = 77(Gny ) = sT(N(T)).

7 7

We have s29; = 0 in the homotopy category, so 67-¢™s5 = 0. Thus we obtain
ker 57 = s (7 (T)) = ¢™ 3 (x/(T)) C ker 8.

To sum up, there are two homomorphisms dr, 67 with the same splitting and
ker 7 C ker §/.. Then for every a € w[f} (Gmy AT) we have

ér(a— (r Aid)"or(a)) =0 = 8p(a — (r Aid)" o7 (a)) = 87 (a) — dr(a),
yielding ér = 04. O

Proof of Theorem 3.8. Consider the morphism m: G,y AT — G, AT given by
m(t,z) = (t, —x/t). Unraveling the definitions, we need to show

OX  (m™Er(1)) = Spx b ISs 0™ THER (9 0 H)).

The element m™ %11 € 77%] (Gpy AT) could be represented by the X3°-suspension of
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the composition
Gy AT 25 T 25 521,

with Hy given by Hy(t,z) = —az/t. We can rewrite this composition as pH, = p3 ' Hy,
with Hy: G AT — PY/A! given by Hq(t,z) = [z : —t]. Hence on the left-hand side
we have 051 (259 (po 95! o Hy)).

Unraveling the definition of é7, by Lemma 3.10 we obtain

SruT ()TN = (07) T (¢7) 7
e G R i
Thus on the left-hand side we have
pELOSE (0™) T (¢T) THEF (p o ¥y ! o Hy)).

Consider the following commutative diagram.

PL/Al — T o pl/Al

T/ 2

(A% — {0}, (1,1)) —{0})/(A! x G,, <—Gm+/\T

Here H; and Hj are given by (z,y) — [y : —z], H and Hs are given by (z,y) — [z : y],
P! = P! /A! is the canonical isomorphism, and 7 is given by [z,y] — [y, —z]. Recall
that in the homotopy category 7 = id, and thus we have

DT (07) N (BF (p0 1 H)) = SF (p3 ' Hio™ ) = BF (pdy 1 H) = SF (VH).
Summing up the above considerations, it is left to show that
PO 0" SFWH)) = S5 g (07) 7 (SF(9H)),
which follows from the definition of Y. O

4. Special linear and symplectic orientations.

In this section we briefly recall the definitions of different types of orientations.
A detailed exposition can be found in [PW10a, PW10b]. Mostly for the case of
uniformity, only the case of a representable cohomology theory is treated. Fix for this
section a commutative ring T-spectrum A € SH(k) representing a ring cohomology
theory Al ().

Roughly speaking, an orientation on a cohomology theory is a rule that fixes for
every vector bundle E over every smooth variety X a natural Thom class th(E) €

AN (Th(E)) such that
—Uth(B): A(X) = Atk Bl (E))

is an isomorphism [PS03]. Particular types of orientation fix such classes only for
vector bundles with additional structure—for example, for symplectic or for special
linear ones. Note that these classes usually do depend on the additional structure, i.e.,
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for the same vector bundle with different symplectic forms one could have different
Thom classes.

Definition 4.1. A special linear bundle over a variety X is a pair (E,\) with F — X

a vector bundle and \: det E = 1 x an isomorphism of line bundles. Here 1 x denotes
the trivial line bundle over X.

Definition 4.2. A (normalized) special linear orientation on a ring cohomology the-
ory Al (—) is a rule that assigns to every special linear bundle (E, A) of rank n over a

smooth variety X a class th(E,\) € A[g] (Th(E)) satisfying the following conditions
[PW10c, Definition 5.1]:

1. for an isomorphism f: (E,\) = (E’,X') (i.e., an isomorphism f: E — E’ sat-
isfying A = det f o \'), we have

th(E, \) = fAth(E', \);
2. for a morphism of smooth varieties 7: X’ — X we have
rAth(E, \) = th(r*(E, \));
3. homomorphisms
—Uth(E,\): A (x) = A (Th(R))
are isomorphismes;
4. we have
th(Ey @ By, A\ @ A2) = ¢t th(E1, A1) U 3 th(Es, \s),
where ¢1, g2 are projections from E; & E5 onto its summands;
5. for the zero bundle 0 — pt over the point we have
th(0) = 1y € A (pt);
6. for the trivial special linear line bundle 1, over the point we have
th(1p,id) = Srly € AR(T).

The class th(E, \) is the Thom class of the special linear bundle. We call a ring coho-
mology theory with a normalized special linear orientation an SL-oriented cohomology
theory.

One can give an analogous definition of the symplectic orientation on a cohomology
theory.

