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DISTANCE FUNCTIONS, CRITICAL POINTS, AND THE
TOPOLOGY OF RANDOM CECH COMPLEXES

OMER BOBROWSKI anp ROBERT J. ADLER
(communicated by Gunnar Carlsson)

Abstract

For a finite set of points P in R, the function dp: R — R*
measures Euclidean distance to the set P. We study the number
of critical points of dp when P is a Poisson process. In partic-
ular, we study the limit behavior of Ny—the number of critical
points of dp with Morse index k—as the density of points grows.
We present explicit computations for the normalized limiting
expectations and variances of the Ng, as well as distributional
limit theorems. We link these results to recent results in [16, 17]
in which the Betti numbers of the random Cech complex based
on P were studied.

1. Introduction

For a finite set P of points in R? of size |P|, let dp: R — RT be the distance
function for P, so that

dp(x) :=min |z — pl2, =z €R% (1.1)
pEP
where || - || denotes the Euclidean distance.

The main results of this paper provide considerable information about the asymp-
totic (in |P]) behavior of the critical points (defined below) of dp when P is random.
While the critical points are, by themselves, intrinsically interesting, knowledge of
their behavior also has immediate implications (via Morse theory) for the study of
the topology of Cech complexes built over random point sets.

Throughout, we shall concentrate on the situation in which the points in P are
those of a non-homogeneous Possion process with intensity A, = nf, where f is a
probability density on R%. The mean number of points is therefore E {|P|} = n. Vir-
tually identical results hold when P is made up of n independent samples from f,
and proofs in this situation can be found in the PhD thesis [6].
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Most of what we shall have to say will concentrate on the distance function in
neighborhoods of radius r,, around P, when n — oo and r, — 0. Our main results
give expressions for the normalized asymptotic means and variances of Nj ,—the
number of critical points with index k appearing within distance r,, from P—along
with various distributional limit results. The limit distributions are of different kinds,
and, depending on delicate relationships between d, k, 7,,, and n, provide limits that
may be Gaussian, Poisson, or deterministic, while also exhibiting a range of critical
phenomena. Note that there are various notions of convergence used in probability
theory, and so in Appendix A we provide definitions of the notions that we need.
Our main results on critical points are described in detail in Section 3. However,
before stating the results, we first need to describe precisely how to define the critical
points, along with their indices, for the distance function. The difficulty lies in the
fact that the distance function is not everywhere differentiable. We shall do this in
the following section.

In Section 4 we shall discuss the relationship between N}, , and the Betti numbers
of a special simplicial complex, the Cech complex, based on P. The homology of the
Cech complex is closely related to the neighborhood set, or r,,-tube around P,

B, = U Brn(p)7 (1'2)

peP

where B, (p) is the d-ball of radius r, around p. What we shall see in Section 4
is that, if 7, is too small, then the individual balls in (1.2) will generally fail to
intersect, and the topology will be approximately that of a large number of disjoint
points. This is occasionally referred to as the “dust” or “sparse” regime, although
there does not yet seem to be a universally accepted term. If r, decays too slowly,
then the balls will connect and the topology of B,, will be that of a single ball. At the
(phase) transition B, will have a percolative-like structure, and so we call this the
percolation phase, which is also known as the “thermodynamic limit.” Each of these
phases exhibits different limit behavior, with even more subtle differences possible
within phases depending on interactions between parameters.

Translating our results about critical points into statements about the (algebraic)
topological structure of B,,, as n — oo, will also allow us to compare them to other
results currently in the literature (primarily [16, 17]). The one comment that we
already make at this stage, however, is that we can provide a much richer set of
results for the asymptotic behavior of numbers of critical points than is currently
available for the Betti numbers of these Cech complexes. Indeed, we can also provide
some topological results via critical points that are not yet available with a direct
topological approach. For example, we are able to compute properties of the Euler
characteristic ,, of the complex, and can show (see Corollary 4.2 for details) that
there exist functions 7, such that

1 nrd — 0,
dim T 'E {xn} = 4 1+ Sps, (“DF(A) nrg = A € (0,00),
0 nrd — oo.

Moreover, when nré — oo and nré > D*logn for some D* (cf. Proposition 3.9), then
E{x.} — 1.
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The remainder of the paper contains the proofs of the results in Sections 3 and 4.
These are organized in a number of sections and appendices so as to make them
as user friendly as possible. Many of the proofs rely on techniques in the theory of
random geometric graphs as developed in [23].

Finally, a few words on motivation. There is considerable current interest in the
study, from a topological, homological point of view of random structures such as
graphs and simplicial complexes. Some recent references are [3, 5, 7, 10, 18, 24|
with two reviews, from different aspects, in [1] and [12]. Many of these papers find
their raison d’étre in essentially statistical problems, in which data generates these
structures. An important example appears in the papers [22, 21], which show that
the homology of an unknown manifold can be recovered, with high probability, by
looking at the homology of the union of balls around the points of random samples
(or equivalently, at the homology of the Cech complex generated by the sampling
points on the manifold) with or without additional noise. The homological theme of
these papers, which considers manifolds as being “close” if their homologies are the
same, seems particularly promising for situations in which the manifold of interest is
embedded in a space of much higher dimension than itself; i.e., in dimension reduction
problems and in manifold learning.

The approach adopted in this paper shares the motivation of the others listed
above, but as already noted, by adopting a Morse theoretic point of view based on
critical points of the distance function, obtains a more internally complete theory.
Further, as mentioned above and shown later, it often gives some information on
global topological invariants, such as Betti numbers. However, being based on critical
points, this approach is naturally limited in its ability to reveal the full picture about
the global topological invariants of random complexes.

Acknowledgments
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Yuliy Baryshnikov, Matthew Strom Borman, Matthew Kahle, and Shmuel Wein-
berger, for many useful discussions in the earlier stages of our work.

2. Critical points of the distance function

Critical points of smooth functions have been studied since the earliest days of
calculus, but took on significant additional importance following the development of
Morse theory (e.g., [19, 20]), which tied them closely to the homologies of manifolds,
a topic that we shall discuss briefly in Section 4. At this point we note that if M is
a nice (closed, differentiable) n-dimensional manifold, and f: M — R a nice (Morse)
function, then a point c is called a critical point if V f(c¢) = 0. A non-degenerate critical
point is one for which the Hessian matrix Hy(c) is non-singular. The Morse index
k €{0,1,...,n} of a non-degenerate critical point ¢ is then the number of negative
eigenvalues of Hy(c). These points, along with their indices, provide one of the main
links between differential and algebraic topology.

Classical Morse theory does not directly apply to the distance function mainly
because it is not everywhere differentiable. However, when the set P is finite, one
can still define a notion of non-degenerate critical points for the distance function
dp, as well as their Morse index. It turns out that, even in this case, knowledge of



314 OMER BOBROWSKI anp ROBERT J. ADLER

the critical points and their indices allows one to deduce topological properties of
the related Cech complexes. We shall see how to do this later in Section 4, but for
now we need some definitions. Our arguments follow from the results presented in
[11]. While the distance function served as the main motivation in [11], the results
presented there are given in the more general context of “min-type” functions. Here,
we specialize those results to the case of the distance function.

Given a finite set of points P C R?, and defining the distance function dp (1.1), we
start with the local (and global) minima of dp; viz. the points of P (where dp = 0),
and call these critical points with index 0. For higher indices, we have the following
definition.

Definition 2.1. A point ¢ € R? is a critical point of dp with index 1 < k < d if there
exists a subset ) of k + 1 points in P such that:

1. Yy € YV:dp(c) = |lc —yll,, and Vp € P\Y: |lc — p|l, > dp(p).

2. The points in Y are in general position (i.e., the k + 1 points of ) do not lie in
a (k — 1)-dimensional affine space).

3. ¢ € conv®(}), where conv®()) is the interior of the convex hull of ) (an open
k-simplex in this case).

