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ALGEBRAIC ANALOGUE OF THE
ATIYAH COMPLETION THEOREM

ALISA KNIZEL anpD ALEXANDER NESHITOV
(communicated by Ulf Rehmann)

Abstract
In topology there is a well-known theorem of Atiyah, Hirze-
bruch, and Segal which states that Er\a connected compact Lie
group G there is an isomorphism R(G) =2 K°(BG), where BG
is the classifying space of G. In the present paper we consider an
algebraic analogue of this theorem. For a split reductive group
G over a field k, we prove that there is a natural isomorphism

—

K (k) = Kn(BG),

where K& (k) is Thomason’s G-equivariant K-theory of Spec k,
BG is a motivic étale classifying space introduced by Voevodsky
and Morel, and I is the augmentation ideal of K§ (k).

1. Introduction

The classical topological result by Atiyah and Hirzebruch [1] states that for a

—

compact connected Lie group G there is an isomorphism R(G) = K°(BG), where BG
is a topological classifying space of G, K stands for the topological K-theory, and

R/(E) denotes the representation ring of G completed in the augmentation ideal I. This
ideal is the kernel of the dimension map R(G) — Z. Later, this result was proved for
all compact Lie groups G by Atiyah and Segal in [2]. In the present paper we establish
an algebraic analogue of the Atiyah-Hirzebruch result. In the algebraic setting we take
a split reductive algebraic group G and its étale classifying space BG constructed by
Morel and Voevodsky.

In the paper by B. Totaro [14] it is shown that im Ko(BG;) is equal to R/(a) for
a specially chosen sequence BG;. However, to compute Ky(BG) one needs to prove
that @1 K1(BG,;) vanishes.

Two months after the present work was finished, there appeared a preprint by
A. Krishna [6] (unpublished) where a more general result is shown. For the action
of a split reductivgmléebraic group G on a smooth projective X, there is established
an isomorphism K& (X) = K,,(X/G), where X/G is the motivic quotient space. The
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author also constructs a counterexample when the theorem does not hold for action
on a non-projective variety ([6, Theorem 1.4]).

For a split reductive group G we present the following approach: We will work
over an arbitrary base field k. Morel and Voevodsky in [8, Definition 4.2.4, Propo-
sition 4.2.6] constructed a model of the étale classifying space of a linear algebraic
group G in the form BG = |J BG,,,, where BG,, = EG,,/G and EG,, are k-smooth
algebraic varieties with a free G-action, connected by a sequence of G-equivariant
closed embeddings i

L (BG) —m (BG)mypr —

The motivic space EG = |J EG,, is Al-contractible with a free G-action ([8, Propo-
sition 4.2.3]). We consider a split reductive affine algebraic group G. A G-equivariant
vector bundle over the Spec k is the same as a k-rational representation of G. So we
will identify these two categories. Notice that this identification respects the tensor
products. In particular, we will identify Thomason’s K§ (k) with the representation
ring of k-rational representations R(G) of the group G.

The Borel construction sends a G-equivariant vector bundle V' over the point to
the vector bundle V,,, = (V x EG,,)/G over BG,,. This construction respects ten-
sor products. Therefore, it induces a K§'(k)-module map ¢,, : K& (k) — K, (BG,,).
Obviously, ¢ = im  © pmy1, Where i, : BGp, — BGhyy1 is an embedding induced
by im. As we prove below, K, (BG) = @Kn(BGm). Combining all these, we get a
K§ (k)-module map

®, : K¢ (k) — K, (BG).

We will write BorelS for ®,,. Let I be the kernel of the augmentation K§(k) —
Ko(k) = Z. Our main result is the following.

Theorem 1.1. In the following diagram both maps are K§ (k)-module isomorphisms:

— Bm — completion
KG (k)1 ———"> Ku(BG),, <"~ K.(BG),

G

s and completiong is the canonical map.

where BorelG is the I completion of Borel

Let us mention that in the case when char k = 0 and G is semi-simple, all linear
G-representations are completely reducible, so the category of linear representations
is equivalent to the direct sum of the categories of vector spaces for every irreducible
representation, and so there is an isomorphism K¢ (k) = R(G) ® K, (k).

The main idea of the proof is the reduction to a Borel subgroup B of G. For
the Borel subgroup B the K& (k)-modules K, (BB) and KZ(k) can be computed
explicitly. It results in the following theorem.

Theorem 1.2. The Borel construction induces an isomorphism

—
— BOT@ZE —

KB(k), K.(BB),, < K.(BB).

