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POINTED HOMOTOPY OF MAPS BETWEEN 2-CROSSED
MODULES OF COMMUTATIVE ALGEBRAS
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(communicated by Ronald Brown)

Abstract

We address the homotopy theory of 2-crossed modules of
commutative algebras, which are equivalent to simplicial com-
mutative algebras with Moore complex of length two. In partic-
ular, we construct for maps of 2-crossed modules a homotopy
relation, and prove that it yields an equivalence relation in very
unrestricted cases (freeness up to order one of the domain 2-
crossed module). This latter condition strictly includes the case
when the domain is cofibrant. Furthermore, we prove that this
notion of homotopy yields a groupoid with objects being the
2-crossed module maps between two fixed 2-crossed modules
(with free up to order one domain), the morphisms being the
homotopies between 2-crossed module maps.

Introduction

A crossed module [9] G = (9: E — G,»), of groups, is given by a group map
0: E — G, together with an action » of G on E, by automorphisms, such that the
Peiffer-Whitehead relations, below, hold for each e, f € E and each g € G:

First Peiffer-Whitehead Relation (for groups): d(g » ¢) = gd(e) g1,
Second Peiffer-Whitehead Relation (for groups): d(e) » f =c fe L.

Group crossed modules were firstly introduced by Whitehead in [33, 34]. They
are algebraic models for homotopy 2-types, in the sense that [5, 27] the homotopy
category of the model category [12, 7] of group crossed modules is equivalent to
the homotopy category of the model category [18] of pointed 2-types: pointed con-
nected spaces whose homotopy groups m; vanish, if ¢ > 3. Crossed modules of groups
also naturally appear in the context of simplicial homotopy theory, namely they are
equivalent to simplicial groups with Moore complex of length one [13] and analo-
gously for crossed modules of groupoids [29]. The homotopy relation between crossed
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module maps G — G’ was introduced by Whitehead in [34], in the context of “homo-
topy systems”, now called free crossed complexes. In [8] (see also [9]), homotopy was
investigated in terms of a monoidal closed structure on crossed complexes, and an
interval object. Homotopy for crossed complexes was also developed by Huebschmann
in [25].

The homotopy relation between crossed module maps G — G’ can be equivalently
addressed either by considering natural functorial path objects for G’ or cylinder
objects for G. It yields, given any two crossed modules G and G’, a groupoid of maps
G — G’ and their homotopies. In particular, the homotopy relation between crossed
module maps G — G’ is an equivalence relation in the general case, with no restriction
on G or G'. This should be compared with what would be guaranteed from the model
category [16] point of view, where we would expect homotopy of maps G — G’ to
be an equivalence relation only when G = (9: E — G, ») is cofibrant (given that any
object is fibrant). In the well-known model category structure in the category of
crossed modules [12], obtained by transporting the usual model category structure
of the category of simplicial sets, G = (0: E — G, ») is cofibrant if, and only if, G is
a free group [30].

The notion of a 2-crossed module of groups was addressed by Conduché in [13].

A 2-crossed module of groups A = (L SES G,»,{,}) is given by a complex of
groups, together with actions » of G on L and E, making it a complex of G-modules,
where G acts on itself by conjugation. Looking at the map 9: E — G and the action
of G on E, the first Peiffer-Whitehead relation is automatically satisfied. However
the second is not, in general, and thus (9: F — G, ») is what is called a pre-crossed
module; see [9]. We have a map (e, f) € Ex E+—— (e, f) =efe t d(e)» f 1€ E,
called the Peiffer pairing, and the map {,}: F x E — L, called the Peiffer lifting,
should be a lifting of it to L, satisfying itself a number of very natural properties.

Conduché proved in [13] that the category of 2-crossed modules of groups is equiv-
alent to the category of simplicial groups with Moore complex of length two. This can
be used to prove that the homotopy category of 2-crossed modules is equivalent to the
homotopy category of homotopy 3-types: pointed connected spaces X such m;(X) = 0,
if ¢ > 3. This latter result was directly proven in [19], where a homotopy relation for
2-crossed module maps was defined. Moreover, a fundamental 2-crossed module was
associated to each pointed CW-complex, and proven to have good geometric realisa-
tion properties at the level of 2-crossed module maps and their homotopies.

Also well known is the fact that a 2-crossed module of groups uniquely represents
a Gray-category, with a single object; see, for example, [6]. In fact, the notion of
homotopy between 2-crossed module maps [23, 19] is equivalent to the notion of a 1-
transfor (pseudo-natural transformation) between Gray functors [14]. Thus 2-crossed
module homotopy is not equivalent to the more cumbersome definition of simplicial
homotopy of simplicial groups with Moore complex of length two [20].

Another important algebraic model for homotopy 3-types is provided by the crossed
squares [27], equivalent to cat?-groups. They are closely related to bisimplicial groups.
As a model for homotopy 3-types, crossed squares have the major advantage that there
exists a fundamental crossed square functor from the category of triads of pointed
spaces to the category of crossed squares, under mild conditions preserving colimits
[10]. This fundamental crossed square can be defined out of the usual relative and
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triad homotopy groups, considering also Whitehead products. Pointed CW-complexes
naturally give rise to triads [17]. Applying the fundamental crossed square functor to
such a triad gives rise to a crossed square retaining all of the homotopy information of
the CW-complex up to degree three. We therefore have a concrete and natural way to
associate a crossed square to a CW-complex, representing its homotopy 3-type. This
concreteness is in sharp contrast with the case of quadratic modules, developed in
[5]. The notion of crossed square homotopy has not been developed, on the contrary
to homotopy of quadratic modules and quadratic chain-complexes, addressed in [5].

A 2-crossed module A = (L SES G,»,{,}), of groups, is called free up to order
one if G is a free group, A being called free up to order two if, furthermore, (9: E —
G, ») is a free pre-crossed module [23, 19]. In the model category of 2-crossed modules

of groups, [11, 12, 23, 26], a 2-crossed module (L SES G,»,{,}) is cofibrant if,
and only if, it is a retract of a free up to order two 2-crossed module, any 2-crossed
module being fibrant. What is surprising, and was proved in [23, 22], is that if A
is solely free up to order one (and, therefore, in general, far from being cofibrant),
and B is any other 2-crossed module, then we have a groupoid of 2-crossed module
maps A — B and their homotopies, the latter being constructed from a functorial
path-space. This groupoid can be upgraded to a 2-groupoid by considering 2-fold
homotopies between homotopies. We note that the assumption that the domain 2-
crossed module is free up to order one is strictly necessary, in order that we can
compose and invert homotopies. This was explicitly proved in [23].

All algebras in this paper are taken to be commutative. In [15, 31], we can find
the definition of crossed modules and of 2-crossed modules of algebras, the latter

having the form A = (L Dy p Oy R,».{,}), where L, E and R are algebras, and
all the rest parallels the group case, essentially switching actions by automorphisms to
actions by multipliers. It is proven in [1, 24, 31] that simplicial algebras with Moore
complex of length two correspond, through taking Moore complexes, to 2-crossed
modules of commutative algebras. Moreover, we have an inclusion functor from the
category of 2-crossed modules of algebras into the category of simplicial algebras, and
a reflection functor making the former a reflexive subcategory [3].

By the general construction in [21, IL,5] and [11] (which follow a similar pattern
as the one appearing in [32]), we have a Quillen model structure in the category
of 2-crossed modules of commutative algebras, obtained by transporting the usual
structure in the category of simplicial sets, and a built in Quillen pair:

F
R

{Simplicial Sets} {2-Crossed Modules of Commutative Algebras} .

e ——
U

Here U is the forgetful functor from the category of simplicial commutative algebras
to the category of simplicial sets (recalling that a 2-crossed module of commutative
algebras is essentially a simplicial commutative algebra with Moore complex of length
two). On the other hand, in the opposite direction, one uses the free algebra (on a
set) functor (the polynomial algebra with one symbol for each element of the set),
followed by the reflection from the category of simplicial algebras onto the category
of 2-crossed modules of algebras. This approach can be used to prove that a 2-crossed
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module of algebras is cofibrant if, and only if, it is a retract of a 2-crossed module

A= (L 28 2 R, {,}) which is free up to order two. The latter means that the
algebra pre-crossed module (0;: E — R, ») is free (see [3]) and so is R.

In this paper, we address the homotopy theory of maps between crossed modules
and 2-crossed modules of commutative algebras. In particular, we will prove that, if
G and G’ are crossed modules of algebras, without any restriction on G or G’, then
we have a groupoid of crossed module maps G — G’ and their homotopies, similarly
to the group case. As for the case of 2-crossed modules, the homotopy relation for
2-crossed module maps A — A’ is not an equivalence relation. However, this feature
can be corrected by restricting to the case when the domain A is free up to order
one, and therefore in much more generality than what would be derived from a model
category [16] point of view. This would give that homotopy is an equivalence relation
when A is cofibrant (free up to order two), since all objects are fibrant.

