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Abstract
Using ideas from algebraic topology and statistical mechan-
ics, we generalize Kirchhoff’s network and matrix-tree theorems
to finite CW complexes of arbitrary dimension. As an applica-
tion, we give a formula expressing Reidemeister torsion as an
enumeration of higher dimensional spanning trees.

1. Introduction

Gustav Kirchhoff’s results on electrical networks, which predate Maxwell’s the-
ory of electromagnetism, are a product of the mid-nineteenth century [Kil, Ki2].
Kirchhoff’s network theorem states that in any resistive network there is a unique
current satisfying Ohm’s law and Kirchhoff’s current and voltage laws, and further-
more this current can be explicitly computed. The first complete treatment of the
network theorem is attributed to Hermann Weyl [W] in 1923. By the mid-twentieth
century, algebraic topology provided key ideas leading to a simple and elegant proof
[E, R, NS|. A companion result is Kirchhoff’s matriz-tree theorem, which gives a
formula for the number of spanning trees in a finite connected graph (see [Mo] for a
history of this result). This paper is an outgrowth of our investigations on the inter-
play between algebraic topology and statistical mechanics [CKS1, CKS2, CKS3].
Our aim is to generalize Kirchhoff’s results to higher dimensions, as well as to connect
these results to the theory of Reidemeister torsion.

A high-dimensional network theorem

Suppose X is a finite connected CW complex of dimension d. Let C;(X;R) denote
the cellular chain complex of X with real coefficients and the standard inner product
(, ) for which the set of j-cells, denoted X, is an orthonormal basis. In what follows
we fix a function r: Xy — R, ; the value of r at a d-cell b is considered to be the
resistance of b. Define a linear transformation R: Cq(X;R) — Cy(X;R) by mapping
a d-cell b to ryb and extending linearly. Let By—1(X;R) C Cy—1(X;R) be the vector
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subspace of (d — 1)-boundaries, and let Z4(X;R) C Cyq(X;R) be the vector subspace
of d-cycles.

Definition 1.1. A network problem for X consists of a choice of p € By_1(X;R)
and q € Z4(X;R), called (d—1)-boundary current and d-cycle voltage respectively.!
A solution consists of V,J € Cy(X;R) such that

V = RJ, (Ohm’s law) (1)
oJ =p, (current law) (2)
(V,2)=(q,z), forall ze Zy(X). (voltage law) (3)

To see why a solution exists, define a modified inner product ( , )z on Cy(X;R) by
(b,b'Yr = (Rb, V)
for b,V € Xg4. Let
0 Ci—1(X;R) = Cy(X;R)

denote the formal adjoint to 9 using the standard inner product on Cy_1(X;R) and
the modified inner product on Cz(X;R). Let Z4(Z; R)1 be the image of 9%, and note
that Z4(Z;R)*% is the orthogonal complement to Z4(X;R) in C4(X;R) with respect
to the modified inner product. Elementary linear algebra implies 9: Z4(Z;R)1f —
Bg_1(X;R) is an isomorphism. Consequently, there is a unique Jo € Z4(X; R)+# such
that 0Jo = p. Set Vo = RJo. Then (Vy, z) = (Jo,2)r = 0 for all z € Z4(X;R). Let J,
be the orthogonal projection of R~1q onto Z4(X;R) in the modified inner product,
and set . =J; — R71q. Then (RJ; —q,2) = (z,2)gp = 0 for all z € Z4(X;R). Set
Vi =RJ;. Then J :=Jg+J; and V := Vy + V; solve the network problem. It is
straightforward to show that this solution is unique.

The above solution to the network problem uses the orthogonal projection of
Cy(X;R) onto Z4(X;R) in the modified inner product. In the classical case d = 1,
Kirchhoff gave a formula expressing the orthogonal projection as a weighted sum
indexed over the set of spanning trees of X. To get an explicit formula in higher
dimensions, we will need a notion of spanning tree.

Definition 1.2. Assume, as above, that X is a connected finite CW complex of
dimension d. A spanning tree for X is a subcomplex T such that

L4 Hd(T7 Z) = Oa
o B4—1(T) = Ba-1(X), where 8 (X) denotes the k-th Betti number,
o X1 T where X*) is the k-skeletion of X.

Remark 1.3. We will show in the next section such spanning trees exist. Note that
when d = 1, our definition reduces to the classical notion of spanning tree.

The reader should be aware that the literature contains sundry notions of “high-
dimensional spanning tree” (see [P] for a detailed discussion). Our definition is equiv-
alent to the one in [DKM3, 2.2].

"When d = 1, in the terminology of Roth [R], p is a node current and q is a mesh voltage, each
arising from an external source. Bollobas [B, p. 41] only considers the case when ¢ = 0 and p is of
the form p;¢ + p;j for a pair of distinct vertices % and j.
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Definition 1.4. For a spanning tree T' of X, define a linear transformation
T: Cq(X;R) — Z4(X;R)

as follows: Let b be a d-cell. If b is contained in T, then we set T(b) = 0. Otherwise,
note that Hy(T Ub;Z) = Z4(T Ub; Z) is infinite cyclic. Let ¢ be a generator. Set
tp = {c,b) (this is always non-zero). Then T'(b) := c/t;, is a real d-cycle of X. It is
easy to see that T'(b) is independent of the choice of c.

Let 67 denote the order of the torsion subgroup of Hy_1(T;7Z), and define the
weight of T to be the positive real number

wr = 02 H ot
beTy

Theorem A (Higher Projection Formula). With respect to the modified inner product
( , )m, the orthogonal projection Cy(X;R) — Z4(X;R) is given by

x> wrl,
T
where the sum is over all spanning trees, and A =Y, wr.

Let 0*: Cy_1(X;R) = Cy(X;R) be the formal adjoint to the boundary operator
with respect to the standard inner product. Define B¢(X,R) to be the image of 0*.
Then we have the following.

Addendum B (Higher Network Theorem). Given a vector V € Cq(X;R), there is
only one vector z € Z4(X;R) such that V — Rz € BY(X,R). Furthermore, for each

d-cell b, we have
=1 Z wr (v, T(b

Remark 1.5. In classical network terminology (d = 1), (V,b) is the voltage source on
branch b and (z,b) is the current resulting in branch b (see [R, NSJ).

A high-dimensional matrix-tree theorem
The classical matrix-tree theorem enumerates the number of spanning trees of a
graph. In higher dimensions, the best we can achieve is an expression for ), 02,
Observe that By_1(X;R) is an invariant subspace of the operator

005 Ca_1(X:R) = Cy_1(X;R).
Let
L% By_1(X;R) = By_1(X;R)

denote the associated restriction.

