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HIGHER K-THEORY OF KOSZUL CUBES
SATOSHI MOCHIZUKI
(communicated by Charles A. Weibel)

Abstract
The main objective of this paper is to determine generators
of the topological filtrations on the higher K-theory of a noethe-
rian commutative ring with unit A. We introduce the concept
of Koszul cubes and give a comparison theorem between the
K-theory of Koszul cubes with that of topological filtrations.

Introduction

The following generator conjecture is one of the significant problems in commu-
tative algebra and algebraic K-theory. (For the relationship between the generator
conjecture and Serre’s intersection multiplicity conjecture [24], please see the refer-
ences [8], [9]).

Let A be a commutative noetherian ring with unit and p a natural number such
that 0 < p < dim A. Let M” denote the category of finitely generated A-modules M
whose support has codimension > p in Spec A. Recall that a sequence of elements
fi,-++, fqin A is said to be an A-regular sequence if all f; are not unit elements and
if f1 is not a zero divisor of A and if f;11 is not a zero divisor of A/(f1, -, f;) for
any 1<i<qg—1.

Conjecture 0.1 (Generator conjecture). For any commautative regular local ring
A and any natural number 0 < p < dim A, the Grothendieck group Ko(M?Y) is gen-
erated by cyclic modules A/(f1,---, fp) where the sequence fi,---, f, forms an A-
reqular sequence.

Conjecture 0.1 is equivalent to Gersten’s conjecture for K. Here is a statement of
Gersten’s conjecture for K,:

For any commutative regular local ring A and natural numbers n, p, the canonical

inclusion MZH — MY induces the zero map on K-groups

K (M) = K (M),
where K,(MY) denotes the n-th K-group of the abelian category M. (See [10]).

Remark. Conjecture 0.1 is known for the following cases:
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(i) A= B[[Ty, - ,T,)]/(ST? — «), where B is a discrete valuation ring and = is
a prime element in B or an unramified regular local ring A by combining the
result in [22], [21], [11] and [17]. (Please see also related works [2] and [5]).

(i) p =0, 1, 2 and dim A (The results are classical for p = 0 and p = dim A and for
p =1 and p = 2, please see the reference [25]).

Let M% (p) denote the full subcategory of M? consisting of those A-modules M
of projective dimension < p. It is well-known that if A is regular, then the canoni-
cal inclusion functor M%) (p) < M%) induces a homotopy equivalence on K-theory.
(See 5.11). For any endomorphism of A-module ¢: F' — F between a finitely gener-
ated free A-module F', if we fix a basis a of F, then ¢ is represented by a square
matrix ®. We write det,, ¢ or simply det ¢ for det & and call it the determinant of
¢ (with respect to «). In connection with Conjecture 0.1, here is a corollary to the
main theorem in this paper.

Theorem 0.2. If A is a local Cohen-Macaulay ring, then for any natural number
0 <p<dimA, the Grothendieck group Ko(M¥(p)) is generated by modules of the
form

F/(Imn,--- ,Imp,),

where F' is a finitely generated free A-module and ¥y : F' — F is an A-module homo-
morphism such that the sequence dety,--- ,det e, forms an A-regqular sequence for
any basis of F'.

Remark. Tt is well-known that in general Ko(M?3(3)) is not generated by cyclic mod-
ules A/(f1, fa, f3), where f1, fa, f3 forms a regular sequence. Please see the refer-
ence [7], [18] and [1]. On the other hand, Smoke proved that for any dim A > p > 3,
Ko(M? (p)) is generated by cyclic modules A/(f1,---, fr) (r = p), where the sequence
fi,-++, fr forms an A-regular sequence. Please see the reference [25, 4.2].

More generally, the main objective in the paper is to study topological filtrations
on the higher K-theory of a commutative noetherian ring with unit. Inspired by the
works of Gillet and Soulé [12], of Diekert [6], and of Grayson [14], the main method in
the paper is to replace certain full subcategories of modules with the category of cubes
in the category of appropriate modules. More accurately, let us fix a commutative
noetherian ring with unit A, a non-negative integer ¢ and a sequence fi,..., fp in A
such that for any bijection ¢ on the set S = {1,...,p}, fo1),- - -, fo(p) is an A-regular
sequence. We put I = (fi1,..., fp) and fs = {fs}ses. Let MY (q) denote the category
of finitely generated A-modules M such that Projdim 4 M < ¢ and Supp M C V(I).
(See Notations 4.6).

A Koszul cube  associated with fi,..., f, is a contravariant functor from [1]*? to
the category of finitely generated projective A-modules P4, where [1] is the totally
ordered set {0, 1} with the natural order 0 < 1 satisfying the condition that for each
1<k<pandi= (i1,...,ip) € [1]*P such that i, = 1, d¥ := (i — ¢, — 1) is injective
and Coker d¥ is in MQ“A(I), where ¢y, is the k-th unit vector. A morphism between
Koszul cubes is just a natural transformation. We write Kosff for the category of
Koszul cubes associated with f1,..., fp. (See Definition 4.8). A Koszul cube z asso-
ciated with fi1,..., fp is reduced if for each 1 < k < p and i = (41,...,%p) € [1]*P such
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that i, = 1, fr Coker d{“ = 0. We write Kosff,red for the category of reduced Koszul
cubes associated with the family fs = {fs}ses. (See Lemma-Definition 5.4). If we
consider a Koszul cube z as a multi-complex, where (g, .. o) is in degree 0,...,0),
we will take its total complex. (See Definition 3.5). We will prove that for any Koszul
cube z, Hi(Totz) = 0 for k£ > 0 (See 3.15, 4.19). A morphism between Koszul cubes
f:x — yis a quasi-isomorphism if Hy Tot f is an isomorphism. We denote the class
of quasi-isomorphisms in KoszS and Kosiired by the same symbol tq. The term
“Koszul” comes from the fact that the total complex of the cube of Example 2.7 is
just the usual Koszul complex associated with {fs}scs. We have the morphism of
Waldhausen categories

Hy Tot: (Kos'?, tq) — (M7 (p), 1),

where ¢ is the class of all isomorphisms. The next result is the comparison theorem
referred to in the Abstract.

Theorem 0.3 (A part of Corollary 5.14). The exact functor Hy Tot: Kosff —
M;S(p) induces a homotopy equivalence on K-theory:

K(Kos'?;tq) — K(M? (p)).

When A is a principle ideal domain, Theorem 0.3 has been proven in [20]. To prove
the theorem above, we develop a resolution theorem for Waldhausen categories. (See
Theorem 1.13). The other ingredient of the proof is giving a quite elementary, but
new algorithm of resolution process of modules by finite direct sums of typical Koszul
cubes. (See Theorem 5.12). The second main theorem is the following:

Theorem 0.4 (See Corollary 6.3). In the notation above, moreover if we assume
that A is reqular, then the canonical inclusion functor v: Kosi‘sred — Kosff induces
the following homotopy equivalences on K -theory:

K(Kosffred) — K(Kos'?)
K(Kosifred; tq) — K(Kos’;f;tq).