A large chunk of the paper will be devoted to carefully describing the homo-
topy relation between 2-crossed module maps A — A’, which will lead us to con-
sider quadratic derivations, also considered in [5, 23, 19], in the group case. Also
requiring detailed calculations, occupying the biggest part of this paper, and being
our main result, is the proof that, given two 2-crossed modules A and A’, with

A= (L P p Oy R,»,{,}), free up to order one (and with a chosen algebra basis
B of R), then we have a groupoid of 2-crossed module maps A — A’, and their homo-
topies. The construction of the composition of homotopies, and also the proof that
this composition is associative, admitting inverses, requires appealing to several lat-
eral, however important, constructions, such as the algebras of edges, triangles and
tetrahedra in a 2-crossed module, paralleling the main arguments in [23, 22]. (This
bit is highly technical, forcing us to introduce several auxiliary algebra actions, and it
is where the most difficult and important calculations in this paper live; see 2.3.1.) In
particular, we have the result that the homotopy relation between 2-crossed module
maps A — A’ is an equivalence relation, if A is free up to order one.

1. Preliminaries

All algebras will be commutative and defined over &, a fixed commutative ring.

1.1. Pre-crossed modules and crossed modules

Definition 1.1. If M and R are (commutative) x-algebras, a s-bilinear map
(rrm)ERXM—rw»meM

is called an action of R on M if, for all m,m’ € M and r,7’ € R:

Al. r» (mm') = (r»m)m' =m(r»m),

A2, (rry»m=r» (' »m).

Definition 1.2. A pre-crossed module of k-algebras (E, R,d) is given by a homo-

morphism of k-algebras 9: E — R, together with a left action » of R on FE, such
that the following relation, called “first Peiffer-Whitehead relation”, holds:

XM1) 9(r w» e) =rd(e), for each e € E and r € R.
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A crossed module of commutative k-algebras (E, R, d) is a pre-crossed module satis-
fying, furthermore “the second Peiffer-Whitehead relation”:

XM2) J(e) » e’ =e, foralle,e’ € E.

Ezample 1.3. Let R be a k-algebra and E' < R be an ideal of R. Then (E, R, i), where
i: E'— R is the inclusion map, is a crossed module, where we use the multiplication
in R to define the action of R on E: (r,e) e Rx E+——rw»e=rec E.

Definition 1.4. Let (E,R,0) and (E’,R',0") be two crossed modules. A crossed
module morphism f: (E,R,0) — (E',R',0')isapair f=(f1: E—> E', fo: R— R/)
of algebra morphisms, making the diagram

E 9 R
fll \Lfo
E R
8/

commutative and also preserving the action of R on E: f1(r » e) = fo(r) » fi(e) for
allee F, r € R.

1.2. 2-crossed modules of commutative algebras

Definition 1.5. A 2-crossed module (L, E, R, 01,02, {, }) of (commutative) algebras
is given by a chain complex of algebras:
L2 E2 R

together with left actions » of R on F and L (and also on R by multiplication),
preserved by 01 and 0s, and an R-bilinear function (called the Peiffer lifting):

{® }: EQrE — L,
denoted by {e, f} or {e ® f}, where e, f € E, satisfying the following axioms, for all
ILLI'eL, e e,/ € Fandre R:
2XM1) Ox{e®e'} =ee’ —O1(¢)) » e,
2XM2) {02() @ =(I")} =1,
2XM3) {e®@ce'} ={ee’ @e"} +01(e") » {e® €},
2XM4) {&()®@e} =ew'l—0:1(e) » 1,
2XM5) {e®0x(l)} =ew’l,
2XM6) re{e@el={rrexc}l={cxrr» e}l
Remark 1.6. Note that L 2% E is a crossed module, with the action of ' on L being:

e’ 1={e®0ds(l)}.

However E -2 R is (in general) only a pre-crossed module. The image of the Peiffer
lifting through 9> measures (2XM1) the failure of E 24 R to be a crossed module.

Definition 1.7 (Freeness up to order one). Let (L, F,R,01,02,1{,}) be a 2-crossed
module. We say that this 2-crossed module is free up to order one if R is a free
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k-algebra. In this paper, free up to order one 2-crossed modules will always come
equipped with a specified (free algebra) basis B of R, and, therefore, R will be the
algebra of polynomials over , with a formal variable assigned to each element of B.

Ezample 1.8. Let (E, R, 0) be a pre-crossed module. Then ker(0) BN N R, where
i: ker(9) — E is the inclusion map, is a 2-crossed module, with the Peiffer lifting:

{ ® }:(e,e) e E@rEr— {e®e'} =ee’ —d(e)e’ € ker(9).
Definition 1.9. Let A= (L, E,R,01,02,{,}) and A’ = (L', E',R',01,9%,{, }) be 2-

crossed modules. A 2-crossed module map f = (f2, f1, fo): A — A’ is given by algebra
maps fo: R— R/, fi: E — E’ and fo: L — L', making the diagram

L % E o R

lfz \Lfl \Lfo

L' E’ R’
e el

commutative and also preserving the actions of R and R’, as well as the Peiffer liftings:

filrwe) = fo(r)» fi(e), for all e € F and r € R,
fo(r» 1) = fo(r)» fo(l), foralll € L and 7 € R,
fole@ e} ={fi(e)® fi(e')}, for all e, e’ € E.

2. The algebras of 0-, 1-, 2- and 3-simplices
Throughout this entire section, we fix a 2-crossed module A = (L, E, R, 01, 02,{, })

of commutative algebras. Put Ay = R, and call it the algebra of O-simplices in .A.

2.1. Conventions on semidirect products

Definition 2.1 (Semidirect product). If we have an action » of R on a commutative
algebra F, then our convention for the semidirect product k-algebra R x, E is:

(rye) (r',e')y = (rr',r> e + 7" > e+ee), foralee € Eand r,r €R.

When considering actions of semidirect product algebras on other commutative
algebras, the following lemma is very useful, and will be used without much comment:

Lemma 2.2. Let A be any commutative algebra. Then a bilinear map
((rye),a) € (Rxp E) X Ar— (re)pac A

s an algebra action if, and only if, for allr,v' € R, e,e’ € E and a € A:

[(r,0)(+',0)] » a = (r,0) » [(+/,0) » a],

[(0,€)(0,¢")] » a=(0,¢e) » [(0,€) » a],

(rye) »a=1[(r,0)+ (0,e)] » a,

[(r,0)(0,¢)] » a=(r,0) » [(0,€) » a.
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2.2. The algebras of 1- and 2-simplices in a 2-crossed module

The (commutative) algebra A; = R x, E will be called the algebra of 1-simplices
in A. Tt is convenient to express the elements (r,e) € A; in the following simplicial
form:

r == (r+01(e)) .

The product of two elements of 4; can be “visualized” as:

(r = (r+01(e) ) (' < (7 + D1(€')))

=(rr Ihetr betee (rr' + 01 (r» e +1" > e+ee)) ).

Remark 2.3. The reason for this notation is that there are non-trivial algebra maps:
do,d1: Ay = Rxy E— R= Ay,
being:
do(r == (r+di(e) ) =, di(r = (r+0i(e) ) =7+ i)
There is also an algebra morphism:
sot Ag=R — Rxp E = Ay,

being so(r) = (r,0), where r € R, which can be visualized as:

so(r) = (r == (r+8:(0) ) = (r 7).
Lemma 2.4. There exists an action »4 of (R Xy E) on (E Xy L), having the form:
(re) pe (¢, 1) = (e +r e, 01(e)»l+r > l—{e @e}),
forallle L, e,e’ € E andr € R.
Proof. Note that:

(r,0) pe (e,1)=(rwe,r>l) and (0,e) »q (e',1) = (ee,01(e) » 1 —{e' @e}).
We must check conditions A1 and A2 of Definition 1.1 (implicitly using Lemma 2.2).
The second condition is clear, since all algebras are commutative. We prove the first:

(r,0) »o [(e',1) (€5, 12)] = (r,0) Bo (e'eh, e B 1o+ e »' 1+ 115)

=(ro(eey),r > (' la+ey ' 1+11))

=(ro(eey),ro (e »' ) +re(ew 1)+7rv (l))

= (ro (eeh),r > { @02(l2)} + 7w {eh @ ()} + 7 » (Il2)).
Also:

[(r,0) »o (&', D)](eh,12) = (r > €' ,r > 1)(eh,12)
=((rwe)ey, (rve)p lateh ' (rel)+ (rvl)l)

> (c'eh), {(r»e)®da(la)} + {e5 @ Oa(r» 1)} + 7> (ll2))
> (c'eh),r > {e @0a(la)} +{es @ r> da()} + 1> (ll2))
> (ceh),r» {e @:(l2)} +rw» {es @ (D)} + 17w (I2)).

r
r

r

= (
= (
~(
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This means that, for each r € R, ¢/, e}, € E and [, € L, we have:
(r,0) o [(¢/, 1) (€5, 12)] = [(r,0) > (¢/,1)] (€, I2).-
Also, for each r,7’ € R and ¢’ € E:

[(r,0)(r",0)] »e (¢/,1) = (r1',0) »o (¢/,1) = ((rr") » &', (rr") » 1)
=)y »])=(0) p, (> i)
= (r,0) >4 [(77,0) o (¢/,1)].