Theorem C (Higher Weighted Matrix-Tree Theorem). We have
det £F = v ZwT,

where the sum is indexed over all spanning trees of X, and the normalizing factor is



168 MICHAEL J. CATANZARO, VLADIMIR Y. CHERNYAK AnD JOHN R. KLEIN

given by

_ Hx
X 03(,

where px € N is the square of the covolume of the lattice Bq—1(X;Z) C Ba—1(X;R)
with respect to the restriction of the standard inner product of Cy—1(X;R) and Ox is
the order of the torsion subgroup of Hq—1(X;Z).

Theorem C is actually a special case of a more general result, Theorem 6.7, below.
The unweighted case when r: X; — R is constant with value 1 is worth singling
out, as it gives rise to the operator

L =00 Byi_1(X;R) = By_1(X;R).
In this case, wr = #% and Theorem C becomes the following.

Corollary D (Higher Matrix-Tree Theorem). For L as above, we have

det £ =7x Y 0F.
T

Remarks on the literature

Note that when d = 1, we have 6 =1 = 0x and px is the number of vertices of
X, so we obtain the classical Kirchhoff matrix-tree theorem.

A referee to an earlier draft of this paper had the impression that Theorem C and
Corollary D are our main results. We do not feel this to be the case. In fact, we think
of these as an application of our Higher Projection Formula (Theorem A). We now
proceed to explain why our enumeration results are new.

Variants of Corollary D have appeared in [Ka, P, DKM1, DKM2, DKM3],
and [L]. The most general set-up appears to be that of [L].2

The formula in Corollary D is similar, but not identical, to [DKM3, Prop. 3.5]
and [DKM2, Th. 2.8] (as well as [L, Cor. 6.2]). However, these last results give a
calculation of det £ as a product of terms. One of these terms is a sum over spanning
trees for X in degree d, and another term is a sum over spanning trees for the (d — 1)-
skeleton X (=1 If we compare our formula with that of [DKMS3], we are led to the
following non-trivial identity:

0%

3 d
d—1 2: 2
92 9T7d—2 )

X,d—2 TeTq-1

Hx =

where
e 7,1 denotes the set of spanning trees of X (@~ and
o Ox j refers to the order of the torsion subgroup of Hy(X;Z).

The proofs of such enumeration results typically rely on combinatorial methods.
Our method differs from other proofs in that we deduce our result from Theorem A
and the “low temperature limit” method arising in statistical mechanics. Indeed, the
form of the formula appearing Corollary D was influenced by the physics papers

2The notion of spanning tree appearing in [L] is more general than the one appearing here.
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[CKS1, CKS2|, and the corresponding mathematics paper [CKS3|, which the last
two authors wrote with Sinitsyn.

Finally, we wish to note that Corollary D admits the following simpler reformula-
tion (cf. Corollary 6.12 below).

Addendum E.
det £ = ZdetLT = Z/”LT’
T T

where LT = 003: By_1(T;R) — By_1(T;R).

Reidemeister torsion enumerates spanning trees

In the mid-twentieth century, Franz, Reidemeister and De Rham classified lens
spaces in dimension 3 using a combinatorial invariant of triangulated spaces that was
subsequently called Reidemeister torsion. In order to define the invariant, one has
to choose a representation of the fundamental group and take the simplicial chain
complex twisted by the representation. The most important and well-known case of
this occurs when the chain complex is acyclic.

Milnor [M] extended the notion of Reidemeister torsion to a not necessarily acyclic
finite chain complex C', over a field in which a preferred basis is chosen for C', as well as
its homology. Milnor’s invariant is not preserved under chain homotopy equivalence.
In this set-up the torsion a prior: depends not only on the chain complex but also
the equivalence class of the preferred bases.

In this paper, we will be interested in the case when C, is the real chain complex of
a finite CW complex X. We will establish a connection between the torsion and the
enumeration of spanning trees on the skeleta of X. After the first draft of this paper
was written, it was pointed out to us that the paper [DKM1, rem. 4.4] suggests there
should be such a connection.

Suppose X is a finite, connected CW complex. We give C,(X;R) the preferred
basis given by its set of cells. We also choose a basis for H,(X;R) by selecting a
basis for the torsion free part of each integral homology group H,(X;Z). Such a basis
is called a combinatorial basis for the homology, and we will denote it by h. The
definition of Reidemeister torsion 7(X;b) is given in §7 below.

For k > 0, we define the following quantities:

e 7; = the set of spanning trees of X(¥) (for this we require k > 0).

e 1, = the square of the covolume of the lattice By (X;Z) C By(X;R) with respect
to the inner product given by restricting the standard inner product on Cj (X;R).

o H(X;Z)y = the image of the evident homomorphism Hy(X;Z) — Hy(X;R).

e 7 = the square of the covolume of the lattice Hy(X;Z)o C Hi(X;R), where
we give Hi(X;R) the inner product defined by identifying the latter with the
orthogonal complement of By (X;R) C Z(X;R) using the inner product arising
from the standard one on Ci(X;R).

e 0, = the order of the torsion subgroup of Hy(X;Z).
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With respect to the above, we set

Nk ok
O =
03

Then ¢y, is defined entirely in terms of X.
The following result appears to be new.

Theorem F (Torsion-Tree Theorem). For a finite, connected CW compler X, we

have
2(X;0) = [[ox Y 630",

k>0 TETks+1

where 02, denotes the order of the torsion subgroup of Hy(T;Z) for T € Try1-

Conventions. The topological spaces of this paper are equipped with preferred CW
structure, and when we write H,(X; A), we mean cellular homology with coefficients
in an abelian group A (in practice, A is either Z or R). If X is a CW complex, we
write X ) for its k-skeleton and X}, for its collection of k cells. Thus,

X® = x*E=D y (X x DFY,

where the union is amalgamated along the attaching map X x S¥=1 — X (=1 The
kth Betti number S (X) is defined to be the rank of the vector space Hy(X;R). If
A is a commutative ring, then the kth real chain group Ck(X; A) is by definition the
relative homology group Hy (X, X*=1): A) which is just the free A-module having
basis X},.

Outline. In §2 we develop basic results about higher dimensional spanning trees. In §3
we prove Theorem A and Addendum B. In §4 we prove Theorem C up to identification
of the normalizing constant vx. In §5 we introduce the low temperature limit and
use it to show that for sufficiently well-behaved W, the determinant of £ tends in
the low temperature limit to the determinant of £, where the latter is defined
using a spanning tree 7" in place of X. This result is employed in §6 to identify vx,
thereby completing the proof of Theorem C; in so doing, we generalize Theorem C
to Theorem 6.7. Lastly, in §7, we outline Milnor’s definition of Reidemeister torsion
and prove Theorem F. Also, in Theorem 7.11, we obtain a different expression for the
Reidemeister torsion that is expressed in terms of both spanning tree and homology
truncation data for X.
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2. Spanning trees in higher dimensions

Definition 2.1. Let X be a finite, connected CW complex. A k-cell b € X}, is said
to be essential if there exists a k-cycle z € Z;(X;R) such that (z,b) # 0.