To prove the theorem above, we will utilize the split fibration theorem 2.19 which
is a generalization of Lemma 3.3 in [20]. Theorem 0.4 has the following application
to Gersten’s conjecture:

Corollary 0.5. Gersten’s conjecture for a regular local ring A is equivalent to the
following assertion: For any A-regular sequence {fs}ses in A, Ho Tot: Kosifzd’A —

Mﬁs_l induces the zero maps on K-groups.

The relationship between Gersten’s conjecture and weight of the Adams operations
on Koszul cubes, a higher analogue of generator conjecture will be studied in my
subsequent papers by utilizing Corollary 0.5.

By handling koszul cubes, in particular free Koszul cubes, we will be able to import
linear algebra and combinatorial methods into our research for modules and (perfect)
complexes in my forthcoming papers. On the other hand, since Waldhausen categories
of Koszul cubes are not closed under taking the mapping cylinder functor, many
standard theorems in Waldhausen K-theory, such as the generic fibration theorem
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and the approximation theorem in the literature do not apply directly. The paper is
devoted to the concept of Koszul cubes, for example, homological algebra for cubes,
and the fundamental technique of manipulating K-theory for Waldhausen category
without assuming the factorization axiom.

Now we give a guide for the structure of this paper. In section 1, we give a resolution
theorem for Waldhausen categories which is a generalization of Quillen’s original one
in [22]. In section 2, we develop the theory of semi-direct products of exact categories
which is initiated in [20]. In section 3, we establish the theory about admissible cubes
in an abelian category which is a categorical variant of the concept about regular
sequences. We will calculate homology groups of the total complex associated with an
admissible cube and utilizing this, we give several characterizations of admissibility.
Finally we extend the notion of semi-direct products to that of multi semi-direct
products of a family of exact categories. In section 4, we define Koszul cubes and
by combining results in the previous sections, we describe the category of Koszul
cubes by multi semi-direct products of the exact categories of pure weight modules.
In section 5, we give the algorithm of resolution process as mentioned above and as
its corollary we get the first main result. In the final section, assuming the regularity
of A, we will prove a dévissage theorem for Koszul cubes.

Conventions.
(1) Set theory

(i) Throughout this paper, we use the letter S to denote a set.

(ii) For a positive integer n, we write (n] for the set of integers k such that
1 < k < n and for a non-negative integer m, we denote the totally ordered
set of integers k such that 0 < k < m by [m].

(ili) For any set S, we write P(S) for its power set. Namely P(S) is the set
of all subsets of S. We consider P(S) to be a partially ordered set under
inclusion. A fortiori, P(S) is a category.

(iv) For a finite set S, we denote the number of elements in S by #5S.

(2) Commutative algebra

(i) Throughout this paper, we use the letter R (resp., A) to denote a commu-
tative ring with 1 (resp., commutative noetherian ring with 1).

(ii) For any R, we write R* for the group of units in R.

(iii) If {fs},cq is a subset of R, we write fs for the ideal they generate. By
convention, we set fg = (0).

(iv) A subring of R is a subring with the same 1 = 1.

(v) For any R, A, we let Pr denote the category of finitely generated pro-
jective R-modules, and let M4 denote the category of finitely generated
A-modules.

(3) Category theory

(i) Throughout the paper, we use the letters C and A to denote a category and
an abelian category, respectively.
(ii) For any category C, we denote the class of objects in C by ObC.
(iii) For any category C, iC or just i means the subcategory of all isomorphisms
in C.
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For categories X and Y, let us denote the (large) category of functors from
X to Y by HOM(X,)).

For categories X and Y, a functor from X to Y, j: X — Y is an inclusion
functor if it is fully faithful and the function between their classes of objects
j: ObX — Ob Y is injective. We denote an inclusion functor by the arrow
“(_>” .

(4) Exact categories, Waldhausen categories and algebraic K-theory

(i)
(i)
(i)
(iv)

Basically, for exact categories, we follow the notations in [22] and for alge-
braic K-theory of categories with cofibrations and weak equivalences, we
follow the notations in [29].

We denote an admissible monomorphism (resp. an admissible epimorphism)
by the arrow “—” (resp. “—").

We call a category with cofibrations and weak equivalences a Waldhausen
category.

For a Waldhausen category (X, w), we denote its S-construction by wSe X
and write K (X;w) for the K-space QwS,X|. We also write K(X) for
K(X;1).

We say that a functor between exact categories (resp. categories with cofi-
brations) f: X — Y reflects exactness if for a sequence x — y — z in X
such that fx — fy — fz is an admissible exact sequence (resp. a cofibra-
tion sequence) in Y, * — y — z is an admissible exact sequence (resp. a
cofibration sequence) in X.

For an exact category &, we say that its full subcategory F is an exact
subcategory (resp. a strict exact subcategory) if it is an exact category and
the inclusion functor is exact (and reflects exactness).

Notice that as in [29, p.321, p.327], the concept of subcategories with cofi-
brations (resp. Waldhausen subcategories) is stronger than that of exact
subcategories. Namely we say that C’ is a subcategory with cofibrations
of a category with cofibration C if a morphism in C’ is a cofibration in
C' if and only if it is a cofibration in C and the quotient is in C' (up to
isomorphism). That is, the inclusion functor ¢’ < C is exact and reflects
exactness. For example, let £ be a non-semisimple exact category. Then £
with semi-simple exact structure is not a subcategory with cofibrations of
&, but a exact subcategory of £.

Let £ be an exact category and F a full subcategory of £. We say that F
is closed under kernels (of admissible epimorphisms) if for any admissible
exact sequence x — y — z in & if y is isomorphic to object in F, then z is
also isomorphic to an object in F. (See [31, I1.7.0]).

We say that the class of morphisms w in an exact category &£ satisfies the
cogluing axziom if (£°P, w°P) satisfies the gluing axiom.

A pair of an exact category £ and a class of morphisms w in £ is said to
be a Waldhausen exact category if (£, w) and (£°P,w°P) are Waldhausen
categories.

For a Waldhausen category (C,w), we write w(C) if we wish to emphasis
that w is the class of weak equivalences in C. We write C for (C,w) when w
is the class of all isomorphisms in C.
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(xii) An object = in a Waldhausen category (C,w) is w-trivial if the canonical
morphism 0 — z is in w. We write C* for the full subcategory of w-trivial
objects of C.

(xiii) For a Waldhausen category C and subcategories with cofibrations X and
Yof C, let E(X,C,Y) denote the category with cofibrations of cofibration
sequences  — y — z in C such that z is in X and z is in ).

1. A resolution theorem for Waldhausen categories

In this section, we will prove a resolution theorem for Waldhausen categories by
improving the proof for exact categories in [26]. This theorem is a generalization of
Quillen’s original one in [22]. Let (X,w) be a Waldhausen category and ) a full
subcategory of X closed under extensions in X. In 1.9 and 1.12, we will define the
(strong) resolution conditions of the inclusion functor ¢: Y < X. In this situation, )
naturally becomes a Waldhausen subcategory and if X' is essentially small, then the
canonical map induced by ¢, K(Y;w) — K(X;w) is a homotopy equivalence 1.13. In
this section, from now on, let (X, w) be a Waldhausen category.