B

To make a reduction to the latter theorem, we prove the following.
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Theorem 1.3. There is a commutative diagram of the form:

J—

KG(k),, — 2"~ K,(BG),, K. (BG) (1)
KB, — "™ K. (BB),, ~ = K.(BB)

mdl z’il P

RS, — " K (B0),. K, (BG).

with ind o res = id, py o p* = id, p, o p* = id.

Note that the induction-restriction facts are similar to Theorem 1.13 in [13].
Clearly, the main theorem follows from Theorem 1.2 and Theorem 1.3. We expect
the analogous result for non-connected linear groups, as in the case of non-connected
compact Lie groups established by Atiyah and Segal.

The paper is organized as follows: In Section 2 we prove some auxiliary results.
The proof of the main result can be found in Section 3.
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2. Auxiliary results

In this section we give basic definitions of equivariant K-theory, which was devel-
oped by Thomason in [12] (c.f. [7]). In Subsection 2.1 we prove some properties of
pullback and pushforward morphisms for the functor K<. Some of them may be
found in [13]. In Subsection 2.2 we prove a number of statements needed to establish
the main result. Throughout this section we work in the category Schy of finite-type
schemes over the base field k, and the direct product is understood as the direct
product over k.

Definition 2.1. Let X be a G-variety. We consider an action p, : G x X — X and
a projection p, : G x X — X. Let M be an Ox-module. Following [7], we will call M
a G-module if there is an isomorphism of Ogx x-modules « : p% (M) — p% (M) such
that the cocycle condition holds:

pa3(@) o (ida x pz)" () = (m x idx)" (),

where po3 : G X G X X = G x X is a projection and m : G X G — G is a product
morphism.
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Definition 2.2. We denote by P(G; X) the exact category of locally free G-modules
on X, and by M(G; X) we denote the abelian category of coherent G-modules on X.
Following [7], we set K, (G; X) = K,,(P(G; X)) and K (G; X) = K,,(M(G; X)).

In the case when X is smooth over k, the natural homomorphism K, (G;X) —
K] (G; X) is an isomorphism by [13, Remark 1.9(a)], and we will denote K,,(G; X) =
K,(G; X) by KF(X).

2.1. Pullback and pushforward maps in equivariant K-theory.

Here we recall some standard facts about pullback and pushforward maps. For
any equivariant f: X — Y morphism between G-varieties and a G-equivariant vec-
tor bundle L over Y, its pullback f*L has a natural structure of a G-equivariant
vector bundle over X. According to [7, §2.2], this induces a pullback morphism
[ K¢(Y) = KS(X). The morphism f: X — Y is called G-projective if f factors
as f: X — P(E) — Y, where E is a G-vector bundle over Y, and the map X — P(E)
is an equivariant closed embedding. This morphism yields the pushforward homomor-
phism f.: K&(X) — K&(Y) (see [12, 1.5] or [7, §2.2]). We will need the following
technical facts:

Lemma 2.3. Consider the following diagram:

Y3*Q>y2*q>yl

o

Xg E—— XQ Ht- Xl.
Here ¢ and QQ are flat, Xs = X1 Xy, Yo, X3 = X2 Xy, Y3_. Let M be an (’)Xl-module.
Deﬁne hh1 : q*lel* — leg*t*, hhlg : Q*Q*lel* — R2f3*T*t*, hhg : Q*leg* —
Rif3,.T* to be natural isomorphisms given by Proposition 9.8 of [8]. Then the fol-
lowing diagram commutes:

Q"R f1. M QD Q"R fot* M
hha(t* M
R fo. T*t* M.

Proof. Since the statement is local on Y;, we consider the case when all Y; are affine,
Y; = Spec A;. If F is an R-module, we will denote by F' the corresponding sheaf on
Spec R. Recall the construction of hhy. Let M be an Ox,-module. Then

R'f,(M) = Hi(X1,M);¢*R" f1.M = Ay @4, H (X1, M); R' fo t*M = Hi(Xq,t*M).
Let U; be an affine covering of X;. Denote by K = C’(Xl, M) the corresponding Cech
complex. Since Y7 and Y, are affine, }f‘l(Ui) is the affine covering of X,. For this
covering we have that Ay ®4, K is a Cech complex of Xs-module ¢t*M. Then hh; is
an obvious morphism

Ay @4, H(K) = H'(Ay ®4, K),

which becomes an isomorphism since As is flat over A;. In a similar way, one can
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construct hhio and hhs. Then one can rewrite the diagram as

id@hh

Az @4, Ao ®a, H(K)

hho (t* M
hho (M)

