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MOTIVIC LANDWEBER EXACT THEORIES
AND THEIR EFFECTIVE COVERS

MARC LEVINE
(communicated by Charles A. Weibel)

Abstract

Let k be a field of characteristic 0, and let (F,R) be a
Landweber exact formal group law. We consider a Landweber
exact T-spectrum £ := R ®1, MGL and its effective cover fo& —
& with respect to Voevodsky’s slice tower. The coefficient ring
Ry of fo€ is the subring of R consisting of elements of R of non-
positive degree; the power series F' € R[[u, v]] has coefficients in
Ry, although (F, Rg) is not necessarily Landweber exact. We
show that the geometric part X — fo&*(X) 1= (fo€)?**(X) of
fo& is canonically isomorphic to the oriented cohomology theory
X — Ry ®L Q*(X), where Q* is the theory of algebraic cobor-
dism as defined in [12]. This recovers results of Dai-Levine [2]
as the special case of algebraic K-theory and its effective cover,
connective algebraic K-theory.

Introduction

Let S be a fixed base-scheme, Sm/S the category of smooth quasi-projective S-
schemes, and SH(S) the motivic stable homotopy category of T-spectra. In this
paper we consider two types of cohomology theories, which carry the designation
“oriented.” The first type are those bi-graded theories on Sm/S, X — £**(X) rep-
resented by a (weak) commutative ring T-spectrum & € SH(S) with an orientation
¢ in the reduced cohomology 5’2’1(1900). The second are the oriented theories in the
sense of [12, Definition 1.1.1], that is, contravariant functors X +— A*(X) from Sm/S
to commutative graded rings, together with push-forward maps f, for projective mor-
phisms f: Y — X satisfying a number of functorialities and compatibilities. We will
refer to the first type as “motivic” theories, the second as “geometric.” Assigning to
a motivic theory £** its geometric part X + £2**(X) gives the link between these
two notions.

Among the oriented motivic theories, the theory represented by Voevodsky’s alge-
braic cobordism spectrum MGL is the universal one (see [28] for the construction of
MGL, [21] for its universality). For S = Speck, k a field of characteristic 0, algebraic
cobordism Q* as defined in [12] is the universal geometric theory.
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For S = Speck as above, the universal property of (2* gives a canonical natural
transformation Q* — MGL?**"* of geometric theories. Relying on results of Hopkins,
Morel, and Hoyois [5, 6], this was shown to be an isomorphism in [11]. The main
purpose of this paper is to extend this isomorphism property to other motivic theories
and their geometric parts.

For a formal group law (F, R), F(u,v) € R][[u,v]], one can form the oriented geo-
metric theory X — R ®p, Q*(X), where L is the Lazard ring and L — R the clas-
sifying homomorphism for F. In the motivic setting, the situation is more delicate,
however, just as in the classical case, if (F, R) is a Landweber exact formal group law,
there is a corresponding oriented weak commutative ring spectrum MGL(R) with
MGL(R)**(X) = R®L MGL"*(X) (see [19]).

One can go a bit farther by considering the effective cover fo€ — &€ of a T-spectrum
& € SH(S). Here, fj is the truncation functor with respect to Voevodsky’s slice tower.
fo€ is an analog of the classical —1 connective cover of a spectrum, and inherits
many properties from £. In particular, for £ an oriented weak commutative ring T-
spectrum, the effective cover fp€ inherits from £ a canonical structure of an oriented
weak commutative ring T-spectrum; the coefficient ring Ro := (fo&€)?**(9) is just the
degree < 0 part of the coefficient ring R := £**(S) of £ (at least for S the spectrum
of a characteristic 0 field; see Theorem 3.9). The coefficients of the group law Fg
associated to € actually lie in Ry, but even if (Fg, R) is Landweber exact, it is usually
the case that (Fg, Rp) is not.

For & the oriented spectrum MGL(R) associated to a Landweber exact formal
group law, with effective cover &y, our main result is the following: For k a charac-
teristic O field, S = Speck, the canonical natural transformations

gQ*,*(k) R+ OF — 52*’*, 83*,*(k) QL+ OF — (f08)2*,*

are isomorphisms of geometric oriented cohomology theories on Sm/k. We actu-
ally prove a stronger result (see Corollary 6.3) concerning the oriented Borel-Moore
homology theories on Sch/k defined by £ and fo€.

The case of the Landweber exact theory £** follows immediately from the case
& = MGL, proved in [11], so our efforts are directed at the effective cover &. The
main idea for these results already appears in our treatment (with S. Dai) of the case
of algebraic K-theory and its effective cover [2]. We axiomatize the situation via the
notion of a geometrically Landweber exact motivic oriented theory (see Definition 3.7)
and show that for such a theory £, the canonical map

52*’*(](3) QL Q*(X) — 52*’*(X)

is an isomorphism for all X € Sm/k (Theorem 6.2). Our result on a Landweber
exact theory and its effective cover then follow once we show that these are both
geometrically Landweber exact (Theorem 3.9).

The paper is organized as follows: We begin by recalling some of the basic notions
concerning oriented (weak) commutative ring spectra in the motivic stable homotopy
category in §1, where we also recall the main results on the universality of MGL. In §2
we recall basic facts about the slice tower in the motivic stable homotopy category;
we discuss as well some issues of convergence of the slice spectral sequence. In §3
we introduce the effective cover of an oriented weak ring T-spectrum and show that
it too defines an oriented weak commutative ring spectrum. We discuss Landweber
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exact theories and introduce the notion of a geometrically Landweber exact theory.
We discuss oriented duality theories on the category of smooth pairs over k in §4.
This theory provides the link between geometric theories and motivic theories via the
operation of taking the geometric part of a motivic oriented theory. We describe the
relation of oriented duality theories with algebraic cobordism in §5 and put everything
together and prove our main results in the final section, §6.

I would like to thank the referee for a number of helpful comments and suggestions.

Notation and conventions. We let Spc and Spc, denote the categories of simplicial
sets and pointed simplicial sets, respectively, with homotopy categories H and H,.
Spt is the category of spectra (for the usual suspension operator ¥ := (—) A S1) and
SH is the stable homotopy category.

We denote by G,, the pointed S-scheme (A} — 0g, 1g). P? will denote the pointed
S-scheme P%, with base-point [1,0,...,0]; we similarly give the limit P>° the base-
point [1,0,...].

We use a base-scheme S that is separated, regular, noetherian and of finite Krull
dimension; we will at a certain point specialize to the case S = Speck, k a field of
characteristic 0. Sch/S will denote the category of quasi-projective schemes over S
and Sm/S the full subcategory of smooth, quasi-projective schemes over S. Spc(.S)
and Spc,(S) are, respectively, the categories of presheaves on Sm/S with values in
Spc and Spc,. Sptg:(S) will denote the category of Sl-spectra over S, this being
the category of presheaves of spectra on Sm/S. We let Spt,(S) denote the category
of T-spectra in Spc,(S), with 7' := Al /AL \ {0}.

The categories Spc(S), Spc,(S), Sptg:(S) and Spt,(S) all have motivic model
structures (the original source for the unstable theory is [15]; see also [3, 4] for a
compact description. For the stable theory, we refer the reader to [7]), with homotopy
categories denoted H(S), He(S), SHs1(S) and SH(S), respectively. The categories
SHs1(S) and SH(S) are triangulated tensor categories with translation given by S*-
suspension; the tensor structure is constructed using symmetric spectrum versions of
Sptg1(S) and Spt,(S), with appropriate model structures, also discussed in [7]. The
unit for the tensor structure in SH(S) is the motivic sphere spectrum Sg := XS, .