On the other hand:
(0,€) »o (¢/,0) = (e€/, —{e' @ e}), (0,€) »q (0,1) = (0,01(e) » 1).
Therefore:

(0,€) > [(€/,0)(e3,0)] = (0,€) Bo (€'e3,0) = (e(€es), —{e'e; @ €}),

¢',0)] (¢3,0) = (ee’, ={e' @ e})(e5,0) = ((ee')ep, e »' (—{e' @ }))
2),{es @ —0x{e’, e}}) = (e(€'eh), {eh @ —ee’ + Di(e) B €'})

5),{eh ® —ee'}) + (e(eer), {e5 @ Di(e) B €'})

o), —{e'ez @e}) — (e(eer), Oule) B {eh, €'}) + (e(€'er), Di(e) » {e3,€'})

which means that, for each e, e’, e}, € E, we have:
(0,€) »o [(¢/,0)(e3,0)] = [(0,€) »e (¢/,0)] (€3,0).
In the same line:
(0,e) »o [(0,1)(0,12)] = (0,€) »o (0,1l2) = (0,01 (e) » Ul2),
[(e,0) e (0,1)](0,12) = (0,01(e) » 1)(0,12) = (0, (01(e) » 1)lz) = (0,01 (e) » Ui3).
This means that:
(0,e) 4 [(0,1)(0,12)] = [(0,€) »4 (0,0)](0,12).
Therefore we have:
(0,€) o [(€",1)(€5,12)] = [(0,€) > (€, D)](€5, I2).
Similarly:
[(an)(OaGQ)] >. (elvl) = (07662) > (6/,1)
= ((eez)e’, 01(ee2) > 1 — {€ @ eea}) = ((ee2)e’, 01 (eex) » 1 — {e' @ eze})
= ((ee2)e’, 01(eex) w1 — {e'ea @ e} — D1(e) » {' R ea}),

. [(0,e2) Bo (¢',1)] = (0,€) o (e26’,01(e2) » 1 — {€' @ e2})
(e(eze’), O1(e) » [O1(e2) » 1 — {€' @ ea}] — {e2e’ @ €})

= ((eez)e’, 01(e)d1(e2) » 1 — O1(e) » {€ @ ex} — {eae’ @ e})
((ee2)e’, D1 (ee2) » 1 — D1(e) » {e' @ ea} — {eae’ @ e}).

[(0,€)(0,e2)] »e (¢',1) = (0,€) B4 [(0,e2) o (¢',1)],Ve,e2,¢' € E, and | € L.
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Finally:

[(7,0)(0,e2)] »o (¢/,1) = (0,7 > e3) B (€¢/,1)

(
=((r>ex)e,01(r»e) >l —{e @7 > ea})
= ((rwex)e, (ror(ex)) »l—1» {e ®ea})
= (r» (eze),r > (O1(ea) » 1) —7 > {' @ea})
= (r,0) »q (e2¢,01(e2) » 1 — {€ @ ea})
= (r,0) >4 [(0,e2) B (€',1)]. O

Consider now the following semidirect product (the algebra of 2-simplices):
Az = (R xyp E) xp, (E xps L). (1)
We express the elements (r,e,¢’,1) € (R Xy E) Xy, (E Xy L) in the simplicial form:

T+81 -‘1-81

ot . ' +05(1) (2)

T—>r+81

Remark 2.5. We have three non-trivial algebra morphisms (boundaries):
do,dy,d2: Ay = (R Xy E) Xp, (E Xp: L) — R Xy E = Aj,
defined as:
do(rye, €', 1) = (rye), di(r,e,e’,l) = (r,e+¢€), da(r,e,e’,l1) = (r+0i(e),e + da(l)).

These maps are written in the simplicial notation below. Note that our /i
convention for the numbering of the vertices in the triangle is: 21
401 (e)+01(e’)
ete’ , e
do e +0a(1) = ( r—(r+01(e)) ) ;
T > r+0i(e)

701 (e)+01 (e')
0 ete’ ¢+ (1) _ < 7ALC,>(7~-|-81(e)+81(6')) ) )
P> r+di(e)
r+01(e)+01(e")

e+e' e’
do e’+02(1) = ( T+31(6)ﬂ>(7’+81(e)+81(e’)) >

r e rtdi(e)
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Remark 2.6. Similarly, there exist two non-trivial k-algebra morphisms (inclusions):
50,81: A1 = RXp E— (RXp E) Xy, (E xp: L) = Ay,

defined as:
so(r,e) = (r,e,0,0), s1(r,e) = (r,0,¢e,0),

and simplicially visualized as:

r+01(e) r+01(e)
S0 (r-Ss(r+01(e))) = 7 (@0 and s (r-Setoien) = ()]
r > r+0i(e) " 0 "

Remark 2.7. Let A be an algebra 2-crossed module. It is clear (from this simplicial
notation) that the morphisms we defined between the algebras of 0-, 1- and 2-simplices
in A satisfy the well known simplicial identities [28]. Therefore, we can form a 2-
truncated simplicial commutative algebra, having at levels 0, 1 and 2, respectively,
the algebra R (the algebra of 0-simplices) and the algebras of 1- and 2-simplices.

Remark 2.8. This construction can be extended to a proof of the fact that we have an
equivalence of categories between the category of 2-crossed modules of commutative
algebras and the category of simplicial commutative algebras with Moore complex of
length two. For a proof of this latter fact, see [4, 2, 1]; note that our conventions are
different. In the next subsection we inspect the algebra of 3-simplices.

2.3. The algebra of 3-simplices in a 2-crossed module
We continue to fix an algebra 2-crossed module A = (L, E, R, 01,02, {, }).
2.3.1. Some auxiliary algebra actions
Lemma 2.9. There exists an action », of E X L on L, with:
(e,)w ' =ew’ I'+10'.
Proof. Easy calculations. O

By using the action » ., we can construct the semidirect product (E Xy L) Xy, L.

Lemma 2.10. There exists an action of E on ((E Xy, L) Xy, L), with the form:
el (€,1,1) = (ec!,01(e) » 1 —{e @e},01(e) » I').

Proof. We have:
ew [(f.11)(g, k, K]

—ewl (fo, fo E+gw I+1k fo' K+ +g»' I +k' +1'K)

= (e(f9),01(e) » (f»" k+g»' L+1k) — {fg@ e},

() » (fo K+ +gw' '+ k' + 1K)
= (e(f9),01(e) » (f »' k) + Di(e) » (g »" 1) + Ou(e) > (Ik) — {fg @ e},
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(O1(e)f) »' K +01(e) » (1K) + (D1(e)g) ' I + 01 (e) » (kI') + D1 (e) » (K1)
= ((ef)g,(ef) »" k+gw (Bi(e)pl—{f@e})+ (0i(e) » I~ {f ® e}k,
(ef) »' k' + (0(e) » I —{f @ e})K + g »' (0i(e) » 1)
+ k(01(e) » I + (O1(e) » U)K)
= (ef,01(e) » Il —{f®e},0(e) » ') (9. k, k') = [e »! (f,1,0)] (g9, k, k).
We used the facts:
d1(e) » (f »' k) =01(e) » {f ® 0a(k)} = {O1(e) » f @ Oa(k)}
={fe—0Af®e}®@0(k)} = {fe®Oa(k)} — {O2{f ® e} ® Da(k)}
= (fe) »' k—{f ® e}k,
and:
{fgwel ={gf@e} ={g® fe} —di(e) » {g@ f} ={g® fe} —{g® Oi(e) » [}
={gafe—dile)» fy={90h{feet}=gr {f®e}]
Also:
L) = ((ere2)e, 01 (ere2) » 1 — {e' @ (e1e2)}, O1(e1e2) » 1)
((ex(e2e’), di(er) » (O1(e2) 1) — {e' @ (ere2)}, O1(e1) » (O1(e2) > 1))
= (e1(ez€’), 1 (e1) » (O1(e2) » 1) — D1 (e1) » {€ @ea})
—{eze’ @e1},01(e1) » (O1(e2) » 1)) (- 2XM3)
= (e1(ege’),01(e1) B (O1(e2) » 1 — {e' @ ea}) — {exe’ @ €1},
d1(e1) » (Oi(e2) » 1))
=e; B! (e2¢’,01(e2) > 1 — {€ @es},01(ea) » 1)
=e; ». (e2 >l (€,1,1)).