Definition 4.3. A (normalized) symplectic orientation on a ring cohomology theory
A[I](—) is a rule that assigns to every symplectic bundle (F,¢) of rank n over a

smooth variety X a class th(E, ¢) € A[g] (Th(E)) satisfying the following conditions
[PW10a, Definition 14.2]:

1. for an isomorphism f: (F,¢) = (E’,¢’) we have
th(E, ¢) = f* th(E',¢');
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2. for a morphism of smooth varieties r: X’ — X we have
r th(E, ¢) = th(r*(E, ¢));
3. homomorphisms
— Uth(E, ¢): A (X) = AT (Th(E))

are isomorphismes;

4. we have
th(Ey @ By, é1 L ¢) = g th(E1, ¢1) U g3' th(Es, ¢2),
where g1, g2 are projections from E; & E5 onto its summands;

5. for the zero bundle 0 — pt over the point we have
th(0) = L € A% (pt);

0 1

6. for the hyperbolic bundle (H,¢) = <1p‘B ® 1y, (_1 0

point, we have

)) of rank 2 over the

th(H, ¢) = $21, € AZ(T AT).
The class th(E, ¢) is the Thom class of the symplectic bundle.

Lemma 4.4. Let A € SH(k) be a commutative ring T -spectrum representing an SL-
oriented cohomology theory. Let X be a smooth variety, and let f € k[X]* be an invert-
ible function. Put fr: 1x — 1x for the isomorphism given by fr(x,t) = (z, f(z)t).
Then

(f)aUth(1x,id) = th(1x, fr).

Proof. Functoriality of Thom classes, together with the normalization property, yields
th(lx, ld) = Yrlx and th(lx, fT) = f{}(ETlx) Then

(f)aUth(lx,id) = S (f7 (Srlx)) USyply = f4 (Srlx) = th(lx, fr). O

Every symplectic bundle (E,¢) has a trivialization of the determinant given by
Pfaffian and can be treated as a special linear bundle (E, ). More precisely, for
a trivialized symplectic bundle (1%%", ¢), the Pfaffian Pf(¢) can be considered as
an isomorphism det 1?@" =1x — 1x. Using this isomorphism locally and applying
the well-known property Pf(BT AB) = det(B) Pf(A), which, in particular, yields that
these isomorphisms do not depend on the choice of trivialization, we obtain the desired
isomorphism A: det E = 1x. Thus a special linear orientation on a ring cohomology
theory induces a symplectic one, and a general orientation induces a special linear
one. Hence one has a variety of examples of SL-oriented cohomology theories arising
from the oriented ones. Typical examples of SL-oriented but not oriented cohomol-
ogy theories are hermitian K-theory introduced by Schlichting [Sch10a, Sch12] and
derived Witt groups defined by Balmer [Bal99, Bal05]; we recall the related con-
structions in the next section. Further examples are given by the algebraic cobordism
MSL and MSp [PW10c]. We briefly recall some definitions related to the spectrum
MSL.

Definition 4.5. Let F(n,m) be the tautological vector bundle of rank n over the
Grassmannian Gr(n,m). The special linear Grassmannian is the complement to the
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zero section of det E(n,m),
SGr(n,m) = (det E(n,m))°.
For the canonical projection p: SGr(n,m) — Gr(n,m) equip
T(n,m) = p"E(n,m)

with the obvious trivialization A: det 7 (n,m) —» 1sGr(n,m) and refer to it as the tau-
tological special linear bundle of rank n over SGr(n,m). Let Th(n,m) = Th(T (n,m))
be its Thom space. For the tower of the natural monomorphisms

-+ = Th(n,m) — Th(n,m + 1) = Th(n,m +2) — - --
denote

MSL,, = lim Th(n, m).
meN

In order to write down the bonding maps and the monoid structure it is more conve-
nient to work in the category of symmetric T2-spectra, see [PW10c] for the details.
Sometimes one prefers to work with the spectrum MSL/™ with MSL{™ = Th(n,n?).
The natural map MSL/™ — MSL becomes an isomorphism in SH (k).

The cobordism cohomology theories are the universal ones in the sense of the
following theorems (see [PW10c, Theorems 12.2, 13.2, 5.9]).

Theorem 4.6. Suppose A is a commutative ring T -spectrum equipped with a normal-
ized symplectic orientation on A[Z:](f) giwen by Thom classes thA(E,G). Then there
exists a unique morphism @°°: MSp — A in SH(k) such that for every symplectic
bundle (F,0) over every smooth variety X one has

S
P (thMSP(E, 0)) = th™(E, 6).
Moreover, this morphism is a morphism of commutative ring T -spectra.