We have suspension functors Y%°: SH(S) — SH(S) defined for a > b >0 by
R (€)= EN S AGAY, and extending to a,b € Z using the invertibility of %10
and Y11, We have as well the T-suspension Y7 (&) := & AT, canonically isomor-
phic to ¥21. In addition, we have infinite suspension functors 25 : He(S) — SH(S),
Y0 He(S) = SHe1(S) and X : SHe1(S) — SH(S) with respective right adjoints
QF : SH(S) = Ha(S5), Q% : SHg1(S) — He(S) and QF  SH(S) = SHsi(S).

We let L denote the Lazard ring, that is, the coefficient ring of the universal
rank 1 commutative formal group law Fy, € L[[u,v]]. We let L* denote L with the
grading determined by dega;; =1—1¢—j if Fp(u,v) =u+v+ Zm}l a;jutvd and
let L, denote L with the opposite grading LL,, :=L™".

1. Oriented ring T-spectra

We recall that a morphism f: £ — F in a compactly generated triangulated cat-
egory T is a phantom map if for each compact object A in 7, the induced map
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f«: Homp (A, ) — Homy (A, F) is zero; it is enough to check on compact objects
of the form X[n], where X is an element in a given set of compact generators and
n € Z. The subset of phantom maps Homy (€, F)pn C Homp (€, F) is clearly a two-
sided ideal, so we may form the category 7 /ph with the same objects as 7 and
morphisms Homy/,, (€, F) := Homy (&, F)/Hom7 (&, F)pn.

We will be mainly interested in the case 7 = SH(S), in which the shifted suspen-
sion spectra Y0¥ X, X € Sm/S, n € Z, form a set of compact generators. Thus,
two maps f,g: & — F are equal modulo phantom maps if and only if f, = g, as maps
of the associated bi-graded cohomology theories fi, g.: E* — F** on Sm/S.

Definition 1.1. A commutative ring T-spectrum is a T-spectrum & € Spt,(S) to-
gether with maps p: EAE — &, 1: Sg — &€ in SH(S) such that (€, u,1) is a commu-
tative monoid in SH(S). A weak commutative ring T-spectrum is a T-spectrum & €
Spt(S) together with maps p: EAE — &€, 1: Sg — £ in SH(S) such that (&, pu,1)
is a commutative monoid in SH(S)/ph.

For £, F (weak) commutative ring T-spectra, a morphism f: & — F in SH(S) is
a monoid map (resp. weak monoid map) if f is a map of monoid objects in SH(.S)

(resp. in SH(S)/ph).

Definition 1.2. An orientation on a weak commutative ring T-spectrum (&, u,1)
is an element ¢ € £21(P°) such that the restriction ¢ppr € £!(P}) corresponds to
1 € £%9(S) under the suspension isomorphism £%0(S) = £21(T) = £2:1(Pl).

A pair (€, ¢) consisting of a weak commutative ring T-spectrum (&, u, 1) and an
orientation c is an ortented weak commutative ring T-spectrum. We say that a weak
commutative ring T-spectrum (€, p, 1) is orientable if there is an orientation ¢ on €.
We sometimes omit the explicit mention of the orientation c.

A morphism f: (£,¢) = (£',¢') of oriented weak commutative ring T-spectra is a
morphism f: & — &£ in SH(S) such that f is a weak monoid map and f.(c) = ¢.

Ezample 1.3. The algebraic cobordism spectrum MGL has been studied in [21]. MGL
is the T-spectrum (MGLg, MGL;,...) with MGL, the Thom space Th(FE,), with
E,, — BGL,, the universal n-plane bundle. MGLg is a commutative ring T-spectrum
in SH(S) with an orientation cyqr, € MGL*! (IP>°) given by noting that the diagram

P®¢+——F —— Th(El) = MGL;

induces an isomorphism P° =2 MGL; in H(S) and thereby a morphism cymar:
LEPX — RZIMGL in SH(S).
We recall the following result of Panin, Pimenov, and Rondigs.

Theorem 1.4 (|21, Theorem 1.1]). For & a commutative ring T-spectrum in SH(S),
sending a monoid morphism ¢: MGL — & to p(cmcL) gives a bijection of the set of
monoid maps ¢ with the set of orientations ce € £>1(PX).

Given an oriented commutative ring T-spectrum (&, ¢) in SH(.S), we let
ve,c: MGL — &£

denote the corresponding morphism of commutative ring T-spectra.
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In fact, this result extends directly to the setting of oriented weak commutative ring
spectra, replacing “monoid map” with “weak monoid map.” Indeed, the proof in [21]
reduces to proving certain identities in £**(MGL(n)) or £**(MGL(n) A MGL(n)).
It is shown in [21] that the canonical map

£*(MGL(n)) — lim & (Th(T (n,m)))

is an isomorphism, where T (n,m) — Grass(n,n +m) is the universal bundle and
Th(—) is the Thom space. Similarly,

EY*(MGL(n) AMGL(n)) = 1i<£n EX*(Th(T (n,m)) A Th(T (n,m))).

Their proof relies on showing that the maps on £-cohomology in the inverse system are
surjective, hence the proofs only require the knowledge of £-cohomology on objects
in Sm/S, and therefore the proofs work for oriented weak commutative ring spectra
without change.

In case S = Speck, k a field, Vezzosi’s proof of the universality of MGL [25, The-
orem 4.3] is also based on obtaining identities in £**(MGL(n)) or £**(MGL(n) A
MGL(n)) and thus can also be adapted to the setting of oriented weak commutative
ring T-spectra.

Remark 1.5. Let £ € SH(S) be a weak commutative ring T-spectrum. Let tg €
EVL(G,,) be the element corresponding to the unit 1 € £%9(S) under the suspen-
sion isomorphism. By functoriality, ¢ gives a map of pointed sets

te(X): OF%(X) — EVH(X).

If £ admits an orientation cg € £21(P°), then tg(X) is a group homomorphism.*
Using the £**(S)-module structure on £**(X), tg(X) extends to a map of £*(5)-
modules

te(X): E2*(S) @z OF(X) — EPFLT(X).

2. The slice spectral sequence

Voevodsky introduced in [26] his slice tower as a motivic analog to the classical
Postnikov tower for spectra. In addition to [26], we refer the reader to [27] and [8, 9]
for the basic facts concerning the slice tower, some of which we briefly recall here for
the reader’s convenience.

We consider the localizing subcategory 5.SHT(S) of SH(S) generated by objects
Y2X ., with X € Sm/S and n > p, with inclusion i,: ¥5SH(S) — SH(S). The
objects Y% X, are compact, hence each of the categories ¥4 SHT(S) is compactly
generated; the set of all ¥ X, n € Z, X € Sm/S similarly forms a set of compact
generators for SH(S).

Thanks to results of Neeman [17] on compactly generated triangulated categories,
the functor 4, admits a right adjoint r,: SH(S) — ZASH®(S). Defining f, := i, o

1Letting S denote the sphere spectrum and writing [a] :=ts(a), this follows from the identity
[ab] = [a] + [b] + n[a][b] (n: S A Gm — S the stable Hopf map) and the fact that 7 goes to zero in
any oriented theory £. Both these facts are proven by Morel in [14, §6].
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rp: SH(S) — SH(S), one has canonical natural transformations f, — id, fp4+1 — fp.
Applying these to a T-spectrum £ € SH(S) yields the the slice tower

coi = [ = €= = £

The slice functor s,: SH(S) — SH(S) is characterized up to unique isomorphism
by natural transformations f, — s, — fp4+1[l] so that for each & € SH(S), the
triangle

fp+15 — fpg — Spg — fp—i—lg[l]
is distinguished.
There are canonical isomorphisms for all a, b, p,

»abo fp = fop 0 yab.  wabo Sp = Sptp O nab,

compatible with the defining distinguished triangles for the s,. The canonical map
fn€ — & induces an isomorphism Q2° f,£ = QO £ in SHgi(S) for all n < 0.
For Y € Sm/S, we have the associated slice spectral sequence
EYYY;n) = (s_gE)PTOM(Y) = EPTI(Y). (2.1)
We conclude this section with a convergence criterion for the spectral sequence
(2.1).