The first condition implies that dp = dy in a small neighborhood of ¢. The second
condition implies that the points in ) lie on a unique (k — 1)-dimensional sphere. We
shall use the following notation:

S(Y) = the unique (k — 1)-dimensional sphere containing J, (
C(Y) = the center of S(Y) in RY, (
R(Y) = the radius of S(}), (
B(Y) = the open ball in R? with radius R()) centered at C()). (
Note that S()) is a (k — 1)-dimensional sphere, whereas B(})) is a d-dimensional
ball. Obviously, S(Y) C B(Y), but unless k = d, S is not the boundary of B. Since
the critical point ¢ in Definition 2.1 is equidistant from all the points in )/, we have

that ¢ = C(Y). Thus, we say that c is the unique index k critical point generated by
the k + 1 points in Y. The last statement can be rephrased as follows:

Lemma 2.2. A subset ) C P of k + 1 points in general position generates an index k
critical point if, and only if, the following two conditions hold:
CP1 C(Y) € conv®(Y),
CP2 PnB(Y) =0.
Furthermore, the critical point is C'() and the critical value is R(}).
Figure 1 depicts the generation of an index 2 critical point in R? by subsets of 3

points. We shall also be interested in critical points ¢ that are within distance € from
P, i.e., dp(c) < e. This adds a third condition,

CP3 R())<e.
The following indicator functions, related to CP1-CP3, will appear often.
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Figure 1: Generating a critical point of index 2 in R? (i.e., a maximum point). The
small disks are the points of P. We examine three subsets of P: Y1 = {y1,y2,v3},
Vo = {ya,ys5,¥6}, and V5 = {y7,ys, Yo }. S(V;) are the dashed circles, whose centers are
C(Y;) = ¢;. The shaded balls are B();), and the interior of the triangles are conv® ().
(1) We see that both C'()4) € conv®(Y;) (CP1) and PN B()h) = 0 (CP2). Hence ¢;
is a critical point of index 2. (2) C()s2) & conv®()s), which means that (CP1) does
not hold, and therefore ¢y is not a critical point (as can be observed from the flow
arrows). (3) C'()3) € conv®(Vs), so (CP1) holds. However, we have P N B(Ys) = {p},
so (CP2) does not hold, and therefore ¢z is also not a critical point. Note that in a
small neighborhood of ¢3 we have dp = dy,}, completely ignoring the existence of Vs.

Definition 2.3. Using the notation above,

R(Y) = 1{C(Y) € conv’(Y)} (CP1) (2.5)
he(Y) == h(Y)Lj,q(R(V)) (CP1+CP3) (2.6)
9e(V,P) :== hV)L{PNB(Y) =0} (CP1+ CP2 4 CP3) (2.7)

3. Main results

Let f be a bounded probability density function on R?, which we assume to be
bounded. This assumption will remain in force throughout the paper, without further
comment. Let P, be a spatial Poisson process on R¢ with intensity function \,, = nf.
Denote by C(n, k) the sets of critical points with index k of dp,. Let {r,}52, be a
sequence of positive numbers with lim,,_,, 7, = 0, and define

Nipn i=#{ceC(n,k): dp,(c) <y}

Our main goal is to study the limits of Ny , as n — oo. Since E{Ny,,} = n (the
minima are the points of P,), we shall only be interested in 1 < k < d. The results
split into three main regimes, depending on the rate of convergence of r, to zero,
specifically, on the limit of the term nrd.

A word on notation: In the formulae presented below, for g: (RY)k*! — R and
y = (Y1, y) € (RH* we write g(0,y) for g(0,y1,- .., yx)-
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3.1. The subcritical range (nré — 0)
This range is also known as the “dust phase,” for reasons that will become clearer
later, when we discuss Cech complexes. We start with the limiting mean.

Theorem 8.1 (Limit mean). If nrd — 0, then for 1 < k < d,

lim (") TIE AN, L} = (3.1)
n—oo
where
1 k1 /
= d hy(0,y)d 3.2
= D) /Rdf (z)dx oy 1(0,y)dy, (3.2)

and hy is defined in (2.6).

In general, as is common for results of this nature, it is difficult to express this
integral in a more transparent form. However, when k = 1, y contains only a single
point, and so h =1 and R(0,y) = ||y||/2. Therefore, hi(0,y) = 1 {||y|| < 2}, yield-
ing p1 =29 1wy fRd f?(x) dx, where wy is the volume of the unit ball in R?. Some
numerics for other cases are given below.

The observation that, for a specific choice of r,,, there is at most one « € [1, d] such
that lim,,_, o n®1rd® € (0,00) leads to the important fact that there is a “critical”’
index, k. := |«], such that

k<ke= le E{Ngn} = o0, k>k. = le E{Nt,}=0, (3.3)
with any value in (0, oo] possible at k = k.. That is, there is phase transition occurring

within the subcritical regime itself. Similar regimes, with identical limits, appear for
asymptotic variances.

Theorem 3.2 (Limit variance). If nrd — 0, then for 1 < k < d,

lim (n* 12~ War (Ng.,.) = p.

n—oo

Not surprisingly, the three regimes also yield different limit distributions.

Theorem 8.8 (Limit distribution). Let nrd — 0, and 1 < k < d.

1. If lim,, oo nfT1rdk = 0, then
Nk,n L—> 0.
2. If lim,, o nFH1rdk = o € (0, 00), then

Nin £, Poisson () -

3. If lim,,_, oo n*H1rd* = oo, then
Nk,n _E{Nk,n} L
(nh+17dk)172 = N(0, p).-

As above, for a specific choice of r,,, there is going to be at most a single k. for
which the Poisson limit applies. Otherwise IVy, ,, converges either to zero or infinity.
Thus, in the subcritical regime, the picture is that n = Ny, > Ny, > -+ > Ny,
while for k > k. the value of N}, ,, will be zero with high probability, which increases
with k.
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3.2. The critical and supercritical ranges (nrd — \ € (0, 00])

We now look at the critical (nrd — X € (0,00)) and supercritical (nré — oo)
regimes. While there are differences between the two regimes, the general outline
of the results is the same. In both, the correct scaling for Ny, is n (as opposed to
n*+1rdk in the subcritical range). Consequently, the limit results are similar for all
the indices.

The supercritical regime is significantly more difficult to analyze than either the
critical or subcritical, and we shall require an additional assumption for this case,
which necessitates a definition.

Definition 3.4. Let f : R? — R be a probability density function. We say that f is
lower bounded if it has compact support and fui, := inf {f(x): x € supp(f)} > 0.

Henceforth, when dealing with the supercritical phase, we always assume that f
is a lower bounded probability density, and that supp(f) is convex. It is not clear at
this point if these are necessary conditions, or a consequence of our proofs.

Theorem 3.5 (Limit mean). If nrd — X\ € (0, 00], then, for 1 < k < d,
im n "B {Npn} =1\,
n—oo
where
)\k

%(/\) = m

[ T @ 0y)e 0N dyds,
(Rd)k+1

1 da
h(0 —waR(0,y) 4

wq is the volume of the unit ball in R?, and R, h, and hy are defined in (2.3), (2.5),
and (2.6), respectively.

(00) = lim () =

Again, these terms can be evaluated for £ = 1, in which case

/ / e~ a2 WIS £ () Gy (3.4)
R< \ynzsz

d
’yl(oo) = 5 /d —wg2” H?!HQ dy — 2d 1
R
For a uniform distribution on a compact set D C R? it is easy to show that v, ())
is given by
’Yl()\) — 2d—1(1 _ e—Aqu/\/Ol(D))7 (35)

from which it is easy to check that 71 (\) — 71(0c0) as A — oco. For higher indices, we
have no analytic way to compute v (). However, it can be evaluated numerically, and
an example is given in Figure 2 for the uniform distribution on [0, 1]3. Note that, in
that example, vo(00) — 71 (00) + Y2(00) — 73(00) ~ 0. This is not a coincidence, and
the explanation for this phenomenon will be given in Section 4.3, where we discuss
the mean Euler characteristic of Cech complexes.

Recall that, in the subcritical phase, the limit mean and the limit variance were
exactly the same. For other phases, this is no longer true.
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Figure 2: The 75 () function. In this example d = 3, and f(z) is the uniform density on
[0, 1]. For k = 0 we know that n=' Ny ,, = 1, and for k = 1 we have an explicit formula
in (3.5). For k = 2,3 we used numerical integration followed by some smoothing.

Theorem 8.6 (Limit variance). If nrd — X € (0,00] and 1 < k < d,
lim n~'Var (Ny.,) = o2 (A) > 0.

n—roo

The expression defining o7(\) is rather complicated, and can be found in (8.4).
Note that as an immediate corollary of Theorems 3.5 and 3.6, we have the “law

2
of large numbers” that n=t Ny, L, Yk (A). In addition, we also prove the following

“central limit theorem” (CLT).