(ere2) > (€

Simple calculations also prove:
Lemma 2.11. There exists an action of R on ((E X/ L) Xy, L), with the form:
rel (L) = (e relrel).
From the previous two lemmas, it follows that:

Lemma 2.12. There exists an action »1 of (R Xy E) on ((E xps L) Xy, L), with:
(re)wt (1) =(r>e +ec,roml+0i(e)pl—{@el,r vl +0i(e) > ).
Yet, one more (seemingly unrelated) action is needed:

Lemma 2.13. There exists yet another action of E on ((E Xy L) Xy, L), with:

e (&, 1,1) = (ec’;e ' 1,01 (e) » I — {0a(1) + € @ e}).
Proof. Firstly, E acts on (({0} xps {0}) Xy, L), in the form:
e »2[(0,0,1')(0,0,k")] = e »2 (0,0,I'k') = (0,0,0:(e) » (I'k")) = (0,0, (01 (e) » I')K)
=(0,0,0:1(e) » I')(0,0,") = [e »2 (0,0,1)] (0,0,K").
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Then, we need to show that E acts on ((E Xy L) Xy, {0}). We consider two cases:
e »21(0,1,0)(0,k,0)] = e w2 (0,lk,0) = (0,e »' (Ik), —{02(lk) ® e})
= (0,e »’ 1,—{02(1) ® €})(0, k,0) = [e »2 (0,1,0)] (0, k,0),
and also:
e»2[(£,0,0)(g,0,0)] = e »Z (fg,0,0) = (e(f9),0, ~{fg ® e})
= ((ef)gaoa -9 >, {f ® 6}) = ((ef)g,O,g »l (7{.}6 & 6}))
= (¢£,0,)(9,0,0) = [e »Z (£,0,0)] (9,0,0).
We have used the fact:
g’ {fee={god{foel}={go fe—0i(e)» f}

={g® fe} —{g@di(e)» f} ={9f@e} +i(e) » {g®@ f} —{g®Di(e) » f}
={9f@et+o(e)p{gaft—0i(e)»{g@ [} ={g9f@e}t ={fg@e}.
Also (where we use the axiom 2XMS3 of the definition of 2-crossed modules):
(erea) 2 (¢, 1,1") = ((erea)€, (eres) »' 1,01 (erez) B 1! — {Da(1) 4+ € @ (e1e2)})
= (e1(e2€),e1 »' (e2 »' 1),
Oi(er) » (O1(e2) » I = {02(1) + € @ e2}) — {O2(e2 1) + e2¢’ @ e1})
=e1 p2 (eae’,ea ' 1,01(e2) » I — {0a(]) + € @ea})
=e; »2 (e »2(,1,1). O

The following lemma is immediate. The subsequent follows from it and Lemma 2.13.
Lemma 2.14. There exists an action of L on ((E Xps L) Xy, L), with:
Ew? (e, 1,1) = (0, »' k+kl,—{02(]) + ¢ @ Da2(k)}).
Lemma 2.15. There exzists an action »2 of (E Xy L) on ((E Xy L) Xy, L) with:
(e, 1"y w2 (!, 1,1) = (ee/,ew’ 14+ »' 1" +1"1,0:(e) » I — {0a2(1) + € @ a(1") + €}.
And, finally (from Lemma 2.12 and Lemma 2.15):

Lemma 2.16. There ezists an action »; of (R Xp E) Xy, (E Xps L)) on
((E xps L) Xy L), with the form:

(0707€7le) >T (@/,l,l/) = (671”) »2 (e/alal/)a
(r,e,0,0) »i (¢/,1,1') = (r,e) »* (e, 1,1').

2.3.2. Definition of the algebra of 3-simplices
We now define the algebra of 3-simplices in A as being the semidirect product:

As = (R %y E) Xy, (Expr L)) Xp ((Expr L) xp, L).
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We express each element (r,e,e’,l,e”,l',1") € As in the following simplicial form:

r 4+ 81 (6) + 81 (6’) + 81 (6”)

e +82 (1) +02(1")
e+e' +e’’ e/ +e" +82(1)+02(1")

r+81(e)+81(e')
e+e’ e’+02(1)

r r+ 01 (e)

€

Remark 2.17. We have four non-trivial algebra morphisms, do 1,2,3: As — A, being:

do(r,e e 1,e"1'1") = (
dy(rye e 1,e” 1" = (re,e + e’ 1+ 1),

do(rye e 1, e" I 1") = (rie+¢€,e", ' +17),

ds(rye, e e U 1") = (r+01(e), e’ + 0a(1),e” + do(1'),1").

’
re,e al)a

These should of course be interpreted as being the faces of the tetrahedron A
(3) (see above), where we enumerate the vertices of the tetrahedron as / 1\
7 N

shown on the right: PRGN,
r+01(e)+01 (e/)
T e+e'
! / \ ) ol
2N,
r f— r+01(e)

r+01(e)+01(e')+01(e")

w:\ e+e +e’
dy . = e/ e 40, (1) +02 (1)
/N

o —>> o

T r+01(e)

4 / T\ _

L7 N

e —> @

r+01(e)+01 (e/)+81 (e”)

€”+62(l/)+8g(l”)

P > 1481 (e)+01(¢)
e+e
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p /%\ e'+e" +02(1)+02 (1)
3 ° =

* T e)————————————>r e e’
+01(e) o +0a(1) +01(e)+01(e)

7481 (e)+01(e')+d1(e”)

I 6”+82(ll)+82(l//)

Remark 2.18. There are three algebra morphisms, sg12: A2 — As, called degenera-
cies, or inclusions, from the algebra of 2-simplices to the algebra of 3-simplices, being:

so(r,e, e, 1) = (re,€,1,0,0,0),
s1(r,e, e’ 1) = (r,e,0,0,€,1,0),
sa(r,e e’ 1) = (r,0,e,0,€,0,1).

These are simplicially visualized (in a very clear way) as:

r+01(e)+01 (e')

r+01(e)+01 (e/)

ete’ ’ ’
S0 1ox(l) | = ete ¢
@r+81(e)+81(e') @
r ————> r+01(e)
e
e+e’ e’ +02(1)
r P r+01(e)

r+01(e)+01(e’)

r+01(e)+01(e’)

st e+e' €/+82(l) _

T r+01(e)

r+01 (e)+01 (')

o e+e/ €/+a2(l) —

> r+di(e)
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3. Pointed homotopy of crossed module maps
We now fix two algebra crossed modules A = (E, R,0) and A" = (E', R',0").

3.1. Derivations and homotopy between crossed module maps

Definition 3.1. Let fo: R — R’ be an algebra homomorphism. An fy-derivation
s: R — F' is a k-linear map satisfying, for all r,r’ € R:

s(rr’) = fo(r) » s(r') + fo(r') » s(r) + s(r)s(r').

Theorem 3.2 (Pointed homotopy of crossed module maps). Let f be a crossed mod-
ule morphism A — A'. In the condition of the previous definition, if s is an fo-
derivation, and if we define g = (g1, 90) as (where e € E and r € R):

90(r) = fo(r) + (9" o 5)(r), g91(e) = fi(e) + (s 0 0)(e), (4)
then g is also a crossed module morphism A — A’. In such a case we write: f M g,
and say that (fo, s) is a homotopy (or derivation) connecting f to g.

Proof. 'We first show that go and g; are algebra morphisms. That go(r + ') = go(r) +
go(r") and also go(kr) = kgo(r), follows from k-linearity, and similarly for g;. It is also
clear that gy o @ = &’ o g;. In addition:

90(rr’) = fo(rr') + (8" 0 s)(rr") = fo(r) fo(r) + 0'(s(r1"))
= fo(r)fo(r') + ' (fo(r) » s(r') + fo(r') > s(r) + s(r)s(r))
= fo(r)fo(r') + ' (fo(r) » (1)) + 0'(fo(r') » 5(r)) + &' (s(r)s(1"))
= fo(r)fo(r') + fo(r)' (s(r')) + fo(r')0'(s(r)) + &' (s(r))d'(s(r"))
= fo(r)fo(r') + fo(r)(@" 0 5)(r') + fo(r')(0 0 5)(r) + (9" 0 5)(r) (0 @ 5)(r)
= [fo(r) + (9" 0 s)(M)][fo(r') + (0" 0 5)(")] = go(r)go(r"),

for all 7,7’ € R, thus gp is an algebra morphism. Similarly, ¢g; is an algebra morphism.
Finally, g: A; — As preserves the action of R on E, since for each r € R and e € E:

gi(rwe)= fi(rwe)+s(0rwe)) = folr) » fi(e) + s(rd(e))
= fo(r) » fi(e) + fo(r) » 5(0(e)) + fo(O(e)) » s(r) + s(r)s(d(e))
= fo(r) > fi(e) + fo(r) » s(9(e)) + ' (fi(e)) » s(r) + s(r)s(I(e))
= fo(r) » fi(e) + fo(r) » s(0(e)) + fi(e)s(r) + s(r)s((e))
= fo(r) » fi(e) + fo(r) » 5(0(e)) + s(r) f1(e) + s(r)s(0(e))
= fo(r) > fi(e) + fo(r) » s(9(e)) + ' (s(r) > fi(e)) + ' (s(r) » s(I(e)))
= fo(r) » [fi(e) + (s 0 0)(e)] + 0'(s(r)) » [fi(e) + (s 0 D)(e)]

= [fo(r) + (9" 0 5)(r)] » [f1(e) + (s 0 0)(e)] = go(r) » gu(e).