Theorem 4.7. Suppose A is a commutative ring T-spectrum equipped with a nor-

malized special linear orientation on A[:](—) given by Thom classes th™ (E, \). Then
there exists a morphism ¢5%: MSL — A in SH(k) such that

SD”SFIE(E) (thMSL(Eﬂ )‘)) = thA(Ev )‘)
Jfor every special linear bundle (E, \). It satisfies ©5F(1M5") = 1&.

There is a lim"'-obstruction for the morphism from Theorem 4.7 to be a morphism
of commutative ring T-spectra. As we will see shortly, this obstruction vanishes for
small pointed motivic spaces.

Definition 4.8. A pointed motivic space Y is called small if Homgy ) (BFY, —)
commutes with arbitrary coproducts.

Lemma 4.9. For a morphism ©5% from Theorem 4.7, small pointed motivic spaces
Y,Y' and arbitrary elements a € MSL (Y), o/ € MSLE/(Y") one has

Py (ax o) = ¢§F(a) x @37 (d).

In particular, @%L is a homomorphism of 77[:] (pt)-algebras.
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Proof. Suspending, one may pass to
wPaq € MSLI(Y A 529y, 59 o/ e MSLE (v! A 571,
Since MSL = MSL/™ in S#(k), we have
MSLE (Y A 579) = Homgy () (55 (Y A §P29), S2"MSL) &
=~ Homgyx) (ST (Y A SP9), 22 MSLS ™

= HOIDS'H(]C) (2_2”’_”2%0

) =
(Y A SP), MSL/™).

By [Voe98, Theorem 5.2] there is a canonical isomorphism

Homgz () (S35 (Y A SP9), MSL/ ™) =

= lim Homgy, (4 (Y A SP9 A TN=" Th(l,1?)) =
leN

= lim Homy, (1) (Y A SP9 AT, Th(n + i, (n +1)%)).
ieN
Note that going through the above isomorphisms, we obtain a map
Homyy, (1) (Y A SP4 AT, Th(n + i, (n +i)%)) — MSLIH (v A 579)
given by
fro S (M (T (n 4+, (n +)%) 0 SFS),

with the Thom class th™ (T (n + 4, (n +4)?)) arising as the tautological morphism
¥ Th(n + i, (n +1)?) — L2 +)2+\SL. Thus there exists some i € N and

f € Homy, 1y (Y A SPEATN , Th(n + 4, (n +i)?))
such that
YEYPdo = FMSL thMSL(T(n +1, (n+1)?%)).
By a similar argument we obtain that
SEsra ol = fMSEERMSE (T (0! 44 (0 +17)2))
for some ¢',p, ¢’ € Nand f € Homy, ) (Y’ A SP4 AT Th(n' +4', (n' +i)?)). Set

m=mn+1i,m =n'+14, and consider the following diagram.

th /\th -

SRR MSLI A B2 N MSLY

thMSL A thl\lSL
SL SL

Homm/ MSL A MSL

th4

m—+m/

E—m m’ Eoo MSszn

m+m’ ‘/
MSL SL
m\ -
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Here pm, m is induced by the canonical embedding
T (m,m?) x T(m/,m"?) = T(m+m/, (m+m')?)

and all the maps th are given by the corresponding Thom classe;, for example, thﬁ
is induced by

thA (T (m,m?)) € AT (Th(m, m?)) = Homgy ) (57" SFMSLE™, A).

The left and the back squares commute by the multiplicativity property of the Thom
classes. The triangles commute by the choice of ¢S, Hence

pa(S A S (Eh)S A th M) (B (55 f) A Se™ (BF F) =
= % s (thy* A thy ) (277 (22 1) A Z7™ (S 1),
and, omitting indices at S,
GSH(DLTPa x DX ) = PPU(TEEP ) x oSV (SERP o),

The morphisms ¢§¥ and ¢$% respect suspension isomorphisms, so the claim follows
from the above equality. O

5. Schlichting’s hermitian K-theory and Witt groups.

In this section we recall the basic definitions related to hermitian K-groups (also
known as higher Grothendieck—-Witt groups), introduced by Schlichting [Sch10a,
Sch10b]. In our exposition we mainly follow [Sch12], which employs the setting
of dg-categories—we refer the reader to loc. cit. for the details. Recall that we are
working over a field k of characteristic different from 2, and thus 1 € I'(X, Ox) for
every X.

For a smooth variety X consider the category Vect(X) of vector bundles over X,
and let sPerf(X) = Ch®(Vect(X)) be the dg-category of bounded chain complexes in
Vect(X). We equip sPerf(X) with weak equivalences given by quasi-isomorphisms
and duality consisting of the functor £ — £ = Homg, (£,Ox) and the canonical

double dual identification cany : £ = EVV.