Theorem 8.7 (CLT). If nrd — X € (0, 00], then for 1 < k < d,

N — ENjon
% £y N(0,02(N). (3.6)

To conclude this section, we note an interesting result which is unique to the
supercritical regime, for which we define N,iiz :=|C(n, k)|, the “global” number of
critical points of the distance function dy, in R? (i.e., without requiring (CP3)). We
note first that Ny ,, and NV ]ggz have identical asymptotic behaviors, at least at the level
of their first two moments and CLT:

Theorem 3.8. Let f be lower bounded with a convex support. Then, for 1 < k < d,

lim n 'R {N,iggl} = vy (00), lim n~'Var (N,gg)l) = 07 (00),

n—oo n— oo
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and
w1 -5 {n2)
vn

An obvious corollary of Theorem 3.8 is that n~'E {N,ig)l — Nkm} — 0. However,
much more is true:

Proposition 3.9. Under the conditions of Theorem 3.8, and if nrd > D* logn, for suf-
ficiently large (f-dependent) D*, then, for 1 < k < d,

} —0. (3.7)

Thus, in the supercritical phase, the slow decrease of the radii r, implies that
the global and the local number of critical points are ultimately equal with high
probability, despite the fact that both grow to infinity with increasing n. This is
an interesting result, and will turn out to be important when we discuss the Euler
characteristic of the Cech complex in the next section. The equality between the local
and global counts can be explained if we study how well supp(f) is covered by the
random balls of radius r,,. Denoting by C,, the event that supp(f) C Uycp Br, (X),
similar methods as in [13, 15, 2] can then be applied to show that if nr¢ > Dlogn,
then P (C},) — 1. Thus, under the assumptions of Proposition 3.9, the support of f is
completely covered by the r,,-balls. Since all the critical points lie within the support,
we have that they all should be accounted for in Ny, ,,. Note that (3.7) relies heavily on
the assumed convexity of supp(f). For example, take f to be the uniform density on
the annulus A = {x ER?:1< |z < 2}. Then, for n large enough, we would expect

to have a maximum point (index 2) close to the origin. This critical point will be
accounted for in NQ(%,

than 1. Thus, we would expect that E{\Négg — N3 |} — 1, which contradicts (3.7).

lim E { ‘N,ﬁgg — Niw

n—oo

but will be ignored by N, ., since its distance to X, is greater

4. Random Cech complexes

As mentioned already a number of times, the results of the previous section regard-
ing critical points of the distance function have implications for the homology and
Betti numbers of certain random Cech complexes, and so are related to recent results
of [16] and [17]. Our plan in this section is to describe these complexes and then the
connections. We shall assume that the reader either has a basic grounding in alge-
braic topology at the level of the first two chapters of [14] or is prepared to accept
a definition of the k-th Betti number §j := 8;(X) of a topological space X as the
number of k-dimensional “holes” in X, where a k-dimensional hole can be thought of
as anything that can be continuously transformed into a k-dimensional sphere. The
zeroth Betti number, Gy(X), is merely the number of connected components in X.

4.1. Cech complexes and the distance function

The Cech complex generated by a set of points P is a simplicial complex, made up
of vertices, edges, triangles, and higher dimensional faces. While its general definition
is quite broad, we focus on the following special case.
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Figure 3: The Cech complex C(P,¢), for P = {x1,...,26} C R?, and some €. The
complex contains 6 vertices, 7 edges, and a single 2-dimensional face.

Definition 4.1 (chh complex). Let P = {z1,22,...} be a collection of points in R,
and let € > 0. The Cech complex C'(P,€) is constructed as follows:

1. The O-simplices (vertices) are the points in P.
2. An n-simplex [z, ..., 2;,] is in C(P,€) if Np_y Be(wi,,) # 0.

Figure 3 depicts a simple example of a Cech complex in R2.

An important result, known as the “nerve theorem,” links Cech complexes C/(P, ¢)
and the neighborhood set Up673 B.(p), and states that they are homotopy equivalent
(ct. [9]). Thus, for example, they have the same Betti numbers. Furthermore, both
are linked to sublevel sets of the distance function, since it is immediate from the
definitions that

dp'([0,€e]) = {z € R": dp(z) < e} = | Be(p) = C(P,e). (4.1)

peEP

4.2. Critical points and Betti numbers

Classical Morse theory, in particular the version developed in [11] that applies to
the distance function, tells us that, in view of the equivalences in (4.1), there is a
connection between the critical points of dp over the set d;l([O, €]), along with their
indices, and the Betti numbers of C' (P, €). As usual, P is a point set in R?, and assume
that P is in general position. Then for every critical point of dp at height € and of
index k, for all small enough 7, either

Br—1 (O(P, €+ T])) = Br—1 (O('P, €— T])) -1 (4.3)

Despite this connection, Betti numbers, dealing, as they do, with “holes,” are typ-
ically determined by global phenomena, and this makes them hard to study directly
in the random setting. On the other hand, the structure of critical points is a local
phenomenon, which is why, in the random case, we can say more about critical points
than what is known for Betti numbers to date.
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4.3. Random Cech complexes

Retaining the notation of the previous section, and defining Sy, ,, := B (CV'(”P,L7 Tn)),
our aim will be to examine relationships between the random variables Ny, , and the
Bin and Br_1 5. In addition, we shall compare our results for Ny, ,, to those of [16] and
[17] for By, using Morse theory to explain the connections. Note that the results in
[16] are phrased in terms of the random samples case (with n i.i.d. points); however,
the proofs there can be easily adjusted to fit the Poisson case as well (as in [17] or
[6], where both the Poisson and random samples cases are treated).

In direct analogy to the results of Section 3, [16, 17] show that the limiting
behavior of C(P,,,r,) splits into three main regimes, depending on the limit of nr?.
In the subecritical (nrd — 0) or dust phase, in which the Cech complex consists mostly
of small disconnected particles and very few holes, Theorem 3.2 in [16] states that
for1<k<d—1,

lim (nfT2rd IR {8y, .} = Dy,

n—oo

for some constant Dy defined in an integral form and related to the g of our Theo-
rem 3.1. In [17] the subcritical phase is explored in more detail, and limit theorems
analogous to those of Theorem 3.3 are proved. Combining their results with those in
Section 3.1, observe that the Ny, and the §8;_1, exhibit similar limiting behavior,
and are O(n**1rd¥). Furthermore, based on the expected values, we can informally
summarize the relationship between the different Ny, ,, and Sy, as follows:

Nl,n > N2,n > N3,n > > Nkc,n
~ ~ ~ (4.4)
Bim > Pon > > Broin,

where by a,, ~ b,, we mean that a, /b, — ¢ € (0,00) and by a,, > b, we mean that
an /by, — 00, and k. is as in (3.3). For k > k. all terms are zero with high probability
that grows with k.

Recall that Morse theory tells us that each critical point of index k contributes
either +1 to Sgn, or —1 to fBr_1, (see (4.2), (4.3)). Splitting Ny, accordingly as
Nin = N,:fn + N, the diagram (4.4) implies that Nin > N,:fn. In other words,
most of the critical points of index k destroy homology generators rather than create
new ones.

For the other regimes, making statements about the Cech complex becomes
extremely difficult, and thus the theory is still incomplete.

In the critical phase (nr? — A € (0,00)), the Cech complex starts to connect and
the topology becomes more complex. In addition, once A passes a certain threshold,
a glant component emerges (cf. Chapter 9 of [23]), from which comes the alternate
description of this phase as the “percolation phase.” Theorem 4.1 in [16] states that
for1<k<d-1,

lim n 'E{Bk.n} € (0,0),

n—oo

although the exact limit is not computed. This agrees with the results in Section 3.2
of this paper. The main difference between the two sets of results is that for critical
points we are able to give a closed form expression for the limit mean of Ny, (The-
orem 3.5), as well as stronger limit results (Theorems 3.6, 3.7). This will be useful
below, when we discuss Euler characteristics.
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In the supercritical regime (nrd — 0o) even less is known about the Cech com-
plex. In general, the Cech complex becomes highly connected, the topology becomes
simpler, and the Betti numbers decrease. Theorem 6.1 of [16] gives the precise
results that if f is a uniform density with a compact and convex support, and
lim,,_, o (lognn/n)~"/%r, > 0, then

RILII;OP (/BO,n = 17/81,n == 6d—1,n = O) = 1a (45)

which is described in [16] by saying that C(P,,r,) is “asymptotically almost surely
contractible.” We have no analogous result about critical points, nor could we, since
Ni.n is O(n) and thus N, — oo (Section 3.2). However, Corollary 4.2 below gives
information about the Euler characteristic of the Cech complex which is different
from, but related to, (4.5). (Note that (4.5) requires that the underlying probability
density is lower bounded with convex support, the same assumption we adopted in
Section 3.2.)

To conclude this section, we present a novel statement about the Cech complex
C(Pp, ) that can be made based on the results in Section 3. The Euler characteristic
of a simplicial complex S has a number of equivalent definitions, and a number of
important applications. One of the definitions, via Betti numbers, is

o0
(8) = S (~1)FBu(S). (4.6)
k=0
However, x(S) also has a definition via indices of critical points of appropriately
defined functions supported on S, and this leads to

Corollary 4.2. Let x, be the Euler characteristic of C (Pn,rn). Then

1 nrd — 0,
lim 7B {xa} = {1+ 4o, (—DF%(N) nrf — A€ (0,00),  (47)
0 nrd — oo.