Definition 1.1. Let v be a class of morphisms in a category C. We say that v is a
multiplicative system of C if v is closed under finite compositions and closed under
isomorphisms. Namely

(1) if o Iy 0% o are composable morphisms in v, then gf is also in v, and
(2) all isomorphisms in C are in v.

For a category C and a multiplicative system v of C, we define the simplicial subcat-
egory C(—,v) in HOM(—,C)
[m] = C(m,v),

where C(m,v) is the full subcategory of HOM([m],C) consisting of those functors
which take values in v. For each m, we denote an object x4 in C(m,v) by

ie iy % Ty
Te:ZToDT] Dy > g,

Ezample 1.2. (cf. [29, 1.1.4.]). For a category with cofibrations (Z, Cof Z) and each
non-negative integer m, we can naturally make F,,Z := Z(m, Cof Z) into a category
with cofibrations. Here a morphism a, — a/ is defined to be a cofibration if for each
0<j<m,a; — a;- and a;- Ua; ajy1 — a;»_H are cofibrations in Z.

Ezample 1.3. (cf. [29, p.336 in the proof of 1.4.3.]). For (X, w) and each non-negative
integer m, we can make X (m,w) into a category with cofibrations by defining the
cofibrations to be term-wised cofibrations in X.

Lemma 1.4. Let D be a full subcategory of a category C, v a multiplicative system
in C and m a non-negative integer. For each xo in C(m,v) if each x; is isomorphic
to an object in D, then x4 is isomorphic to an object in D(m,v).

Proof. For each x;, there are an object y; in Y and an isomorphism ¢;: z; = y;.
We define the morphism zé’ Y; — Yj+1 by the formula zé’ = ¢j+1i§q§j_l. Since v is a
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Y

multiplicative system, i; is in v and therefore

- .
i iy

il g
YoiUo YL Y2 = Y
is an object in D(m,v) and it is isomorphic to z,. O

Definition 1.5. Let ) be a full subcategory of X. ) is said to be closed under
extensions in X if for a cofibration sequence x — y — z in X', x and z are isomorphic
to objects in Y, respectively, then y is also isomorphic to an object in ). In this case,
Y is a Waldhausen category by declaring that a morphism  — y in ) is a cofibration
in Y if it is a cofibration in X and if y/x is isomorphic to an object in ) and that
a morphism x — y in ) is a weak equivalence in ) if it is a weak equivalence in X.
From now on, let ) be a full subcategory of X closed under extensions.

Remark 1.6. The extensional closed condition is preserved by equivalences as cate-
gories with cofibrations. That is, let us consider the commutative diagram of cate-
gories with cofibrations

zZ W

izll ZJ{’I:W

z— W

with both iz and iy, are fully faithful, essentially surjective and exact and reflect
exactness. If a: Z < W is closed under extensions in W, then a': Z’ — W' is also
closed under extensions in W'.

Lemma 1.7. In the case above, for any non-negative integer m, the inclusion func-
tors
Y(m,w) < X(m,w),
F, Y — F,, X and
SnY — Sp X

are closed under extensions in X (m,w), F,X and 8, X, respectively.

Proof. Let us consider a cofibration sequence
Lo ™ y. — Ze

in X(m,w) or F,,,X and assume that z, and z, are isomorphic to objects in Y (m, v)
or F,,, ), respectively. Then by the definitions (see 1.2 or 1.3), for each 0 < j < m, we
have the cofibration sequence

Tjo— Yz

in X. Therefore by assumption, y; is isomorphic to an object in V. Now by 1.4, we
learn that y, is isomorphic to an object in Y(m,v) or F,,Y. This means that Y (m, w),
F,,Y are closed under extensions in X (m,v) or F,, X, respectively. Finally since we
have the functorial equivalence F,,_1X = S,,X as categories with cofibrations, we
notice that S,,) is closed under extensions in S,, X by 1.6. O
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Definition 1.8. In the situation above, we can define the category Xy as follows. The
class of objects of Xy is same as that of X'. A morphism x — y in X’y is a cofibration in
X such that y/x is isomorphic to an object in ). One can easily prove that morphisms
in Ay are closed under compositions, namely it is actually a category by virtue of the
assumption 1.5. Notice that there is the natural inclusion functor j: CofY — Xy.
Here Cof Y is the category of cofibrations in Y.

Definition 1.9. We say that the inclusion functor ¢: Y < X satisfies the resolution
conditions if it satisfies the following three conditions:

(Res 1) Y is closed under extensions in X.
(Res 2) For any object z in X, there are an object y in ) and a cofibration = — y.
(Res 3) For any cofibration sequence  — y — z in X, if y is in ), then z is also in

V.

Lemma 1.10. (cf. [13, Proof of 4.1.], [26, p.524]) If the inclusion functor : Y — X
satisfies the resolution conditions, then Xy is contractible.

Proof. Since Cof Y has the initial object, it is contractible. We intend to apply
Quillen’s Theorem A to j: CofY — Xy and then we will get the result. Fix an
object a in Ay and objects x and y in ) such that there is a cofibration sequence
a — x — y. Now we will prove that a/j is contractible. To do so, consider an object
a— bin a/j. Since ) is closed under extensions in X, in the push out diagram

ab @ »
b

— blgx —» Y,

N
7

where the square ¥ is coCartesian, we can take b L, x in ). Now there are the natural
transformations

((a—b) = (a— b)) — ((a—b) = (a—bUqx)) — ((a—b) — (a — z))

between the identity functor and the constant functor (a — b) — (a — x) on a/j.
Therefore a/j is contractible. O

Lemma 1.11. If 1: Y — X satisfies the resolution conditions, then for each non-
negative integer n, S,Y — S, X also satisfies the resolution conditions.

Proof. Since the filtered object categories Fj,_1 X and F,,_1) are equivalent to S,,X
and S,), respectively, as categories with cofibrations, we just check that the inclu-
sion functor F,,Y — F,, X satisfies the resolution conditions. The condition (Res 1)
has been proven in 1.7. We first check the condition (Res 2). For a filtered object
Ty — ... — Tp, we have an object yg in ) and a cofibration zy — yg by the assump-
tion (Res 2). For each k < n, if we have a filtered object yg »— ... — yi in FY and
a cofibration xg — ... — z to y in F3), then we have an object yx41 in )Y and a
cofibration yi, Uy, Tx+1 — Yr+1 by the assumption (Res 2) again. Therefore induc-
tively, we can find a filtered object y in F,,)) and a cofibration x — y. Next we check
the condition (Res 3). For a cofibration sequence z — y — z in F, X, if y isin F,, ),
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then by applying the assumption (Res 3) term-wisely, we notice that z is also in
F.). O

Definition 1.12. We say that the inclusion functor ¢: Y <— X satisfies the strong
resolution conditions if for any non-negative integer m, Y(m,w) < X(m,w) satisfies
the resolution conditions.