In the last two calculations, we used the second Peiffer-Whitehead law XM2; Defini-
tion 1.2. Therefore they are not true, in general, in the pre-crossed module case. [

Remark 3.3. The prefix “pointed” appears in analogy with the group case, where
pointed homotopies of crossed modules correspond to pointed homotopies of based
spaces. We can consider a more general notion of homotopy of crossed modules of
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algebras, which parallels the non-pointed homotopy of crossed modules of groups,
which model the case when the base-point of a space does not stay fixed throughout
a homotopy. In such non-pointed context, we should add to a homotopy (fy,s) an
element b € R’, which should be a projector, namely b2 = b. We modify (4), as

go(r) = b(fo(r) + (0 o s)(r)), qi(e)=b» (fl(e) + (so 8)(6)).

We expect to fully address non-pointed homotopy of crossed modules, and 2-crossed
modules, of commutative algebras in a future publication.

3.2. A groupoid of crossed module maps and their homotopies

Lemma 3.4. Let f = (f1, fo) be a crossed module morphism A — A’. Then the null
function O5: 7 € R—— O, € E' defines an fo-derivation connecting [ to f.

Lemma 3.5. Let f = (f1, fo) and g = (g1, 90) be crossed module morphisms A — A’
and s be an fo-derivation connecting f to g. Then, the linear map § = —s: R — F/,
with 5(r) = —s(r), where r € R, is a go-derivation connecting g to f.

Proof. Since s is an fy-derivation connecting f to g, we have:

fo(r) = go(r) + (&' 0 3)(r), and fi(e) = gi(e) + (50 9)(e).

Moreover s is an gg-derivation, since:

s(rr') = =(s(rr')) = =(fo(r) » s(r')) = (fo(r') » s(r)) = (s(r)s(r"))
= —(fo(r) » s(r")) = (fo(r') » s(r)) = s(r)s(r') + s(r)s(r") — s(r)s(r’)
= —(fo(r) » s(r")) = ((9" 0 5)(r) » s(r")) = (fo(r") » s(r))
— (0" 0 8)(r") » s(r)) + s(r)s(r’) (.- 2" Peiffer-Whitehead law)
—(folr) + (9 0 5)(r)) » s(r') = (fo(r) + (9" 0 5)(r)) » s(r) + s(r)s(r')
= (fo(r) + (0" 0 s)(r)) » —=s(r") + (fo(r) + (9" 0 5)(r)) » —s(r) + s(r)s(r")
=g0(r) » —s(r") + go(r') » —s(r) + s(r)s(r”)
= go(r) » 5(r') + go(r') » 5(r) + 5(r)s(r").
Note that we explicitly used the second Peiffer-Whitehead law XM2; Definition 1.2.
O

Lemma 3.6 (Concatenation of derivations). Let f,g and h be crossed module mor-
phisms A — A', s be an fo-derivation connecting f to g, and s’ be a go-derivation
connecting g to h. Then the linear map (s+s'): R — E’, such that (s +s')(r) =
s(r) 4+ §'(r), defines an fo-derivation (therefore a homotopy) connecting f to h.

Proof. We know that f M gand g M h. Therefore, by definition:

ho(r) = fo(r) + (9" o (s + s))(r), hi(e) = fi(e) + ((s + ") 0 O)(e).
Let us see that s + s’ satisfies the condition for it to be an fy derivation:
(s+8")(rr") = s(rr’) + s'(rr)
= fo(r) » s(r") + fo(r') » s(r) + s(r)s(r") + go(r) » s'(r')
+90(r') B (1) + ' (r)s' ()
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= fo(r) » s(r") + fo(r') » s(r) + s(r)s(r’) + (fo(r) + (9" 0 5)(r)) » (1)
+ (fo(r') + (9 0 5)(r")) » 8'(r) + 8'(r)s" (')
= fo(r) » s(r") + fo(r') » s(r) + s(r)s(r') + fo(r) » s'(r") + (0" 0 s)(r) » 5'(r")
+ folr') » (1) + (070 5)(r") » (1) + (T)S'(T’)
= fo(r) » s(r") + fo(r') » s(r) + s(r)s(r’) + fo(r) » s'(r") + s(r)s'(r')
+ fo(r')y » &' (r) + s(')s'(r) + s'(r)s'(+') (.- 2" Peiffer-Whitehead law)
= fo(r) » (s +5) (") + fo(r') » (s + ") (r) + (s + ') (r)(s + s") ("),
for all 7,7’ € R. Therefore (s + s’) is an fo-derivation connecting f to h. O
Remark 3.7. Note that we explicitly used the second Peiffer-Whitehead relation for
crossed modules of algebras in the previous two proofs. Therefore, these results are
not true in the pre-crossed module and 2-crossed module cases. Most of the discussion

we will present on the homotopy of 2-crossed module maps is a way to solve this issue,
in the particular case when the domain 2-crossed module is free up to order one.

Theorem 3.8. Let A and A’ be two arbitrary crossed modules of commutative alge-
bras. We have a groupoid HOM(A, A"), whose objects are the crossed module maps
A — A, the morphisms being their homotopies. In particular the relation below, for
crossed module morphisms A — A’, is an equivalence relation:

“f ~ g <= there exists an fo-derivation s connecting f with g”.

4. Pointed homotopy of 2-crossed module maps
Fix 2-crossed modules A = (L, E, R,01,02,{,}) and A" = (L', E',R’,01,9%,{, })-

Definition 4.1. Let f: A — A’ be a 2-crossed module morphism. A quadratic f-
derivation is a pair (s,t), where s: R — E’, t: E — L' are k-linear maps, satisfying:

s(rr’) = fo(r) » s(r') + fo(r') » s(r) + s(r)s(r'),

(which means that s: R — E’ is an fy-derivation) and, for all € R and e, ¢’ € E:

t(ee’) = {(s e 01)(e) @ fu(e)} +{(s 0 O1)(e') @ fu(e)} + fi(e) »" t(e)
+ f1(e') »" t(e) + (s 0 01)(e) B t(e") + (s 0 D1)(e') B t(e) + t(e)t(e),

t(r»e) = fo(r) »t(e) + (9] 0 5)(r) » t(e) + {s(r) ® fi(e)}
—{file) @ s(r)} = {(s 0 O1)(e) @ s(r)}.
Lemma 4.2. If (s,t) is a quadratic f-derivation, then, for alll,l' € L, r € R:
t(02(1) 02(1')) = fo(D)(t 0 D2)(I') + fa(l')(t 0 D2) (1) + (t 0 D2)(I)(t 0 D2)(V),
t(r > 02(1) = fo(r) » (tod2)(1) + (91 0 8)(r) » fa(l) + (9] 0 5)(r) » (t o D2)(1).