Hi(AIS ®A1 K),

Az @4, H (A ®4, K)

which is trivially commutative. O
Lemma 2.4 (Equivariant version of [3, Proposition 9.3]). Consider the base change
diagram
A—Lr B
NI
I Y,

where X, Y, A, B are G-varieties; f, F,Q,q are G-morphisms; and f is flat.
Let M be a G-module on B. Then there is a natural G-module isomorphism on X :

f*Riq.M — R'Q.F*M.
Proof. By Proposition 9.3 from [3] we have a natural isomorphism of Ox-modules

hhxyap: [*R'q¢.M — R'Q.F*M. We need to check that this is a G-morphism.
That means commutativity of the following diagram:

* L% D1 * L% D1
'LLXf R q*M G-structure pr R q*M
\Lu}th’y’A’B J{P}th,Y,A,B
* 7 * * 7 *
'UXR Q*F M G-structure pXR Q*F M.
Consider the following diagram:
Gx A X r Gx B
paA PB
idXq
A rB
idxQ A - B
Q l
GXxXX—|—>GxY q
idX f
px Py
BX ny
X ! Y

For any square in this cube denote by hh (with corresponding subscript) the iso-
morphism arising from Proposition 9.3 of [3], applied to this square. We rewrite the
G-structure diagram:
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Wi f*R g M . pxf*R'q.M
(id x f)* % Rig.M 5 (id x f)*pt-Riq. M
(idxf)*hh‘éxy,y,ch,B(M)i (idxf)*hhzéxY,Y,GxB,B(M)l
(id 5 f)" Ri(id  q)upi M ————— (id x f)Ri(id x q).pM
thxX,GXY,GxA,GXB(M*BM)\L thXX,GXY,GxA,GxB(PEM)\L
Ri(id x Q). (id x F)*py M — Ri(id x Q). (id x F)*p M
Ri(id X Q) F* M 5 Ri(id X Q)py F*M
hhéXX,X,GXA‘Ai hh%xX‘X,GxA,Al
M}RiQ*F*M p}RiQ*F*M.

Square 1 is commutative because of the definition of the G-structure on pullback.

Square 2 is an (id x f)* image of the G-structure diagram for Riq,M. Thus it
commutes.

Square 3 arises from the functor isomorphism (id x f)*R!(id X q). —
Ri(id x Q)«(id x F)* applied to the G-structure isomorphism pi M — pipM. So it
commutes.

Square 4 is commutative because of the definition of the G-structure on pullback.

Square 5 is commutative by the definition of the G-structure on R'Q,F*M.

By Lemma 2.3 compositions of vertical arrows are equal to p%hhxya g and
pxhhx vy, a . This concludes the proof of the lemma. O

Lemma 2.5. Let X,Y be smooth G-varieties, let G be a smooth reductive affine
algebraic group, and let m: X XY — Y be a projection. Moreover, let X be projective
and'Y be connected.

Denote by Pr(G; X xY) the full subcategory of P(G; X xY) consisting of locally
free G-modules P such that RFr,P =0 for k > 0.

Then any G-module M possesses a finite-length resolution of the form
M — P’ Pt —... 5 PN 0,
with P € OB(P(G; X xY)).

Proof. First, we prove that for every M there is an embedding M — P°. We will
construct PY in the form of M (n) for a large enough n. To do this, we construct a very
ample G-equivariant sheaf Ox (1) and a G-equivariant embedding ¢ : X < P" such
that Ox (1) =4*Op(1). Let L be a very ample line bundle. By Corollary 1.6 of [10]
L®* is G-equivariant for some k. Then it defines the action of G on V = I'(X, L®¥)
and equivariant morphism i : X — P(V), which is an embedding since LZ* is very
ample. Then we set Ox (1) = L®*.
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The standard embedding of the tautological bundle 7pyy — V' x P(V) gives us a
G-equivariant embedding of locally free sheaves Opyy(—1) = Op(yy @ - - © Op(y).
After twisting by Op(1), we have Op(yy = Op(y)(1) @ - - - @ Op(vy(1). Inductively we
have the G-equivariant embedding Op(yy — Opevy(n) © - - - © Opvy(n). Applying i*,
we get

Ox = Ox(n)®--- & Ox(n).
Define Oxxy (1) = 7*Ox(1). Applying 7* we get an equivariant embedding
M— Mn)&---& M(n)

for an arbitrary locally free G-module M. Clearly its cokernel is G-equivariant. It is
easy to check that it is a locally free sheaf. Then for every locally free G-module there
is a resolution consisting of direct sums of modules of the form M (n).