Theorem 1.13 (Resolution theorem). In the notation above, if v satisfies the
strong resolution conditions and X is essentially small, then the canonical map in-
duced by 1, K(YV;w) = K(X;w) is a homotopy equivalence.

Proof. We may assume that X is small. By [29, p.344, p.345 1.5.7], we have the
sequence of homotopy type of a fibration

wSet

WSeY = WS X = WS Fo(X,)).
Fix non-negative integers n and m. We have the following equalities:
NpwSn Fo(X, D) 5 fo(SpX (m, wS,X), S,V (m, wS,)))
= fo(Sn(X (m, w)), Sp(Y(m, w))),

where f, denote the simplicial set of objects of Fy and for the definition X (m,w)
and so on see 1.3. By the realization lemma [23, Appendix A] or [28, 5.1], and by
replacing X' (m,w) and Y(m,w) with X and Y, respectively, we shall just check the
following claim:

Claim. For a small category with cofibrations & and ¢: Y < X a full sub category
closed under extensions. Assume that ¢ is satisfying the resolution conditions. Then
for each non-negative integer n, fo(S,X,S,)) is contractible.

If n = 0, this claim is trivial. For n > 1, by 1.11 and by replacing S, X and S, with
X and Y, respectively, we shall assume n = 1. Now fq(X,)) is just the nerve of Xy
in 1.8 and therefore we get the result by 1.10. O

2. Semi-direct products of exact categories

In this section, we will establish the theory of semi-direct products of exact cate-
gories (with weak equivalences) which is a generalization of [20, §3]. Let us start by
preparing the general terminologies about cubes. Let S be a set, C a category, A an
abelian category and R a commutative ring with 1.

Definition 2.1. We define the category of S-cubes in C by
Cub®(C): = HOM(P(S),C).

An object in Cub®(C) is said to be an S-cube. Let x be an S-cube in C. For T € P(S)
and k € T, we denote z(T') by zr and call it a vertez of x (at T') and we also write
d?k or shortly d% for (T ~ {k} — T) and call it a (k-direction) boundary morphism
of x.
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Remark 2.2. For a positive integer n, we have the canonical category isomorphism
P((n]) = [11*", S = (xs(k)),

where xg is the characteristic function associated with S. Namely xs(k) = 1if kisin
S and otherwise yg(k) = 0. Through the isomorphism above, we consider (n]-cubes

to be contravariant functors from [1]*™ and call them n-cubes. Cub™ is abbreviated
to Cub”.

Remark 2.3. For any abelian (resp. exact) category C and a set S, Cub®(C) is an
abelian category (resp. exact category by defining the admissible exact sequences to
be termwise admissible exact sequences in C).

Remark 2.4. For a pair of disjoint sets S and T', we have the category isomorphism
P(S)x P(T) = P(SuUT), (U,V)—»UUV
and by the exponential law, the isomorphism above induces the category isomorphism
Cub®"7T(C) 3 Cub®(Cub”(C)).

Moreover if C is an abelian (resp. exact) category, then the isomorphism above is an
exact functor.

Definition 2.5 (Homology of cubes). Let us fix an S-cube z in A. For each k, the
k-direction 0-th (vesp. 1-th) homology of z is an S ~. {k}-cube in A denoted by HE (z)
(resp. H¥(x)) and defined by H§(x)p := Coker d’%u{k} (resp. HY (z)p := Ker d?u{k})'

The following lemma is sometimes useful to deal with morphisms of cubes:

Lemma 2.6. We have the following assertions:

(1) For any S-cube x, every T, U € P(S) such that T C U and U \ T is a finite set,
the morphism x(T C U) is described as compositions of boundary morphisms.

(2) Assume that S is a finite set. For any S-cubes z, y and a family of morphisms
f=Afriazr— yT}Tep(S) inC, f: x =y is a morphism of S-cubes in C if and
only if for any T € P(S) and k € T, we have the equality d5" fr = fr(rydy".

Ezample 2.7 (Typical cubes). Assume that S is a finite set and let fg = {fs}scs be
a family of elements in R. The typical cube associated with {fs}ses is an S-cube in
Pr denoted by Typgr(fs) and defined by Typy(fs)r = R and d;pr(fS)’t = f; for any
TeP(S)andteT.

The following lemma is often used when we are dealing with cubes. Its proof is
Very easy:
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Lemma 2.8 (Cube lemma). For the diagram below in a category C

a > b
NS
r—Y
L]

z —— w
SN
. L d

assume that the morphism wd is a monomorphism (resp. T4 is an epimorphism) and
every square except xywz (resp. abdce) is commutative. Then xywz (resp. abdc) is also
commutative. UJ

Definition 2.9. Let £ and F be full strict exact subcategories of 4. We define the
category F x &£ as follows. F x £ is the full subcategory of Cubl(é') of those mor-
phisms 1 — z¢ in £ which are monomorphisms with A-cokernel in F.

Proposition 2.10. In the notations above, if F satisfies either condition (1) or (2)
below, then F x & s a full strict eract subcategory of Cubl(.A). Moreover,
Hy: F x & — F is exact.

(1) F is closed under extensions, that is, for an exact sequence a — b — ¢ in A, if
a and ¢ are isomorphic to objects in F, respectively, then b is also isomorphic to
an object in F.

(2) F is closed under admissible sub- and quotient objects, that is, for an exact
sequence a — b — c in A, if b is isomorphic to an object in F, then a and c
are also isomorphic to objects in F, respectively.

Proof. We may assume that £ and F are closed under isomorphisms in 4. That is,
if a is an object in A which is isomorphic to an object in £ (resp. F), then a is
also in £ (resp. F). We declare that a sequence ¢ — y — z in F x £ is an admissible
exact sequence if it is exact in Cub'(A). Obviously a split short exact sequence in
F x & is an admissible exact sequence. We need to prove that the class of admissible
monomorphisms (resp. admissible epimorphisms) is closed under compositions and
co-base change (resp. base change) along arbitrary morphisms. We just check for
the admissible monomorphisms case. To prove for the admissible epimorphisms case
is similar. For a pair of composable admissible monomorphisms = — y — z, by the
snake lemma in Cub'(A), we have the short exact sequence

y/w— zfe = 2y
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in Cubl(A). Applying the snake lemma to the following diagram

(y/x)1 —— (z/2)1 —» (2/yh

dy/wl ldz/w ldz/y

(y/x)o —— (z/x)0 — (2/Y)o,

we learn that d*/? is a monomorphism in A. Now let us assume the condition (1)
(resp. (2)). Then by considering the following short exact sequence in A