Lemma 2.2. Assume in addition X has dimension d. Then adding or removing an
essential d-cell from X increases or decreases B4(X) by one, respectively, and fixes

Ba-1(X).

Proof. Let Y C X be the result of removing a d-cell from X. Then we have an exact
sequence in homology

0— Hy(Y) = Hy(X) 257 — Hy_1(Y) = Hg_1(X) — 0.
The above factors into two short exact sequences

0— Hg(Y) = Hg(X) > imp —0
0—=2Z/imp— Hyg1(Y)— Hyi—1(X) =0,

where im p is the image of p. If the attached cell is essential, then im p is a non-trivial
subgroup of Z. Therefore, the first sequence implies 84(X) = 84(Y) + 1, while the
second implies Bq—1(Y) = Ba—1(X). O

Lemma 2.3. X has a spanning tree.

Proof. If Hy(X;R) =0, then X is a spanning tree. If H;(X;R) # 0, then we can pick
an essential d-cell and remove it, decreasing 54(X) by 1. Repeat this process until 8y
is zero. Evidently, the resulting subcomplex T contains X;_1, and, by Lemma 2.2,
we have 84-1(T) = B4-1(X). Hence, T is a spanning tree. O

The following is straightforward, and its proof is left to the reader.

Lemma 2.4. Any spanning tree for X may be obtained by removing essential d-
cells. Furthermore, if T is a spanning tree of X, then the number of essential d-cells
withdrawn to construct T is equal to B4(X).

Lemma 2.5. LetT be a spanning tree of X, and let T=TuU b, where b is an essential
cellinT. If b is an essential d-cell of T different from b, then U := T \ I/ is a spanning
tree.

Proof. Since b is essential, Lemma 2.2 implies Hy(U) has rank zero. This lemma

also implies B4-1(U) = Bq—1(T) = Ba—1(T'). Since our construction leaves the d — 1
skeleton fixed, U is a spanning tree. O

Lemma 2.6. Let T be a spanning tree of X, and letb € X4\ Ty. Then [0b] generates
a torsion element of Hy_1(T;Z).

Proof. Since b is a d-cell not in T, the attaching map for b factors through T.
Hence, the homology class [0b] lies in Hy—1(T;Z). The isomorphism Hy_1(T;R) =2
H;1(X;R), along with the fact that 9b bounds the cellular chain b in X, implies 9b
is torsion in Hy_1(T; 7). O
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Recall the linear transformation T': Cy(X;R) — Z4(X;R) defined in the introduc-
tion, which was defined on cells not belonging to T" as
T(b) = c/ty,
where ¢ is a generator of Hy(T U b;Z) and
t, = (c,b),

where the inner product is taken in Cy(X;R) (here we are using the inclusion Hy(T U
b;R) C Cy(X;R) to make sense of the inner product).

Lemma 2.7. For an essential d-cell b, the class [0b] € Hq—1(T;Z) is a torsion ele-
ment of order |ty|. In particular, there is a short exact sequence

0= Z/tyZ — Hy_1(T;Z) — Hy_1(TUb;Z) — 0.

Proof. By Lemma 2.6, [0b] is a torsion class. Let ¢ be its order.

By slight abuse of notation, we let 9b denote the cycle representing [0b]. Then tOb
is also a cycle, which is also the boundary of a unique integral d-chain w € Cy(T;Z). It
is straightforward to check that tb — w is a generator of Hy(T Ub;Z) = Zg(T U b, Z).
Then (tb — w,b) =t. It follows that ¢t = +¢;,. The short exact sequence is a direct
consequence. [

Lemma 2.8. Let T be a spanning tree, and let b; and b; be essential d-cells such that
bi € Xy \Td and bj €Ty LetU := TUbi \ bj. Then

(T(b:),b5) (i, U(bj)) = 1.
Proof. We have T'Ub; = U U bj, so we may choose a common generator ¢ for Hy(T U

b;) = Hq(U Ubj). Let t; = (c,b;) and t; = (¢, b;), so that

_ _ 1 1
<Tb“bj><bz,Ub]> = t—<C, bj)t—<bi,c> =1. O
i J

For a finite CW complex Y of dimension d, let 6y denote the order of the torsion
subgroup of Hy_1(Y;7Z).

Corollary 2.9. For T,U,b;, and b; as above,
07(T(bs). by) = 67 (bi, U (b))
Proof. Set t; :=1p,, and let Y =T Ub; = U Ub;. Then the exact sequence
0—>Z/t;Z — Hy1(T;Z) — Hy1(Y;Z) =0
gives |t;|0y = 6p and similarly |¢;|6y = 0. Consequently,

0F(T(b;),bj) = 05t;t; = 07 (bi, U(by)) . O

3. Proof of Theorem A and Addendum B

The proof will proceed along the lines given in [NS] in the classical setting. Given
a spanning tree T, let {b1,...,bx} be elements of X4\ Ty.

Lemma 3.1. The collection T(by),...,T(by) is a basis for Zy(X;R).
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Proof. Recall that Z;(X;R) = Hy(X;R). Let ¢: X — X/T be the quotient map.
Then the homomorphism g¢.: Hg(X;R) — Hy(X/T;R) is an isomorphism, and
Hy(X/T;R) is the vector space with basis by, ..., bg. It’s straightforward to check
that g, o T: Cy(X;R) — Hy(X/T;R) maps a d-cell b to itself when b € X\ T and
is zero otherwise. 0

Corollary 3.2. For any z € Z4(X;R), we have T(2) = z.
Proof. Use Lemma 3.1 to write 2 = Y, s;7(b;). Then

T(z) = Z s;T(T(b;)) = Z siT(b;) = z. O

Lemma 3.3. For distinct d-cells b;,b; € X, recall that T;j is the set of all spanning
trees such that (I'(b;),b;) # 0. The operation that sends a tree T € T;; to U :=T U
b; \ b;j € Tj; is a bijection. Furthermore,

> wr(T(bi).bj)r= > wulbi,UD;))k.

TET;; UeT;i

Proof. The bijection claim is evident from Lemma 2.5. From the definition of the
2 — —

weights, we have r;wp = rinZ—gT. Note that (T'(b;),b;)r = 7;(T'(b;), b;). Using Corol-
U

lary 2.9, we infer

wr(T'(b;),bj) r = wu (bi, U(b;)) r -

Now sum up over all 7' € Tj;. O

Proof of Theorem A. Consider the operator F := Y . wrT, where the sum is over all
spanning trees of X. For any pair of d-cells b; and b; of X we have

O S wrT(bi),bj)r =Y wr(T(b:),b;)r
T TETi;
= Z wy {bi, U(b)) r by Lemma 3.3 ,
UeT;i

= (bi, Y _wuU(b)))r
U
= (bi,>_wrT (b)),

where we have used the fact that (T'(b;),b;)r # 0 iff (T'(b;),b;) # 0. Hence F is self-
adjoint in the modified inner product.

