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ERRATUM TO
“LIMIT THEOREMS FOR BETTI NUMBERS OF RANDOM
SIMPLICIAL COMPLEXES”

MATTHEW KAHLE anp ELIZABETH MECKES
(communicated by Gunnar Carlsson)

Abstract
We correct the proofs of the main theorems in our earlier
paper “Limit theorems for Betti numbers of random simplicial
complexes.” We are grateful to D. Yogeshwaran for pointing out
the mistakes.

1. The Erd6s—Renyi random clique complex

In the paper [2], we claimed a central limit theorem for the Betti number of
an Erdés—Renyi random simplicial complex (Theorem 2.4). The proof given there
contains an error; however, with minor modifications and an additional recent result,
the proof goes through essentially as before. For brevity, we refer to [2] for notation
and descriptions of the models used. Formally, we have the following modification of
Theorem 2.4 of [2].

Theorem 1.1. Consider the Erdés—Renyi clique complex X (n,p); that is, take a ran-
dom 1-skeleton on n vertices, in which edges are present independently and with prob-
ability p, and let X (n,p) be the mazximal complex over this 1-skeleton. Suppose that
there is some § > 0 such that p = w(n~=Y*+%) and p = o(n=Y/*+D)=9) Then

Br(X(n,p)) — E[Bk(X(n, p))]
Var[5]

Note that the range of p is slightly restricted relative to what was claimed earlier,
when § was taken to be 0.

= N(0,1).

The mistake in the proof given in [2] of this result was the claim that, given the
Morse inequalities

fio = frrr — fom1 < B < fi

and central limit theorems for the recentered, renormalized upper and lower bounds,
a central limit theorem for Sy itself followed; this is not true, however, because the
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difference in means of the upper and lower bounds is too large relative to the normal-
ization to allow such a conclusion. However, the proof of the central limit theorem for
the lower bound is valid, and with minor modifications, one can use the same proof
to obtain a central limit theorem for the quantity

Bri=fr— fos1r — foo1 + froo + frooo — foes — foz 4+

A consequence of the results in [1] is that for p in the given regime, a.a.s. all the Betti
numbers except for 5 are zero. It then follows immediately from the Euler formula
that 8 = B a.a.s.

A central limit theorem for . is then essentially immediate from a central limit
theorem for Sj:

P w§t <P w<t7ﬁk=ﬁ~k +P[Br # Brl
Var(fy,) | \/ Var(Bx)
<P | 2B 4l 4P # B

the corresponding lower bound follows the same way. Thus

5k*E~5k <t —o@w|<|p 5k*]E~5k
Var(B) Var(fB)

For k fixed, the second quantity tends to zero as n — oo and if (3 satisfies a central
limit theorem, then so does the first quantity, and we are done.

To move to the actual statement of Theorem 1.1, one needs a slightly more refined
version of the a.a.s. equality of 8 and fi. In fact, the techniques in [1] give that
for p in the given regime, Sy = Bk with probability 1 —o(n=™) for any constant
M > 0. On the other hand, since a simplicial complex on n vertices has f; < fi <
(kfrl)7 in all cases we have that 8, — S = O(n**+1). It is shown below that Var(8;) ~
n%p2(k;1)_1. These estimates together are enough to obtain Theorem 1.1, as follows.

First note that the above estimates imply that

P <t| =) +PBe #B]. (1)

[P — B _, (u-aaph=(5))
Var(5)

choosing M > £+3 we have that in the regime of p specified in the theorem,

1 2
w—)Oasn%oo.NOW7

\/ Var(By)

Var(Br) 14 Var (B — fBr) n 2COV(5~k»Bk - Bk).