Let us show that M(n) lies in P,(G; X x Y) for a large enough n. R*¥m,M(n) is
associated to a presheaf V ++ H*(X x V, M(n)). Consider a finite affine covering V; of
Y. By Serre’s theorem H*(X x V;, M(n)) equals zero for n > n;. Thus, RFr, M (n) =
0 for n > np = max{n;}.

It remains to show that this resolution ends at some finite step. Let N =
dim(X x Y). Let C° be a cokernel of the first resolution step: 0 — M — P° — C° —
0. Then we have the exact sequence

0=R"m, P’ = RN7,C° - RNTlr. M =0.

So, RN 7,C°% = 0. For the second cokernel C' we have the exact sequence 0 — C° —
P! 5 C' = 0. Then

0=RN 17, P' 5 RN "1x,C' = RV7,C% = 0.

So, RN=17,CN-1 =0. By induction we have all Rkr,CN =0. Then CN e
Ob(Pr(G; X xY)). O

Corollary 2.6. This lemma allows us to give an explicit presentation of the push-

forward map f. in the case when there is an equivariant decomposition f: X <
Y x W =Y where W is G-equivariant and projective. Since all R¥i, M =0 for any
G-module M and k >0, we have two ezxact functors i, P(G;X) — P(G;Y x P")
and Ty Pry (G;Y X P") — P(G;Y). By Quillen’s theorem, the inclusion of
Pry (G;Y X P™) into P(G;Y x P™) induces an isomorphism

Kn(Pry (G5 Y x W) S K, (P(G;Y x W) = KE(Y x P").

Then we can describe the pushforward map f. : K¢(X) — KS(Y) as the following
composition:

) KEW X W) %5 Kn(Pay (G3Y X W) = Kn(P(GY)) = K (V).

K7 (X) n
2.2. Reduction arguments.

According to [8, §4.2], for a given embedding G — GL there is a sequence EG,
of open subsets of corresponding linear representations on A7 such that G acts freely
on EG; and the quotient FG;/G exists as a scheme. Moreover, the codimension of
the closed complement limits to infinity: lim;_,, codimyn; (AN7 \ EG,) = co. Also,



296 ALISA KNIZEL aND ALEXANDER NESHITOV

we assume that we fix closed embeddings EG; — EGj41. Take BG; = EG;/G. This
gives a geometric model for the étale classifying space BG = colim; BG;.

Lemma 2.7. Under the notation of Lemma 2.5, we have a commutative up to an

isomorphism diagram of exact functors:

PTFEGj (G; EGj x G/B) (i; xid)" PﬂEGj+1 (G; EGj+1 X G/B) (2)

wEGj*l "8G, 41 l

P(G; EG;) : P(G; EGji1).

i
J

Proof. To simplify notation let m; = mpg, and Pj = Pryq, (G; EG; x G/B). Let us
prove that P;11 is mapped to P; under (i; x id)*. Let M € Ob(Pj+1). Let dim(EG; x
G/B) = N. Then RNT17;,(i; x id)*M = 0. By Corollary 2 of [9, §5]

RV 5.1y x id)* M ©o,, kly) = HY(BG, x {y}, (i; x id)* M)
= HN(EG; x {y}, M) = 0.

Then RN, (i; x id)*M = 0. By induction we obtain that all RFrj.isM =0 for
k> 0. Then i;M € Ob(P). By Lemma 2.3 we have a natural G-isomorphism hh:
iimj1eM — mi (i X id)* M, so diagram (2) is commutative up to a natural isomor-
phism. O

Lemma 2.8. Under the notation of Lemma 2.5, for each j > 0 the functor
7'1';< : P(G,EGJ) — P(G, EGj X G/B)

takes values in the subcategory Prp, (G;EGj x G/B). As a consequence, the follow-
ing diagram of exact functors commutes up to a natural isomorphism:

P(G,EGJ) P(G,EG]+1) (3)

J
* *
ﬂjl 7Tj+1l

Prse, (Gi EG; x G/B) Prso, ., (GiEGj1 x G/B).

(45 xid)*

Proof. To simplify notation, let m; = mpg; and Pj = Prye, (G;EG; x G/B). First
we prove that 7} maps P(G; EG;) to P;. Let M be an object of P(G; EG;). Then
Rkwj*w;M is associated to the presheaf V +— H*(V x G/B, 77 M). Let V be an affine
open subset of EG;. Let {U,} be an affine covering of G/B. For any intersection
W =U,, N---NU,,, we have

ﬂ';M(V X W) = M(V) ®OEGj(V) OEijg/B(V X W) = M(V) Rk Og/B(W).