Lemma 2.1. Suppose that S = Speck, k a perfect field. Take € € SH(S). Suppose
that there is a non-decreasing function f: Z — Z with lim,,_,« f(n) = oo, such that
Tatb b€ =0 for a < f(b). Then the for all'Y, the spectral sequence (2.1) is strongly
convergent.2

Proof. We may rewrite the Es-term in (2.1) as
EPY(Y;n) = Homgys) (ST Y5, SPH"s_,£).

The spectral sequence will be strongly convergent (for fixed n) if for each mg € Z,
there is an integer g(mg) such that

Homgyy(s) (BF Yy, 8™ f,€) =0
for all ¢ > g(myp) and all m > —my. Indeed, we have
Homsyy () (27 Y4, ™" f4€) = Homsy, , (5)(Eg" X5 Y, QF 20" f.E)
— (02, SO LE(Y)).

Thus, the above condition is just saying that, given an integer mg, the spectrum
QF x0n f.E(Y) is mo-connected for all ¢ > q(my), this being a standard criterion for
the strong convergence of the spectral sequence associated to the tower of spectra

L QR EOFEY) = QF SO fE(Y) 2 QF BOME(Y).

We proceed to exhibit the existence of such an integer g(mg).

2 As spectral sequence { EZ9} = GPT? converges strongly to G* if for each n, the spectral sequence
filtration F*G™ on G™ is finite and exhaustive, there is an 7(n) such that for all p and all r > r(n),
all differentials entering and leaving EX" P are zero and the resulting maps E2" P — EB"7P =
Gr%.G" are all isomorphisms.
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We recall the 2-variable Postnikov tower f,; defined in [8, §3], with f, = f_cop-
We also recall that

1) TmtrrfapF =0for m <a, b,r € Z [8, Lemma 4.4],

ii) the canonical map pgp: fosF — fpF induces an isomorphism on 7,4, for all
m >a,r >b, and

i) pap: fapF — foF is an isomorphism if p induces an isomorphism on 7y, 4., for
all m € Z and r > b [8, Lemma 4.6].

The universal property of f,i, gives the isomorphism for all » > ¢+ n
7Tm+'r,rfq+n20’ng = 7rm+'r,7‘207n5 = 7Tm+7‘,r7n5-
By assumption on &, Tptntr—nr—n€ = 0 for m +n < f(r —n), and thus

7Tm+r,rfq+n(20’n5) =0
for m < f(r —n) —n as well (assuming r > g + n).
Now take g(myg) to be an integer such that f(g(mg)) = mo + dimY + n, and take
q = q(mg). As f is non-decreasing, we have f(r —n)—n = f(q(mo)) —n = mgo+
dimY for all » > ¢ + n, and hence
Trmtrr farn(Z"E) = 0

for m < mo +dimY, r > ¢+ n. But by (i)-(iii), this implies that the map

fm0+dim Y+1,q+n(20’n5) — fq+n(20,ng)

is an isomorphism, and thus by (i), Tatppfq+n(E0"E) =0 for all a < mg + dimY’,
b € Z. Translating back to Qg 0 f € via the isomorphisms

7Ta+b7bfq+n(20’n5) = 7Ta+b,b20’nfq5 = ﬂa+b7ng’§”ZOv"fqg

for b > 0, a € Z, we have
7ra+b’bQ(‘§,f”EO’"fq5 =0
for all a < mo+dimY, b >0, g > q(mg). In particular, taking b = 0,
a2, yOnfE=0
for all a < mo+dimY, g > g(my).
We now apply the local-global spectral sequence (with ¢ > g(my))

B = H(Ynis, 740 X207 f,€) = m_ (. 20" f,E(Y)).

This sequence is convergent by [1, Theorem 8] since Y has finite Nisnevich cohomolog-
ical dimension < dim Y and is strongly convergent since ¢ ¥onfE=0for —b<
mgo +dimY. In particular, Eg’b =0 for a + b > —my, and hence Q%ﬁnEO’"fqé'(Y) is
mg-connected for ¢ > q(my). O

3. Oriented theories and their T-effective covers

3.1. The T-effective cover
Proposition 3.1. 1. Let (€, u, 1) be a weak commutative ring T-spectrum. Then fo€
has a unique structure of a weak commutative ring T-spectrum such that the canonical
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map p: fo€ — £ is a weak monoid morphism.

2. If (€,¢) is an oriented weak commutative ring T-spectrum, then there is a unique
element co € (fo€)>(P°) with p«(co) = ¢, and co defines an orientation on the weak
commutative ring T-spectrum fo€.

3. We have tg = pu(tse) in EVHGp).

Proof. Write & for fo€. We first lift the multiplication. We note that SHT(S) is
closed under smash product, as the generators are, so £ A & is in S”HQH(S ). Thus,
the composition

EoNE Ly ene s €

admits a unique lifting pg: & A &g — & making

50/\50&50

ENE——E

commute.
We claim that pg is associative modulo phantom maps. For this, let

p: EgNEGNEY = &

denote the difference g o (g Aid) — pg o (id A pg). Let A be a compact object of
SH(S) and let h: A — & A &y A &y be a morphism in SH(S). We apply [17, theorem
4.3.3] for the subcategory SH(S) of SH(S), generated as a localizing subcategory
of SH(S) by the set of compact objects S := {EF X, X € Sm/S}, with cardinal § =
Rg. This tells us that there is a compact object B in SH(S), and morphisms f: A —
B, g: B— & NE&E N &y, such that h = go f. But as B is compact, the composition
pogog in SH(S) is zero, and since B is in SH(S), the universal property of
p: & — & implies that p o g = 0 in SHT(S). Thus, poh = gpogo f =0, and hence
1o is associative modulo phantom maps.

The unit map 1: Sg — & factors uniquely through p, since Sg is in SHT(5), giving
the unit map 1g: Sg — &o; the identities

Mo © (idgo N 10) =idg, =po o (10 A idgo)

in SH(S)/ph and the commutativity of 1o modulo phantom maps follow as for the
proof of associativity.

For (2), recall that * = [1,0,...,0] in P™. Let A™(x) C P" be the open subscheme
Xo #0. Then the quotient map P? — P™/A"(x) is an isomorphism in H.(S), giv-
ing the isomorphism P2 = lim P™/A"(x). In particular, both P? and P are in
YESHE(S).

We have the isomorphism Xpfo & = f13X7r &, and under this isomorphism
Ypp: Yrfo€ — 1€ goes over to the universal map pi: f1X70E& — Xp€. Thus,
c: P — Y& factors uniquely through Y7 p via a map ¢o: PS° — X7 fo€. The restric-
tion of ¢y to PL is similarly the unique lifting of cjpr, which shows that copr €
(fo&)?1(PL) corresponds to 1¢ € (fo€)%(S) under the suspension isomorphism. Thus,
co € (fo€)*>1(P°) is an orientation for fo€.
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For (3), this follows directly from (1) and the naturality of the map t¢ with respect
to weak monoid morphisms. O

3.2. Landweber exact theories

We recall the Landweber exactness conditions for a formal group law (F, R): Let
p: L* = R be the classifying map for (F, R). Choose homogeneous polynomial gen-
erators for L* over Z, L* = Z[x1,x9,...], with degz; = —i. Then for each prime p,
the sequence p,xp_1,...,Tpi_1,... is a regular sequence on R.

For an oriented theory (£,¢), £ € SH(S), let Rf be the coefficient ring, that is,
R} = E2%%(S). Let Fe .(u,v) € RE[[u,v]] be the formal group law of the oriented
theory (&, ¢).