Let Z C X be a closed subset of a smooth variety X with an open complement
U = X — Z. We denote by sPerf,(X) the full dg-subcategory of sPerf(X) consisting
of the complexes supported on Z (acyclic on U). This category inherits the weak
equivalences and duality from sPerf(X).

In [Sch12, Definition 5.4] Schlichting defines the Grothendieck—Witt spectrum of
a dg-category with weak equivalences and duality. For the considered categories of
chain complexes we denote the corresponding spectra

KO(X) = GW(sPerf(X)), KO(X,U)= GW(sPerfz(X)).
More generally, we write
KOM(X) = GWM (sPerf(X)), KOM™(X,U) = GWM (sPerf (X))
for the Grothendieck—Witt spectra for the nth shifted duality and
KO (X) = m(GWI (sPerf (X)), KOU(X,U) = m;(GWI") (sPerf 5 (X))
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for its homotopy groups. The latter groups are referred to as hermitian K-groups.
There is a homotopy fibration sequence [Sch12, Theorem 9.5]

KO (X, U) — KoM (x) - KO (1),
and therefore long exact sequences
- s KolM(x,v) - kol (x) - kKoM () & kO™, (x,U) — -+ .

Spectra KO (X)) and KO™ (X, U) are far from being connected. For i < 0 groups

KO[?] (X) and KO[;L] (X,U) can be identified with the derived Witt groups of Balmer
[Bal99], which are defined as follows. Let D?(Vect(X)) and DY%(Vect(X)) be the
derived categories of Ch®(Vect(X)) and ChY (Vect(X)), respectively. Equip these cat-
egories with the dualities consisting of the functor (—)¥ and the canonical double dual
identification cang as above. We denote by D?(Vect(X))[n] and DY (Vect(X))[n] the
same derived categories but with nth shifted dualities.

A symmetric object for a triangulated category C' with a duality is a pair (A, @)
of A € Ob(C) and a morphism a: A — AV agreeing with the duality. A symmetric
space (A, «) is a symmetric object with « being an isomorphism. There are obvi-
ous notions of the isomorphism of symmetric spaces and of the orthogonal sum
(A, ) L (B, B) of symmetric spaces. For every symmetric object (A, ) there exists
a canonical symmetric space Cone(A, a) for the 1-st shifted duality; in particular, for
every object A € Ob(C) there is a hyperbolic symmetric space H(A) = Cone(A4, 0).
The Grothendieck—Witt group GW(C') of a small triangulated category with dual-
ity is the quotient of the free abelian group on the isomorphism classes of symmetric
spaces by the relations [(4, «) L (B, 8)] = [(4,a)] + [(B, )] and Cone(A4, o) = H(A),
where for the second class of relations we regard A as an object of the triangulated
category with (—1)-st shifted duality. The Witt group W(C') is the quotient of the
Grothendieck—Witt group by the subgroup generated by the classes of the hyperbolic
spaces.

We write

GW"(X) = GW(D®(Vect(X))[n]), CW™(X,U) = GW (DY (Vect(X))[n]),
W*(X) = W(Db(Vect(X))[n]), W™(X,U) = W(D%(Vect(X))[n])

for the corresponding Grothendieck—Witt and Witt groups arising from the derived
category of the vector bundles over a smooth variety X. For ¢ < 0 there are natural
identifications [Sch12, Propositions 5.6 and 6.3]

o: KolM(x) = ew(x), e:Kol(x,u) = gwr(X,U),
o: Ko (x) = wri(x), e:Ko"(x,U) = wri(x, ).

For a smooth variety X and an invertible function s € k[X]*, we write (s) for the
class

(s) = [(1x,5)] € GW°(X)
and
(s)ko = ©~1((s)) € KO (X)

for the corresponding element in hermitian K-theory. Let X be a smooth variety, and
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let U,V C X be open subsets. Tensor product of complexes gives rise to a pairing
[Sch12, Section 5]

U: KOU(x, U) x KO (x,v) — KO (X, U uv),

which is graded-commutative in the following sense:
alb = (—1)9(-1)Fa0bla

for a € KO[?] (X,U) and b € KO[;n] (X,V). This pairing coincides with the partially
defined one of Panin and Walter [PW10b, 4.6a, 4.6b], which in turn is a slight
generalization of the pairing constructed by Gille and Nenashev [GNO03] for the
derived Witt groups. We briefly recall that one can define Gille-Nenashev paring

X: GW™(X,U) x GW™(X,V) = GW" (X, U UV)
via
[(Ae, )] B [(Ba, B)] = [(Ae @ Ba, a®PB)] € GW™" (X, U UV),

where a®p3 equals a ® 3 up to some signs and identification

Alln] @ BY[m] = (Ae @ B,)"[n +m].
This pairing respects hyperbolic spaces and induces a pairing

X: W(X,U) x W™(X,V) = W"(X,UUV).