Var(B) Var(B) Var (/)

|COV(Bk1B~k*Bk)| < Var(ﬁkjgk)
Var(Bk) = Var(B)

By the Cauchy—Schwarz inequality, , and

)

Var(B, — B) _ ElBk — Bl _ (n2-21p204Y)
Var(Bk) h Vaf(Bk)
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which tends to zero if M > k + 3. We thus have that Vargg ; — 1 as n — oo. Finally,
we get that for any 4,4’ ¢ > 0, for n large enough,

B —Efk _ ] _p B —EBk. EBk /Var EBy — ]Eﬁk
Var(ﬂk) /Var Bk Var Var( 5k)

ﬁk —EBy
Var(ﬁk)

SOH(L+0)+d) +e

Letting 4,4, € tend to zero, we have

Br — EBk <t
Var(Sy)

The lower bound is proved the same way, and thus it suffices to prove a central limit
theorem for §;. To do this, we follow essentially the same proof as the one given in
[2] for fr — fk—1 — fr+1. In particular, the result is an application of the following
result of Barbour, Karonski, and Rucinski.

<P <t(1+6)+0

limsup P

n— oo

< B(t).

Theorem 1.2. Let {Xj:j= (j1,...,Jr) € J} be a dissociated set of random vari-
ables, such that EX; =0 for all j. Let W := ZjeJX.i and suppose that the Xj are
normalized such that EW? = 1. Then
a(W,2) <Ky > |EIX; XX + EIX XiE|X, (2)
j€J kIeL;

where Z is a standard normal random variable and L; is the dependency neighborhood

of .
Write
B =Y (—DlAtFHIe

ACVY
where V is the collection of n vertices over which our complex is built and €4 is the
indicator that A spans a complete graph in the random complex X (n,p); that is,

that all (l‘;‘l) potential edges between vertices in A are present. Let o2 := Var(Bk),
and consider the random variable

W w _ % S ()AL (g~ Bey);
Var () ACV

that is,
_1)|Al+R+L
Xa = %@A —Eta).

It is not hard to see that for any subsets A, B, C,

EXaXpXc|+E|XAXB|E|Xc| < [§A§B§c]
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and it thus suffices to estimate
16
P > Y E[éatsée],
ACYV B,C€L A

where for A CV, L, is the collection of subsets of V sharing at least two vertices
with A (so that they have at least one potential edge in common). Decomposing by
the sizes of A, B, C' and the sizes of their intersections, we have that

gz Z E[€4¢Béc]

ACV B,CeL 4

16 ([A)+(ZB)_;'_(ZC)_(TA,B)_(TA\B,C'H"AHB,C)_(TB\A,C+TAHB,C)+(7'AMB,C)
=— E Cp 2 2 2 2 2 2 2

(o

balp,lc2>2

TABZ>2

)

ra\p,c20
ranB,c=(2—Ta\B,c)+
rB\a,c20

where the upper limits all depend only on k, and the combinatorial coefficient C is
given by

() =) ) ()
C= :
la) \Ip—TaB) \TAB TB\A,C

y ( TAB ) (&4 - TA,B) ( n—~fy—{lp+raB >
TANB,C TA\B,C lc —TA\B,c —TB\A,C — TANB.,C
< CkneA+eB+eC_7’A,B_T‘A\B,C_TB\A,O_"‘AQB,C,

for a constant c;, depending only on k. If we fix £4, {5, r 4, and ignore for the moment
those factors that depend only on these parameters, we are left with sums over /¢,
etc., of terms of size

inzc_T.A\BYC_TB\AYC_T,AmBycp(zzc)_('"A\B,CJ;TAQB,C)_(“"B\A,C:TAI’WB,C)_;'_("AOZB,C) .

3
o3 (3)
Now, if ¢¢ is increased by one and the new element of C' is also in, say A\ B, then
the power of n in the expression above does not change, but the power of p does; the
ratio of the new term to the old is

(202+1)7(12C)7(TA\B,C‘*';‘*'TAQB,C)+("‘A\B,C‘;’"AHB,C) _ pzc*"'A\B,C*TAﬁB,C.

p

Similarly, if {¢ is increased by one and the new element of C' is also in AN B, then
the ratio of the new term to the old is

péC_"‘A\B,C_TB\A,C_TAﬁB,C

Since in both cases the power on p is nonnegative, adding a new vertex to C' which
is already in AU B can only make the summand smaller. On the other hand, if /¢
is increased by 1, and the new vertex is not in A or B, then the ratio of the new
term to the old is np’. In the regime that we consider, this tends to infinity for (the
old) o < k and tends to zero for £c > k + 1; that is, the largest possible order for