We let SH(S)r C SH(S) be the full subcategory of Tate spectra, that is, the
localizing subcategory generated by the spheres **Sg, a,b € Z. We recall from [19,
§4] some basic facts concerning Tate spectra: There is an exact projection functor
pr: SH(S) = SH(S)7 right adjoint to the inclusion. For a morphism f: S — 5,
the functor Lf*: SH(S') — SH(S) maps SH(S")7 to SH(S)7 and the restriction
Lfy: SH(S")r — SH(S) has right adjoint p7 o Rf,. Finally, p7 is a SH(S)r-module
map, that is, for £ € SH(S)7 and F € SH(S), there is a natural isomorphism

pr(ENF) ZENpT(F). (3.1)

We let SH(S)an C SH(S) denote the thick subcategory of finite spectra, namely, the
thick subcategory generated by the spectra 7.3 X, X € Sm/S, n € Z. Similarly,
we let SH(S)7 6n C SH(S)7 be the thick subcategory generated by spheres $%tSg,
a,beZ.

Definition 3.2. An oriented weak commutative ring T-spectrum (€, ¢) with classi-
fying map g .: MGL — £ is said to be Landweber exact if

1. The classifying map L* — R} for the formal group law Fg . satisfies the Landweber
exactness conditions.

2. For all finite spectra F € SH(S)fn, the map Ri ®@py ., MGL""(F) — £%*(F)
induced by g . and the product map £2"7(S) ® EWP(F) — £912bHn(F) is an iso-
morphism.

3. £ is in the Tate subcategory SH(S)7 of SH(S).

Remark 8.3. Let k be a field of characteristic 0. Naumann, Spitzweck, and @Ostveer
[19, theorem 8.7] show that, for each Landweber exact L*-algebra R*, the bi-graded
functor from finite spectra to bi-graded algebras, F — R* @1« MGL**(F), is repre-
sented by an object MGL(R*) in SH (k)7 with morphisms p: MGL(R*) AMGL(R*) —
MGL(R*), 1: S, = MGL(R*) defining a (oriented) weak commutative ring T-spec-
trum. It does not seem to be known if one can give MGL(R*) the structure of an
oriented commutative ring T-spectrum.

In fact, Naumann, Spitzweck, and @stvaer work in the setting of homology theories
on SH(S) rather than cohomology theories on finite spectra, and they prove their
results for S a regular, noetherian separated scheme of finite Krull dimension. In case
the base-scheme is Speck, k a field of characteristic 0, all finite spectra in SH(k) are
strongly dualizable [23, Theorem 1.4], so one may easily pass from homology theories
on SH(k) to cohomology theories on finite spectra in SH(k).
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Naumann, Spitzweck, and @stveer simply define a Landweber exact spectrum to
be one of the form MGL(R*), rather than giving an intrinsic characterization. In case
S = Speck, k a field of characteristic 0, the construction of Naumann, Spitzweck, and
@stveer in fact gives us all Landweber exact oriented weak commutative ring spectra,
as the next two lemmas show.

Lemma 3.4. Suppose that S = Speck, k a field of characteristic 0. Suppose that
(€, ¢) is Landweber exact (in the sense of definition 3.2). Then the classifying map
ve.c: MGL — € and the product maps for F € SH(k), RE @z Evu(F) = E(F),
induce an isomorphism of homology theories on SH(k)

Rf @ RMGL MGL*}*(—) — 5*,*(—).

Proof. Both functors RE ® puaL MGL, .(—) and &, .(—) are homological functors on
SH(k), compatible with coproducts, hence the full subcategory C of objects F for
which the lemma holds is a localizing subcategory of SH(k). As SH(k) is generated
as a localizing category by SH(k)an, this reduces us to the case F € SH(k)fin.

Take F in SH(k)gn. Then F is strongly dualizable with 72 € SH(k)gy, [23, The-
orem 1.4], and we have G, .(F) = G~ *(FP) for all G € SH(k). The fact that ¢ .
induces an isomorphism

R ®py, ., MGLY*(FP) = £5%(FP).

shows that SH(k)s, C C. O

Lemma 3.5. Suppose S = Speck, k a field of characteristic 0. Let (€, ¢) be a Landwe-
ber exact oriented weak commutative ring T-spectrum (in the sense of definition 3.2).
Then there is an isomorphism of oriented weak commutative ring T-spectra

¢: MGL(R:) — €.

Proof. Since k has characteristic 0, the results of Hopkins, Morel, and Hoyois [5, 6]
show that the classifying map L, — RMSY is an isomorphism. We may therefore
replace Rﬂ/IGL with L, in our definition of Landweber exactness and in Lemma 3.4.

Let f: Speck — SpecQ be the canonical morphism of schemes, giving the adjoint
functors Lf*: SH(Q) —— SH(k): Rf.. Consider the object Rf.E € SH(Z) and
take F € SH(Z)7. We have a canonical isomorphism Rf.(E A Lf*F) = Rf.ENF
(see, e.g., [19, p. 578, eq. (26)]) and therefore by Lemma 3.4 we have

(Rf.E)un(F) = Eun(Lf*F) = RE @1, MGLyw «(Lf*F)

for all F in SH(Q)7. That is, Rf.E represents the homology theory F +— RS ®p,
MGLgs «(Lf*F) on SH(Q)7; using the isomorphism (3.1), the same holds for the
Tate projection prRf.E. The spectrum MGLg(R:) € SH(Q) similarly represents
the homology theory F — R ®1,, MGLgx «(F).

We have a canonical isomorphism MGLy = Lf*MGLq; we consider this as an
identity. The spectrum MGLg(R%) is similary by construction canonically isomor-
phic to the pull-back Lf*MGLg(R:). Applying Rf, and the Tate projection to pair
of canonical maps pmcr(rs): MGLg — MGLg(RE), we: MGL, — £ and using the
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appropriate adjoint properties gives us the commutative diagram in SH(Q)

MGLyg —— prRfMGL, ——— Rf.MGL; (3.2)

L‘OMGLQ(R(;S)J/ pTRfHPMGL(Rz)J/

MGLg(R:) —— prRf.MGLy(R%) prRf.E — RY.E.

p7T Rfxpe Rf.pe

This induces the commutative diagram of homology theories on SH(Q)r
MGLg s (=) = MGLy o (Lf"(-))
SﬂMGL@(Rg)l pTRfMMGLk(Rg)J/

MGLg (R)we (=) —— MGLy(Rg ) (L™ (=) 7 Ex (LS (=)

pTRf«pe

Here, a,. is the isomorphism given by Lemma 3.4, and we use the identities

for F € SH(k), G € SH(Q)T.

As SH(Q) 7 satisfies Brown representability, in the sense of [16, Definition 3.1] (see
[18, Theorem 1] and [16, Proposition 4.11 and Theorem 5.1]), the isomorphism o
arises from an isomorphism a: prRfxMGL,(R}) — prRf.€ that fills in the diagram
(3.2) to a commutative (up to phantoms) diagram. This gives us the diagram in

SH(Q)
MGLg —%— Rf.MGL

%DMGLQ(R‘*E)l J{Rf* pe

MGLg(Rg) ——— Rf.E,

commutative after composition with a map F — MGLg, F € SH(Q)T fin, where 0
is the unit of the adjunction and ¢ is the evident composition. Applying adjunction
gives the diagram in SH (k)

MGLy, MGLy

LPMGL(R;)J l(pg

MGLy(Rg) —— €,

which we claim commutes up to a phantom map. Indeed, MGLgq is a filtered col-
imit of finite Tate spectra FyMGLg — F1MGLg — ... = MGLgq, with each of the
maps F,, MGLg — F,,+1MGLg a cofibration of cofibrant objects in Spt;(Q)7 in. This
writes MGLy, = Lf*MGLgq as the filtered colimit of finite Tate spectra FyMGLy —
FiMGLj, — ... = MGLy, by taking F,MGL = Lf*F,MGLq. This gives us an iso-
morphism in SH(k)

MGLy =2 hocglim F,MGL;.