Moreover, when nrd — oo and nré > D*logn (with D* as in Proposition 3.9), then
E{x.} — 1.

The proof of Corollary 4.2 is presented in Section 9. Note that (4.7) cannot be
proven using only the existing results on Betti numbers, since the values of the limiting
mean in the critical and supercritical regimes are not available. This demonstrates
one of the advantages of studying the homology of the Cech complex via the distance
function.

In closing we note some of the implications of Corollary 4.2. In the subcritical
phase, we have that x, ~ n, which agrees with the intuition developed so far that,
in this range, the Cech complex consists of mostly small disconnected particles and
very few holes. In the critical range we have a non-trivial limit resulting from the fact
that the Cech complex has many holes of all possible dimensions. In the supercritical
range, X ~ 1, which is exactly what we get when By, =1,81, ="+ = B4g-1,n =0
(cf. (4.6), (4.5)). Since n'E {x, } — 0 in this regime, it is clear now why the numerics
of Figure 2 showed that Zizo(—l)k%(oo) ~ 0. Finally, note that in a sequel [8], we
explore the Cech complex when the samples are generated by a distribution supported
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on a closed manifold M. In this case we can make a much more concrete statement,
and prove that By, — Br(M) with an appropriate choice of radius r,. A different
direction, in which the underlying samples are generated by stochastic processes with
dependence between the points, can be found in [26].

5. Some notation and elementary considerations

The remaining sections of the paper are devoted to proofs of the results in Sec-
tions 3 and 4, and are organized according to situations: sub-critical (dust), critical
(percolation), and super-critical. In this section we list some common notation and
note some simple facts that will be used in many of them.

e Henceforth, k will be fixed, and whenever we use ), ), or ); we implicitly assume
that |Y| = |V'| = |V:| = k + 1, unless stated otherwise.

e Usually, finite subsets of R will be denoted calligraphically (X', )). However, inside
integrals we use boldfacing and lowercase (x,y).

e For z € RY x € (RY)*+1 and y € (RY)¥, we use the shorthand

f(x) = f(z1)f(z2) -+ f(@r41),
f(fE + TnY) = f(JC =+ rnyl)f(x + rnyQ) T f(JU + Tnyk)v
h(0,y) :=h(0,y1,...,Yk)-

e The symbol “c*” denotes a constant value, which might depend on d (ambient
dimension), f (the probability density of the samples), and k (the Morse index),
but on neither n nor r,. The actual value of ¢* may change between and even
within lines.

e While not exactly a notational issue, we shall often use the fact that, for every k,
n~*(}) = 1/k! as n — oo, and there is a ¢* such that (}) < ¢*n*.

Lemma 5.1. Let X = (X1,...,X}) be a set of k i.i.d. points in R? sampled from a
bounded density f. Then there exists a constant ¢* such that

PP (X is contained in a ball with radius r) < ¢*r@*+=1,

Proof. If X is bounded by a ball with radius r, then Xo, ..., X} are all within distance
2r from X7; thus

k-1
P (X is bounded by a ball of radius r) < / </ f(y)dy) f(x)dx
]Rd BQT(I)

k—1
< / s VI By ()" S (2)d

= fhat )0

_ C*rd(kfl)’

where fuax = sup,cpa f(x), and wy is the volume of the unit ball in R4, O



324 OMER BOBROWSKI anp ROBERT J. ADLER

6. Means for the subcritical range (nr? — 0)

We start by proving Theorem 3.1 (the limit expectation), which requires the fol-
lowing important lemma. Note that the lemma has two implications. Firstly, it gives
a precise order of magnitude, with constant, for the probability that k£ + 1 points in
the r,-neighborhood of a point in X,, generate an index-k critical point. Secondly, it
implies that if an additional, high density set of Poisson points is added to the pic-
ture, the probability that any of these will be in the ball containing the k + 1 original
points is of a smaller order of magnitude.

Lemma 6.1. Let Y C &), be a set of k + 1 random i.i.d. points with density function
f, independent of the Poisson process P,,. Then,

lim M {h,, (D)) = lim rE {g,, (V.Y UP)} = (k+ Dl

Proof. Note that from the definition of h(-), it follows that
he(z, x4+ €y) := he(z,x + ey1, ...,z +eyr) = h1(0,y).

Thus, using the change of variables x — (x,z + r,y),

B, ) = [ fG0h, (x)dx

(R)k+1

_ .dk

=rs /Rd /(]Rd)k f@)f(x +rpy)he, (z, 2+ rpy)dyds

_ .dk

=it [ @) [y y)ayas o)

Now, for h1(0,y) to be nonzero, all the elements y1,...,yx € R? must lie inside
Bs(0)—the ball of radius 2 around the origin. Therefore,

|f(3j + THY>h1(0’Y)| < fI];axﬂB2(0)(y1) U ]132(0)(yk)7

and applying the dominated convergence theorem (DCT) to (6.1) yields

im [ F(et ray)h(0,y)dedy = 1*(2) / mO.y)dy,  (62)

n—00 (Re)F (Re)k

from which follows
lim = E (b, (V)} = / (@) de / h(0.y)dy = (k+ Dlux,  (63)
n—oo Rd (Rd)k

completing the proof for A, ()).

Next, the definition of P,, as a Poisson process with intensity nf(x) implies

E {9, (Y, YUP) | V} =y, VB (BY)NPu =0 Y) = by, (V)e .
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Thus,
E{gr, (¥, YUPn)} = E{E{g,, (Y, Y UPn) | V}}

— ik / f() / F(@ 4 ray)ha (0, y)e~"PE= ) dyda.
Rd (Rd)k

The integrand here is smaller than or equal to the one in (6.1); therefore we can
safely apply the DCT to it. To find the limit, first note that

np(z,r +r,y) = n/ f(z)dz

B(z,z+rny)

fB(z,.’r+rny) f(Z)dZ
Vol(B(z,x 4+ rmy))
1 JB@air.y) 1(2)02

Vol(B(z,z +13y))
Applying the Lebesgue differentiation theorem yields

R f(z)dz
lim fB(’Jr”y)() = f(x).

n—oo Vol(B(z,x + rny))

= nVol(B(z,z + r,y))

= nwq(rnR(0,y))

Therefore, since mﬂg — 0, we have

lim np(z,z +ryy) = 0. (6.4)

n—oo

Thus, we have
lim 7, "E{g,, (Y, Pn)} = lim v "E {h,, (V)} = (k + 1),
n—roo n—roo
and we are done. O
Using the previous lemma, it is now easy to prove Theorem 3.1.

Proof of Theorem 3.1. Note that Nk, = > ycp G, (Y, Pn). Applying Theorem B.1
therefore yields that
nk+1
E{Nkn} = mﬂ‘: {9, (V"Y' UP)},
where )’ is a copy of ) independent of P,. Lemma 6.1 then implies

lim (nk“rzk)*lE {Nin}t = pr,

n—oo

as required. O

7. Variances and limit distributions for the subcritical range

The proofs of Theorems 3.2 and 3.3 split into three different cases, depending on
the limit of n*+1rdk,
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Case 1: nftirdk —
We start with the limit variance for this case.

Proof of Theorem 3.2. We start by writing

E{sz,n}E{ > gm(yl,Pn)grn(ymn)}

Y1CPn Y2CPn

k+1
:Z]E{ Z Z grn(yh?’n)grn(yzﬂ%)]l{|y1ﬁy2|:j}}

j=0 V1CPr Y2CPn
k41
§=0
Note that
Ik+1 = Z gr, (yl,Pn) = Nk,n~
YV1CPn
Thus, from Theorem 3.1,
lim (n** 1) YE {10} = . (7.2)

n— oo

Next, for 0 < j < k + 1, using Corollary B.2 we have
E {1} = n? 2 E g, (%, Yo UP)gr, (Vo Yz UPn)} ey

=3’

where Vi, = V; UV} is a set of 2k — j i.i.d. points in R? with density f(z), indepen-
dent of Py, and [Y] N V5| = j.