Recall the following fact: if G : V — V is self-adjoint, G|y = idy, and im G C U,
then G is the orthogonal projection onto U. If z is a cycle, then F(z) = (>, wr)z =:
Az. Consequently, (1/A)F restricts to the identity on Z4(X;R) and Lemma 3.1
implies the image of F lies in Z4(X;R). As (1/A)F is self-adjoint, it is the orthogonal
projection in the modified inner product. O
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Proof of Addendum B. Let z be the orthogonal projection of R~V onto Z4(X;R)
in the modified inner product. Then R7'V — z € Z4(X;R)1E e,

0=(R 'V —22)gp=(V—-Rz?7)
for all 2/ € Z4(X;R). Hence, V — Rz € Z4(X;R)*. The uniqueness of z is a conse-
quence of the fact that Z4(X;R)* is the orthogonal complement to Z4(X;R) in the
standard inner product.

The proof of the last part is given by direct calculation using the self-adjointness
of the operator ), wrT":

<Z, b> = TLI)<Z, b>R B
— %%ZTwTTR‘lV,b)R,
=% SRV, T(b)r,

|
D=

s ARINg

4. A weak form of Theorem C

The goal of this section is to show how Theorem A implies Theorem C up to
the identification of the prefactor . The prefactor will be computed in §6, where in
addition we prove an enhanced version of Theorem C.

Recall the given function r: Xy — Ry of §1. It is convenient to set

Wi.:=Inr: X; > R.

Then 7, = e"?, and we may also write R = e"': Cy(X;R) — Cgq(X;R). Conversely,
given any function W: X4y — R, we set r := e"': Xy — R,. It is convenient to think
of W as lying in Cyq(X;R) by representing it as ZbeXd Wyb.
Recall that to each spanning tree T' we associated the weight
wp = 9% H Ty 1,
beTy
where Or is the order of the torsion subgroup of Hy_1(T;7Z).
Remark 4.1. Let M be a smooth manifold, and let V' be a finite-dimensional real
vector space. Suppose f: M — V is a smooth map. Then the directional derivative
defines a V-valued, smooth, differential 1-form df € Q*(M;V). In the special case

when M = U is a finite-dimensional real vector space, then Q!(M; V') can be identified
with the space of smooth maps U — hom(U, V).

Consider the linear operator
005 = 0e V0" 1 Cy_1(X;R) = Cy_1(X;R).

Since the image of 005 is contained in By_1(X;R), restriction of this operator to
Bi—1(X;R) gives an isomorphism

LX(W): By_1(X;R) = By_1(X;R). (4)
Later, we'll use LT (W), where T is a spanning tree of X. For R = eV, £LX (W) is the



KIRCHHOFF’S THEOREMS IN HIGHER DIMENSIONS 175

operator £ defined in §1.
We can regard W +— LX (W) as defining a smooth map

L£X: Cy(X;R) — end(Bg_1(X;R)), (5)

which is a family of linear operators parametrized by Cy(X;R). To avoid notational
clutter, when W is understood, we will often write £X (W) without referring to either
argument. Therefore, £ can refer to either (5) or (4).

Proposition 4.2. Theorem A implies the identity

dlndetE:dInZwT.
T

Remark 4.3. In keeping with our notational ambiguity, the left side of the display in
Proposition 4.2 is to be interpreted as the value at W of dIndet £ € Q' (Cy(X;R); R).
Proposition 4.2 is equivalent to the statement

detE:'waT,
T

where det £ and ), wr are regarded as functions of W and + is a constant indepen-
dent of W as yet to be determined. This gives Theorem C modulo the determination
of the prefactor 7.

Proof of Proposition 4.2. First, note that £ is diagonalizable with positive eigenval-
ues, so In £ is defined. We take the differential of the natural logarithm of det L:

dlndet L =dtrin L
— trd(In £) (6)
=tr(£1dL),

where dC = 0de="V 0* = —0dWe=" 0*.
The cyclic property of the trace implies

tr(£L71dL) = —tr(@dWe Vo L), (7)

Ifweset A:=e " WO*L71: By_1(X;R) — BL(X;R), then tr(£L71dL) = — tr(0dW A) =
— tr(dW AQ9). Consequently,

dtrin £ = — tr(dW A9)
== > (b|dW Ad|b)
beXy
=~ 3" (blaw Alob) (8)
beXy

== > dW,(b|Alob),

beXy

where dW}, denotes the b-coordinate function of dW, i.e., dWj(x) = dW (z)(b) = xp,
and (i|H|j) stands for the inner product (i, H(j)).
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By definition, A is a left inverse to 9: Z4(X;R) — B,_1(X;R), so the expression
(b| A|ODb) is the same as (b, Pb), where P: Cyq(X;R) — Z4(X;R)1% is the orthogonal
projection in the modified inner product { , )g. By Theorem A, we have

—7— L Z wrT, (9)
where I is the identity operator. By inserting this expression into (b, Pb), we obtain

(b|Alob) =1 — %(b,;wTT(b»

n wr, (]‘O)

where A = > wr and the displayed sums run over trees T' for which b does not, and
does, lie in T', respectively. This allows us to rewrite the expression appearing in the
last line of Eq. (8) as

> AW, (b Alob) = Z > wrdWy,. (11)
bEXy T beETy

On the other hand, we have
1
dln;wT = ZZT:dwT, (12)

where dwp is given by

dwp =07d [ e == > dW,wr. (13)
beTy beTy
Inserting Eq. (13) into Eq. (12) gives
dln wy = N Z > wpdWs. (14)
T T beTy
Assembling equations (6), (8), (11), and (14)

dlndetﬁz—%zZwTde:dlnzT:wT. O

T beTy,

, we conclude

5. The low temperature limit

In this section, we introduce a perturbation parameter g € R, and compute det £
perturbatively. The parameter [ is thought of as inverse temperature, since it plays
the role of inverse temperature in the Laplacian. Thus, 8 — oo is known as the low
temperature limit. The perturbation allows us freedom in our choice of W, and in the
low temperature limit, this choice will show that det £ tends to det £7, where £7 is
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L restricted to a spanning tree T, i.e.,
LT = 0e PV s By_1(T;R) — By_1(T;R)
where W: X; — R.