Recall that for a € W*(X,U),b € W™(X,V), one has a X b= (—1)""b X a.

~

The identification ©: KO[?] — W~ i <0, respects multiplication only up to a
certain sign specified in the following lemma.

Lemma 5.1. Let X be a smooth variety, and let U,V C X be open subsets. Then for
n,m € Z, i,j < 0 the following diagram commutes:

KO (x,U) x KO (x,v) —2—~ Kol m(x,uuv)
%J/GXG gl(_l)mm@
WX, U) x W (X, V) —2= WHHm—i=i(X, U U V);
i.e., for a € KO[;L] (X,U), be KO[;-R] (X, V) one has
O(alb) = (=1)m=9iQ(a) R O(b).

Proof. The case of i = j = 0 follows from [Sch12, Section 5]. Recall that by [Sch12,
Proposition 6.3], for ¢ = —1 isomorphisms © are given by an exact sequence

K, 2 Kol 225, kol 5 o

combined with the identification O: KO[SL} = GW". Here H is the hyperbolic map
and 7g is a certain element of KO[:P (pt). For ¢ < —1 one uses the case of i = —1

and isomorphisms Ung : KO[ZL;T] = KO[?]. Hence there exist a € KO[gfi] (X,U) and
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be KO[gL_j] (X, V) such that a = alng’,b = EUngj. Moreover, we have O(a) = O(a)
and ©(b) = ©(b). Thus

O(alb) = @(aungiozun—j) = O((—1)E I GUbin g ) =

= O((— )y "Uauk) = e((-1)4y ) R e(@) K eb) =
= 6((-1) ") R O(a) RO() = (~1)" "6 (a) B O().

The last equality follows from the fact that (—1) = —1 in the Witt group. O

For a special linear bundle (E,\) of rank n over a smooth variety X, one can
construct a Thom class for hermitian K-theory using the method introduced by
Nenashev for Witt groups [Ne07]. Let p: E — X be the structure map. Consider the
pullback p*E = E @& E — E. There is a canonical diagonal section s: E - E@® E

that defines a map p*EY — 1 via the pairing p*E ® p*EY — 1. This map gives
rise to the Koszul complex

K(E)= (0= A"p*EY — A" 'p*EY — ... 5 A*p*EY — p*EY — 15 — 0),

which is treated as a chain complex located in homological degrees n through 0. It is
well known that this complex is supported on X. The canonical isomorphism

Z(E): K(E) = K(E)"[n] ® det p*EY
combined with A induces an isomorphism
Z(E,)\): K(E) = K(E)V[n).

One can show that (K(FE),Z(F,\)) is a symmetric space for the the nth shifted
duality. Denote

th“V (B, \) = [K(E),E(E,\)] € GW"(E, E — X)
the corresponding element in the Grothendieck—Witt group. The element
th"C(E, ) = 71 (th®V(E, \)) e KOU(E, E - X)

represents the Thom class of the special linear bundle (E, ) for the hermitian K-
theory; in particular, the homomorphisms

—Uth®O(E, \): KOM(Xx) = ko™ (B, E - X).

are isomorphisms [PW10b, Theorem 5.1].
We finish this section with the following straightforward computations.

Lemma 5.2. Let X be a smooth variety, and let f € k[X]*. Denote fr: 1x — 1x
the isomorphism given by fr(z,t) = (x, f(x)t). Then

(f)koUth®®(1y,id) = th"(1x, fr).

Proof. Follows from the construction of the Thom classes, Lemma 5.1, and straight-
forward computation of tensor product. O
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Lemma 5.3. Let 9: GW%(G,,) — W' (A, G,,) be the connecting homomorphism in
the localization sequence for the embedding {0} — Al, and let t € k[G,,]* be the coor-
dinate function. Then one has

O((t)) = th" (1, id),
where th"™ (1,,1d) is the Thom class thSY (1,,id) € GW! (A, G,,,) considered as an
element of WH(AL,G,,).

Proof. In order to compute 9((t)) one should write down the cone for the symmetric
space (As, t), with A, being the complex concentrated in the zeroth degree Ag = 1,1.
A straightforward computation shows that this cone coincides with the desired Thom

class, [(Lar 5 141, Z(141,1d))]. O

6. T-spectrum BO and the cohomology theory BO[:].

In [PW10b| Panin and Walter constructed a commutative ring T-spectrum BO
representing hermitian K-theory in the following precise sense (see [PW10b, Theo-
rem 1.3-1.6] and [PW10d, Lemma 4.4]).