Then Cech complex C({V x Un},mi M) equals M(V) ®y C({Un},06,5). Con-
sequently, H*(V x G/B,m;M) = M(V) @y H*(G/B,0¢/p).

By Proposition 4.5 of [5], H*(G/B,Og,p) =0 for k > 0. Then ;.M € Ob(P;).
The commutativity of (3) trivially follows from the equality ;10 (i; x id) =
ij oTy. O]
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Lemma 2.9. Composition TgG,« © 7T*Egj is naturally isomorphic to idp(G;Ea;):

.

P(C; EG)) — 2 Prye (EG x GfB) ——£ P(G; EG,).

Proof. Let M € Ob(P(G; EGy)). The sheaf mp,«mpq, M is associated to presheaf
Ve mhe, (M)(V x G/B). Since m,; M is a sheaf associated to W — M (mgg, (W),
we see that Tpe, 7y, M is associated to the presheaf V i M (V). So, in the cate-
gory of presheaves, WEGj*ﬂ'EG]_ 2 id. Applying the sheaffication functor to this iso-
morphism, we get a natural isomorphism TrEGj*Tr*EGjM = M. O

The same reasoning proves the statement for the projection m,: G/B — pt =
Speck.

Lemma 2.10. Composition mpt. o 7y, is naturally isomorphic to idpcipt) -
P(G; Speck) ML Pr,.(G/B) &% P(G; Spec k).

Lemma 2.11. Using the notation of Lemma 2.5, we have a diagram of exact functors
that is commutative up to an isomorphism:

*
TG/B

P, (G:G/B) Prpe, (G; EG; x G/B) ()
ﬂ'pt*l 7"EG]-* l
P(G; Speck) P(G; EG,).

Proof. Let us prove that Pr , (G;G/B) is mapped to Pry. (G; EG; x G/B) under
7& - Let M € Ob(Pr,,(G; G/B)). Then, by Proposition 9.3 of [3], RFrpa, (m&/ 5 M)
is isomorphic to ﬂ;t(Rkwm*M). The latter sheaf is zero by definition of P ,(G;G/B)
for k>0. So, for k>0 we have RFfmpg, (WE/BM) =0; then ng, M€
Ob(Pr e, (G; EG; x G/B)).

Commutativity of diagram (4) follows immediately from Lemma 2.4. O

Lemma 2.12. Under the notation of Lemma 2.5, functor
7 - P(G;Speck) — P(G;G/B)

takes values in the subcategory P, (G; G/B). As a consequence, the following diagram
of exact functors commutes up to a natural isomorphism.:

*

P(G; Spec k) o P(G; EG,) (5)
W;tl WEGJ- l
Pr,(G:G/B) —— "= P, (G;EG; x G/B).
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Proof. We prove that 77, maps P(G;Speck) to Pr: (G;G/B). Let M be an object

t

of P(G;Speck). Then Ry M is a vector space H"(G/B,mM). Let {Uy,} be

» pt
an affine covering of G/B. For any intersection W = U,, N---NU,,, we have

W;tM(W) =M ®, Og/B(W).

Then Cech complex C({U,}, M) equals M @, C({Un},Og/p). Consequently,
H*(G/B,m;M) = M @, H*(G/B, O¢/p).

By [5, Proposition 4.5], H*(G/B,Og/5) =0 for k > 0. Then mp. M € Ob(Pr,,
(G;G/B)). The commutativity of (5) trivially follows from the equality 7,; o 7pq, =
Tpt © TG/B- O

Remark 2.13. As we can see from proofs of Lemmas 2.7-2.12, we can replace G/B by
any projective G-variety X such that h°(X,Ox) =1 and h*(X,0x) = 0, for i > 0.

Proposition 2.14. There is a commutative diagram with TpG,« © Tpa, = 1K (BG,)
Wpt*W;t = ZdKf(k:) N

K$(G/B) “F . K§(EG; x G/B)
’”pt*l WEci*i
KS(k) KS(EG;)

Proof. By Lemmas 2.11 and 2.12 we get the following commutative categories dia-
gram with exact arrows:

P(G; Spec k) Mot P(G; EG,) (6)
w;tl WEGJ_ l
P, (G:G/B) —— "~ P, (EG, x G/B)

Tptx* TEG*
o

P(G; Speck) o P(G; EG;).