Let 29 F,MGLg — MGLq be the canonical map and let i,: F,MGL; — MGLg
be the induced map. As F,,MGLg is in SH(Q)7 gn, we have 9o PMGLg(R:) © i9 =
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Rf.pe 0i2. Using adjointness again, we see that v o PMGLy(Ry) © tn = Qg © i for
all n. For F € SH(k) a compact object and g: F — MGLj a morphism, ¢ factors
through some i, and hence ¥ o pyGL, (rz) © 9 = $e © g, which verifes our claim.

As the maps

Uo (id ® pmary (rz)): Re @ MGLE"(X) — MGL™ (Rg)(X)
Uo (id @ pg): RS @1~ MGLI*(X) — £ (X)

are isomorphisms for all X € Sm/k, the map v induces an isomorphism of cohomol-
ogy theories on SH(k)an. As above, this shows that 1 is an isomorphism of oriented
weak commutative ring spectra in SH(k). O

3.3. Geometrically Landweber exact theories

We specialize to the setting S = Speck, k a field of characteristic 0. As above, let
(&, ¢) be a oriented weak commutative ring T-spectrum in SH(k).

As we have noted in Remark 1.5, we have the element tg € £1'1(G,,,) correspond-
ing to the unit 1 € £%9(k) under the suspension isomorphism, inducing the group
homomorphism

te(X): O%(X) — EVH(X).

In addition, the £**(k)-module structure on £**(X) extends t5(X) to a map of
E**(k)-modules

te(X): E2%(k) @7 OF(X) — EXFP*TL(X).

Furthermore, the classifying map g .: MGL — £ combined with the product in &-
cohomology gives rise to the homomorphism

oe.x: Ry @py, ., MGLY 9% (X) — £279%(X)

for X € Sm/k, natural with respect to morphisms in Sm/k. If 7 is a generic point
of X, we may pass to the limit over Zariski open neighborhoods of 7, giving the
homomorphism

Ds RZ ®R§IGL MGLZ*fe,*(n) N 52*75,*(77).

Remark 3.6. By the Hopkins—-Morel-Hoyois theorem [6], the map pmgr: L* —
MGL***(k) classifying the formal group law Fygr is an isomorphism; in particu-
lar, MGL**" (k) = 0 for n > 0. We henceforth identify L* and MGL***(k) = R§;q,
via pmar and use L* and Ry, interchangeably.

Definition 3.7. We say that an oriented weak commutative ring T-spectrum (&, ¢)
in SH(k) is geometrically Landweber exact if for all generic points n € X € Sm/k,
the map

Pt RE @i, MGLY ™ (1) = £275" (1)

MGL

is an isomorphism for ¢ = 0 and a surjection for € = 1.

As we are assuming the k has characteristic 0, and hence is perfect, this definition
would be equivalent to one requiring the above maps to be isomorphisms for all
points 7 € Y € Sch/k, as the closure of 7 in Y will contain a dense open subscheme
X, smooth and quasi-projective over k.



MOTIVIC LANDWEBER EXACT THEORIES AND THEIR EFFECTIVE COVERS 389

Proposition 3.8. 1. For n € X € Sm/k, let p,: n — Speck be the structure mor-
phism. Then py: MGL*** (k) — MGL***(n) is an isomorphism.

2. For n € X € Sm/k, the map tmcr(n): MGL** (k) @z k(n)* — MGL* T+ (p)
is an isomorphism.

3. ForY € Sm/k, n € Z, MGL*"T*"™(Y) = 0 for all a > 0.

Proof. We use the (strongly convergent) Hopkins—Morel spectral sequence [6]
EP(n) = L9 ® HP~9(Y, Z(n — q)) = MGLP+4"(Y). (3.3)

Recall that for Y € Sm/k, H*(Y,Z(b)) = 0 for a > 2b. Thus, EY?(n) =0 for p+ ¢ >
2n, and hence MGL™"(Y) =0 for m > 2n, Y € Sm/k, proving (3).

For n € X € Sm/k, we have H%(n,Z(b)) =0 fora>b>0o0r b=0 and a # 0 or
b < 0. Thus,

BP0 (a) = Lt B0k, 2 — ) = 0
if ¢ # n. Similarly,
BP0 = L1 & B0, 2 ) = 0

if ¢ # n — 1. Since H®(n,Z(0)) = Z, and H'(n,Z(1)) = k(n)*, the surviving non-zero
terms contributing to MGL*™"(5) and MGL*"~'"(1) are

E}"(n)=L" n<0, Ey" '(n)=L""'®@k#n)*; n<l
Similarly, the terms
BT ST B g T — 1)), BT = LT @ HY (g, 2(r)),
E;lfr,nJrTfQ = L2 @ B2 (g, 2(2 — 7)),
E;Lf’r,n‘i*’r‘*l =Lt @ H2H () Z(1 — 1))

are all zero for r > 2. The part of the spectral sequence computing MGL?*™"(n) and
MGL?" %™ (5)) thus degenerates at F, giving isomorphisms L" = MGL*"" () and
L' ® k(n)* = MGL**~1"(n) for all n.

As the spectral sequence is natural in Y and the the pull-back p;: H(k,Z(0)) —
H°(n,7(0)) is an isomorphism, pj : MGL*** (k) — MGL?***(n) is an isomorphism,
proving (1).

To complete the proof, we must check that the isomorphisms LI — MGL*®?(k)
given above arise from the classifying map L* — MGL?**(k), and also that the iso-
morphisms LI @ k(n)* — MGL**19"1(5) are induced by ti,4;, (1) and the isomor-
phism LI — MGL?%9(k).

The fact that the isomorphisms LI — MGL??%(k) are the maps coming from the
homomorphism L* — MGL?** (k) classifying the formal group law for MGL** follows
directly from construction of the spectral sequence in [6]: the spectral sequence arises
from a choice of polynomial generators 1, xo, ... for L*, which are then considered
as maps T, : Sy — L2»"MGL via the classifying map, and these maps are in turn
used to construct the tower which gives rise to the spectral sequence (which is then
identified with the slice tower for MGL).

Let us now check that the map ty;qp. (1) k(1) — MGL"!(n) is the isomorphism
given by the spectral sequence. Since fyMGL = MGL, we have the distinguished
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triangle fiMGL — MGL 2% soMGL — fiMGL[1]. Via the isomorphism soMGL 2
MZ, the unit for MGL goes to the unit in MZ, and thus MGL — MZ induces a

commutative diagram

Gy 25 9 MGL

3G PO
tmz,

Sg, MZ

But the spectral sequence E}*(1) arises by taking the slice tower for MGL and apply-
ing Xg,,. The spectral sequence computation we have just made shows that the
isomorphism MGL*!(n) — H'(n,Z(1)) arises from the edge homomorphism associ-
ated to the map g, po, which is split by composing the inverse of the isomorphism
thiz: k(n)* — HY(n,Z(1)) with t};,. This verifies our assertion for ;41 (7).

The assertion (2) follows from this and the product structure on the slice spectral
sequence (see [22]). O

Our next result shows that passing from a Landweber exact theory (£,¢) to its
effective cover (fo€, ¢p) results in a geometrically Landweber exact theory with coeffi-
cient ring the evident truncation of the coefficient ring Rg. In fact, it follows directly
from the universal property of the slice truncation that R} . = Rg for n < 0; the
vanishing of RY ¢ for n > 0 is less evident and our proof requires the Hopkins—Morel—
Hoyois spectral sequence.

Theorem 3.9. Let (£, ¢) be an oriented weak commutative ring T-spectrum. Suppose
that (€,c¢) is Landweber exact. Then:

1. Both (€,¢) and the effective cover (fo€,co) are geometrically Landweber exact.

2. The coefficient ring of fo€ is the graded subring of R given by truncation:

. R ifn<o
PETY0 ifn>o0.