Theorem 6.1. For every smooth variety X and open subset U and for everyi,n € Z
there exist canonical functorial isomorphisms y: BO[?] (X/U) = KO[?] (X,0).

1. These isomorphisms agree with connecting homomorphisms O in localization
sequences.

2. The U-product on BO[:] (=) arising from the monoid structure of BO agrees with
the U-product on KO (=).

3. BO[:](—) 18 equipped with Thom classes thBO(E,/\) defined for special linear
bundles. These classes satisfy v(thPC(E, X)) = th¥°(E, \) and thP°(1x,id) =
Yrlx.

4 () = (ko and1(e) = (~xo.
Corollary 6.2. For a smooth variety X and f € k[X]* we have

Y((f)BO) = (f)KoO-

Proof. By the above theorem combined with Lemmas 4.4 and 5.2 we have
Y(()Bo)Uth ©(1x,id) = y((f)Bo Uth?(1x,id)) =
=(th"°(Lx, fr)) = th"°(1x, fr) = ()xoUth"®(1x,id).
Canceling th°(1x,1d), we obtain the claim. O

Lemma 6.3. For the stable Hopf map n € BO[:}] (pt) we have y(n) = ng, whereng €

KO[:}] (pt) is the element corresponding to 1 € W(pt) = KO[:}] (pt) (see the proof
of Lemma 5.1 and [Sch12, Sections 6 and 7]).
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Proof. Consider the following diagram:

14} 3

BOY(G,,) BOY (T) BOL ! (pt)

U th®O (1,,id) _
ko¥@G,,) ——2 k0% (AL, G,,) =" KOV (pt)

ei~ 8 el~ ‘GlN

R thSW (1,,id
GWO(G,) WAL, Gpy) o) 0 )

Here 0 denotes the connecting homomorphisms in the localization sequences for the
embedding {0} — A'. The top half commutes by Theorem 6.1, the lower right square
commutes by Lemma 5.1, the lower left square commutes since © is induced by a
natural morphism of spectra [Sch12, Section 7]. By Theorem 3.8 we have

(©y(n)) R thW (15, id) = (O (=t )po)) B thW (14, id).
Using the commutativity of the above diagram, we obtain
(O7Z7'9((~t"")po)) B thW (15, 1d) = —00((~t"")po)-
Lemma 5.3 together with Corollary 6.2 yield
—907((~t")po) = —0((—t71)) = —9((~1)) = —(~1) KO((1)) = th" (1, id).
Combining the above equalities, we obtain
(©7(n)) B thW(1p,1d) = th" (1,1d) = O(ns) B th W (14, id).

The claim follows via cancellation of the Thom classes and ©. O

The main result of this section states that by inverting the stable Hopf map in
BOM(X) one obtains the Laurent polynomial ring over W*(X) in 7 with a certain
commutativity condition. The more precise statement follows.

Definition 6.4. For a smooth variety X let W*(X)[n,n7!] be a bigraded (—1,—1)-
commutative Laurent polynomial algebra with degn = (—1,—1) and dega = (n,0)
for a € W™(X); i.e., for a € W*(X),b € W™(X) one has

(@) (b-f) = (=)D (b pd) - (a-).
We use Gille-Nenashev pairing on W*(X); i.e., a-b=aX b for a,b as above.
Define ¢: BOP(X) — W*(X)[n, 7] in the following way. For a € BOU(X) put

_ [ &), i <0

YP(a) = { Ov(aUn2it?) . =i, i3 0.
We claim that v is a homomorphism of bigraded algebras. One can easily see that v
is additive and respects the grading. In order to check the multiplicativity property,

take a € BO!(X),b e BO[?] (X). The case of i < 0,5 < 0 follows from Lemma 5.1
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and Theorem 6.1:
Y(aUb) =0y(aud) - n~7 = ((=1)"'Oy(a) B OY(b) -7~ =
= (=) =) 0 (a) - - Oy (b) - = (a) - P(b).

The remaining cases are quite the same and straightforward, so we leave the detailed
check to the reader.

Theorem 6.5. The morphism v induces an isomorphism of bigraded algebras
: BOLI(X)[n "] = W (X)),
Proof. By Lemma 6.3 we know that
$(n) = Oy(n) -n=mn;
thus t(n) is invertible and 4 induces a homomorphism
¥ BOR(X)[n™'] = W (X)),

Recall that ¢): BO[?] (X) = (W*(X)[n,n~1])™" is an isomorphism for i < 0; thus ¢ is
an isomorphism as well. O

7. A motivic variant of a theorem by Conner and Floyd.
For this section, fix the canonical morphisms
©5P: MSp — BO, °P: MSp — MSL
given by Theorem 4.6 and a morphism
oS MSL — BO
given by Theorem 4.7.