ERRATUM TO “LIMIT THEOREMS” 133

the expression in (3) is achieved when fc =k + 1, when rq\p.c +7ranp,c = 2 and
rp\a,c = 0. Using these values in (3) yields
[ ("3 -1

2 . 4
PRl (4)
Now suppose that only ¢4 is fixed, and ignore the part of the summand depending
only on its value. We thus must consider summands of the size

ntomrantitp(1)=(4) () (5)
As before, if £ is increased and so is 74 g, then the expression can only get smaller. If
{p is increased by 1 while 4 p stays fixed, then the ratio of the new expression to the
old is np??, and so we once again see that the largest possible size of the expression
in (5) is achieved when {p = k + 1 and r4 g = 2; the quantity in (5) is thus bounded
above by

1 1
gnzkfzpz(kg )—2. (6)

Finally, considering the full term, we have the upper bound of
%nm+2k—2p(‘§)+2(k§1)—2; (7)

by the same argument one last time, this expression is maximized when /4 = k + 1,
yielding

1 B k41 _
;an 1p3( 5 ) 2; (8)

that is, Theorem 1.2 implies that

dl(m/’ Z) < 23,’,L3k:—1p3(k;r1)_27

g

where W = M.
Var(Bx)

The computation of o2 from [2] essentially goes through as before. It was shown
there that

Var(fi) ~ ckn%pz( -1

(the numbered subclaim and equation (4) of [2] are inconsistent and in fact both
wrong: unfortunate casualties of a change of index in the course of editing). From
this it follows that for any j > 0,

Var(fkij)
Var(fk)

moreover, one can compute covariances as in [2], yielding for example the formula

Cov(frajs fute)

k+j+ .
n (K34 (R ) k+j+1\(/n—k—j—1 -(3)
= 2 2) — 1
<k+j+1>p ZQ ( )<k+£+1r (p )

for 0 < j < k (and similarly in other cases). Again one confirms that the order of this

— 0
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expression is smaller than the order of the variance of fi, so that we finally have that
o2 ~ nzkp2(’“jl)—1.

The sums over indices only contribute constants depending on k, so that we have
that the error in the abstract normal approximation theorem above is bounded above
by

ngkflpg(k_z*—l)*Q
n?’kp?’(k;l)_% n\/f)’

for a constant ¢, depending only on k.

Ck

2. The Cech complex

In [2] we claimed three different limit theorems for the kth Betti number of a
random Cech complex: depending on the sub-regime of the sparse regime, the kth
Betti number either vanished a.a.s., had an approximate Poisson distribution, or
satisfied a central limit theorem. The approach taken in [2] works in most of the

k+3rg(k+2) — 0, but to deal with the regime in

d(k+2
37,n(+)

sparse regime, namely as long as n
which r, = o(nfl/d"s) for some § > 0, but nF+ is bounded away from zero, a
slightly different argument is needed, for the same reason as in the previous section.

We begin by noting that one can write §; semi-explicitly as follows. Let Sy denote
the number of empty (k 4 1)-dimensional simplex components of the Cech complex
C(Xy,...,X,) spanned by Xi,...,X,,. Note that every such connected component
has exactly k + 2 vertices.

For every pair of integers ¢ > k + 2 and j > 0, let X; ; denote the number of con-
nected components C of €(Xy,...,X,) on i vertices such that 8;(C) = j. In other
words X; ; counts the components on ¢ vertices which contribute exactly j to f.

Then

Br = Sk + Z JXi -

i>k+2,5>0

A central limit theorem for [, is indeed a consequence of a central limit theorem
for Sj, as claimed in [2], by a slightly more careful analysis.
Set m = |1+ 1/(dd)], and define the truncated sum

Be=08k+ > > iXij.
i=k+3 >0
By a modification of the argument in [2], one obtains the following.

Theorem 2.1. With notation as above, forr, = o(n="?=%) and limnﬁoonkJrQrﬁ(kH)

— 00,
1 3 3 Hk+2,1
(e [a]) o),
n(nrd)k+l (Bk O (k+2)!
where k421 15 a constant depending only on f and k.