For 0 <j<k+1, if V1N =j and g, (Y1, VisUPn)gr, (Y5, Vis UPn) =1,
then necessarily the 2k + 2 — j points in Y] U Y} are bounded by a ball of radius
2ry,, and using Lemma 5.1 we have

E{l;} =< C*n2k+2—j7,g(2k+l—j).
Thus,

(nk“rgk)_lE{Ij} < c*(nrd)k+1_j — 0. (7.3)

n

For j = 0, the sets Y] and )} are independent. Since g, (V/, Vis UPy) < b, (V)),
we have

E{gr, (Y1, Viz UPn)gr, (V3 Via UPn)} < E{hr, (V)hr, ()} = (B {hy, VD]
Therefore,
E{lo} < ¢n**HD (B {h,, (D))"
Using Lemma 6.1 together with the fact that n**1rd — 0 yields
(nFFLrd IR (1)) < ernftlpdk (r;deE {h, (y)})2 — 0. (7.4)
Combining (7.2), (7.3), and (7.4) yields

Jim () B (N, ) =



DISTANCE FUNCTIONS 327

In addition, Theorem 3.1 implies
() T B (N a})? = e () TR (N)) 0
Therefore, since var{Ny ,} = ENZ  — (EN},,)?, we conclude that
Tim (05417 %) Var (V) =

which completes the proof. O

Next, we wish to prove the first part of Theorem 3.3, i.e., that Ny ,, L2 .
Proof of Theorem 3.3—Part 1. Clearly, it suffices to show that
. 2 o
nh—{%oE {Nk’n} =0. (7.5)
However, in the previous proof, we saw that

lim (n* @) TTE{NE b = e

n—oo

Since n**1rdk — 0, (7.5) follows immediately, and we are done. O

Case 2: nft1rdk — o € (0,00)

Proof of Theorem 3.2 continued. The proof in this case is similar to the previous
one. We define I; the same way as in (7.1). The same arguments that led to (7.2)
and (7.3) can be repeated here, providing the limits of E{I;} for 0 < j < k+ 1. The
only difference is in how to bound the term E {Iy}. For that, a proof in the spirit of
Lemma 6.1 can be used to show that

: —2dk / / / ’ _ 2
nh_{{.lo oV EAgr, V1, Y12 UPR)gr, (Yo, Vig U Pn)}|yimyé|:0 = ((k + 1)lpe)”
Using Corollary B.2, we have

lim (nf @) TIE {1}

n— o0
2k+2

k41, dky—1__ T
= Jm n) WE {9r, V1, V12 U Pn)gr, (Y5, V12 U Pn)}|y{myg|:ov

and therefore,
lim (nF 1@ =IE (1)) = apl.

n—oo

Finally, we also have

lim (n**rF) T (E{ Nk })? = ang.
n— oo

This completes the proof. O
For X,Y random variables taking values in N, define the total variation distance

to be drv(X,Y) :=supyn [P (X € A) —P(Y € A)|. To prove the Poisson limit of
Theorem 3.3, we need the following lemma.

Lemma 7.1. Let Sk := Y pcp hr,(Y), and let Z ~ Poisson (E {Sk n}). If nré — 0,
then
drv (Skn, Z) < c*nrd

n-
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Proof. The proof is very similar to the proof of Theorem 3.4 in [23], and uses the
Poisson approximation given in Theorem C.2. Let A C N be a set of natural numbers,
we wish to bound the difference

‘]P(Sk,n cA)—P(Zc 4)|.
Start by conditioning on |P,|, the number of points in P,,.

‘P(sk,n eA)—IP(ZeA)‘
- ‘ 3" (B(Skn € A [Pal =m) —P(Z € A)B(|Pa| = m)

- (7.6)

<D [P(Sun € AL [Pal =m) ~P(Z € A) | P(1Pu] = m).

m=0
Given |P,| =m,let Z,, = {ic {1,2,...,m}:]i| = k + 1}. Then, fori = {io, ..., ik}
and &; = {X,,,...,X;, }, we can write
Sk =Y hr, (X).
i€Z,,

Set Ni ={j € Z,: |inj| > 0}, and let ~ be a relation on Z,, such that i ~ j if and
only if j € N;. For i # j, &; and Xj are independent unless j € Nj. Thus, the graph
(Zin, ~) is the dependency graph for & := h,., (X).

Now, if A, (X;) # 0, then the k 4+ 1 points in X; are bounded by a ball of radius
Ty, and using Lemma 5.1 we have

pi = E{&} < ctrik
Therefore,
m m m—k—1
i < _ * 2dk< 0 2k+1 Qdk.
Z Do (1) () - (i) <o
i€Z,, jeN;
Next, if i ~ j with [iNnj| =1> 0, and h, (X;)h,, (X;) # 0, then necessarily the 2k +
2 — 1 points in A; U &j are bounded by a ball of radius 2r,,, and therefore,
pij = E{&g} < crrdGhri=h,
Thus,
k
2 X e () e
i€Z, jeNi\{i} 1=1 +1=
<c Z m2k+2—lr;il(2k+1—l)_
1=1

Finally, using Lemma 6.1 it is easy to prove that

Jim ("I TR Sk} = gk,
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which implies that
1 k
< ¢ (nkHipdky -t
EfSea) S0 )
Therefore, from Theorem C.2, we can conclude that

k
P (Skin € A| [Pa] =m) —P(Z € A)| < c*n~ B " p2h2mlpd(bti=t),
=1

Substituting back into (7.6), we have

k
drv (Skm, Z) < ¢k F1 Zrz(kﬂ—l)E {I,Pnlzknfz} .
=1

Since |P,,| ~ Poisson (n), it is easy to find a constant ¢* such that
2k+2—1 .
]E{|Pn| + }gc*nzk“ L

for every 1 <1 < k. So, finally, we have that

k
dTV (Sk,na Z) < c* Z nk‘+lil’l"i(k+lil) g c*nrd

n»
=1

since nrd — 0 and so is bounded. O

Note that the previous result did not use the assumption that nf*1rd¢ — o €
(0,00). However, to prove an analogous result for Ny, rather than Sy ,, we shall
need it. We shall also need the following two lemmas, the second of which follows
easily from the first, which itself follows from a simple calculation.

Lemma 7.2. Let X,Y be integer random variables defined over the same probability
space, such that A := X —Y > 0. Then dpv (X,Y) <E{A}.

Lemma 7.3. Let X ~ Poisson (\;), Y ~ Poisson (\y). Then dry (X,Y) < |Ay — Ayl

Proof of Theorem 8.8—Part 2. For a start, we need to prove that drvy (Nk.n, Sk,n) <
c*m“ﬁ. To this end, define A := S}, ,, — Ni, and note that A counts the number of
subsets Y C P, for which A, (¥)=1 but g, (¥, P,) =0. This implies that there
exists X € P,\Y for which X € B(Y). Thus, A is bounded from above by k + 2 times
the number of (k 4 2)-subsets contained in a ball of radius 7,. From Lemma 5.1 and
Lemma 7.2 we have

drv (N, Sen) S E{A} < c*nk”rfl(’”l) < c*(nk"’lrzk)(nrff) < c*(mﬂg),

k+1,.dk
Tn

where we used the fact that n is bounded.

Next, if
Zy ~ Poisson (E{Ny,,}) and Zg ~ Poisson (E{Sk,}),
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then from Lemma 7.1 and the triangle inequality,
drv (N, Zn) < dvv (Ngn, Skn) + dov (Skon, Zs) + drv (Zs, Zn)
< ¢t (nrd) + dov (Zs, Zn) -
Finally, Lemma 7.3 implies that
drv (Zs, Zn) < [E{Skn} — E{Nin}| = [E{A} < ¢ (nry).

This completes the proof that dry (Nkn, Zn) < ¢*(nrd) — 0. From Theorem 3.1,
since n**t1rd% — o, we have that E {Nkn} — ap,. Using the fact that Zy ~
Poisson (E { N »}), it is easy to see that drv (N n, Poisson (apy)) — 0, which implies
convergence in distribution. O

Case 3: nFtlrdh 5 o

Proof of Theorem 3.2 continued (N, only). We start with the second moment of
Nk,nv

E{ngn}E{ Z Z grn(yl,Pn)grn()b,'Pn)}

V1CPp Y2CPr

k+1
:Z]E{ DS grn(y1,Pn)grn(y2,77n)ﬂ{|y1ﬁy2|:j}}

j=0 V1CPn Y2CPn
k+1

::ZE{@}.

As in the proof of the previous cases, we have that

lim (nf IR = lim (R 7IEL =0, 1<j<k.
n—oo n—oo

However, in this case, Iy requires a different treatment. Recall that our interest is in
the variance—Var (N, ). So we have

Var (N2,) =E{NZ,} — (E{Ni.})*
k
=E{lun}+ Y E{L} + (B{D} - E{Nea))?).