3. The slice spectral sequences for E*(Y) and for fo€*(Y) are strongly convergent
for allY € Sm/k.

Proof. We first show (3). As f(fo€) = f4(E) for ¢ > 0, it suffices to show that slice
spectral sequences for £%*(Y) is strongly convergent for all Y € Sm/k.

We have already seen that MGL*""*™(Y) =0 for all Y € Sm/k, a >0, n € Z.
Since € is Landweber exact, this shows that £2"7%7(Y) =0 for all Y € Sm/k, a > 0,
n € Z, and thus my4,,(E) =0 for all m <r —1, r € Z. We may therefore apply
lemma 2.1 with f the function f(r) =r — 1, giving the convergence.

We now prove (1) and (2) by comparing the slice spectral sequences for £ and fo€.
For F a T-spectrum and Y € Sm/k, the Ep-term is given by

Eg,q (n) (]:, Y) = [E%OY_,_, 2p+q’n8_q]:]57.¢(k).
Since s_4fo€ = s_4€ for ¢ < 0 and s_, fo€ is zero for ¢ > 0, we have

EPI(n)(E,Y) forg<0

Eg’q(n)(fogvy): {0 for ¢ > 0.



MOTIVIC LANDWEBER EXACT THEORIES AND THEIR EFFECTIVE COVERS 391

Since £ 2 MGL(R%) by Lemma 3.5, it follows from [24, Theorem 6.1]% that
Eyi(n)(€,Y) = HPU(Y, Rg(n — q))-

The computation is now essentially the same as for £ = MGL, given in Proposi-
tion 3.8: Let 1 be the generic point of some X € Sm/k. Then in the spectral sequence
E¥*(n) converging to £*™(n), we have

Ey™(n) = Rg, By (n) = Rg™' @z k(n)*
as the only Es terms contributing to £2™"(n) and £2"~17(n), and all differentials
entering and leaving these terms are zero. Thus, we have isomorphisms £2"(n) = R
and R"~! ® k(n)* = £2n~17(n). As the E terms for the spectral sequence converging
to (fo&)?™"(n) and (fo€)* 1" (n) are just a truncation of these Fs terms, we have
EMn(n) forn <0
0 for n > 0;

gn=tn(p) forn<1
0 for n > 1.

(fo&)™" () = { (fo&)? 1" (n) = {

Arguing as in the proof of Proposition 3.8, the result follows. O

4. Oriented duality theories

For the remainder of the paper, we will take S = Spec k, k a field of characteristic 0.

Recall from [10, §1] the category SP/k of smooth pairs over k, with objects
(M, X), M € Sm/k and X C M a closed subset (not necessarily smooth); a morphism
f:(M,X)— (N,Y) is a morphism f: M — N in Sm/k such that f~*(Y) C X. For
a full subcategory V of Sch/k, let V' be the subcategory of V with the same objects
as V, but with morphisms the projective morphisms in Sch/k.

Building on work of Mocanasu [13] and Panin [20], we have defined in [10, Defini-
tion 3.1] the notion of a bi-graded oriented duality theory (H, A) on Sch/k. Here A is a
bi-graded oriented cohomology theory on SP/k, (M, X) — AY" (M), and H is a func-
tor from Sch/k’ to bi-graded abelian groups. The oriented cohomology theory A sat-
isfies the axioms listed in [10, Definitions 1.2, 1.5]. In particular, (M, X) — AY" (M)
admits a long exact sequence

Lo AY(M) = AYF(M) = AF(MN\ X) D AT () >

where for instance A**(M):= A}, (M), and the boundary map 8 is part of the
data. In addition, there is an excision property and a homotopy invariance property.
The ring structure is given by external products and pull-back by the diagonal. The
orientation is given by a collection of isomorphisms Thf}: Ax (M) = Ax(E), for
(M, X) € SP/k and E — M a vector bundle, satisfying the axioms of [20, Definition
3.1.1]. We extend some of the results of [20] in [10, Theorem 1.12, Corollary 1.13]
to show that the data of an orientation is equivalent to giving well-behaved push-
forward maps f.: Ax (M) — Ay (N) for (M,X),(N,Y) € SP/k, with the meaning
of “well-behaved” detailed in [10, §1].

The homology theory H comes with push-forward maps f.: Hy +(X)— H, .(Y) for
f: X =Y projective, restriction maps j*: H, .(X)— H, .(U) for each open immer-
sion j: U—X in Sch/k, external products x: H, ,(X)®H..(Y)— H, (X xY),

3The assumption (SIMGL) in the statement of this result is fulfilled, by the work of Hoyois [6].
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boundary maps Ox,y: Hy (X \Y) = H,_1.(Y) for each closed subset Y C X, iso-
morphisms ar x : Hy o (X) = AX" 5" (M) for each (M, X) € SP/k, m = dimy, M,
and cap product maps

FHN: AR (M) @ Ho o (Y) = Heaey(Y 0 F7HX)

for (M,X) € SP/k, f: Y — X a morphism in Sch/k. These satisfy a number of
axioms and compatibilities (see [10, §3] for details), which essentially say that a
structure for A" (M) is compatible with the corresponding structure for H, .(X) via
the isomorphism a,s,x. Roughly speaking, this is saying that a particular structure
for AY"(M) depends only on X and not the choice of embedding X — M.

Remark 4.1. Let L — Y be a line bundle on some Y € Sm/k with 0-section 0: ¥ —
L. For an oriented cohomology theory A, one has the element

ci' (L) = 07(0.(13)),

where 1 € A°(Y) is the unit element. As pointed out in [20, corollary 3.3.8], or
as noted in [10, remark 1.17], for line bundles L, M on some Y € Sm/k, the ele-
ments ¢ (L), c1(M) € AY(Y) are nilpotent and commute with one another, and hence
for each power series F'(u,v) € A*(k)[[u,v]] the evaluation F(ci(L),c1(M)) gives a
well-defined element of A*(Y). In addition, the cohomology theory A has a unique
associated formal group law Fa(u,v) € A*(k)[[u,v]] with

Fa(ci (L), ¢! (M)) = ¢ (L ® M)
for all line bundles L, M on Y € Sm/k.

The main example of oriented duality theory (H, A) is given by an oriented weak
commutative ring T-spectrum & in SH(k), assuming k is a field admitting resolution
of singularities (e.g., characteristic 0), defined by taking

EXP(M) == Homgy ) (5 (M/M \ X), £4°€),

that is, the usual bi-graded cohomology with supports. For each X € Sch/k, choose
a closed immersion of X into a smooth M and set £, ,(X) := En=am=b(\), where
m = dimy M. The fact that (M, X) — EY"(M) defines an oriented bi-graded ring
cohomology theory is proved just as in the case of £ = MGL, which was discussed in
[10, §4]; the main point is Panin’s theorem [20, Theorem 3.7.4], which says that an
orientation for £ (in the sense of Definition 1.2) defines an orientation in the sense
of ring cohomology theories for the bi-graded £-cohomology with supports. The fact
that the formula given above for the homology theory &, , is well-defined and extends
to make (£ ,(—),£27(—)) a bi-graded oriented duality theory is [10, Theorem 3.4].

Remark 4.2. The results of [10] were proven in the setting of an oriented commuta-
tive ring T-spectrum &, not that of a oriented weak commutative ring T-spectrum.
However, the constructions and proofs only use values of £-cohomology on finite dia-
grams of smooth k-schemes, and thus only rely on identities modulo phantom maps.
The arguments thus remain valid in the larger context of oriented weak commutative
ring T-spectra. We will henceforth make use of the results of [10] in this wider context
without further comment.
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It follows directly from the construction of £ that the assignment (£, cg) — (£,€)
is functorial in the oriented cohomology theory (&, cg); that is, let ch: (MGL, cmar) —
(€, ce) be a morphism of oriented weak commutative ring T-spectra. Then ch extends
canonically to a natural transformation of oriented duality theories

(ch’,ch): (MGL',MGL) — (&', €).