Definition 5.1. Fix a spanning tree 7" of X. A function W: X; — R is good if W is
one-to-one and

W, > Z Wy — (n— MBa(X) —1)(%11%1/1/& for any v € Xy \ Ty,
acTy

where n is the dimension of By—1(X;R) and M > 0 is an integer chosen so that
Mﬂd(X) > n.

A good W : X; — R guarantees that det £ tends to det £7 in the low temperature
limit, which we now show.

Proposition 5.2. For good W: X; — R, we have

det LT
im =
B—o00 det L
Before commencing with the proof, recall the boundary of a d-cell a € X, is given
by

80é = Z ba]’j,
jE€EXa—1
(0c,j)#0

where b, ; = (Jc, j) is the incidence number of o and j. With respect to the standard
inner product, the adjoint operator 0* on a (d — 1)-cell j is given by

07j =Y. b
acXy
(0ar,j) #0

where b7, = bq;. A straightforward computation of the matrix elements of £ yields

‘Czj = Z 6_’8Wabaibaj.
acXy
Proof of Proposition 5.2. Define 0. to be the adjoint of 0 : Cq(T;R) — Cyq—1(T;R),
(just as for 9* = 9%). Let 0* = 0* — 0 and similarly 6£ = £ — £T. An analysis sim-
ilar to the one for £ above yields
EZ; = Z eiﬁw‘lbaibaj .
acTy
The matrix elements for £ can be written as a similar sum; the only difference is we
instead sum over « € Xy \ Ty.

Our choice of good W implies any e ?"~ appearing in the expansion of §£ must
be less than any e "W« appearing in £7 and conversely.
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To simplify taking the limit, we compute the quotient of det £ by det £ and let
B — o0o. Since det LT # 0, we may write

det(LT +6L)  det(I + (LT)"10L) det LT
det LT B det LT '

It suffices to prove that (£7)~16L tends to the zero operator as 3 — co. Equivalently,
it is enough to show that the matrix elements of (L) =15 L converge to zero. The first
bound is of L7}:

L5 <Y eV basba|
acTy

<e—ﬂrn1na Wa E |bo¢zba]|
aeTy

This can be further bounded by defining BT = max;; > |baibaj|. Hence we have

acTy
|LZ;‘ < e Alminaer, Wo) pT' (15)
The standard formula for the inverse of a matrix gives
det LT
£, = 2 16
((£5) )” det LT’ (16)
where A;; is the (4, 7)th cofactor of A. Using the exact expression for the determinant
of LT appearing in Eq. (21), below, Eq. (20), below,* and the bound Eq. (15) in the

case of the cofactor ZiTj, we obtain the estimate

—B(minger, Wa)(n—1) o | T\n—1
((LT)fl)H < ¢ cTa (TL 1)(B )

—_ K
] e ﬁZaer WagT

where gr = det(050r) depends only on T and n is the dimension of By_1(X;R).
We bound the elements §£ similarly by

‘(;Ejk‘ < e Blminyex \1, Wv)BT ,

where BT is defined in the obvious fashion.
Finally, the matrix elements of (£L7)~10L then satisfy the following inequality:

(n _ 1)!6—B(mina Wa)(n—1) (BT)n—lne—ﬂ min, W, BT

(™~ toc),, < Pz, Wa

gr
Collecting terms independent of 8 into IV, we see

((ET)—laﬂ)ik < o~ B((n=1) ming Wo =37, Wa+min, W, ) nr

)

where o € Ty and v € X4\ Ty. Our choice of W forces the matrix elements to zero
as 8 — oo. Therefore,

det £

,81—>H;o det LT

completing the proof. O

=detl =1,

3There is no circularity here; Egs. (20) and (21) do not depend on the material in this section.
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6. A generalized form of Theorem C

In this section, we will identify the prefactor « appearing in Theorem 6.7. We will
also generalize Theorem C in a significant way.

Covolume
If A is a finitely generated abelian group, we let

Ar = A®z R

denote its realification, and we let 5(A) = dimg Ag denote the rank of A. Let t(A) be
the order of the torsion subgroup of A.

For a homomorphism « : A — B of abelian groups, we denote the induced homo-
morphism of real vector spaces by agr: Agx — Bg.

Definition 6.1. A homomorphism « : A — B of finitely generated abelian groups is
called a real isomorphism if the induced homomorphism ag : Ag — Bg of real vector
spaces is an isomorphism.

Clearly, « is a real isomorphism if and only if its kernel and its cokernel are finite.
If « is a real isomorphism, then 8(A) = 8(B), where we recall that 5(A) is the rank
of A. We will henceforth assume that A and B are free abelian. In this case, a is a
real isomorphism if and only if « is a monomorphism with finite cokernel.

Definition 6.2. For a: A — B a real isomorphism with A and B free abelian, we let
t(a) €N
denote the order of the cokernel, i.e., t(a) := t(B/a(A)).

An ordered basis for A determines an ordered basis for Ag, and given any pair of
ordered bases for A, the associated change of basis matrix for Ag has determinant +1.
This defines an equivalence relation on ordered bases for A with exactly two distinct
equivalence classes. A choice of equivalence class is referred to as an orientation of
A. Consequently, when orientations for A and B are chosen, and a: A — B is a real
isomorphism, then the determinant det« € R is defined and depends only on the
choice of orientations. Furthermore, its absolute value | det «| is well defined and does
not depend on the choice of orientations. The latter has the following interpretation:
choose an ordered basis for B. This defines an inner product on Byr making the
ordered basis for B into an orthonormal basis for Br. Then a(A) C Bg is a lattice
and | det o is its covolume, i.e., the volume of the torus Bg/a(A) with respect to the
induced Riemannian metric, or equivalently, the volume of a fundamental domain of
the universal covering Br — Br/a(A).

Proposition 6.3. For a real isomorphism a: A — B of finitely generated free abelian
groups, we have | det o] = t(«).

Proof. By an appropriate choice of bases for A and B, a can be represented by a
diagonal matrix. In this case, the claim is evident. O

We state the following fact from linear algebra without proof to simplify our proof
of Theorem 6.7.



180 MICHAEL J. CATANZARO, VLADIMIR Y. CHERNYAK AnD JOHN R. KLEIN

Lemma 6.4. Let V and W be free abelian groups with inner products and a choice
of basis {e;} and {f;}, respectively. Write gV for the matriz (e;,e;) of inner products
and similarly for gV . If f : V. — W is a map of groups and A is the matriz for f with
respect to the bases {e;} and {f;}, then the matriz for f* has the form (g¥)"*ATg"W.

Generalization of Theorem 6.7
Recall that for W: X; — R, we have the operator

LOW) =0eWo*: By_1(X;R) =5 By1(X;R),

which is just £ = 003, as defined in the introduction, with R = e". Again, we
suppress the argument W from the notation and refer to L(WV) as L.
As we showed earlier in Proposition 4.2, we have the following representation:

deth’waT, (17)
T

where the constant ~ is still to be determined.