Proof. To make the formulae more compact, in this proof (and others), we do not use
the “o” to denote composition, and put {e, f}, instead of {e ® f}, for Peiffer liftings.
By using the second Peiffer-Whitehead law, since (92: L — E,»’) is a crossed module:

t(9a(1) 9o(1))
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= {(501)(02(1)), f1(32(1'))} + {(501)(2(1)), f1(D=(1))}
+ f1(92(1)) »" (0 ( )+ f1(02(1) »' t(02(1))
+ (s01)(92(1)) »" £(92(1')) + (501)(02(')) »" £(92(1)) + t(32(1))t(D2(1"))
= {5((0102) (), (f192)(I')} + {5((0102) l)) (f102)()}
+ (f192) (1) »' (t0=2)(I') + (f19=2) (") »' (tDa)(1)
+5((0192) (1) »" (td2)(I') + s((0102) (1)) »" (td2)(1) + (t02)(1)(tD2)(I')
= {5(0c), (f102)(I')} + {5(0c). (f102)(1)}
+ (02 f2) (1) »' (t02)(I') + (0 f£2)(I') »' (tD2)(1)
+5(0g) »' (t92)(I") + 5(0G) » (t32)(1) + (td2)(1)(t02)(I')
= {0m/, (f102)(1')} + {08, (f102)(1)}
+ 95(f2(1)) »" (t02) (') + 95(f2(1)) » (tD2)(1)
+0g " (t02)(I") + 0g »' (D) (1) + (td2)(1)(td2) (')
= fo(D)(t02)(I') + fo(I')(t2)(1) + (td2) (1) (td2)(I'),
for all I,I' € L. Also:

t(r > 02(1)) = fo(r) » (02
—{f1(0:2(1

= fo(r) » (t02

—{(f102)
)

@) +
) s(r
() +

(915)
)} —
@
1),s(r)} —
@
)} -
@

(r) > t(02(1)) + {s(r), f1(02(1))}
{(501)(0:2(1)), s(r)}
) s)(r) » (t02)(1) + {s(r), (f102)(1)}
(0), {(5(0102)(1)), s(r)}
= fo(r) » (t92)(1) + ( (1)
—{(02£2) (1), s(r)} = {(s(0c), s(r)}
= Jfo(r) » (t92)(1) + (015)(r) » (taz)()
—{05(f2(1)), s(r)} — {0k, s(r)}
= fo(r) » (t02)(1) + (015)(r) » (td2)(1) + s(r) »' f2(0)
= [s(r) " f2(l) = 01(s(r)) » f2(1)]
= fo(r) » (t02)(1) + (O15)(r) » (td2)(1) + (915)(r) » f2(1),
foralll € L and r € R. O

s)(r) » (taz) +{s(r), (02/2)(D)}
+{s(r), 05 (f2(D)}

2

Theorem 4.3 (Pointed homotopy of 2-crossed module maps). Let f = (fa, f1, fo) be
a 2-crossed module morphism A — A'. In the condition of the previous definition, if
(s,t) is a quadratic f-derivation, and if we define g = (g2,91,90) as:

go(r) = fo(r) + (9] 0 5)(r),
gi(e) = fi(e) + (s 0 d)(e) + (95 o t)(e), (5)
92(1) = fa(l) + (t 0 92)(1),

wherer € R, e € E and |l € L, then g also defines a 2-crossed module map A — A’.
In such case, we use the notation:

)
f——=y

and say that (f,s,t) is a homotopy (or quadratic derivation), connecting f to g.
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Proof. Firstly we show that gg, g1 and g2 define algebra morphisms. That go(r + ') =
go(r) + go(r’) and also go(kr) = kgo(r), follows from k-linearity, and similarly for g;
and go. Also, using the first Peiffer-Whitehead relation in the penultimate step:

fo(?“) () (01 (s(rr'))

fo(r') » s(r) + s(r)s(r”)]

+ 01 (fo(r') » s(r)) + 01 (s(r)s(r))
( (S(T/) +fo(7")( 1(s(r) + 01 (s(r)) 91 (s(r))
= [fo(r) + (@15)(")][fo (') + (91) ()] = go(r)go (")

for all .7/ € R and k € k, which means gg is an algebra morphism. Similarly:

gi(ee’) = fi(ee’) + (s0n)(ee’) + (95t (ec”)
= fi(e)f1(€') + 5(O1(ee’)) + Dy (t(ee”)) = fule) fy
= fi(e)fu(e') + fo(1(e)) » 5(d1(e"))

+ 5 [{(s01)(e), f1(e')} + {(s01)(¢),

(€') + 5(01(e)dr(€")) + Da(t(ee”))
¢')) > 5(01(e)) + s(91(e))s(d1(e"))
1(e) > t(e") + f1(€) > t(e)

+ (s01)(e) » t(e") + (s01)(e') > t(e) + t(e)t(e)]
= fi(e)f1(€') + (fodr)(e) » (s01)(€") + (fodr)(€") » (s01)(e) + (s01)(e)(s01)(¢")
); fale (€), f1(e)} + D5 (file) » t(e"))

)
+05(f1(e") > t(e)) + 05((s01)(e) » t(e")) + D5 ((s01)(e") »
+ (01f1)(e) » (s01)(€) + (91 /1)(€") B (s01)(e) +

~—

(e
"+ e
+ 05{(s01)(e }+ 05{(s01) )
(e + ( t(e)) + 95(t(e)t(e))
) (s01)(e)(s01)(e")
1(e)) » (s01)(€’)
)05(t(e))

= fi(e)fa(e
+ (s00)(e) f1(€") = D1 (f1(e")) » (s01)(e) + (s01)(e') fi(e) — O (
+ f1(e)05(t(e")) + f1(€)05(t(e)) + (s01)(e)a(t(e")) + (s01) (¢’
+ 05(t(e))d5(t(e"))
= fi(e)f1(e') + 01(f1(e)) > (s91)(€") + D1 (f1(€")) » (s01)(e) + (s01)(e)(s01)(¢")

1 (
s01)(e) + (s01)(€') f1(e) — 1 (file)

+ (s01)(e) fr(e') = D1 (fi(e") » 1 ) > (s01)(€)
+ f1(e)(95t)(€") + f1(e")(at)(e) + (s01)(e)(Dat) (") + (s01)(e')D5(t(e))
+ (951)(e)(Dat) (¢")
= fi(e)fu(e') + (s01)(e)(s01)(€) + (s91)(e) fu(e) + (s01)(€") fr(e) + fi(e)(Dat)(e)
t

) 1(e
+ f1(€')(05t)(e) + (s01)(e)(Dat)(€") + (s01)(e') D5 (t(e)) + (D5t)(€) (Dat)(€")
= [fi(e) + (s01)(e) + (9t)(e)][f1(e") + (sO1)(€) + (95t)(€)] = ga(e)ga(€”),

for all e,e’ € E, thus g; is an algebra morphism. By using Lemma 4.2, we have:

g2(1l') = fo(ll') + (t02) (1) = fo(1) fo(I') + £(0(11')) = (1) f2(I') + £(02(1)02(I"))
= L) f2(I') + f2(0)((£02) (1) + f2(I)) ((£02) (1)) + (£02) (1) (tD2) ()
= [f2(1) + (t02) D[ f2(1) + (£02) ()] = g2(1)g2 (1),
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for all I,1’ € L, thus g5 is an algebra morphism. Clearly the diagram below commutes:

Ik

U—>FE——>FR
62 61

We now show that these morphisms preserve the actions and the Peiffer liftings:

gi(rwe)= fi(rwe)+ (s01)(r »e) + (O5t)(r » €)

= fo(r) » fi(e) + s(01(r » €)) + d5(t(r » ¢))

= fo(r) » fi(e) + s(rdi(e)) + O4(t(r » ¢))

= fo(r) » fi(e) + fo(r) » s(di(e)) + fo(O1(e)) » s(r) + s(r)s(0:(e))

+ B[ fo(r) » tle) + (O1s)(r) » t(e) + {s(r), f1(e)} — {fi(e),s(r)}

—{(s01)(e),s(r)}

= fo(r) » fi(e) + fo(r) » (sO)(e) + (foO1)(e) » s(r) + s(r)(s01)(e)
+95(fo(r) » t(e)) + 05((91s)(r) » t(e)) + Oa{s(r), fi(e)}

— 05{f1(e),s(r)} — 05{(s01)(e), s(r)}
= fo(r) > fi(e) + fo(r) » (s01)(e) + (91 f1)(e) » s(r) + s(r)(s1)(e)
+ fo(r) »

05(
= file)s(r)
= fo(r) » fi(e) + fo(r) » (s01)(e) + fo(r) » D5(t(e)) + (91s)(r) » D5(t(c))

s(r

Jo
t(e)) + (915)(r) » B5(t(e)) + s(r) f(e) — 1 (fi(e)) » s(r)
2 (e )
fo ) )
+91(s(r)) » fi(e) +(915)(r) » (s01)(e)
) )
) » )

+01(s(r)) » f1(e) = (s01)(e)s(r) + (O15)(r) B (s01)(e)
+ )
= fo(r) » fi(e) + fo(r) » (s01)(e) + fo(r) » (9at)(e) + (915)(r) » Da(t(e))

+(015)(r) » f1(e) + (915)(r) » (s01)(e
= [fo(r) + (@15)(r)] » [f1(e) + (s91)(e) + (9t)(e)] = go(r) » gu(e)-