Ho(y/x) — Ho(z/z) - Ho(2/y),
(resp. Ho(z) — Ho(2) - Ho(z/2), )
we notice that Ho(z/z) is actually in F. Therefore the short exact sequence
x—z—>»z/x

is an admissible exact sequence in F x £. Hence the class of admissible monomor-
phisms is closed under compositions. Next let us consider morphisms y < z — z in
F x &. Consider the coproduct y L, z in Cubl(.A). We have the following pushout
diagram

x> >z » z/x
[ A 2
Yr—=>yloz —» z/x
in Cub'(A). Then since the class of admissible monomorphisms in £ is closed under
the co-base change by arbitrary morphisms, (y U, 2), is in £ for ¢ =0, 1. Applying
the snake lemma to the following diagram
Yir—— (YU 2)1 —» (2/2)
v \L J/dyuzz J/dz/:l;
Yo — (y Uz 2)o0 —» (2/x)o,

we learn that d¥“=* is a monomorphism in A and by applying the functor Hy to the
pushout diagram (1) above, we get the following commutative diagram

Ho(z) > Ho(z) ——» Ho(z/x)

Lo

Ho(y) >—— Ho(y Uz 2) —» Ho(z/2),

where the horizontal lines are short exact sequences in A. Thus ¥ is coCartesian and
since the class of admissible monomorphisms in F is closed under co-base change by
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arbitrary morphisms, Ho(y U, z) is in . We conclude that y L, z is in F x &€ and
yr—ylyz—»z/x
is an admissible exact sequences in F X &. O

Definition 2.11. In the situation 2.10, moreover assume that F has the subcategory
w = w(F) containing the class of isomorphisms in F. We define the subcategory
tw(F x &) of F x & as follows. A morphism f: z —y in F x & is in tw(F x &) if
and only if Ho(f): Ho(z) — Ho(y) is in w(F). Then every isomorphism in F x & is
in tw(F x &).

Proposition 2.12. In the notation above, if w(F) satisfies the gluing (resp. cogluing,
saturational, extensional) axiom, then tw(F x &) also does. In particular if (F,w) is
a Waldhausen exact category, then (F x E,tw(F x £)) is also a Waldhausen exact
category and the functor Hy: (F x E,tw(F x £)) — (F,w) is a morphism of Wald-
hausen categories.

Proposition 2.13. In the notation 2.12, moreover assume that (F,w) is a Wald-
hausen category and F is contained in &, then the functor Hy induces a homotopy
equivalence on K -theory:

K(Hy): K(F & & tw) — K(F;w).
Proof. Define the morphism of Waldhausen categories s: (F,w) — (F x &,tw) by

2+ [0 — z]. Then obviously we have the equality Hy os = id. Moreover there is the
natural weak equivalence id — s o Hy defined by the canonical morphisms

T — 0

11

To | — | Ho(z)

for any object « in F x £. Therefore by [29, p.330 1.3.1], we learn that wS, Hy is a
homotopy equivalence. O

Next let & and F; (i = 1, 2) be full strict exact subcategories of \A. Moreover we
suppose that F; satisfies either condition (1) or (2) in 2.10. Then by 2.10, F; x &; is
an exact category.

Proposition 2.14. Assume that the inclusion functors & — & and F, — Fo are
closed under extensions. That is, for an admissible exact sequence

Tr—Y—>2

in E (resp. F2) if x and z are isomorphic to objects in & (resp. F1), then y is also
in & (resp. F1). Then Fi X & — Fa X &y is also closed under extensions.

Proposition 2.15. Assume that the inclusion functors & — Ey and F, — Fo are
closed under taking kernels of admissible epimorphisms. That is, for a short exvact
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sequence
Tr—Y—>» 2

in A if z is isomorphic to an object in Ey (resp. Fa) and y is isomorphic to an
object in &1 (resp. F1), then x is also isomorphic to an object in & (resp. F1). Then
F1 X & = Fo X & is also closed under taking kernels of admissible epimorphisms.

Proof of 2.14 and 2.15. Let us consider the short exact sequence below in Cubl(A)

T p—— Y1 —» 21

SNt

Tor—— Y1 —» Z1-

If d* and d* are monomorphisms (resp. d¥ is a monomorphism), then d¥ (resp. d*) is
also. In this case, observing the 3 x 3 commutative diagram below

z1 > > Y1 » 21
dll J/dy idz
Zo » > Y1 » 21

Lo

Ho(z) —— Ho(y) —» Ho(z2),

we learn that if the condition 2.14 (resp. 2.15) is verified and if z is isomorphic to
an object in Fy x & (resp. Fa X &) and if x (resp. y) is isomorphic to an object in
F1 X &1, then y (resp. x) is also isomorphic to an object in Fy X &. O

Remark 2.16. The assertions 2.14, 2.15 and its dual imply the following statements:

(1) Assume that the inclusion functors & < & and F; — F» are closed under
admissible sub- and quotient objects, then F; x & is also closed in Fa X &;.

(2) Let &, F be full subcategories of A closed under extensions in A. Then F x & is
closed under extensions in Cub'(A).

Proposition 2.17. In the notation above, moreover let us assume the following two
conditions:
(1) F2 is a full subcategory of Es.

(2) Every object in & is a projective object in Ey and every object in Fy is a projective
object in Fs.

Then all objects in F1 X &1 are projective objects in Fo X E.
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Proof. Let us consider the left diagram in F3 x £ below

Ho()

x
s | o |
v +
4 t

- Ho(y) — Ho(2),
Hy (t)

where x is an object in F; x & and t is an admissible epimorphism. Then by applying
Hy to the diagram, we get the right diagram in F5 above. Since Hy(x) is a projective
object in Fa, there is a morphism o: Ho(z) — Hp(y) which makes the right diagram
above commutative.

Claim. There is a morphism s’': x — y such that Hyo(s') = ¢ and ts’ is chain homo-
topic to f.

Proof of claim. Let us consider the left diagram of admissible exact sequences below

1 >d—> o —ﬂ» Hy(z) 1 >d—> Z —ﬁ» Hy(z)
| I h //
st sy | la (f—ts’)ll // J(f—ts/)o JO
+ v ¥
Y1 T Yo 41/» H()(y)7 21 >7> 20 ﬁ Ho(z)
s s

Since z is a projective object in £, we have a morphism sj: zg — yo which makes
the diagram above commutative. Therefore by the universality for the kernel of d¥,
we also have a morphism s} : z1 — y; in the left commutative diagram above. Then
we have the equalities Ho(f) = Ho(t)o = Ho(ts’). Therefore we have 7*(f — ts), = 0.
By the universality for the kernel of 7%, we have a morphism h: x¢y — 21 such that
(f —ts"), = d*h. Since d* is a monomorphism, we also have the equality (f —ts'); =
hd”. Hence we get the desired result. O

Since x( is a projective object in &, we have a morphism u: xy — y; such that
tlu = h.

We put sy := 5] + ud® and sp := s{, + d%u. Then we can easily check that s is a
morphism of complexes and f = ts. O

Definition 2.18. Let H < G be strict exact subcategories of A. Assume that G
satisfies either condition (1) or (2) in 2.10. Moreover assume that G has a class of
weak equivalences wG which satisfies the axioms of weak equivalences in [29]. We put
v:=wG NH and it is a class of weak equivalences in H. We define the new class of
weak equivalences [v(G X H) in G X H as follows. A morphism f: z — yin G x H is
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in lv(G x H) if and only if f;: x; — y; for i =0, 1 is in vH. We call a morphism in
(G x H) a level weak equivalence.