From here, a central limit theorem for 3 itself follows:
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Theorem 2.2. With notation as above, forr, = o(n’l/d*‘S) and limnqoonk+2rfll(k+1)

— 00,

W (8 -ElB]) = (07 (lzikfé%) ’

where py42,1 15 the same constant as in Theorem 2.1.
Compare with Theorem 3.2(iii) of [2]: the range of 7, is slightly more restricted
(there, 6 was taken to be 0); the theorem here is also stated in terms of a specific

numerical normalization, rather than abstractly in terms of the variance of 8 as in
[2].

Proof of Theorem 2.2 from Theorem 2.1. Observe that

Br, — EBx Br, — EBy, Br — Br — E[Br, — Bl
P Jhpte <] <2 | < op | P
Br, — Epy, 2E|Br — Bl
s [ n(nrd)k+1 Stte ex/n(nrd)F+1

n(nrd)k+1

From the claim it follows that, given € > 0, there is an n large enough so that

Pl B — BB gt]@l B BBk _, .

n(nrd)k+1 n(nrd)k+l

Claim:

+ €.

Using the central limit theorem already established for Bk and then letting ¢ — 0
shows that

. Br — EBk { Hk+2,1 }
limsupP | — 222k < 4| <P Lz <l
ey /n(nrd)ktl (k+2)!

where Z is a standard Gaussian random variable. The corresponding lower bound
follows in the same way, so that given the claim, the proof of Theorem 2.2 is complete.
To prove the claim, observe that

S n
B =Bl = > D iXij+ Y. D Xij (9)
i=m+1 >0 i=S+15>0
where S = (% + 1].
Since there are i°~2 spanning trees on a set of i vertices, and since a connected
component of order ¢ can contribute at most ( to B, we have that for fixed
1 =2m+1,

: T\ -2 dy (i—1) { nt o FNCES)) i
B || < (1) (et (1) < S Aser) T (1)

§>0

kil)
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It follows that

S
28 Y E|> jXi;| =0 (m™ i)y =0 (n="),

i>m+1 >0

since 7, = o(n~1/4=%); this takes care of the first sum in (9).
For the second sum, the same estimate on the terms gives that

n

Z E Zin,j =0 (n2(nri)5) -0 (n%das) '

i=S+1 §>0

Since S > % + 1, we have that E|S, — Bk| = O(n~??%), which proves the claim. [

As in [2], to prove Theorem 2.1, we consider the Poissonized problem first, then
recover the i.i.d. case.

Let N,, be a Poisson random variable with mean n, and let ?,, = {X1,..., Xy, },
where {X;}59, is an i.i.d. sequence of random points in R? with density f. Then P,, is
a Poisson process with intensity nf(-), and one can define S¥ and Xi}: for the random
points P,, analogously to the earlier definitions. In what follows, assume that k > 2;
that is, the empty k-simplices are at least empty triangles. Empty 1-simplices are
simply pairs of vertices which are not connected, and different arguments are needed
in that case.

In order to compute expectations for the expressions which arise in the Poissonized
case, the following results are useful.

Theorem 2.3 (See Theorem 1.6 of [3]). Let A > 0 and let Py be a Poisson process
with intensity Af(-). Let j € N, and suppose that h(Y,8) is a bounded measurable
function on pairs (4,8) with 8 a finite subset of R and Y C 8, such that h(Y,8) =0
unless |Y| = j. Then

N
E E h(Y,Py) :—,'Eh(xj,ijiPA),
7]
[ASSUSY

where X; is a set of j 4.i.d. points in R with density f, independent of Py.

From this, one can prove the following (see [2] for the proof).