Again, by using Lemma 4.2 we have:

g2(r > 1) = fa(r 1) + (t02)(r 1) = fo(r) » fa(l) + £(O2(r » 1))
= fo(r) » fa(l) + t(r » 02(1))
= fo(r) » fa(l) + fo(r) » (t02)(1) + (915)(r) » f2
= fo(r) » (f2(1) + (t02)(1)) + (91)(r) » (f2(l
= [fo(r) + (@1s)(r)] » [f2(0) + (102)(D)] = go(r

Finally:

g2({e,€'}) = fal
={fi(e), fr(€)
= {f1(e), 1)
+ f1(e') > t(e) + (s01)(e) B t(e') + (s01)(€") > t(e) + t(e)t(e)
= Jo(01(e") » t(e) = (015)(Dr(e") » t(e) = {s(01(€")), fr(e)} + {f1(e), s(1(e"))}
+{(s01)(e),s(01(¢"))}

{e.e'}) + (t02)({e, €}) = {f1(e), fi(e)} + t(D2fe, €'})
} 4 tee = 01(e") > e) = {f1(e), f(€)} + tlee’) — t(Dr(e') > €)
A A{(s00)(e), fr(e)} +{(s00)(€), fule)} + fa(e) » t(e")
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= {fi(e), f1(e)} + {(sO)(e), fr(e")} + {(sO1)(€), fr(e)} + {file), Da(t(e"))}
+ fule’) »t(e) + {(s01)(e), 5(t(e"))} + (sO1)(€') » t(e) + {D5(t(e)), Do (t(e))
= 01(f1(€")) » t(e) = (015)(01(€")) B t(e) — {s(01(€)), fr(e)} + {f1(e), s(On(e"))}
+{(s01)(e), s(01(e'))}
= {file), fr(e)} + {file), (s01) (")} + {file), (95t)(e))}
+{(s01)(e), f1(e')} + {(s01)(e), (s01)(e") } + {(s01)(e), (952)(e')}
+{(03t)(e), fi(e)} + {(95t)(e), (s01) () } + {(Dat)(e), (Oat)(e')}
= {fi(e) + (s01)(e) + (95t)(e), f1(€) + (s01)(€") + (95t) ()} = {g1(e), g1(e")},
foralll € L, e,¢’ € E and r € R which completes the proof. O

4.1. Groupoid structure for 2-crossed module maps and their homotopies

Lemma 4.4. Consider a 2-crossed module map f: A — A’. Then the pair (0s,0;),
where each component is the zero map, is a quadratic f-derivation connecting f to f.

4.1.1. Crossed module homotopy versus 2-crossed module homotopy
Recall the construction of the groupoid with objects the crossed module maps between
two crossed modules, the morphisms being their homotopies; Subsection 3.2.

Idea. Let f: A — A’ be a 2-crossed module morphism and (s,t) be a quadratic f-
derivation, connecting f to g. Then consider the tuple (—s: R — E',—t: E — L').

Problem: (—s,—t) is not necessarily a quadratic g-derivation. In fact not even —s
is necessarily a derivation; see Remark 3.7. U

Idea. Let f, g and h be 2-crossed module morphisms A — A’. Let (s, t) be a quadratic
f-derivation connecting f to g, and (s',¢) be a quadratic g-derivation connecting g
(f>s:t) (g9,5",t")

to h. Since f — g and ¢ ——— h, we have, by Theorem 4.3:
ho(r) = fo(r) + (01 o (s + 8"))(r),
hi(e) = fi(e) + ((s + s") 0 d1)(e) + (Oy o (t +t))(e),
ha(1) = f2(I) + ((t+1') 0 92)(1).

Problem: The map (s + s’) is not necessarily an fo-derivation; see Remark 3.7. O

Therefore, the concatenation we used in the crossed module case (addition) is not
a good binary operation when composing homotopies of 2-crossed module maps. A
similar issue happens for the inverse of quadratic derivations.

Warning 4.5. The previous observations tell us that, unlike the crossed module case,
the homotopy relation between 2-crossed module maps A — A’ is not an equivalence
relation. This issue is shown clearly, by using an example, in [23]. From the model
category theory point of view [16], this is not unexpected. The previous homotopy
relation between 2-crossed module maps A — A’ could be set by introducing a path-
object 2-crossed module of A, and we would only expect homotopy to be an equivalence
relation if A were cofibrant and A’ fibrant (the latter likely always holds).
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4.1.2. The main idea

Remark 4.6. To overcome the problems just stated, we now work in a more restricted
context, discussing homotopy of 2-crossed modules maps A — A’, in the case when
A= (L,E,R,01,02,{,}) is free up to order one, with a chosen (free commutative
algebra) basis B of R. Therefore, R is a polynomial algebra, with a formal variable
assigned to each element of B; Definition 1.7. Presumably, these are the cofibrant
objects of a yet to be discovered model category structure in the category of 2-crossed
modules, very different from the one outlined in the introduction; see [23].

Lemma 4.7. Looking at Definition 2.1 (semidirect products), if f = (fa, f1, fo): A —
A, then fo-derivations are in one-to-one correspondence with algebra maps, like:
¢:r € R— (fo(r),s(r)) € R xp E' = A}, wherer € R.

Lemma 4.8. In particular, if R is a free k-algebra, over the set B, an fo-derivation
s: R— E' can be specified (and uniquely) by its value on B C R. Therefore, a set
map s*: B — E' uniquely extends to an fo-derivation s; see the diagram:

g C incl R

3! )8
(fmsx Y(fo )

Al

4.1.3. Concatenation of homotopies

Let f,g9,h: A — A’ be 2-crossed module maps; with f = (fa, f1, fo), 9 = (92,91, 90)
and h = (ha, hi, ho). Let (s,t) be a quadratic f-derivation connecting f to g, and
(s',t') be a quadratic g-derivation connecting g to h.

Definition 4.9. Let sHs': R — E’ be the unique fy-derivation with extends the

restriction of the function s + s’ to B; see the diagram:

e incl R

3 (fo,s8Bs")
(fo,s+s") v

Al
Notice that, by definition, for all b € B, we have (s B s')(b) = (s + s')(b).

Consider the set map (: B — (R’ xp E') Xy, (E' xp: L') = A}, the algebra of
2-simplices of A" = (L', E', R, 81, 0%), such that (for all b € B):

<(b) = (fO(b)’ s(b)’ Sl(b)v O)'
Geometrically:

Fo(b)+01 (s(b))+87 (s (b)) ho(b)

s(b)+s’ (b) (s+5")(b)

be B+ )]s ®+a50) — )5

fo(b) ———> fo(b)+01(s(b)) fo(b) go(b)

s(b) s(b)
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By definition of free algebra (on the set B), there exists a unique algebra map:
X R — (R %y B') xp, (B xpr L) = A}
extending (; compare with the diagram:

g C incl R

A x(ssh
\
v

Aj

By definition, for each b € B, we have X5 (b) = (fo(b), s(b), s'(b),0) = ¢(b). How-
ever, in general, if r € R, then X5 (r) # (fo(r), s(r), s'(r),0) = C(r). Let us describe
the element X (S’s,)(r) more explicitly. By using the morphism d; of Remark 2.5,
together with Lemma 4.8, we conclude that X (') (r) has the form:

ho(’!')

X)) = 7o )

fo(r) go(r)

for some uniquely defined map w®s): R — L. Moreover:
Lemma 4.10. The function w'ss): R — L’ is linear. Moreover, for each r,r’ € R:
WD (') = fo(r) w0+ fo(r') e w D () 45/ (r) b w ()
+ () B w D () 4 (r) ! w D () 4 s(r) w0
—{ (") @ s(r)} = {s'(r) @ (")} = w ()wD(). (7)
In addition w*") measures the distance between (s B s')(r) and (s + s')(r), namely:
(sB)(r) = s(r)+s'(r) = (9 ow™* ) (r), for allr € R. (8)

Proof. The first assertion is a consequence of our convention for the semidirect prod-
uct (Definition 2.1), Lemma 2.4 and the definition of the algebra of 2-simplices; equa-
tion (1). On the other hand (8) follows directly (in fact tautologically) from (2). O

Remark 4.11. Note that w(svs,)(r) =0, if r € B, the free algebra basis of R.
If we pass the triangle in (6) to the n-tuple notation, we immediately see that:

Theorem 4.12. There exists an algebra homomorphism of the form:

X6 R — (R xp E') Xp, (E' xp: L)
ro— (fo(r)7 s(r),s'(r) — (8o w(s’s,))(r),w(s’s/)(r)).