Recall that, by Quillen’s theorem and Lemma 2.5, categories inclusion Py, (G; G/B)C
P(G;G/B) induces an isomorphism K, (P(G;G/B)) = K, (Px,,(G;G/B)). Then
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applying K, to diagram (6) gives us

K (k) - K (EG))

P *
Tpt TEG;
*
s

K (G/B) ———"~ K{(EG; x G/B)
KS (k) i KG(EG;).
Equalities Tgg,« © Thg, = idkxe(pq,) and Tpemy, = idgc () immediately follow from
Lemmas 2.9 and 2.10. O

Remark 2.15. In particular, we get a well-known fact that the natural ring map
R(G) — R(B) is injective.

Remark 2.16. By Remark 2.13, we can replace G/B in the statement of Proposition
2.14 by any projective G-variety X such that h°(X,0x) = 1 and h*(X,Ox) = 0 for
1> 0.

Lemma 2.17. Suppose R is a commutative ring with an action of a finite group
W. Let S denote the invariant subring S = RW. Let Ir be an ideal of R, and let
Is = SNIg. Suppose that q is a prime ideal in R and q 2O Is. Then q 2 Ig.

Proof. Denote W = {o1,...,0,}. Consider x € Ig. For any symmetric polynomial
f € R[t1,...t,] we have that f(x,...,2%) is invariant under the W-action, and so
flaor ... xz") e SNIg =Is C q. Denote by fi,..., fn the elementary symmetric
polynomials. Then x is a root of the polynomial

n

H(t - xgi) =t" - fl(xglv' .. 7$Gn)tn_1 +eee (_1)77.'](‘”(.1:017. .. 71“6”)'

i=1
Then

2" = —(=fi(z%, .z e (=) fu(2, L 2%)) € q.

So 2™ € q. Since q is prime, z € q. Thus, Ir C q. O

Proposition 2.18. The Ig-adic topology of R(B) coincides with the I - R(B)-adic
topology.

Proof. Let T be a maximal torus in G. Then R(B) = R(T') and Ip = I, where Iy is
the ideal of zero-dimensional representations of 7. We will prove that /I¢ - R(T) =
Ip. Denote by W = Ng(T')/T the Weyl group of G. The group W acts by conjugation
on R(T). Tt is known that W is a finite group and R(G) is the ring of invariants of
W: R(G) = R(T)Y. Then taking R = R(T) and S = R(G) in Lemma 2.17, we have
that any prime ideal of R(T) containing I contains I7. Then we have equality for
its radicals y/Ig - R(T) = \/Ir. Since I7 is prime, It = /Ir. So \/Ig - R(B) = Ip.
Since R(B) is noetherian, this implies that I} C I - R(B) for some m. Then Ip and
I - R(B) determine the same topology on R(B). O
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Proposition 2.19. K,(BG) = @KH(BGQ.

Proof. By [15, Theorem 6.9] algebraic K-theory is representable in the stable A!l-
homotopy category, and then [4, Proposition 2.2.11(c)] implies the Milnor exact
sequence:

0 = lim' K41 (BG;) = K,(BG) — lim K, (BG;) — 0.
Let us show that %iiann(BGi) =0, for any n > 0.
We prove that the sequence K,,(BG;) is a direct summand of the sequence K, (BB;).

By Proposition 1 of [7] we have K,,(BG;) = K& (EG;). Since we can choose EG;
as a model for E'B;, we obtain

K,.(BB;) = KZ(EB;) = KP(EG,) = K¢(EG; x G/B).
So, in fact, we prove that the sequence K& (EG;) is a direct summand of the sequence
KS(EG; x G/B).
To simplify the notation denote P; = Prp, (G;EG; x G/B). By Lemmas 2.11
and 2.12 we obtain a commutative diagram with exact arrows:

P(G; BG)) <— 0 P(G EGjp) (7)
”;l 77;+1\L
P; Pjt1

(i xid)"

‘ITJ*\L ﬂ'j*l

J

By Lemma 2.10 the composition

P(G; EG;) 2 P; ™% P(G; EG,)
is naturally isomorphic to idpa;rq;). In the proof of Lemma 2.7 we checked that
(i X id)*(Pj+1) € Pj. By Lemma 2.5 each G-module in P(G; EG; x G/B) has a
finite resolution consisting of sheaves from P;. Then by Quillen’s theorem we get the
isomorphisms «; such that the following diagram of groups commutes:

K, (Pj)

3

KG(EG, x G/B)

Kn(Pjt1) (8)

%‘+1i

K (EGj41 x G/B).