The main case of interest in the following definition is A = By_1(X;Z). As pointed
out in Remark 6.9, different choices of A give other versions of the higher matrix-tree
theorem (Corollary D) found in the literature.

Definition 6.5. Let A C Cy_1(X;Z) be a subgroup. Define a natural number
n(A) €N

as follows: Let {e;} be a basis for A. Consider the matrix g whose (i, j)-entry is given
by gi; = (ei, e;), where the inner product is taken in Cy_1(X;R). Set p(A) := det g.

Since e; expressed in the standard basis for Cy_1(X;R) has integer components,
we infer that g;; € Z, so u(A) is an integer. Alternatively, one can define p(A) as
the square of the covolume of the lattice A C Ar given by restricting the standard
inner product of Cy_1(X;R) to Ag. The equivalence of the two definitions can be
seen as follows: Let B be the matrix whose rows are the vectors e; expressed in an
orthonormal basis for Cy_;. Then |det B| is the covolume of A C Ag. Furthermore,
g = BB*, so u(A) = det g = (det B)?> € N.

For any abelian group U, we set

BY | = Bs_1(X;U),

i.e., the image of the boundary operator 0: Cy(X;U) — Cyq—1(X;U) of the cellular
chain complex of X with U coefficients. The following hypothesis will be assumed
from now on, and holds for the main case of interest A = B;_1(X;Z).

Hypothesis 6.6. The inclusion A C Cy—1(X;R) is such that the orthogonal projection
Py BB}_l — Ag is induced by a real isomorphism pa : Bg_l — A, i.e., Pa = (pa)r.

Consider the composite operator
La:Ar = Ag

defined by L4 = Pade=W0*|4,.
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Theorem 6.7 (Generalized Higher Weighted Matrix-Tree Theorem). We have

detﬁA:*yAZwT, (18)
T
where the prefactor is given by
At 2
X

Remark 6.8. The choice A = By_1(X;Z) gives Theorem C.

Remark 6.9. If A = Ag is the free abelian group generated by a judiciously chosen
subset S C X4_1, we will obtain u(Ag) = 1. Using this choice of A as well as W = 0,
Theorem 6.7 gives a generalization of the main result of [P] to CW complexes.

Before proving Theorem 6.7, we state a useful lemma about spanning trees in the
low temperature limit.

Lemma 6.10. Let T be a spanning tree, and suppose W is good for T'. Then in the
low temperature limit, wp > wy for any other spanning tree U.

Proof. By Lemma 2.5, we can reduce to the case U =T Ue )\ f, withe € X4\ T; and
f € Ty, both essential. The good hypothesis means
We> > Wa—(n—Mﬁd(X)—l)O{réiTr;Wa,
acTy
where the sum is over all & € Ty and M is chosen so M B4(X) > n. By definition,
wy = 92U H e AWa
acUg

Using Lemma 2.8 to re-write the torsion factor, and the fact that T and U only differ
by e and f, we have

o
Wy = 79?5;}? H e PWa Wy

Collecting the factors of wy together, we find

aeTy

wo _ (Te. ) —pw.-wy)
wr (e, Uf)

The incidence numbers in the quotient are temperature independent, so we focus on

the exponential factor.

Let W; = min,er, W,. Using the good condition, we have

We =Wy > 3 Wa—(n—MBa(X) — 1) min W,
acTy d
a# f

> (Ba(X) = )W — (n — MBa(X) — 1) W;
= (Ba(X)(M +1) —n) W;
>0,

by Lemma 2.4 and the requirement on M. Therefore, in the low temperature limit,
wU/wT < 1. O
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Proof of Theorem 6.7. As above, we have
L:= 0805 = 0e W0 By_1(X;R) = By_1(X;R).
Then
La=PsLP},
which implies
det L4 = det(L) det(PaP}) . (20)

If we apply this to Eq. (17), we reproduce Eq. (18) with v4 =y det(P4P}). It suffices
to identify the prefactor v4.
Consider the operator £ for some spanning tree 7. We have

det £ = det(dre=" 93) = det(9rd5e™V) = qg—zTT det(9r07). (21)

In the case of good W and in the low temperature limit, the left-hand side of
Eq. (18) tends to the determinant of the operator £ for the spanning tree T' C X of
maximal weight, whereas the right-hand side is dominated by the single contribution
associated with the same spanning tree 7' by Lemma 6.10. Consequently, Eq. (21)
implies

det (0705 det (P4 (P1)*) = vab7. (22)

Since PT = (p%))r, where the real isomorphism p% : B4_1(T;Z) — A is obtained by
composing the real isomorphism py : By—1(X;Z) — A with the inclusion By_1(T;Z) C
By-1(X;Z), by Lemma 6.4, we have

det (P (P4)*) = n(A)(1(Ba—1(T; Z))) " (det p4)* .

We further note that, since 7' is a spanning tree, the free abelian group By—1(T’; Z) has
basis {Oe1,...,des}, where eq,. .., e are the d-cells of T, so that we have a matrix g
of inner products with the matrix elements g;; = (Ore;, Ore;) = (O50re;, e;), which
implies p(By—1(T;Z)) = det(05:0r). Then Eq. (22) assumes the form

p(A)(det p})* = 6% .
Combining this with Proposition 6.3 results in

p(A)t(ph)?
T
The right side of Eq. (23) is written in terms of a particular spanning tree T', but
it does not actually depend on this choice. An invariant expression that does not

contain 7T is obtained by using the following relations:

tw) =t(Bg_1(X;Z)/Ba_1(T;7Z)) = Q—T (24)
t(pa) Ox
Substituting Eq. (24) into Eq. (23) results in an invariant expression for v4, given by
Eq. (19). O

Alternative forms of Theorem C
In this subsection we deduce Addendum E as well as a generalization of it to the
weighted case. Let us now return to the more general situation of Theorem 6.7.
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Theorem 6.11. With A C Cq_1(X;Z) as above, we have
det L4 = Zdet££ .
T

Proof. Using Eq. (24), we infer that
_ p(AN(PA _ p(AY(P)?
0% 0%
for any spanning tree T'. Combining this with Theorem 6.7 in the case of a spanning
tree T', we obtain

det E:Z = yAWwT .
The conclusion now follows by summing over all T O
In the special case when A = By_1(X;Z), Theorem 6.11 reduces to the following.
Corollary 6.12. det £ = det LT =" ur.

7. Reidemeister torsion and Theorem F

Reidemeister torsion

Milnor [M] defined the Reidemeister torsion of a not necessarily acyclic finite chain
complex over a field equipped with the auxiliary structure of an ordered basis of its
chains as well as a choice of ordered basis of its homology groups. In this section
we restrict ourselves to the case of torsion for chain complexes defined over the real
numbers.