Definition 7.1. Let A be a commutative ring T-spectrum, and let Y be a pointed
motivic space. Define

AHY) = ADY) @ 1 oy AT OO,
A ) =AY @ 40,0 AT 0 DY
to be the ([1],1)-periodic ring cohomology theory obtained by inverting the stable

Hopf map 7 € A[l_l] (pt). In other words, we consider Al (Y) as a l (pt)-bimodule
(see Section 2) and localize at n € W[:i] (pt).

Lemma 7.2. For a small pointed motivic space Y, morphisms ¢5P, p5%, ¢SP induce
ring homomorphisms fitting in the commutative triangle

Sp
nY

MSpl(v) 2 BOW (v)

Sp
wn,yi /
Pny

MSLI(Y)
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Proof. By the uniqueness part of Theorem 4.6 it follows that 5P = ¢SSP so the
following triangle commutes:

Sp
Py

MSpi(v) - BOL(Y)

ws"i /
v o5

MSLH (v)

The morphisms P, 1/SP are morphisms of the monoids; thus gaf,p and w}S,p are homo-
morphisms of 7'('[:] (pt)-algebras. The last morphism cp?,L is a w[:] (pt)-algebra homo-
morphism as well by Lemma 4.9, so the claim follows via localization. O

Definition 7.3. For A € SH(k) and a motivic space Y, put

Ay =P A o).

neE”Z

Recall the following theorem reconstructing hermitian K-theory via algebraic sym-
plectic cobordism [PW10d, Theorem 1.1].

Theorem 7.4. For every small pointed motivic space Y morphism ¢°P induces an
isomorphism of bigraded rings

o MSPEI(Y) @, ja ) BOG (01) = BOLI(Y),

Corollary 7.5. For every smooth variety X, morphism @°P induces an isomorphism

MSPL;! (X) ®MSp[§*] (pt) W2*(pt) 5 w* (X) [777 77_1]'

Proof. Isomorphism Ef/p is an isomorphism of ’/T[:] (pt)-modules with the module
structure on the left arising from the first factor. Inverting the stable Hopf map
and applying Theorem 6.5 we obtain an isomorphism

P MSPLL(X) @, a1y BOG (b1) =5 W (X) (1,71

Consider the following commutative diagram.

—s
5P

Mp2 ooy BO (p) == W (X[, 7]

W2 (pt)

MSpl(X) ®

MSPL;:! (X) ®Msp[g*] (pt)

Here ¢ and 7 are induced by ¢°P and the natural surjection
BOS (pt) = GW* (pt) — W* (pt),

respectively. The map Eip is an isomorphism and 7 is surjective, thus ¢ is an isomor-
phism. O
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The goal of this section is to replace symplectic cobordism in the above isomor-
phisms with the special linear one. Shortening the notation, set

] X
MSL, . (Y) = MSLI(v) OrsL2 (pt) BO'2 (pt).

By Lemma 7.2 for every small pointed motivic space Y, morphism ¢St induces a
natural homomorphism

. Srar ¥ *

7ok« MSL, . (Y) — BOM ().

Lemma 7.6. For every small pointed motivic space Y there is a natural homomor-
phism of 7l (pt)-algebras

ty: BOM(Y) — MST (v)
such that
1. ¢§;,LY oty =id,
2. ty(a) =1®a for every a € BO1[720*] (pt), and
3. tra(e) (thBO(T)) = th™(T) @ 1 for every smooth variety X and every special

linear bundle T = (E,\) such that there exists a symplectic form ¢ on E com-
patible with trivialization \.

Proof. The following diagram commutes:

—Sp
* * P, .
MSPSI(Y) @y 00y BOG (01) —= BOLL(Y)

—S
Oy l S‘%,PY

BO% (pt) —> MSL)(Y)

MSLI(Y) ® 70

MSLEZ* (pt)

Here Ay is induced by wffp . Theorem 7.4 provides that @ipy is an isomorphism, and

thus we can take ty = 6y o (aipy)*l. The first property is clear. The second property
follows from the surjectivity of the natural map

BOG (pt) = GW™ (pt) — W (pt) = BOL (pt).

For the third property recall that 6y and gpf/p map Thom classes of symplectic
bundles to the corresponding Thom classes, so

trn(e) (thP9(T)) = trn(e) (th°C(E, ¢)) = Oy (th"*P(E, ¢) @ 1) =
=th™YE )21 =tt™"(T)e1. O
Now we restrict our attention to the indices ([2x],0), special linear Grassmannians

SGr, and corresponding Thom spaces. Recall the following “symplectic principle” for
the special linear bundles (see [An15, Theorem 7]).