(ij xid)*

(ij de)*

In Corollary 2.6 we defined 7, : K§(EG; x G/B) — K& (EG;) as the composition
of

KC(EG; x G/B) 15 K. (P;) = KS(EG,).
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Commutativity of the diagrams (7) and (8) gives us a commutative diagram:

KS(EG))

*
J

KS(EG, x G/B)

ﬂj*l

KS$(EG))

K7 (EGji1) 9)

-
Ti+1

K$(EGy11 % G/B)

7Tj+1*i

K (BEGjs).

(ij de)*

(ij xid)*

As we have shown, compositions of vertical arrows are identity, so K§(EG;) is a direct
summand of sequence K$(EG; x G/B) = K, (BB,). Since l'gll(Kn(BBj)) =0 we
get Y&ll(Kf(EGj)) = 0. It remains to show that T&ll(Kn(BBj)) =0. Let T be a
maximal torus. Since B/T is an affine space, we have that BT; — BB; is locally
trivial with fibers being affine spaces. Then pullback map K,,(BB;) — K, (BTj) is a
natural isomorphism. Since G is split, 1" is a split torus, T' = G, X - -+ X Gy,. Then
BT; =P/ x .- xPI. So, K,(BT}) = K,(k)[t1,...,ta]/ (2", ..., t3T1). Embedding
pullbacks act as follows:

tre mod (H1 . 7YY st mod (£, ..., 1).

Then all morphisms in the sequence --- — K, (BT;) — K,(BTj_1) — --- are surjec-
tive. Then liHm1 (K, (BT;)) = 0, and consequently, @11 (K, (BB;)) = 0. This concludes
the proof. 0

3. Proof of main result
Theorem 3.1. The Borel construction induces an isomorphism

I
BorelB

KB(k), ""9" K.(BB),, < K.(BB).

Proof. We define Borel? : KB(k) — K,(BB) in the following way: For any j we
construct (Borel?); : KB(k) — KP(EB,) as a pullback of a projection m,; : EB; —
Speck. By Proposition 1 of [7], KZ(EB;) are isomorphic to K,(BB;). So we get
(Borel®); : KB(k) — K,(BB;). By Proposition 2.19, we obtain Borel? = Jim
(Borel®); : KB (k) - K,(BB).

Let T be a maximal torus of G. By Corollary 1 of [7] exact functor P(T'; Spec k) —
P(B; B/T) induces an isomorphism K7 (k) = KZ(B/T). Note that B/T can be iden-
tified with a linear representation of the group B, so by Theorem 3 of [7] the pullback
morphism K2 (k) — KZ(B/T) is an isomorphism. Recall that we may choose the
models BT; and BB; of the form BT; = EB;/T and BB;/B. Then BT; — BB; is
locally trivial with fibers being affine spaces. Then using the homotopy equivalence
for non-equivariant K-theory, we have that K, (BB;) — K,,(BTj) is an isomorphism.
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So we get the commutative diagram

Kf (]{;) Borel,] Kn (BB)

L

KB(B/T) — """ . K,(BB x B/T)
KT (k) Boreln K (BT).

Therefore, it suffices to prove our theorem for maximal torus 7. Since G is split,
T=Gpx: - xGy (j times).
Let us compute K7 (k) and KT( Vir
Since KI'(k) = K, (k) ®z R(T) we have that
R(T) LA, A0t/ -t =1).
Ip = (1—A,...,1=X;,1—1). So, we have the following:

KT (k)1 = R(T),, ©2 Kn(k)

— 1 Z[h, A /(I - £ = 1), (1= A, (L= M), (1= 8)F)
= BmZ[L — Ay 1= A L f]/((TA - — 1),

1=k =2k A =1)F)
—ZI = A 1 - A1 — A/ £~ 1)
= Zl[pas - pu, L= t]]/(I(L = i) - £ = 1),

Sinceﬁzl—!—ui—&-ui—l—ui—l—n-,itfollowsthatt:H(1+ui+u§+--~).There—
forewehavel—t:l_(l+ul++uj+):_<ul++uj+)Then

R(T);, = Z{lp, - gl
Finally we get

K7 (R) 1 = Kn(R)l[p1, - - p5ll-
Let us compute K, (BT).

We can choose for ET the space A®\{0} x --- x A*\{0}. This is a contractible
space with free T-action. Then ETj = AF\{0} x --- x AF1\{0} and BT} =
P* x ... x Pk, Then K,,(BTy) = K,,(k)[z1,..., 2]/ (2%, ... 2F).