We can easily check that (G x H,lv) is a Waldhausen category.

Proposition 2.19 (Abstract split fibration theorem). Let G, H, w and v be as
in 2.18. Then we have split fibration sequences

K(H;v) = K(G x H;lv) - K(G;w) and
K(H) = K(Gx H) = K(G).
Proof. Let us denote the category of acyclic complexes in G x H by (G x H)%. Since

(G x H)?is closed under extensions in G x H, it naturally becomes a Waldhausen cat-

egory and the association z — [z g x| gives an equivalence between H and (G x H)?
as Waldhausen categories. On the other hand, there is an equivalence of Waldhausen
categories

GxHISE(GxH)!,GxH,G),

X1 KEQ €1 — 0
z1 ; Zo - Ho(x)

where E((G x H)?,G x H,G) is the exact category of admissible exact sequences
x— 1y —» 2z in G X H such that z is in (G x H)? and z is in G. Moreover E((G x H)?,
G x H,G) has the natural class of weak equivalences lv induced from G x H. Hence by
the additivity theorem in [29, Proposition 1.3.2.], we get the first fibration sequence.
The second fibration sequence is given by taking w = ig and v = iy the class of all
isomorphisms in G and H and by the equality liy; = igxy in the first situation. O

Definition 2.20 (Adroit systems). An adroit (resp. a strongly adroit) system in
an abelian category A is a triple X = (&1, &>, F) consisting of strict exact subcate-
gories &1 < & + F of A such that they satisfies the following conditions (Adr 1),
(Adr 2), (Adr 3) and (Adr 4) (resp. (Adr 1), (Adr 2), (Adr 3) and (Adr 5)):

(Adr 1) F x & and F x & are strict exact subcategories of Cub® A.
(Adr 2) & is closed under extensions in &s.

(Adr 3) Let z — y — z be an admissible exact sequence in A. Assume that y is
isomorphic to an object in & and z is isomorphic to an object in either &
or F. Then z is isomorphic to an object in &;.

(Adr 4) For any object z in &, there is an object y in & and an admissible epi-
morphism y — z in &s.

(Adr 5) For any non-negative integer m and any object z in HOM([m], E2), there
is an object y in HOM([m], &) and an admissible epimorphism y — z in
HOM([m], E2).
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Theorem 2.21. Let X = (&1,E2,F) be a triple of strict exact subcategories
&1 =& «— F of A and w a class of morphisms in F such that (F,w) is a Wald-
hausen exact category. Then

(1) If the triple X is an adroit (resp. a strongly adroit) system, then the inclusion
functor of opposite categories

(Fx &) = (Fx&E)P(resp. ((Fx )P tw?) — ((F x E2), twP))

satisfies the resolution (resp. strong resolution) conditions in 1.12. In particular
we have a homotopy equivalence on K-theory:

K(Fx&)— K(Fx&)

(resp. K(F x E;tw) = K(F X Eg;tw)).

(2) (Abstract weight declension theorem). If the triple X is a strongly adroit
system, then the exact functor Hy: (F X &1, tw) = (F,w) induces a homotopy
equivalence on K -theory:

K(Hp): K(F x &5tw) = K(F;w).

(3) If the triple X is an adroit system, then for i =1, 2, the exact functor

0;: F x & — F x & which sends a morphism x = [x; A xo] to an ordered pair
(Ho(z),x1) gives a homotopy equivalence on K -theory:

K(Fx &) — K(F) x K(&).

Proof. Proof of assertion (1): Let us fix a non-negative integer m. We will only prove
that the inclusion functor (F x & (m,tw))” < (F x Ea(m, tw))? satisfies the reso-
lution conditions in 1.9 when & is a strongly adroit system. When m = 0, this yields
the case when X is adroit. The condition (Res 1) follows from 1.7 and 2.14. We can
easily check the condition (Res 3) from assumption (Adr 3) and 1.4. Next we check
the condition (Res 2). For each x in F x E(m,w), by assumption (Adr 5), we have
an object yo in HOM([m],E1) and an admissible epimorphism yg — z¢. Then for
each 0 < i < m, we put y1 () := Ker(yo (i) = xo(i) - Hp z(¢)). We have the following
commutative diagram:

y1 (1) ———» x1(4

L]

)
Yo(i) ——» @o(i)
By assumption (Adr 3), we notice that y is in HOM([m], F x &1). Since the mor-
phism y(i) — z(¢) is a quasi-isomorphism for each 0 < ¢ < m, we learn that y is in
F x E1(m,w). Therefore we get the result.
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Proof of assertion (2): We have the factorization
K(Hp): K(F x &3 tw) - K(F x Eg;tw) > K(F;w),

where the maps I and IT are homotopy equivalences by (1) and 2.13, respectively.
Proof of assertion (3): The inclusion functors F x & «— F X & and & — &
induce the commutative diagram below:

K(]'—D(gl) ﬂ; K(./—") XK(Sl)

K(F % &) %) K(F) x K(&).
K 92

Here the vertical maps are homotopy equivalences by (1) and the resolution theo-
rem 1.13 and the bottom map K (62) is a homotopy equivalence by 2.19. Therefore
the map K (61) is also a homotopy equivalence. O

3. Admissible cubes

In this section we define and study the notion of an admissible cube in an abelian
category which is a categorical variant of the concept about regular sequences. We
calculate the homologies of the total complexes of admissible cubes in 3.13 and as
its applications, we give a characterization of admissible cubes in terms of their faces
and total complexes as in 3.15 and an inductive characterization of admissibility as
in 3.16. Finally by utilizing the notion of admissibility, we extend semi-direct products
to multi semi-direct products of exact categories as in 3.18. Let us start by organizing
the general phraseologies of cubes. Let A be an abelian category.

Definition 3.1 (Restriction of cubes). Let U, V be a pair of disjoint subsets of
S. We define the functor i};: P(U) = P(S), A~ AUV and it induces the natural

transformation (zg)* Cub® — Cub?. For any S-cube z in a category C, we write

x|y, for (i) "z and it is called restriction of = (to U along V).

Ezample 3.2 (Faces of cubes). For any S-cube z in a category C and k € S, ac|g€\}{k}7

x\g\{k} are called the backside k-face of x, the frontside k-face of x, respectively. By
a face of x, we mean any backside or frontside k-face of .

Recall the definition of Hy and HY for cubes from 2.5.

Lemma 3.3. For any S-cube x in an abelian category and any pair of disjoint subsets
U and V and any element u in U, we have

Hy (2]y) = Hy (@)l forp=0, 1. (2)

Proof. We will only prove the equation (2) for p = 0. For any subset T of U \ {u},
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the following equalities show the equation (2) for p = 0:

U U{u}
Hy (o)1) |7 = Coker((!))puyy  — (210)7)
= Coker(zyurugey — — " wvur) = Hy(@)vur = (Hs ()| guy) - O

Definition 3.4 (Degenerate cubes, non-degenerate cubes). Let 2 be an S-cube
in a category C.