Now, we prove some additional, however crucial, properties of w(**): R — L’

Lemma 4.13. If s=0 or s’ = 0 then w**) = 0.
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Proof. By the discussion above, we have an algebra map X (5. R — Al such that

Fo(b)+87 (s(0))+87 (s (b))

s(b)+s'(b
X6 (p) = O (]| 5" ®)+5(0)

fo(b) W‘ fo(b)+8(s(b))
for all b € B. If s’ = 0, then we have the following element X () (b) € Aj:
fo(b)+01(s(b))
X (p) = @
fo(b) ————=> fo(b)+0] (s(b))

s(b)

which is also equal to (for notation, we refer to Remarks 2.6 and 4.7):
s(b
so (10) 5 (a(0) + 2L (50)) ) = 50(£o),50)) = (50 0 )

Therefore, X5 (b) = (sq 0 ¢)(b), if b € B, the free basis of R. Since both X ") and
(s0 0 ¢) are algebra maps R — Ab, follows that X5 (r) = (sg 0 ¢)(r), for all r € R.
This in turn implies that w(*%) (r) = 0,Vr € R, from (6) and the visual form of sq in
Remark 2.6. By the same idea (using s; in Remark 2.6), we prove that w®s) =0. O

Lemma 4.14. We have:

sHO0;, =5 and 0y Bs =5'.
Proof. Follows from the definition of B (since s, itself, is a derivation). It can also be
deduced from (and confirmed by) the previous lemma, together with (8). O

We now address the other component of the concatenation of homotopies.

Definition 4.15. Given homotopies f M) g and g M) h, let us put:

(EBE)(e) = t(e) +1'(e) + (w0 ) e).

Remark 4.16. By Lemma 4.13, if s’ =0 (in the first case) or s =0 (in the second
case), then:

tHO0, =t and 0y Bt =t

Theorem 4.17 (Concatenation of homotopies). Let f,g and h be 2-crossed module
morphisms A — A, (s,t) be a quadratic f-derivation connecting f to g, and (s',t")
be a quadratic g-derivation connecting g to h. Then (sB ', t Bt') defines a quadratic
f-derivation connecting f to h.

Proof. That t B t’ satisfies the conditions of Definition 4.1 follows from equation (7).
That (sH s',tHt') connects f to h is analyzed dimensionwise; see (5). For n =0,
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follows from definition of s s’ and the fact that B generates R. For n = 1 follows
from equation (8), and, for n = 2, from w(**") 0 (8; 0 92) =0 (as (9 0 D) =0). O

4.1.4. The groupoid inverse of a quadratic derivation

Let f = (f2, f1, fo) and g = (g2, g1, go) be 2-crossed module morphisms A — A’. Let
(s,t) be a quadratic f-derivation connecting f to g. As before, we take A = (L, E, R,
01,02, {,}) to be free up to order one, with a chosen basis B of R. We now define a
quadratic g-derivation (5,1), connecting g to f, called the groupoid inverse of (s,t).
We know that:

g0(r) = fo(r) + (91 0 5)(r) or, equally,  fo(r) = go(r) + (9} o —s)(r).
Thus —s: R — E' has the right target. However —s is not necessarily a go-derivation.

Definition 4.18. Let §: R — E be the unique go-derivation (Lemma 4.8) extending
the restriction of the function —s to B; see the diagram:

¢__incl
B inc R

3! ,5
(fox v (fo-%)

Al
Lemma 4.19. We have that sEH s =0, and sHs =0,.
Proof. Follows from Lemma 4.8 (since the equality holds in the free basis B C R). O
Definition 4.20. Put £ = —t — (w(** 0 ;). (Clearly t Bt =0, and t@t=0;.)

Theorem 4.21. If (s,t) is a quadratic f-derivation connecting f to g, then (5,1) is
a quadratic g-deriwation connecting g to f.

Proof. Identical to the proof of Theorem 4.17. O

4.1.5. The concatenation of homotopies is associative
Let f,g,h and k be 2-crossed module morphisms A — A’. Let:

e (s,t) be a quadratic f-derivation connecting f to g: that is f M g,

e (s',t') be a quadratic g-derivation connecting g to h: that is g M h,

h7 //7 1"
o (s”,1") be a quadratic h-derivation connecting h to k: that is h UGN

If we choose an element b € B, the free basis of R, we clearly have (s B (s’ B s"”))(b) =
((sH ") B s”)(b). Therefore, from Lemma 4.8, we can conclude that, for all r € R:

(sB(sBs")(r)=((sBs)@s")(r). (9)

Let us now prove that the concatenation of quadratic derivations is associative,
also at the level of their second components. Consider the set map:
At B — (R wp B') Xp, (B Xpr L)) o (B Xpr L") Xy, L) = Aj
b +— (fo(b), s(b),s'(b),0,s"(b),0,0).

(For notation see Subsection 2.3.) In simplicial notation, if b € B, we have:
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fo(0)+04 ((6))+01 (s (8))+01 (s" (b))

5" (b)+085(0)+0.

A(b) =
, o s’ (b)+s" (b)+05(0)+85(0)
fo(b)+07 (s(0))+01 (s' (b))
[©
s’ (b)+05(0

fo(b) 0 fo(b)+01(s(b))

0 S(b) 0 1
(where f = (f2, f1, fo)), or, what is the same:

ko(b)

s"(b)+s" (b)

S(b)+s(b) s'(b)

a

fo(b) s(0) go(b)

Since R is the free algebra on B, there exists a unique algebra homomorphism Z: R —
Af, extending A: B — Aj; see the diagram:

B C incl R
\31 z
A
y
A
By using the maps do,1 2,3 of Remark 2.17 and Lemma 4.8, we have, for each r € R:

ko(r)

(sHs’Bs")(r) (s'Hs")(r)

(m0) | (w0)
ho(r)

(sBs")(r) w®=) (r) s'(r)

fo(r) ) go(r)

Similarly to the discussion in 4.1.3, we conclude, by passing to the tuple notation:

Theorem 4.22. There exists an algebra homomorphism:

Z:R— (R xp E') xp, (B wps L") xp ((E" xpr L) % L),
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which has the form:

P (folr), s(r), /() = (9 0w ) (r), W+ (),

]

(r) = (84 0wl B ) (r), wB ) (1) — ) (), w0 1) ).

Let us now put W =dy o Z: R — As, which gives us the back surface of the tetra-
hedron in (10); see Remark 2.17. Given r € R, then W (r) is the triangle:

ko(r)

(s’'Bs")(r)

[w(s,s/) (T)iw(s/,S”)(r)+w(sms/,s”) (T)]

fo(r) () go(r)

This 2-simplex has the following form, for each free generator b € B:

ko (b)
(s+s"+5")(b) (s"+5")(b)

W(b) = ®
fo(b) () go(b)

Recall now the construction of X ()1 R — A, in 4.1.3. Given that the extension of
a map B — As to an algebra map R — As is unique, it follows that, for each r € R:

ko (T)

(sHBs'Bs")(r) (s'8s")(r)

_ X(s,s/Bﬂs”)(r) 7

w(s,s’ﬂas”)(T)

Jo(r) (1) go(r)

given that W (b) = Xs"8)(p) for each b € B; cf. equation (9). Thus, if r € R:

w(s,s’)(,r,) N U)(S/’S“)('f') + w(sEEls',s”)(r) _ ’U}(S’S/EES“)(T),
or:

w(s,s’)(,r,) + w(sEBs',s”)(T,) _ w(s,s’EEls”)(T) + w(S/’S//)(T). (11)
Theorem 4.23. For every element r € R:

(tBY)Bt" =t@B (' Bt").
Proof. By using equation (11), we have, for all e € E:
() BE)(e) = (EBE)(e) +1"(e) + (WO 0 1) (e)
= t(e) +t'(e) + (W) 0 1) (e) + 1" (e) + (wB") 0 31)(e)

t(e) +t'(e) + w1 (e) +1"(e) + w T (34 (e))
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(e) + (€) +w® =) (D1 (e)) + w* B (91 (e))
=t(e) +t'(e) + t"(e) + (w0 1) (e) + (w*"F) 0 dy)(e)
(e) + (' Bt")(e) + (wB") 0 a1)(e)

t@B (' Bt"))(e). O

=t(e) +t'(e) +t"’

e

t

(
We have now finished proving the main theorem of this paper.

Theorem 4.24. Let A and A’ be 2-crossed modules, of commutative algebras. Sup-

pose that A= (L,E,R,01,02,{,}) is free up to order one, with a chosen free basis

B of R. We have a groupoid HOM(A, A"), whose objects are the 2-crossed module

maps A — A’, with morphisms being the homotopies between them. The groupoid

operations are the concatenations and inverses of homotopies (quadratic derivations)
described in 4.1.3 and 4.1.4.

The compositions (and the inverses) in the groupoid HOM(A, A’), in general,
explicitly depend on the chosen free basis B of R. However, it immediately follows:

Theorem 4.25. Let A and A’ be two arbitrary crossed modules, where A is free up to
order one. The relation below between maps f,g: A — A’ is an equivalence relation:

“f ~ g <= there exists a quadratic f-derivation (s,t) connecting f with g”.
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