Theorem 2.4. Let A >0 and k,j1,...,j5k € N; define j := Zle ji. For 1 <i<k,
suppose h;(Y,8) is a bounded measurable function of pairs (Y,8) of finite subsets of
R? with Y C 8, such that h;y(4,8) = 0 if [Y] # ji;. Then

k ko \di
El Y3 (Hhi(yi)> 1{%%:@} =E H( >hi(xj,,,(u§_1xji)uﬂ>n),

Al
Y1,CPx YpCPy \i=1 forizj =1 N7

where X;, are j; i.4.d. poinls in R with density f, Py is a Poisson process with
intensity Af(+), and {X;,}¥_, and Py are all independent.
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One can apply these results to compute the mean and variance of B,f 4, the con-

tribution to 47 from components whose left-most vertex is in an open set A with
vol(0A) = 0.
In order to apply the lemmas, the corresponding means in the i.i.d. case are needed.

Lemma 2.5. Let g; j a(z1,...,x;) be the indicator that C({z1,...,x;}) is connected,
has kth Betti number equal to j, and has left-most-point in A. Then for {X;} i.i.d.
with density [ as before, there is a constant p; ; 4 depending only on i,j, f, and A
such that

lim r;d(i_l)E [gi,j,A(Xh cn X)) = Hi,j, A
n—oo

The proof is identical to that of the analogous result in Chapter 3 of Penrose [3].

Lemma 2.6. For ji; j 4 as in Lemma 2.5,

. . _ _ [~ . _ _ > HE4+2,1,A
(i) nlgréon (k+2)rnd(k+1)]E _gﬂ = nlggon (k+2)rnd(k+1)var {gﬂ = 7(k+2)!'
(i) i 2 R S]] = lim 5 DV S]] = e,

(iii)  lim_ O N B N> o
k+3<i<m
J=0
L &)
_ T —(k+3),.—d(k+2) x| - ; _
= o N D | = Gy 2 menaa:
k4+3<i<m j=1

J=20

Proof. For i > k+2 and j>1, let h;; a({zo,..., 21}, X) be the indicator that
{x0,...,x;_1} C X form a connected component of €(X) with B (C(zo, ..., zi_1)) =7,
whose left-most point is in A. Then with B,f 4 denoting the sub-sum of Br coming
from those components with left-most point in A,

Efpal=E| > > dhigaPa)| = > FE[hija(Xn X 0P,
k+2<i<m YCPy k+2<i<m
j>1 izl

(10)

Now, E [h; j,4(X;, X; UPy)] < Elgs5,4(X;)], where g; j 4(X;) is the indicator that the ¢
i.i.d. points X; are connected (with respect to cut-off radius r,,) with kth Betti number
of the complex they span equal to j (ignoring any issues of connectedness to anything
else). By Lemma 2.5 E [g; j 4(X;)] ~ rg(lfl)ui,jA. Note moreover that the conditional
probability that X; is isolated from P, given that X; is connected and has left-most
vertex in A is bounded below by the probability that there are no points of P, in the
ball of radius 2(¢; ; + 1)r,, about X, where ¢; ; is the largest number of edges that
may be needed to move from one vertex to another in a simplicial complex on i vertices
with kth Betti number equal to j. Since P, is a Poisson process with intensity nf(-),
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this probability is given exactly by e~ ™Vl (B2 j40rn (X0)) 5 p=nllfllocfa(2(£i+1)rn)?
It thus follows that

1))
E [givj,A(xi’xi UP,)] = e~ Ml fllec@a(2(£i, 54+ 1)Tn) E[gi,j,A(xi)}

~ ol 0a (s ) =)

Recall that for i > k + 2 fixed, j < (kil). It thus follows that since m";f — 0,

T e )
E j%]Xi,j,A ~ ; JHig.Ay
and that in particular,
nk+2,pd01)

Wukﬁ’lﬂ.

EBiA:

A similar approach is taken to compute the variance:

E [(511:,4)2} =E > > > ji'hiiadPu)hi g a(d,Pn)

YCPn i,i'=k+27,5'>0

+E Z Z Z Zjj/hi,j,A(lé;?n)hi’,j/,A(9/7ﬂ)n)]l{|yﬂ‘zd’|:l}

0=0 Y,y CP,, i,i' =k+2 j,j' >0
Y#£Y’

For the first term, note that h; j a(Y,Ppn)hi j a(Y,Pr) =0 unless i = ¢ and j = 5/,
because i is the number of vertices of Y and j is the kth Betti number of the complex
it spans. This means the first term has in fact already been analyzed:

E{> > N djhijald. P)hijra(y,Pn)

YCP,, i,i/=k+2 5,5’ >0

d(k+1
nk+2rn( +1)

=E Z Z ijhtj,A(ya‘Pn) QWM’H—ZLA-

YCPp, i=k+2 5>0

For the second term, observe first that the terms corresponding to ¢ # 0 vanish,
ie, hija(¥Y,Po)hir vy a(¥,Pn) =0if |YNY| =£> 0, because in that case neither Y
nor Y’ is a whole component. When ¢ = 0, applying Theorem 2.4 yields

E| Y hijald Pu)hiya¥, Pu)liyny—o)
va/g?n
nit?
= WE jj/hi,j7A(x7}7 X'L @] :X:il U :Pn)hi’,j’,A(xi’,xz‘ @] xi’ U ﬂ)n) ,

where again X; and X;, are independent collections of 7 and 4’ i.i.d. points distributed
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according to f, respectively. Making use of (10) thus yields
Val" I:BI?A}
=K [B;f A}

z+z
+ Z Z JJ 2 E [y ja(X5, X U Xy UP )i o a (i, X U Xy UP,))

i, =k+2 7,5/ >1
—Eh;ja(Xi, X; UP)E [hir jr a(Xir, Xir UPy)] }
Now, let P/, be an independent copy of P,. Then
E [hi j,a(Xs, X U Xy UPp) s jr a(Xyr, Xy U Xy U Py)]
- ]E [hi7j,A(x7;7 xl U :Pn)] E [h/ 57 A(f)@v, X‘/ U :P )]
= E[hi,j7,4(xi,xi UX; U ?n)h /o A(xz ,; UXy UP )
— hij,a(Xi, X U P )hir jr a(Xir, Xy UP,)]
=E[(hija(X;, X; UXy UPy) — hyja(Xi, X UPL)) hir jroa(Xir, Xy UXy UP)]
+E [hija(Xi, X UPp) (harjr,a(Xir, X U Xy UPp) — hir jr a(Xir, Xy UPy))]
+ E [h 5,4(Xs, X5 UPp) (hir jr,a(Xir, Xir UPp) — hir o a(Xir, X UP))]
= E1 —|— E2 —|— E3.
Now, observe that in fact E; = 0: the difference is non-zero if and only if X; and X,
are connected by an edge, in which case the second factor is zero.
Observe that the difference in Es is either 0 or —1. Furthermore, it is non-zero if

and only if X; and X;» are connected by an edge, and both X; and X;; are connected.
This probability is bounded above by

£ =205 =1 (205 ) WD (2000 o )T (2(8 5 + Lirsgr + 1)),

Finally, conditional on the event [Uyex, Bae, ;r, ()] N [Uzex,, Bae, ,ir, (2)] = 0, the
two terms of F5 have the same distribution by the spacial independence property of
the Poisson process. A contribution from E3 therefore only arises if in particular X;
and X;, are both connected and the intersection above is non-empty. The probability
of this event is bounded above by

IS 05 (20 51 ) O (2050 ) MDA 5 4 L o))
It follows that
Var [B,ﬁ A} —E [B,fj A} +E,

and

z+z‘ "(Cy 7") (i+i'—1) o
B Y Y o 2] I

i, =k+2 7,5/ 21
C(f.d. k) (nrgy) 2 (nF 2 0D),

where C(f,k,d) is a constant depending on f, d, and k. This completes the proof
of the first statement of the lemma. The proof of the second statement is the same,
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just removing the terms of the sum indexed by 7 > k + 2, and the third statement is
gotten by removing the terms indexed by i = k + 2. O]

The following was proved via Stein’s method in [2].

d(k+1
2Tn(+)

Theorem 2.7. With notation as above, and for n*+ — 00 and nrd — 0,

Sf —E[SF] k42,1
Kk LRI N >
- <°’ <k+2>!>

d(k+1
nk+2rn( +1)

This gives a central limit theorem for 3f as follows. Write

i>k+3
=1
Var(R?))