Theorem 7.7. Let T = (E, \) be a special linear bundle of even rank over a smooth
variety X. Then there exists a morphism of smooth varieties p: Y — X such that
MSLL,*A(Y) is a free MSL%*Q(X)—module (via pMStn ) and p*E has a canonical sym-
plectic form ¢ compatible with the trivialization p*\.
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Lemma 7.8. For the homomorphism

[24] (2]

tTh(Qn,m) : BOnO (Th(QTL, m)) — MSLUO (r:[\h(2n7 m))’

we have

tTh(Qn,m) (thBO (T(2TL7 m))) = thMSL (T(2n7 m)) ® 1.

Proof. Put T(2n,m) = (E,\). Theorem 7.7 provides a morphism of smooth varieties
p: Y — SGr(2n, m) such that pMSLn remains injective after every extension of scalars
since the corresponding module stays free. Moreover, there exists a symplectic form
¢ on p*E agreeing with p*\.

Consider the following diagram:

trh(p* (B))

MSLL5 (Th(p* E)) BO'Z!(Th(p*(E)))

FMSLy T FBOn T

ML (Th(E) <2 RO (Th(E))
no n0

Here p: Th(p*E) — Th(F) is induced by the morphism p. Naturality of ¢ yields that
the diagram is commutative. Hence, by functoriality of Thom classes and Lemma 7.6,
we obtain

Pt () (th°O (T (2, m)) = trngpe £)P° O (7O (T (20, m))) =
= trn(p-p) (thPC ("B, p* X)) = trnep) (th°C (p*E, ¢)) =
= th"® (p* B, ¢) @ 1 =t (p* T (2n,m) @ 1) =
= pMSL (th™MSY (T (20, m)) @ 1).

The claim follows since pMSE7 is injective. O

Theorem 7.9. For every small pointed motivic space Y morphism ¢S* induces an
isomorphism of bigraded rings

_ 2% ~
oty MSLIL(Y) @, 1) BOS (pt) = BOLL(Y).

Proof. First we focus on the indices ([2%],0). By Lemma 7.6 it follows that the homo-
morphism

_ o 12*] 2%

Pk MSL,o (Y) — BOGI(Y)
is surjective. In order to check that its section ¢y is surjective as well, take an arbitrary
element a ® b € MSLLZO*} (Y). One may assume that o = S Un~" for some n € N and
B e MSL[QJZ_TL] (V) = MSL*™?™(£7"Y). By a similar argument as in Lemma 4.9 we
may assume that

iy g = gMSEAWMSE (T (2m + 21, (2m + 2i)?))

for some ,j € N and g € Homgy,, ) ((Z™"Y) A T2, Th(2m + 2i, (2m + 2i)?)). Set
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r = 2m + 2¢, and consider the following commutative diagram:

MSL 2*+21+n] (7&11 BO£’27:+2i+n] (Th(’l‘, T2)>

gMSLy ®idl gBCn l

L[2*+2z+n] 2212" ny

MSL,,, (SZisnny) < BORH2HN (52iynny)
zzTiz"v"®idT~ 2?2”v7lT~
= [24] t 2%
MSL,, (Y) L BOL(v).

By Lemma 7.8 and the above considerations we have

by (SR @)~ 650 (B0 (T (r,r)) U™ U b)) =
= (232" @id) " (¢ @ 1)trn (th°C (T (r,r?)) Un " Ub) =
= (SFE"" @id) M (g™ @ (WM (T (rr?) Un " @ b) =
=0Un"®@b=aUb.
Thus the section
ty: BOR(v) = MSL (v)
is surjective and ¢§1,LY is an isomorphism for the indices ([2x],0).
In order to obtain the claim for arbitrary indices ([n],4) one should first use the
suspension isomorphisms
MSLU(v) = MSLo (v A 5%9),  BOI(v) = BO! (v A 570)
in the case of i > 0 and the analogous ones with AS*? replaced by AS®* in the case

of i < 0, and then

———[2m]

MSLI (v) = MSL (v A 52y, B (v) = BOZM (v A 52

for m > 0 and the similar ones with S?"™™ replaced by S~2™~™ for m < 0. O

Corollary 7.10. For every smooth variety X, morphism ©5v induces an isomor-
phism of bigraded rings

MSLL;;I (X) MSL[2* (pt) Wz*(pt) — W*( )[Tlﬂfl]-

Proof. The proof is similar to that of Corollary 7.5 with MSL replacing MSp. O
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