So we have BT = P> x --. x P*°. And finally we get

Kn(BT) = lim Ky (BT;) = Ky (k)[[z1, ..., 2a]].
The Borel construction K1 (k) — K,,(BT},) works as follows:

)\il—>1—17i

t A4z 4 F2 Y U4z - 2.

1 —
(I—z1)(I—zpn)

Then on KT'(k); the Borel construction induces an isomorphism p; — ;. Let us
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prove that K,,(BT) is complete in the Ir-adic topology. The R(T')-module structure
on K, (BT) arises from the R(T)-structure on Ko(BT) = Z[[z1,...,zy]]. Then I -
K,(BT) = (x1,...,2,). Therefore K, (BT) is complete. This completes the proof of
the theorem. O

Theorem 3.2. There is a commutative diagram of the following form:

— Bﬁf — completiong

K (k) n(BG)p, Kn(BG) (10)
@ ﬁl p*

— B@E — completionp

Lot K.(BB)

| .| .

—— Borel& — completiong
K,(BG),

Kg(k)z — K,(BG);

G G

with B o a = id, p, o p* = id, and ps o p* = id.

Proof. Since EG; — BG; is a G-torsor, K,(BG;) = KS(EG,). By Proposition 1
of [7] EG can be chosen as a model for the contractible space EB. Proposition 1
of [7] also allows us to express all these objects in terms of G-equivariant K-theory:
K7 (k) = KJ(G/B) K (EG)) = K (EG; x G/B).

So, first we construct

KS(G/B) " KG(EG; x G/B)
Tl'pt*l ‘ITEGi*\L
KS (k) T - KS(EG)).

*

Proposition 2.14 proves that this diagram commutes and 7. o 7y, = id and TG, ©
The, = id. Recall that KS(EG;) = K,(BG;), KS(EG; x G/B) = K,(BB;), and
K (G/B) = K} (k).

Therefore we can rewrite the above diagram as follows:

*

KC (k) ™ K, (BG)) (12)
)
KB(k) —""  K,(BB;)

ﬂpt*i TEG,;*
o

K& (k) Y - K,.(BG)).
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Take the projective limit of this diagram. Recall that lim K, (BB,;) = K, (BB) and by
Proposition 2.19 we have lim K, (BG;) = K,(BG). So we get a commutative diagram

of K§ (k)-modules

Borels
KS(k) K.(BG) (13)
”;ti 1&" W;EGi i
Borelf
K (k) K,(BB)
Wpt*i I.LDWEGi*i
Borel®
KC (k) T . K,(BG).
Here we still have mp, o W;t =14d and @wEgi* o l'&nwgci =id. Let us denote p, =

im 7, and p* = lim 7}, . Recall that R(G)-structures on K, (BB) and K7 (k) are
induced by the R(G)-structure on R(B). Then Proposition 2.18 implies that Ig-adic
completions of K,,(BB) and K2 (k) coincide with Ig-adic completions. So, by taking
the Ig-adic completion of (13), we obtain the commutative diagram

— BorelG —

K§(k), —— Ka(BG),, (14)

E B;Eg —

K} k), ——— Ku(BB),

Tptx ﬁ?i

T BTTES —

K5 (k)j, ——— Kn(BG),,

with Ty o 7?;: =1d and p, o 15\* = id. Consider the commutative diagram

KH/(B\CTY)I completiong Kn (BG) (15)
?l P

Kn/(B\B)I completionp Kn(BB)
pﬁl P

Kn/(_B\CUIG completiong Kn(BG)

Set o = 7%,

*1s B = Tptx, and recall that K¢ (G/B) = K2 (k). Then by gluing together



ALGEBRAIC ANALOGUE OF THE ATIYAH COMPLETION THEOREM 305

(15) and (14), we obtain the diagram (10):

—

—— Borel& T completion

Kg (k) n(BG)p, < Ka(BG)
“l z?l "

_— BorelB — ior

Kf(k)lB n Kn(BB)IB completionp Kn(BB)

| .| .

— Borel& — completiong
K, (BG),

K (k) Kn(BG),,

G

with 8o a =id, p, o p* = id, and p, o p* = id. O

These two theorems immediately imply the main result:

Theorem 3.3. In the following diagram both maps are K§ (k)-module isomorphisms:

J—
— - Borel§

. completion
KG (k) —" Ko(BG),, =" K,(BG).

—

Proof. Theorem 3.2 states that BorelS and completiong are retracts of BorelZ and

completionp which are isomorphisms by Theorem 3.1. Then BorelG and completiong
are also isomorphisms. O
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