(1) For k € S, we say that x is degenerate along the k-direction if d?ﬁ{k} is an

isomorphism for any T' € P(S ~\ {k}).

(2) We say that z is non-degenerate if no boundary morphism of z is an isomorphism.

Definition 3.5 (Total complexes). For an n-cube z in an additive category B, we
associate the complex Tot x, called the total complex of x, defined as:

(Totx), = @ xT.

TeP((n)#T=Fk

The boundary morphisms d;°**: (Tot z), — (Totx), , are defined by

n

> xr(t)
(=)= dpar = 2rog)

on its 7 component to xp. ;) component. Here xr is the characteristic function
associated with T'. (See 2.2). For a general finite set S, let us fix a bijection a: (n] = S.
Then we can consider any S-cubes to be n-cubes by a. Therefore we can define the
total complex of an S-cube x which is denoted by Tot, x or simply Totx. Next
moreover let us assume that B is an abelian category. We say that a morphism
f:x — y between S-cubes in B is a quasi-isomorphism if Tot f: Totz — Toty is a
quasi-isomorphism. We denote the class of quasi-isomorphisms in Cub” B by tqcup- 5
or shortly tq.

Definition 3.6 (Spherical complex). Let n be an integer. We say that a complex
z in an abelian category A is n-spherical if Hy(z) = 0 for any k # n.

From now on, in this section, let us assume that S is a finite set and let = be an
S-cube in an abelian category A.

Ezample 3.7 (Motivational example). Let {fs}ses be a family of elements in A which
forms a regular sequence in any order. Then for any 1 < k < #S and any distinct
elements s1,- - - , s in S, the boundary maps in the cube Hg* (- - - (Hg* (Typ 4 (fs))) -« -)
are injections where Typ 4(fs) is the typical cube associated with {fs}scs (See 2.7).

Definition 3.8 (Admissible cubes). If #S =1, z is said to be admissible if its
boundary morphism is a monomorphism. Inductively, for #5 > 1, x is called admis-
sible if its boundary morphisms are monomorphisms and if for any & in S, Hj(z) is
admissible. By convention, we say that x is admissible if S = §.
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Remark 3.9. The name “admissible” comes from [29, p.331]. In [29, p.323 1.1.2],
Waldhausen give a characterization of admissibility of squares. More precisely, for a
square of monomorphisms in .4 below

—

o <4+—<9o
—— >

Y

—

b

it is admissible if and only if the induced morphism ¢ U, b — d is a monomorphism.
Remark 3.10. Assume that #S > 2. Then «x is admissible if and only if for any distinct
elements ¢, s1,---, 8, In .S (1 <r <#S—1),
Hi(z) and HjH§ (Hg* (- (Hy (2))---)))
are trivial.
Lemma-Definition 3.11. For a pair of disjoint subsets U and V' € P(S) such that
k = #U > 2, let us assume that x|‘[§ is admissible. We denote the all distinct elements
of U by i1,...,i;. Then we have the canonical isomorphism:
Hy (Hg (- (Hg () - ))v = Hy' O (B (- (Hy ™ (@) ),
where o is a bijection on U. In this case we put
Hy (a)v := Hy (Hg (- (H () -+ -))v-
We also put Hg(x) := x. Notice that Hj (z) is an S\ T-cube for any T € P(S).
Proof. We may assume that U = S and V = ) by replacing z|}; with z. Since every
bijection on S is expressed in compositions of substitutions of two elements, we shall
just check the assertion for any substitution of two elements o. Since for a pair of
distinct elements ¢, j € S, x is considered to be a {i, j}-cube in Cub™ 147t 4 by 2.4,
we shall assume that S = {i, j}. In this case, by 3 x 3-lemma (See for example [30,

Exercise 3.2.1]), we learn that H%(Hf)(a:))@ and H}, (Hf)(a:))@ are canonically isomorphic
to the object y in the diagram below.

Tii, 5y > y T{i} » HY(z) (4

I

T} > > o » H) (2)o

o

H(z)y —— Hi(z)g —»

—

® 4

O

Lemma 3.12. Assume that x is admissible. Then, for any pair of disjoint subsets U
and V' of S, z|}; is admissible. In particular, all faces of x are also admissible when
#S > 1.
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Proof. If #U < 1, then the assertion is trivial. We assume that #U > 2. For any
distinct elements u, s1,--- , s, of U, since H} (x) and HY (Hg' (H2(--- (Hg"(z)) -+ +)))
are trivial by assumption and 3.10, H{ (z|};) and H{ (Hg* (Hg? (- - - (Hi (z]Y)) - - -))) are
also trivial by the equalities

HY (2]17) = HY ()] quy»

H (HG' (Hg? (- (HG7 (2[7)) - ++))) = Hy (H (Hg (- (H5 (@) - D fuwssr e 5,)
which come from 3.3. Hence z|}; is admissible. O

Proposition 3.13. Let us assume that S is a non-empty set and all faces of x are
admissible. Then

(1) For any element k in S, we have the following isomorphisms

Wz,s@: Hy(Tot z) — {Op ’ otherwise

which is functorial in the following sense: For any S-cube y in A such that all
faces are admissible and for any morphism f: x — vy of S-cubes, the following
diagram is commutative for p =0, 1:

H, Tot(f)
H, Totx — H,Toty

wlk),S,z J{Z lez,s,y

Hy Y~ M (@) —— mE M (),
uE Hg - ()

(2) In particular, if x is admissible, then we have the isomorphisms.

~ |H5(x) forp=0
P Hy(Totz) 30
s,x p(Tot z) {0 otherwise.

Proof. First we prove that assertion (1) implies assertion (2). Assume x is admissible.
Then all faces of z and Hg\{k}(:v) for all k € S are admissible by 3.12 and the

definition of admissibility. In particular HY Hg \{k}(x) is trivial. Hence we obtain

the result by (1).
Next we will prove assertion (1). We proceed by induction on the cardinality of
S. Let us assume that the assertion is true for any S \ {k}-cubes in A which satisfy

the assumption. For simplicity, we put T'= S \ {k} and y; = $|{Tk} and yo = w|9 and
d:= d;”w’k. We regard z as the {k}-cube x = [y; 4 yo] in Cub” A. Since we have the
isomorphisms Tot Cone d = Cone Tot d = Tot x, there is a distinguished triangle

Toty, %% Tot yo — Totz =3 (3)

in the homotopy category of bounded complexes on A. Here Hy, Toty, is trivial for
any p > 1 and ¢ = 0, 1 by the inductive assumption and assertion (2). Therefore the
long exact sequence induced from the distinguished triangle (3) shows that H, Tot z
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is trivial for p > 2 and yields the top exact sequence in the commutative diagram
below.