Thus, to complete the proof, we need to show that

et (20 - (2{5))) =

Applying Corollary B.2, we have

k+1

2
B b = ( gy ) B L0n O Y UPr, 05,V UP )
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where Y| and Y} are sets of i.i.d. points with density f, independent of P,, and
Vio = Vi U Y5, Similarly, applying Theorem B.1, we have

nk+1 o
E {Nkn} = WE {grn (ylu VU Pn)} .
Therefore, we can write
2 nk+1 ? ! / / ! /
(E{Nkn})” = (s E{gr, V1, V1 UPn)Gr, (Y3, Vs UP,)},

where P/ is an independent copy of P,,. Set
A= gr, (Y1, V1o UPn)gr, V2, V1o UPn) = gr, (Y1, V1 U Pn)gr, (5, Y5 UPy,).
Showing that n**17-9*E {A} — 0 will complete the proof. Set
Av= A L{BON)NBOR A0}, As=A-1{BO})NBOL) =0}

If Ay # 0 then all the elements in Y] and )% are bounded by a ball of radius 2r,.
Therefore, using Lemma 5.1,

E{A;} < ¢ rd@r+D),
Next, note that
B3 = hy, (V])he, (V) L{B}) N BO) = 0}
x (1{Pa 0 BOY) = 0} 1{P, N B(J%) = 0}

~1{P. N BOA) = 0} 1{P, N BO%) = 0} ).

If Ay # 0, then B(Y;) and B()%) are disjoint. Therefore, given i and )5, the set P, N
B()}) is independent of the set P,, N1 B(Y);) (by the spatial independence of the Pois-
son process), and has the same distribution as P}, N B()%). Thus, E {Ay | V1,51 =0,
which implies that E {As} = 0.

To conclude, E {A} < c*rfll(%ﬂ). Therefore,

lim nftlr FE{A} < lim ¢*(nrd)Ft =0,
n—oo n—s o0

This completes the proof for the limit variance. O
Next, we wish to prove the CLT in Theorem 3.3.

Proof of Theorem 3.3—Part 3. The proof is based on the normal approximation for
sums of dependent variables given by Stein’s method (Appendix C). We start by
counting only critical points located in a compact A C R? for which f 4 f(x)dx > 0.
For a fixed n, let {Q; n},;cy be a partition of R? into cubes of side r,,, and let T4 C N
be the (finite) set of indices ¢ for which @;, N A # (). For i € I4, set

9DV, Pn) = gr, (Y, Pr)Lana, . (C(V)), (7.7)

where C()) is the critical point in R? generated by Y (cf. (2.2)). That is, g =1

n
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implies that ) generates a critical point located in AN Q; . Then
N =3 gD, Pa)

ycp7l

is the number of critical points inside A N Q; , and

N,:}n := # {critical points of dp, inside A} = Z N,gle

i€l
First, as in the proof of Theorem 3.2, one can show that
pr(A) == nan;O(nk+1rzk)*1Var (N,én) € (0, 00). (7.8)

Now, for ¢, j € I4, define the relation 7 ~ j if the distance between @); ,, and Q;,,, is less
than 2r,. Then (I4,~) is the dependency graph (cf. (C.1)) for the set {N,gi) }

T ier,
This follows from the fact that a critical point located inside @);, is generated by
points of P,, that are within distance 7, from Q; , (along with the spatial indepen-

dence of P,,). The degree of this graph is bounded by 5%. Consider the normalized

random variables
NG, N0}

)

(var (32,)) "™

According to Theorem C.3, in order to prove a CLT for N ﬁn, all we have to do now
is to find bounds for E{|¢;|"},p = 3,4.

Let B, (Q;n») C R? be the set of points within distance r,, of Q; ,,, and let Z; :=
|P,, N By, (Qin)| be the number of points of the Poisson process P, lying inside
B, (Qin). Then Z; ~ Poisson();) where \; = [, (@) W (X)dz < N frnax (37m)%.
Thus, Z; is stochastically dominated by a Poisson random variable with parameter
c*nrd. Now,

& =

i Zi
N < <k+ 1> Sea

Therefore, for any p > 1,

| P
E{)Nélq)m } < C*E{le(kﬂ)} < C*(Wg)p(kﬂ) < c*(nr;il)k-i-l’

since nrd is bounded (note that each of the ¢*’s stands for a different value). Thus,
it is easy to show that also

. . p
B{|N0 - B (MO} < oty

Since A is compact, there exists a constant v such that |I4| < vr; 9. Therefore, for
p =34

p/2
vrde (nrd)F+l N - nk+1pdk
> E{|GI} < oy =c (1 pdky1=p/2 (714) S0,
i€l4 (Var (Nl;“n)) Var <Nk:,n>

k+1,.dk
Tn

where we used the fact that n — 00, and the limit in Theorem 3.2. From
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Theorem C.3, we conclude that
N -E{NE ),

(vor (52, )

Now that we have a CLT for N, éw we need to extend it to one for N, %,n- The method
we shall use is exactly the same as the one used in [23], but, for completeness, we
nevertheless include it.

Set Ay = [-M, M]?, AM =R\ Ay, and suppose that M is large enough such
that [, f(2)dz > 0. Set

N(0,1). (7.9)

A A
N, ~E{Ng, ) Niw — E{Ni.,}
Cn(4) = 1/2 n= /2 -
(nk+1pdk)l/ (nk+1pdk)l/

To complete the proof we need to show that |P (¢, < t) — ®(t/\/fix)| — 0, where ®(-)
is the standard normal distribution function. Clearly, ¢, = (,(Anr) + Co(AM), and
from (7.9) we have that

Co(Anr) 55 N(0, i (Anr)). (7.10)
For every t € R and M,§ > 0 we have
[P (G < £) = B(t/ /)| < [P (Gu < t) — P (GulAnr) < t— )
[P (Gl Aar) < t = 0) — @((t = 8) /e (Anr))|
e (¢ o)/ Vi) - @ /v (711)
Now,

PG <t) =P(C(Am) <t =6,¢ <t) + P(|G(Am) =t <6,¢r < t)
+ P(Cn(AM) = t+§aCn < t)'
Note that the first term equals
P(Cn(An) <t —=6) = P(Cu(Anm) ST —=6,60 > 1)
Thus,
P (Gn <) =P (Cu(Anr) <t —0)] SP(Cr(An) ST —6,Cn > 1)
+P(IGn(An) =t < 6,60 <) + P (Cul(Am) 2t +6,n < )
<P (|Gu(AM)] > 0) + P (IGu(Anr) — 1 < 6).

From Chebyshev’s inequality we have that P (’CH(AMH > ) < 672Var (G, (AM)).
From (7.10), we have that

i B (1Ga(Anr) — 1] < 8) = B((t + 8)/ /s (Anr)) — B((t — 8)/ /(A1)
20

s V2 (Anr)
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Therefore,

M
limsup [P (Gn < 1) — P (Cal(An) <t - ) < UA) 2

n—00 92 w/27T/Lk(AM).

For € > 0, choose § = e,/mfir, /4. Since limps s o g (Anr) = pin, and limps o0 iz (AM)
=0, there exists M large enough such that gy (Anr) = pr/2, ux(AM) < €52/2, and

also ‘(I) ((t - 5)/\/uk(AM)) - (t/,/uk)‘ < 2e. For this choice of §, M, using last

displayed inequality, we have

1imsup |P(Cn < t) _P(Cn(AM> <t _6)‘ <e

n— oo

Finally, returning to (7.11), there exists N > 0 such that for every n > N,

P (Go < £) — D(t/ /)] < de.
This completes the proof. O

8. The critical and supercritical ranges (nr¢ — \ € (0, 0c])

We start with the expectation computations. The following standard lemma is
going to play a key role in the supercritical regime.

Lemma 8.1. Let D C R? be a compact convex set with positive Lebesgue measure,
and let B,.(z) C R be the ball of radius r around x. Then there exists a constant c*
such that for every r < diam(D) and = € D,

Vol(B,.(x) N D) > ¢*re.
The following lemma is analogous to Lemma 6.1.

Lemma 8.2. Let Y be a set of k+ 1 i.i.d. random variables with density f, indepen-
dent of the Poisson process P,,. Then,

Jim n*E{gr, V,YUPL)} = (k+ 1)lyi(N).
Proof. Setting s, = n~ /¢ and mimicking the proof of Lemma 6.1, we obtain

B{gr, (L VUP} = [ 00h, (e

(Rd)k+1

=5, / / F@)f @+ sy)he, (2,0 + syy)e” PO+ dyde
R J (Rd)k

. / /(@) / F(@ + suy)ho, (0,y)e"PE Y dy e, (8.1)
R4 (Rd)k

where 7, =1, /sp, = n'/dr,,. We wish to apply the dominated convergence theorem for
the last integral. Thus, we need to bound the integrand with an integrable expression.