5. Algebraic cobordism and oriented duality theories

We recall the theory of algebraic cobordism X — Q.(X), X € Sch/k [12]. For each
X € Sch/k, ,(X) is an abelian group with generators (f: ¥ — X), Y € Sm/k irre-
ducible of dimension n over k and f: Y — X a projective morphism [12, Lemma
2.5.11]. Q. is the universal oriented Borel-Moore homology theory on Sch/k [12,
Theorem 7.1.1], where an oriented Borel-Moore homology theory on Sch/k consists
of the data of a functor from Sch/k’ to graded abelian groups, external products,
first Chern class operators ¢;(L): Q.(X) — Q._1(X) for L — X a line bundle, and
pull-back maps g*: Q2,(X) = Q44(Y) for each 1.c.i.morphism g: ¥ — X of rela-
tive dimension d. These of course satisfy a number of compatibilities and additional
axioms; see [12, §5.1] for details.

For an oriented duality theory (H, A) on Sch/k and Y in Sm/k of dimension d over
k, the fundamental class [Y]n a4 € Hq(Y) is the image of the unit 1y € A°(Y) under
the inverse of the isomorphism ay : Hy(Y) — A°(Y). For an oriented Borel-Moore
homology theory B on Sch/k, we similarly have the fundamental class [Y]g € By(Y)
defined by [Y]p := p*(1), where 1 € By(Speck) is the unit and p: Y — Speck the
structure morphism.

We recall the following result from [10].

Proposition 5.1 ([10, Propositions 4.2, 4.4, 4.5]). Let k be a field admitting resolu-
tion of singularities and let (H, A) be a Z-graded oriented duality theory on Sch/k.
1. There is a unique natural transformation 9g: Q. — H, of functors Sch/k’ —
GrAb, such that 9y (Y) is compatible with fundamental classes for Y € Sm/k. In
addition, Vg is compatible with pull-back maps for open immersions in Sch/k, with
1st Chern class operators, with external products, and with cap products.

2. For Y € Sm/k, the map 94(Y): Q*(Y) — A*(Y) induced by Vg, the identity
Q*(Y) = Qaimy—«(Y) and the isomorphism ay: Haimy—«(Y) = A*(Y) is a ring
homomorphism and is compatible with pull-back maps for arbitrary morphisms in
Sm/k. Finally, one has

Y (e (L) = ¢ (L)
for each line bundle L — Y.
Remark 5.2. We have already noted that one has a formal group law Fy(u,v) €
A*(E)[[u,v]] associated to the oriented cohomology theory A. Similarly, for each ori-

ented Borel-Moore homology theory B on Sch/k, there is an associated formal group
law Fp(u,v) € By(k)[[u,v]], determined by the identity

FB(61<L),01(M)) = Cl(L®M)
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for each pair of line bundles L, M on some Y € Sm/k (this follows from [12, Corol-
lary 4.1.8, Proposition 5.2.1, Proposition 5.2.6]). This gives us the graded ring homo-
morphism ¢p: L, — B, (k) classifying the formal group law Fp.

Finally, we recall that the classifying map ¢q: L. — Q. (k) is an isomorphism [12,
Theorem 1.2.7].

The following is a direct consequence of proposition 5.1.

Corollary 5.3. Let (£, cg) be pair consisting of a weak commutative ring T-spectrum
& € SH(k) with orientation c, and let (€, .,E**) be the corresponding bi-graded ori-
ented duality theory. There is a unique natural transformation

ﬁ(g’c): Q* — (‘:é*’*

of functors Sch/k" — GrAb, such that ¥ (YY) is compatible with fundamental
classes for Y € Sm/k. In addition, V¢ ) is compatible with pull-back maps for open
immersions in Sch/k, 1st Chern class operators, external products and cap products.
ForY € Sm/k, the map 9¢(Y): Q*(Y) = E2*(Y) induced by Vg ., is a ring homo-
morphism and is compatible with pull-back maps for arbitrary morphisms in Sm/k,
and satisfies

Die.)(V)(£ (L)) = ¢f (L)
for each line bundle L — Y.

Remark 5.4. By [12, Lemma 2.5.11], Q.(X) is generated as an abelian group by
the cobordism cycles (f: Y — X), Y € Sm/k irreducible, f: Y — X a projective
morphism. Furthermore, the identity (f:Y — X) = f.([Y]a) holds in Qgimy (X).
Thus, ¥ ) is characterized by the formula

gee)(f1 Y = X) = fE([Y]ee)-

We may apply Corollary 5.3 in the universal case: £ = MGL with its canonical
orientation. This gives us the natural transformation

ﬁMGL: Q, — MGLIQ*’* (51)

Theorem 5.5 ([11, Theorem 3.1]). If k is a field of characteristic 0, then the natural
transformation (5.1) is an isomorphism.

This result relies on the Hopkins—Morel spectral sequence; see [5, 6].

In the course of the proof of theorem 5.5, we proved another result which we will
be using here.

Let X be in Sch/k and let d = dx := maxx, dimy X', as X’ runs over the irre-
ducible components of X. We define MGL") (X) by

PENS

MGL3., (X) := lim MGL), (W)
w

2% %

as W runs over all (reduced) closed subschemes of X that contain no dimension d

generic point of X Q,(kl)(X ) is defined similarly. The natural transformation YngrL
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gives rise to the commutative diagram

*

Q0 (X) — s QL (X) —L s Byex, k() ——— 0 (5.2)

mnl ﬂ(X)J Jﬁ

MGL)(X) —— MGL, L (X) —— @nex, MGLA. . (k(1) —— 0

with exact rows and with all vertical arrows isomorphisms. As (MGL',MGL) is an
oriented duality theory, the bottom line extends to the long exact sequence
17}
= Byex MGLy, 1y L (K(n) % MGLY,, (X)
L MGLY, L (X) L5 ©pex o MGLS, , (k(n)) — 0.

By Proposition 3.8(2), the map
tmeL(n): Lu—ay1 @ k(n)* — MGL/2*+17*(I€(77)>

an isomorphism for each n € X(4). We have constructed in [11, §6] a group homo-
morphism

Div: Ly_g41 ® Gyex o Zlk(n)*] — &Y (X)

with 9 o Div = 9 0 @, tmar(n). Since the maps ¥ and 9¥(X) are isomorphisms,
the map Div factors through the surjection

L*—d-i-l 02y @ﬁEX(d)Z[k(n)X} — L*—d+1 ® EBWEX(d)k(n)Xa
and we have the exact sequence
Dnex oy Le—art @ k()< 25 QD (X0 25 Qu(X) Lo Byexyy Llk(n) =0 (5.3)

and the extension of diagram (5.2) to the commutative diagram

OyLi—apr @ k() 2 O (X) — s Q. (X) —T— @, Q. (k(n) —— 0

19(1{ ﬁ(X)J Jﬂ

Enllii1 ® K1) oy MGLYL) (X) = MGLS, (X)) — &, MGL, , (k(n)) — 0

divver
(5.4)
with exact rows and vertical arrows isomorphisms. Here, divyar, := 0 0 @ptmcr(n).

6. The comparison map

Let (£,¢) be a weak commutative ring T-spectrum in SH (k) with orientation c,
and let (5;’*7 E**) be the corresponding bi-graded oriented duality theory. We have
the natural transformation

19(576): Q. — 5§*,*

given by Corollary 5.3. The map ¥ ¢ (k) makes RS an Q. (k)-algebra; we let Qf be
the oriented Borel-Moore homology theory Qf (X) := RS ®q_ (1) Q.(X).
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As the external products make &, ,(X) an Rf-module and the maps f., & (L) are
RE-module maps, we see that Y(g,c) descends to a natural transformation

19(5,1:): Qf — gé*’*.