Consider the case of a chain complex C, of finite-dimensional vector spaces over
R having non-trivial terms in degrees 0 < * < d. Let 9: Cx — Ck_1 be the boundary
operator. Let Zy, C C) be the subspace of k-cycles, and let By C Z; the subspace of
k-boundaries. We also set Hy, = Zi/Bj.

‘We then have short exact sequences

0— 2, —Cr— Br_1—0 and 0— B, — Z, — H, —0.

If we choose splittings si_1: Br_1 — Cy and ti: Hy — Zj, we are entitled to write
Cr 227, ®By_1 = B ®H, ®Bp_1.

Pick bases by := {bi}, ¢, := {cL}, by := {h}} for By, C, and Hy, respectively. It
follows that {bi,tx(h%),sk—1(b% ,)} forms another basis for Ck. Let {bghxbr_1}
denote this basis, and let

[bbrbr—1/ck]
denote the change of basis matrix that expresses the basis byphrbr_1 in terms of the
basis ¢;. Let ¢ = {c,} and h = {hy}.
Definition 7.1 (Milnor [M, p. 365]). The torsion of the pair (Ci,bh) is defined by
7(Cy) = H det[bkhkbkq/ck](_l)k ,
k>0

which is consistent with Milnor’s definition with respect to the identification of
K1 (R) 2 R* given by the determinant function.
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Milnor shows that the definition is independent of the choice of b as well as the
splittings. Thus, the torsion is really an invariant of the triple (Ci, ¢, b).

In what follows, C\, = C(X;R) is the cellular chain complex of a finite, connected
CW complex X that has a preferred basis consisting of the set of cells. In this case,
we think of the torsion as an invariant of the pair (X, ) and set

T(X;b) :=7(C.(X;R)),

where we have indicated in the notation the dependence on the choice of homol-
ogy basis. It will be useful to single out a specific kind of homology basis. Let
H,.(X;Z)y C H.(X,R) be the lattice given by taking the image of the evident homo-
morphism H,(X;Z) — H.(X;R). Note that H,(X;Z), has a preferred isomorphism
to the torsion free part of H,.(X;Z).

Definition 7.2. A combinatorial basis for H,(X;R) consists of a basis for H(X;Z)o
for k > 0.

Henceforth we fix a combinatorial basis . Let r: II; X — Ry be a positive-valued
function on the set of cells of X. As in previous sections, we write R: C.(X;R) —
C.(X;R) for the linear transformation determined by b+ rpb, and R = e"V'. We have
a modified inner product (b,d’) g = (rpb,b’). We also have an operator

Lr(W) = 00} = de~Vr+19%eWr: BL(X;R) — Br(X;R),

where 0}, is the formal adjoint to 0: Cr41(X;R) = Ci(X;R) in the modified inner
product on both source and target. We define Hj*(X;R) to be the orthogonal compli-
ment of Bi(X;R) in Z(X;R) with respect to modified inner product on Cx(X;R),
and we then have a preferred identification H¥(X;R) = Hy(X;R) given by sending
a cycle to its homology class. As in the introduction, we let 7 be the square of the
covolume of Hy(X;Z)o C HF¥(X;R), with respect to the basis by, for Hy(X;Z)o and
the inner product on H ,f(X ;R) obtained by restricting the modified inner product
on Cr(X;R).4

Theorem 7.3. Let X be a finite, connected CW complex. Then

—_ Hk even det ‘Ck(W) . Hk odd,be Xy, eth . Hk even Mk
[1x oqadet L(W) T, even,be X}, eWer [T oad Mk

Remark 7.4. If we take W = 0, then Theorem 7.3 immediately implies that 72(X; h)
is an invariant of the lattice H.(X;Z)o C H.(X;R) rather than just an invariant of
the specific choice of combinatorial basis h. Since this lattice doesn’t depend on any
choices, we infer that 72(X;h) depends only on the CW structure of X. In fact, the
method of proof of [M, Th. 7.2] shows that 72(X;h) is invariant under subdivision.

(X3 h)

Proof of Theorem 7.3. For the purpose of this proof we suppress W and write £ =
L(W). We also set C, := C,(X;R). Define the splitting maps sx_1 : Bx—1 — C by

Skfl(bZ—l) = 67Wka*eWk71£/;_l1(bi) = 8;%512_11(192—1) .

Let BE(X;R) denote the image of s,_1, and similarly we define B%(X;Z) to be

“In the introduction, M, was defined only in the case when W = 0; the current notation applies to
an arbitrary W.
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sk—1(Bk(X;Z)). Note that B%(X;R) is the orthogonal compliment to Zj in the
modified inner product on Cj,.

Let 7" denote the square of the covolume of B%(X;Z) C By (X;R), using the inner
product on Bg(X ;R) induced by the modified inner product on C}. Similarly, let 51
denote the square of the covolume of Bj_1(X;Z) C Br_1(X;R), where Bi_1(X;R)
is given the inner product by restricting the modified inner product on Cy_;. Using

the isomorphism By & Hy & Bi_1 = C} determined by the splitting, we infer

k
YNk
det[brhrby_1/cx]* = =—————, 25)
[ /] ey, & (

so the square of the Reidemeister torsion is

k Wi
Tk even VMY I, odd,bex,, €

- k Wiy *
Hk odd TkTEY Hk even,bGXke ko

T3(X;h) (26)
Since s, = 0§, L', we have s} = £,'0 (since L is self-adjoint). Therefore, s}sj, =
c,;laaa,ﬁ,gl = E,;l. We use this fact to compute the quotient of v* /4. Recalling
that 7* is given as the determinant of the inner product matrix, we compute

(sk-1(bk—1), sk—1(by_1))r = (s_18k—1(bf_1), (b1 )R
-1 ; 1

= <‘Ck71( k—1)» (b;ﬁl))R-
The determinant of the matrix with these latter entries is, by definition, (det U)?
det L1, where U is the change of basis matrix expressing by_; in terms of an
orthornormal basis for By_1(X;R) in the modified inner product. A similar obser-
vation shows that the determinant of the matrix whose entries are (bj,_,,b,_;)r is

(det U)?2, and this is just y_1.
Consequently, the quotient of these determinants is
RANN
Vo1 det L1

(27)

Inserting Eqn. (27) into Eqn. (26) and performing the evident cancellations, we con-
clude

_ Hk even det ‘Ck(W) . Hk odd,be Xy, EW’“’ . Hk even Tk
[Tk oaadet L(W) T, even,be X eWrr T oaa M

In the special case when W = 0, we can combine Theorem 7.3 with Corollary D.
This immediately gives Theorem F:

72(X:h) O

Corollary 7.5 (Torsion-Tree Theorem). For a finite, connected CW complex X, we
have
_\k
IR | [N
k>0 TETk+1
where Ty, denotes the spanning trees of X *).
An alternative formula

In this part, we shall derive a different formula for the torsion in terms of a sin-
gle spanning tree in each degree as well as a choice of auxiliary structure—mnamely,
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homology truncation data for X.