In the critical range this is done much as in the subcritical range. Since nrd — X\ <
00, we have that 7, is bounded by some value M. Now, for ., (0,y) to be nonzero,
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all the elements y1, ..., yx € R? must lie inside By, (0) C Baas(0). Therefore,

F(@ + 85¥)her, (0,y)e P < R W0 1) Ly o) W)

and this expression is integrable.

The last argument cannot be applied in the supercritical range, since then 7, is no
longer bounded. However, applying our additional lower boundedness assumptions
on the f, we can proceed as follows. Since we now have fy;, > 0, we also have that

= /B( )f(z)dz > fmin Vol(B(x) Nsupp(f))- (8.2)

If h,, (x) # 0, then necessarily C(x) € conv®(x) and R(x) < ry, (cf. (2.6)). In addi-
tion, if f(x) # 0, then x C supp(f). Since we assume that supp(f) is convex, we have
that C'(x) € supp( ) as well. Thus, B(x) is a ball centered at C(x) € supp(f), with
radius R(x) small enough, and Lemma 8.1 yields

Vol(B(x) Nsupp(f)) > ¢* R4 (x).
Using the inequality in (8.2), and the definition of R(x) in (2.3), we have that
P&, 2+ $2y) = fuin R(2, & + 5,Y) = fiinc"sq R (0,y) = fmin¢"n” ' R(0,y).
This can be used to bound the integrand in (8.1), so that
flx+ sny)hr, (Ovy)ef’ﬂp($7w+5ﬂy)‘ < fé’laxefnfmmc*Rd(z}z+sny)

(8.3)
= fr,;axe_fminC*Rd(OvY) .

Next, note that for i = 1,...,k, R(0,y) > ||y:]| /2. Thus,

k

1 d

RU0,y) > 5 >l
j=1

which implies that the expression in (8.3) is indeed integrable, and so the DCT can
be safely applied in both regimes.
Next, we compute the limit of the integral in (8.1). Note first that

np(x,z + s,y) = n/ f(z)dz

B(z,z4+sny)

‘/‘B(I,z-&-sny) f(Z)dZ
Vol(B(z,z + snYy))

I f(z)dz
B d JB(z,x+s,y)
= nwd(SnR(Ov y)) \/ol(.B(QL‘7 T+ SnY))

fB(z,a:+sny) f(Z)dZ
Vol(B(z,z + sny))’

and using the Lebesgue differentiation theorem yields

=nVol(B(z,z + s,y))

= LUde(O, Y)

nl;ngo np(x,z + s,y) = wde(Oa y)f(x).
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Taking the limit of all the other terms in (8.1), we have
lim n*E{g,, (V,YUP,)} = 1 (@)h, (0, y)e_“de(O’Y)f(I)dydx,
n— o0 (Re)k+1

where 7o =lim,_, 7,. In the supercritical regime, 7., = oo, and consequently

hr(-) = hoo(-) = h(-). Thus,
lim n*E {g,, (Y, UP,)} = FHHY@)R(0,y)e =R ONI@) gy dy
n—o0

(Rd)k+1
= (k + 1)y (c0).

In the critical range, 7, — A/?. Therefore,

lim n*E{g, (V,YUP,)} = FEH (@) hysa 0, y)e*“de(O’y)f(w)dydx
n—r00 (Rd)lc+1

= / @) hyasa (0, NV 9g)e AR ORF @) gudy = (K + 1)1y, (N).
(R)k+1
This completes the proof. O

8.1. Asymptotic means
Using Lemma 8.2, we can prove Theorem 3.5.

Proof of Theorem 8.5. Using Theorem B.1,
nk+1
E{Nkn} = W]E {9, (Y, Y UP)},
and, using Lemma 8.2,

lim n 'E{Nin} =),

n—oQ

which completes the proof. O

8.2. Asymptotic variance
Proof of Theorem 8.6. As in the proof of Theorem 3.2,

Var (N ) = E (N} + DB L) + (B {To} - (B {Nea})?)

where

L= > > gn(Pn)gr, Vo, Pu)L{|V1 N Va| = j} .

Y1 CPr V2CPr

From Corollary B.2,

n2k+2_] / / / /
E{l;} = ME {9r, (Y1, V12 U Pr)gr, (Y2, Y12 U P} yr gy =
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For 0 < j < k+ 1, as in the proof of Lemma 8.2, one can show that

lim ndCEH1-Ig {9r, V1: V12 UPn)gr, (V3 V1o U Pn)}b){ﬁyél:j

n—oo

= / 220 ()b, (0,y1 Uz)h, (0,y2 Uz)
Rd(2k+2—3)

« e~ Vol(B(0,y1Uz)UB(0,y2Uz)) f («)

dxdyidyqdz,
where z € R?, y; € RUF+H1-0) 7 ¢ RAG—D and 7.0 = lim,,_,00 n'/%r,. Therefore,

lim nE{L} =7 (),

n— o0
where
'y(j)()\) = & f2k+2_j(x)h1(0 y1Uz)h1(0,y2 Uz)
F C (k1= g)h)? _ ’ ’
Rd(2k+2—3)
% 67)\ VOl(B(O’ylUZ)UB(O’yQUZ))f(m)dxdyldygdz

for A € (0,00), and

) () o L 2627 (VB (0, y1 U 2)R(0, yo U

RA(2k+2—35)

« e~ Vol(B(0,y1Uz)UB(0,y2Uz)) f (z) dzdydyodz.

It is easy to show that 0 < fyi(/\) < oo for A € (0,00]. For j =0, we define

A= grn(yiay{Q U’Pn)grn(yéayig Upn) - grn(yiay{ U Pn)grn(yévyé Ulpé)

so that

n2k+2
(CESERE

E{Io} — (E{Nkn})* =
Now set
Ar=A-1{BY)NBY;) #0},  Aa=A-1{B)NBY;) =0}.
Then, as in the proof of Theorem 3.2, we can show that E {Ay} =0, and

lim n?**1E{A}

n— oo

= [ P (032 (0,32 (BO.3) 1 Blz.2 4 v2) £ 0)
RA(2k+2)
y (efvO1<B(o,y1>UB<z,z+y2>>f<m> _ efwdmd<o,y1>+Rd<o,y2>>f<m>> dedzdy, dys,
where x,z € R, and y; € (R?)*. Thus,

lim n~! (E {Io} — (E {Nk,n})2> = VI(CO)()‘)v

n—oo
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where

0

T (kD)2
X /d(% N FP42(2)hi(0,y1)h1(0,y2) 1 {B(0,y1) N B(z, 2z 4+ y2) # 0}
R +
X (ei/\VOI(B(O’yl)UB(Z’ZerZ))f(z) - ewad(Rd(o’WHRd(O’W))f(I)) dxdzdyidys,
for A < oo, and
Oy 1
e (00) = e

v / P2 (@)h(0,y1)h(0,y2) 1 {B(0,y1) N B(z, 2 +y2) # 0}
RA(2k+2)
X (e* Vol(B(0,y1)UB(z,2+y2)) f(x) _ e*“d(Rd(O’yl)Jer(o’yz»f(m)) dwdzdydyz:

To conclude, we have proven that

lim n~'"Var (Ng,) = v (\) + Z’y(]) = 02(\) € (0,00), (8.4)

n—oo
as required. O

8.3. CLT
Next, we prove the CLT result in Theorem 3.7, again using Stein’s method, as in
the proof of Theorem 3.3.

Proof of Theorem 3.7. We start again by counting only critical points located in a
compact set A C R?, with [, f(z)dz > 0.

We define QM,N(Z) NAn,grn,(IA, ~), and &; the same way as in the proof of

k,n’
Theorem 3.3. Then, as in the proof of Theorem 3.6, one can show that

lim n~!'Var (Nk ) € (0,00). (8.5)

n—oo

According to Theorem C.3, in order to prove a CLT for NV, ,’3 we need to find bounds

for E{|&"}, p = 3,4. We start with p = 3.

e{ (e {va)'} -3 () ) e {(va)}

The computation of the bound here is similar in spirit to the ones we used in the
proof of Theorem 3.2, but technically more complicated, and we shall not give details.
Rather, we shall suffice with a brief description of the main ideas: Every element in
the sum can be expressed as the expectation of a triple sum of the form

E{ S0 > gL P (Ve PP (Vs, P, )}, (8.6)

V1P ¥ocP? Yy PP

n?

where each of the Poisson processes can either be equal to one of the others or an
independent copy, depending on j. As for E {As} in the proof of Theorem 3.6, we can
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use Palm theory, collect all the terms in which at least one of the balls B());) is disjoint
from the others, and show that they cancel each other. For each of the remaining
terms, we can show that if [V} U)o U V5| =3k +3 — 4, with 0 < j < 3k + 3, then
the relevant part of the sum in (8.6) is bounded by c*n3k+3_jsi(3k+27j)rfll = cnrd.
This bound is achieved using integral evaluations similar to the ones used in the proof
of Theorem 3.6, along with the fact that all the points are located within a distance

of r,, from the cube @; . Thus, we have

B . 3
B{ (M0 -2 (MO} <ot

Recall that |14| < ¢*r;¢. Therefore,

*,.—d d *
Z E{|§Z|3} S e 3/2 — 3/2 —0
i€14 <Var (N,?n>) n3/2 (n*lVar (N,;“n»

The proof for p = 4 is similar. Thus, from Theorem C.3 we have that
N, —E{NE,}
L G0 VTS
(var (N¢,))

To conclude the proof, we need to show that the CLT for N ,én implies a CLT for
Ni.n. This is done exactly as for Part 3 of Theorem 3.3. O

The only remaining results in Section 3 that still require proofs relate to the global
number of critical points.