Lemma 6.1. Suppose that the oriented weak commutative ring T-spectrum (€,c¢) is
geometrically Landweber exact. Then:

1. For X € Sch/k and n € X a point, the map Vg : Q5 (n) = &, .(n) is an isomor-
phism.

2. Take X in Sch/k and let j;: n; — X, i =1,...,7 be all the generic points of X.
Then the restriction map j*: &y, (X) = ©i_,E, (i) is surjective.

3. For each generic point n of X, the map tg(n): E2**(k) @z k(n)* — E2*FLxHl(p)
18 surjective.

Proof. For (1), we may replace X with the closure of 1 in X, so we may assume that 7
is the generic point of X. We note that Jg = ¢ o Ypqr. In addition, Yyqr, is an iso-
morphism, so J¢(X) is up to this isomorphism the same as the map MGLj, . (X) ®r,
RE — 5. «(X). (1) then follows from the hypothesis on &.

For (2), we have the commutative diagram

*

9 (X) ]—Q> ®WEX(d) Q. (77)

ﬁ(X)J l@nﬂ

55*,* (X) T EBUEX(d) gé*,* (77)

By (1), 9(n): Q5 (n) — &5, .(n) is surjective. The map j§, is also surjective, using the
right exact localization sequence for €2,. Thus, the map j; is also surjective.
For (3), we can rewrite the map tg(n) as the composition

R; QL+ MGLQ*’*(T]) ® MGLLI(’I']) i> Rz‘ QL MGL2*+1’*+1(’I]) e 52*-',-1,*-&-1(77).

As the map MGL?** () @ MGL"! () — MGL*™**1(p) is surjective, and the map
e n is surjective by hypothesis, it follows that tg(n) is also surjective. O

Theorem 6.2. Suppose that a oriented weak commutative ring T-spectrum (€, c) is
geometrically Landweber eract. Then the natural transformation ¥ g .): Qf — Eg
18 an isomorphism.

Proof. We write ¥ for ¥(¢ ). For n a point of X, the map 9(n): Q% (n) — &, .(n) is
an isomorphism by Lemma 6.1(1). In particular, if X has dimension zero over k, then
J(X) is an isomorphism.

We proceed by induction on the maximum d of the dimensions of the components
of X; we may assume that X is reduced. We use the constructions and notations
from Theorem 5.5 and the discussion following that theorem. We let Eé(*ll(X ) be the
inductive limit

g (X) =1

2% %

=

50 (W)

=]

as W runs over all (reduced) closed subschemes of X that contain no dimension d
generic point of X. This, together with the map Div defined following theorem 5.5
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and the exact localization sequence for £/ ,, gives us the commutative diagram with
exact rows

Div [ ™
Bnex iy Lecart © k() 2 QM (X) 25 Q.(X) L5 Bpex, 2uln) — 0 (6.1)

19(1{ ﬁ(x)J 1{

1
DXy Ehsr,o (K(0) —+ E10L(X) 3 €1 (X) =2 Bnex o € (1) — O

the surjectivity in the bottom row comes from lemma 6.1(2).
We apply RS ®q, (k) (—) to the top row in (6.1). As noted at the beginning of this
section, the vertical maps in (6.1) descend to give the commutative diagram

%

QfM(X) 5 Q5(X) L Brex,, % () — 0

19(1{ E(X)J 1{

1
DXy S, (k) —5 ELLX) 0 L. (X)) = ey (n) — 0.

(6.2)
By induction on d, the map 9(!) is an isomorphism; we have already seen that 9 is
an isomorphism. We note that the bottom row is a sequence of RE-modules via the
the &, . (k)-module structure given by external products.
The universal property of MGL gives the canonical morphism of oriented weak
commutative ring T-spectra

pe: (MGL, CMGL) — (5, C),

Dive i
X *
—5

Dnex R£7d+1 ® k(n)

which extends to the map of bi-graded oriented duality theories
e (MGL;’WMGL*’*) = (€., E77).

As discussed in Remark 1.5, we have for each orientable £ and each Y € Sm/k
the Rf-module map

te(Y): O5(Y) @ Rp — ¥ TLrtl(y),
natural in £ and Y. This gives us the commutative diagram

tMmcL

o
Dyex iy Lt ® k(1) 5 @,ex , MGL), 1, (k(n)) —— MGLYY, (X)  (6.3)

PENS
WJ Lpsl SOE(X)(I)J/
1
Bne X RE_ a1 @ k(1) = BnexyEuir k() —— EXL(X),

where 7 is induced by the classifying map L, — RE.
Take 1 € X(q). By Lemma 6.1(3), the map

t6(77)3 Rf—d—i—l X k(n)x — gé*+1,*(77)

is surjective for each 7. Defining dive = 90 ), te(n) and putting this into the diagram
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(6.2) gives us the commutative diagram

s

£
afM(x) QF(X) —1— Bpex 2 (n) —— 0

mnl MX)J ﬂJ

1
EB’UEX(d)RffdJrl ® ]{i(’f]) x Ti}g) g;(*,zk (X) T> gé*,*(X) ? @UEX(d)gé*,*(n) — 0,

(6.4)

with the bottom row exact and the top row a complex. Recalling that divygr, = 0 o
>, tmcr(n), the commutativity of diagram (6.3) gives us the commutative diagram

(=

Dive
—

@nex(d) Rf—d+1 ® k(n) x

div
Dyex gy Leart ® k() T2 MGLYY, (X) (6.5)

”J SDE(X)(Dl

1
Boexin BE_apn © k() —— E1(X).

We claim the identity map on @, RE_, ., ® k(n)* fills in the diagram (6.4) to a
commutative diagram. Assuming this claim, it follows by a diagram chase that the
top row is exact and the map J(X) is an isomorphism.

To prove the claim, it follows from the characterization of ¥ygr, and Y¢ given in

Remark 5.4 that 9¢ = pg o 9mar. Thus, patching diagram (6.5) into the left-hand
square in the commutative diagram (5.4) yields the commutative diagram

Enex g Ln-ap1 ® k()X —— QY (X) (6.6)

1
ﬂl(\Ié;Ll \

div \
Bne X Le—art ® k(n)* “2ES MGLLY, (X) o)

”J Wz(X)(l)J/

1
Dne X RE_a1 © k() —— (X)),

As Dive: RE @ k(n)* — Qf(l)(X) is just the map formed by applying the functor

RE @ () to Div: L® k(n)* — QS})(X), the desired commutativity follows from
the commutativity of the outer square in (6.6). O

Corollary 6.3. Let (€,¢) be a Landweber exact oriented weak ring T-spectrum in
SH(k), k a field of characteristic 0, and let (fo&,co) be the effective cover of (£, c).
Then the canonical natural transformations of oriented Borel-Moore homology theo-
ries on Schy,

198,05 Re ®1, Q, — 8§*7*

19f0<5',0f): Rf05 AL Qi — fogé*,*
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are isomorphisms. Moreover, the canonical natural transformations of oriented coho-
mology theories on Sm/k

195’0: Re QL QF — g2
19}&'05,60 : Rfog XL QF — f052*,*
are isomorphisms.

Proof. By Theorem 3.9, both (&, ¢) and (fo€, cp) are geometrically Landweber exact.
We then apply theorem 6.2 to yield the desired isomorphisms of oriented Borel-Moore
homology theories.

The statement about the oriented cohomology theories on Sm/k follows by restric-
tion from Sch/k to Sm/k, using the equivalence of oriented Borel-Moore homology
theories and oriented cohomology theories on Sm/k [12, Proposition 5.2.1]. O
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