Hypothesis 7.6. For each k > 1, we fir a spanning tree T* for X®). Our convention
is to set TO = ().

Definition 7.7. A homology truncation of X in degree k > 0, subordinate to 7%, is
a subcomplex i: V¥ ¢ X®) such that 7% € V¥ and i,: H.(V¥;R) — H.(X;R) are
isomorphisms for x < k.

An induction argument similar to the proof of Lemma 2.3 shows that homology
truncations exist. Note that V° consists of a single vertex of X. We have a filtration

TOcVic...cx®Decrhcvhicx® ...,

Lemma 7.8. The choice of spanning tree T* determines a splitting By,_1(X;R) —
Cr(X;R). The choice of homology truncation V¥ subordinate to T* determines a
splitting H,(X;R) = Zi(X;R).

Proof. The first splitting is the composition
Bi_1(X;R) = By_1(T*:R) % Cu(T*;R) — Cy(X;R),
and the second is given by
Hi(X;R) %Hk(vk;R)zzk(vk;R) 2 Zu(X:R). O

Define a basis for B¥(X;Z), bF = {b¥}, as given by the k-cells of T*, denoted
TF. Here we are using the preferred isomorphism B*(X;Z) = Cy(T*;Z). For a basis
br_1 of By_1(X;R), we take the image of the standard basis for Cy,(7%;R) under the
composition

Co(T*R) 2 B_1(T*;R) = By_1(X;R).
The basis for homology in degree k is the combinatorial basis h; given as an input to
the torsion. As always, the basis for C(X;R) is given by the set of k-cells.

Before explicitly identifying the torsion, note that in each dimension k there are
essentially three types of cells:

X = (T) U (VENTE) U (X \ Vi) -
Roughly speaking, the first set of cells contributes to B, the second set contributes to
Hy, and the last set contributes to Bj. This gives us a decomposition of the k-chains
Cr(X;R) = Ch(T*;R) @ Cr(V* /T R) @ Ci(X/V¥;R) (28)

(when k = 0, we replace Co(V?/T?;R) with Co(V?, T R) = R, etc.). Furthermore,
the cell decomposition above implies the change-of-basis matrix [b5h;by—1/¢] has the
following form:

* k%
* x 0
0 0

Therefore, the determinant decomposes as the product of three sub-determinants.
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We first identify the contribution of b to the torsion. With respect to the splitting
Eq. (28), the combinatorial basis b has image contained in the direct sum
Cr(T*;R) & Cu(VF /T R) = C(VF;R) .
Hence its contribution to the torsion is left invariant if we project these elements onto
Cr(VE/T*:R) = H,(Vi/Ti; R) = Hi(X;R) (since the other summand Ci(T*;R) =
B*(T*:R) maps to B¥(X;R) and the relevant determinant remains unchanged if

we project away from B* (X;R)). Consequently, the homological contribution to the
torsion in degree k is given by the determinant of the composite

-1
Hy,(X;R) ~— Hp(VER) 25 H(VE/THR)

where p: V¥ — V¥ /T* is the quotient map. So we wish to identify det p./ det ..
Definition 7.9. Let
xx €N

denote the square of the determinant of i, : Hy(V*;R) — Hy(X;R), i.e., the square
of the covolume of the lattice i.(Hy(V*;Z)) C Hp(X;R).

Applying Proposition 6.3 to the real isomorphism Hy(V¥;Z) — H, (V¥ /T*: 7Z), we
infer the following.

Lemma 7.10. The determinant of p. is the ratio £07x /0% .

Consequently, up to sign, the contribution of by to the determinant defining the
Reidemeister torsion is
oTk
Ovi/Xr
We next identify the contribution in degree k to the torsion provided by the basis
bi. As defined above, this basis is given by the boundaries of the cells of Tj1. This
leads us to consider the composite

(29)

Chir (TF:2) S BL(TH:2) 25 CW(X/ VR, Z), (30)

where ¢, is induced by the quotient map 7%*! — X/V*. The homomorphism 9 is
an isomorphism, and so it has determinant +1. The second homomorphism ¢; is a
real isomorphism, and therefore the determinant of its realification, det((g)r), has
value +t(q) by Proposition 6.3. Note that (gz)r is the restriction of the orthogonal
projection Cj(X;R) — Ci(X/V*;R) to the subspace By(Ty+1;R) C Cr(X;R) and
the projection of by onto this summand gives its contribution to the torsion. Hence,
the determinant of the composition (gx)gr © 9 is +t(gx). So the contribution in degree
k of by, to the torsion is ££(gx).

Lastly, the contribution to the torsion in degree k provided by the basis by_; is
given by the standard basis of Cj(T};R) via the splitting Eq. (28). It is then evident
that the contribution in degree k of by_1 to the torsion is 1.

Assembling, we obtain

O
Oy x vV Xk

Forming the square of the Reidemeister torsion, we conclude the following.

det[bkhkbk,l/c] = :tt(qk) . -1. (31)
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Theorem 7.11. For a connected, finite CW complex X with combinatorial homology
basis b, spanning tree data {T*} and homology truncation data {V*}, we have

7(x;0) =[] (th(qk)z)(_l)k ,

2
k>0 QVka

where qy,: Bp(TF*1;Z) — CL(X/VF;Z) and x1, € N are as above.

Example 7.12. If X has dimension 1, then all terms appearing in Theorem 7.11 are
equal to 1. Hence, 72(X;h) = 1 whenever X is a connected finite graph.

Example 7.13. Let A be a finitely generated torsion abelian group, and let n be a
positive integer. Up to isomorphism, A can be expressed as the cokernel of a real
isomorphism h: Z¥ — Z*. Choose a self-map of a k-fold wedge of n-spheres f: Vi
S™ — Vi S™ that induces h on homology in degree n. There is only one such map up
to homotopy. Let M (A,n) be the the mapping cone of f. Then M(A,n) is a Moore
space of type (A,n).

Set T =%=V'for 0<i<mn and T" = M(A,n) =V". Then T* is a spanning
tree for the i-skeleton of M(A,n) and V* is the homology truncation of M (A,n) in
degree i with respect to T". In this instance, the only non-trivial term appearing in
Theorem 7.11 is ¢(gy, ), and in this case ¢, = h. Consequently,

(M (A,n);h) = (¢(R)*D" = |APCD"

For example, if A=7/2 and n =1, then M(A,n)=RP? We conclude that
T*(RP%b) = 1.
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