W < 637 so that for

Fix t € R and € > 0. By Lemma 2.6, for n large enough,
n large enough,

pl BB | cp MQH Lp || BEZERY |
/nk+2Tg(k+1) i /nk+2rg(k+1) | /n’”zrﬁ(kﬂ)
SP _ESP
P |22k _<ttel +e
k420D

By applying the central limit theorem already proved for S¥ and then letting € — 0,
it follows that

AP E 2P
limsup P B O Hiet2,1

——— <t <P { 7 < t} .
n—o00 /’I’Lk+27'$ll(k+l) (k + 2)'

The other inequality is proved in the same way, giving the following central limit
theorem for 7.

Theorem 2.8. For notation as above,

! (,B,f — EB{j) — N <0, Hie42,1 > .

/2, A0 D) (k +2)!

The remaining work is to use this result to obtain the same result for 3y, itself. To
do so, the following “de-Poissonization result” is used.

Theorem 2.9 (Theorem 2.12 of [3]). Suppose that for each n € N, H,(X) is a real-
valued functional on finite sets X C R%. Suppose that for some o > 0,

(i) %Var(Hn((Pn)) — 0%, and

1
(i1) 7 [H,(Pn) — EH,(Pn)] = 0°Z, for Z a standard normal random variable.
n
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Suppose that there are constants a € R and v > % such that the increments Ry, =
Hy, (Xg41) — Hn(Xq) satisfy

lim < sup  |E[Ryn —a|> =0, (11)

=00 \ n—nr<g<n+ny

lim ( sup |E[RynRy n] — a2|> =0, (12)

n—oo n—nr<q<q' <n+nY

and

lim (\lf sup [R;n]) =0. (13)

n—oo N p—ny<g<n+n>
Finally, assume that there is a constant ,@ > 0 such that, with probability one,
|Hn(Xg)| < B(n + Q)B-

Then o < 02 and as n — oo, ~Var(H,(X,)) — 0® — o? and

% [, () — EH, (X,)] = V/o? — a22.

In conjunction with Theorem 2.7, this yields Theorem 2.1, as follows.

Proof of Theorem 2.1. Theorem 2.9 is applied to the functional

H,(X):=

\/WZ > D ihii(4.%) |

YCX \i=k+2;j2>1

o? = ?,:j;;)l, and the central limit theorem holds for H,,(P,) by Theorem 2.8.

Let

Dyni= Y | D2 D dhij(4 %) | = D | Do D ihis(¥,X,)

YCXgr1 \i=k+25>1 ycx, \i=k+2;5>1

(the dependence on n is only through the threshold radius r,,), and observe that D, ,,
is the kth Betti number of the component of X,y; in X,y1, minus the kth Betti
number of the complex that results by taking the component of X,,; and removing
Xg+1 from it, assuming these components are on m or fewer vertices. It follows that
the difference is bounded by (,/;), and is only non-zero if X, is connected to at
least k + 1 other vertices, so that

7
el < (1) (317) 0™ < (1) sty 2.

The first condition of the theorem is then satisfied with o = 0, for any v € (%, 1].
Next, consider the quantity E[D, Dy ] for ¢ < ¢’. By the observation above,

Dg,nDgy  is uniformly bounded by ( kTI)Q. The probability that D, , # 0 is bounded

above by ¢[n + n”]k“rz(kﬂ) as before. Given that the difference is non-zero, the

largest probability event that causes Dy ,, to be non-zero is that X/, is connected
to the component of X1, and that its removal changes the Betti number of that
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component. The probability that X, is in the component of X, is bounded above
d
cry, so that

1

[E[Rgn Ry ]l = W'E[

Dy Dy p]| < (c[n + n“’]k“rfl(mrz)) < crd

n?

()1

so that the second condition of the theorem is also satisfied.
If ¢ = ¢/, then we have as above

E[D},] < c[n+n"] D),

so that
2k+1c

Vi

1
—FE
vn
and so the third condition is satisfied as well.

Finally, the polynomial boundedness condition of Theorem 2.9 is satisfied trivially,
and the proof is complete. ]

2
[Rynl <
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