Proof of Theorem 3.8. This theorem is proved exactly the same way as Theorems 3.5,
3.6, and 3.7 are proved in the super-critical phase. The only difference is that, through-
out, h(x) replaces h,, (x). This, however does not affect any of the results, since in
the limit A, (x) — h(x). O

Proof of Proposition 3.9. The expected difference between the global and local num-
ber of critical points is given by

E {N,§9> Nk’n}

,n

nk+1 B )
UCE ' / F@)f(@ + 505) (M0, ¥) = hr, (0, y))e " PEF50Y) dy dz
' (Rd)k+1
1 - S
RRCESY] F@)f(@ + 5ny)((0,y) = hr, (0,y))ne &Y dyde. (8.7)
(Rd)k+1

As in the proof of Theorem 3.5 (cf. (8.3)), we can show that the integrand is bounded
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F(@) FE (B0, y) = B, (0, y)yne fmine BIOY), (8.8)

Now note that if the integrand is nonzero, then h # h,, , and so R(0,y) > 7,,. There-
fore, R%(0,y) > 1/2(R%(0,y) + nrl), and (8.8) can be replaced by

— fminc* RY — fminc*nrd
F(@) frax (B0, y) = har, (0,y))e ™ frmine BEOX) 2o fminenra /2, (8.9)

Assuming that nr? > D*logn, with D* = (fuinc*/2) !, then ne~fminc*n/2 < 1 and
we obtain an integrable bound for the integrand. Thus, we can apply the DCT to
(8.7). Finally, note that the bound we found in (8.9) converges to zero (since h,, — h),
so we are done. O

9. Euler characteristic results

Finally, we prove Corollary 4.2.

Proof of Corollary 4.2. First note that E{Ny ,} = n. Thus,

]E{Xn}_n+z kE{Nkn}

The first two cases of the theorem are now obvious consequences of Theorems 3.1
and 3.5. For the third case, using Theorem 3.8, we have

d
lim n 'y, = lim n~! Z(—l)kN(g)

n— o0 n—o00
k=0

However, since IV, ,597)1 counts all the critical points in R, Morse theory implies

d
ST-1D)ENG) = x(RY) =1

k=0

and we can conclude that limy,—ee 7 xn = 0.

If, in addition, r¢ satisfies the conditions of Proposition 3.9 (i.e., nrd > D*logn),
then

d

0= lim > (-1)'E {N(") N, n} =1— lim yp,
k=0
which implies that y,, — 1. O

Appendix A. Convergence of random variables

Probability theory uses a number of different notions of convergence. Below we
define the ones used in this paper.
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Let X1, X5, ... be a sequence of real valued random variables, with the cumulative
distribution function (cdf) of X,, given by

F,(x) =P(X, <),
and let X be a random variable with cumulative distribution function F.

Definition A.1. X,, converges in distribution, or in law to X (denoted by X, £, X)
if
lim F,(z) = F(x)

n—oo

for every € R at which F(z) is continuous.

This type of convergence is also sometimes referred to as “weak convergence.”

Definition A.2. X,, converges in LP to X (denoted by X, E5N X) if
E{|X, - X'} —o0.

Finally, let A be a Borel subset of R, and define the probability measures p,, and

p by
pn(A) =P (X, € A), A =P(X e A).

Then the total variation distance between X,, and X, or between p,, and p, is defined
as
dTV(XruX) = dTV(,unnU') = Sl‘j‘p |]P (Xn € A) -P (X € A)| s

where the supremum is taken over all Borel subsets of R. This distance provides us
with the following notion of convergence.

Definition A.3. X,, converges in the total variation distance (X, Y X) it

lim dTv(Xn,X) =0.
n—oo

Note that both L? and total variation convergence are stronger than convergence in
distribution. Further, while convergence in total variation and in distribution actually
refer only to convergence of (deterministic) measures and/or cdf’s, convergence in LP
demands that all the random variables involved are defined on a common probability
space, and that the convergence is that of the random variables themselves.

Appendix B. Palm theory for Poisson processes

This appendix contains a collection of definitions and theorems which are used in
the proofs of this paper. Most of the results are cited from [23], although they may
not necessarily have originated there. However, for notational reasons we refer the
reader to [23], while other resources include [25, 4]. The following theorem is very
useful when computing expectations related to Poisson processes.

Theorem B.1 (Palm theory for Poisson processes, [23] Theorem 1.6). Let f be a
probability density on R, and let P,, be a Poisson process on R? with intensity ), =
nf. Let h(Y, X) be a measurable function defined for all finite subsets J C X C R?
with || = k. Then
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nk’
E{ 3 h(.Pa)} = SE{AY, Y UP))

YCPn
where )’ is a set of k i.i.d. points in R¢ with density f, independent of P,,.
We shall also need the following corollary, which treats second moments:

Corollary B.2. With the notation above, assuming |V;| = |Ja| = &,

2k—j
B Y ORI P | = s BAROL Vs U PO, Y U P}

V1,Y2CPn ((k )|)
V1NV |=5

where V], = Vi U Y} is a set of 2k — j i.i.d. points in R? with density f(z), indepen-
dent of Py, and [Y] N V5| = j.

Proof. Given |P,| = m, the sum on the LHS is finite. Therefore,

E{ Y hO1 PR P)

V1,Y2CPn
[V1NY2|=j

— <2k”i j) <2kk_ j) (?)E{h(%ﬂ%)ﬂ%ﬂ%) | Pl =m} 1y, Ay, -

Choosing now all possible subsets ) of size 2k — j, and splitting each of them into
two arbitrary subsets Vi, Vs of size k with |V N Vs| = j, yields

B{ Y PR Pa)

1P| = m} (B.1)

1P| = m} (B.2)

m
— (™, JE 1P P | [Pl = )3,y

Combining (B.1), (B.2), and Theorem B.1 for subsets Y of size 2k — j yields

Y1,Y2CPn
[Y1NY2|=j
2k — 4\ (k
- C)E T onranonr.)
YCPn
V=2t~ j
B (AL Vi U PRV Vi UP,))
=gy O Y12 U P2 Dia P}
where Vi, = V; UV} is a set of 2k — j i.i.d. points in R? with density f(z), indepen-
dent of P, and |V NYV5| = 3. O

Appendix C. Stein’s method

In this paper we heavily used Stein’s method to derive limit theorems for the sums
of dependent Bernoulli variables. We need both the Poisson and normal approxima-
tions, which are presented below.
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Definition C.1. Let (I, E) be a graph. For i, j € I we denote i ~ j if (i,j) € E. Let
{&i};c; be a set of random variables. We say that (I,~) is a dependency graph for
{&} if for every I} NIy = @, with no edges between I; and Io, the set of variables
{€i}ics, is independent of {£;};.; . We also define the neighborhood of i as N :=

(Yuljel:j~il

Theorem C.2 (Stein’s Method for Bernoulli Variables, Theorem 2.1 in [23]). Let
{&i};cr be a set of Bernoulli random variables, with dependency graph (I, ~). Let

pi=E{&}, pij =E{&&Y, A=) _pi, Wi=> &, Z~ Poisson()).

el el
Then,
drv (W,2) <minBA) (D Y w4 Y Y pims).
i€l jeEN;\{i} i€l jEN;

Theorem C.3 (CLT for sums of weakly dependent variables, Theorem 2.4 in [23]).
Let (&;)icr be a finite collection of random variables, with E{{;} = 0. Let (I,~) be
the dependency graph of (&;);cr, and assume that its maximal degree is D — 1. Set
W =3 ,c; &, and suppose that E {WQ} = 1. Then for all w € R,

(B (w) - @(w)| < 202m) 7 (D23 E{j6f*} +6, /D> Y E{jel'},
i€l i€l

where Fyy is the distribution function of W and ® that of a standard Gaussian.
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