Hp Tot d
0 —— H; Totx —— Hp Toty O—) Hy Totyg —— HpTotax ——— 0

| |
0 0
T,y lz ZlnT,yo

I I

| I

\ T \
Wios,e | L H; (1) Hy (o) U Wise

I I

I I

3 <+
0 — HYH{ (z) — Hy (2)g, I Hg (2)y — HgH (z) — 0.
)
Then there are the isomorphisms w? o : H, Totz = H’; HOT(x) for p =0, 1 which
make the diagram above commutative. By construction, wy ¢ is functorial. O

Corollary 3.14. For a pair of disjoint finite subsets U, V' of S, let us assume that
x|V, is admissible. Then we have the isomorphisms below:

Hg(x)v forp=0
0 otherwise.

Hy (Tot(2]17)) = {

Proof. If U = ), we have the equality x\U =gzy = HO( )v. Therefore the assertion
is obvious. If U # ) applying 3.13 to x|, and noticing that the equality HO (z|¥) 0=
H{ (z)y, we get the result. O

Corollary 3.15. The following conditions are equivalent:
(1) z is admissible.

(2) Totx is 0-spherical and all faces of x are admissible.

Proof. Condition (1) implies condition (2) by 3.12 and 3.13 (2). Conversely let us
assume that x satisfies condition (2). We may assume #S > 1. We prove that for any
disjoint pair V and W € P(S) \ {S} and k € W, the boundary morphism

H z),k
dy e Ho( Jw — H(‘)/($)W\{k}
~{k}

is a monomorphism. If #(S \ V) 2 2, set 2’ equal to x|Vu{k} and then we can identify
the boundary morphism above with the following morphism
Ho(z'),k
die ™ Ho (/) 1y — Hola)g.
Therefore the assertion follows from admissibility of 2’. If S\ V' is the singleton {k},

then W = {k} and by 3.13, we have the isomorphisms Hk(HS\{k}( )) = Hy(Totz) =
0. This means that we get the desired result. O

Corollary 3.16 (Inductive characterization of admissibility). Assume that S
is a non-empty set. Then the following conditions are equivalent:
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(1) z is admissible.
(2) For some s € S, x satisfies the following three conditions:

(1) x|é‘g\}{s}, m|g\{s} are admissible.

(ii) d;ﬂj{s} is a monomorphism for any T € P(S \ {s}).

(iii) H§(z) is admissible.
(3) For any s € S, x satisfies the three conditions (i), (ii) and (iii) in (2).
Proof. We can easily check that condition (1) implies condition (3) and condition (3)
implies condition (2). We need only prove that condition (2) implies condition (1).
We prove this assertion by induction on #S. If #S5 = 1, the assertion is trivial. For
#S > 1, we will prove that
(a) all faces of x are admissible, and
(b) Totx is O-spherical.

Proof for assertion (a): We prove that for any k € S, the faces x|é’?{k} and z|g\{k}

are admissible. If k£ = s, it is just condition (i). If k& # s, then they satisfy conditions

(1), (ii) and (iii) and therefore by the inductive hypothesis, they are admissible.
Proof for assertion (b): Fix an element ¢t € S ~\ {s}. Since we have the isomorphism

S~ ~ S~{s, s
Ho > (2) S (w5 (),

we learn that Hg\{t} () is admissible by condition (iii). In particular, H (Hg\{t} (2))

is trivial. On the other hand, by 3.13, we have the isomorphism

H;(HOS\{t}(x)) forp=0,1

H,(Totz) =
» ) { 0 otherwise.

Therefore we notice that Tot x is O-spherical. Hence by 3.15, x is admissible. O

Corollary 3.17. For a subset T C S, if the following two conditions are verified,
then x is admissible:

(1) z is degenerate along the k-direction for any k € T.
(2) x|%_, is admissible.
Proof. Since for any element in ¢t € T', we have the equality
0 o _ 0
(x|S\(T\{t}))|S\T - I‘S\T7
by the induction of #T, we shall assume that T is the singleton T'= {k}. In this

case, x satisfies conditions (i), (ii) and (iii) in 3.16 (2) for s = k. Therefore x is
admissible. O

Definition 3.18 (Multi semi-direct products). Let § = {Fr}rep(s) be a family
of full subcategories of A. Then

(1) Wedefine x§ = x  Fr the multi semi-direct product of the family § as follows.
TeP(S)

l><( Fr is the full subcategory of Cub®(Fy) consisting of those cubes 2 such
TeP(S)

that z is admissible and each vertex of Hi () is in Fr for any T' € P(S). If S is

a singleton, then = x Frp is just the semi-direct product Fg x Fp in 2.9.
TEP(S)
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(2) Suppose in addition that Fg has a class of weak equivalences w = w(Fg). Then
a morphism f: x — y in X§ is said to be a total weak equivalences if Hg (f) is
in w. We denote the class of total weak equivalences in X§ by tw( x Fr) or

TEP(S)

simply tw.

Proposition 3.19. Let § = {Fr}reps) be a family of full subcategories of A. Then
(1) For each s € S, we have the equality

X Fr= ( X fTu{s}) X ( X ]-'T> .
TEP(S) TeP(S~{s}) TeP(S~{s})

(2) In the equality in (1), the class of quasi-isomorphisms in X Fr is equal to
TeP(s)

the class of weak equivalences induced from the class of quasi-isomorphisms in
X Frugsy asin 2.11. Namely we have the equality

TeP(S~{s})
tw ( X ]:T> =t (tw ( X fTI.l{s})) .
TeP(S) TeP(S~{s})

(3) In the situation (2), we have the equality

tw tw
( X ]-'T> = ( [ ]:Tl_l{s}> X ( X ]-'T> .
TeP(S) TeP(S~{s}) TeP(S~{s})

Proof. Proof of assertion (1): Let us fix an element s € S. For simplicity, we put

g = ( X fTu{s}) X ( X ]-'T>.
TeP(S~{s}) TeP(S~{s})

Let = be an object in xF. To prove that = is in G, we need to check the following
two assertions:

(a) x\{;\}{s}, x|g\{s} are in Fr.

X
TeP(S~{s})

(b) Hi(z) is in Friugs)-

X
TeP(S~{s})
We put W = () or W = {s}. First let us notice that 33|Y9V\{5} and H{(z) are admissible
by admissibility of z. For each T' € P(S \ {s}) and V € P(S \ (T'LU {s})), we have
the equalities

HG (H(2))v = H "t (2)y and (4)

H (2] 1y)v = Hg (2)vuw- (5)

Therefore both objects above are in Fryw. Hence we get assertions (a) and (b) and
we learn that z is in G. Conversely next let z be an object in G. Since x satisfies
conditions (i), (ii) and (iii) in by 3.16 (2), « is admissible. Moreover by the equalities

(4) and (5) above, we learn that Hy (z)y is in Fr for any disjoint pair of subsets T,
V € P(S). Therefore z is in XF.
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Proof of assertion (2): By 3.14, a morphism f: z — y in

X ‘/—"T
TeP(S)
is a quasi-isomorphism if and only if Ho(Tot f): Hy(Tot ) — Ho(Tot y) is an isomor-
phism. Since Hy(Tot z) = Ho(Tot Hy(2)) (2 = x, y), this condition is equivalent to the
assertion that the induced morphism H(f): H{(z) — H{(y) is a quasi-isomorphism.
Hence we get the result.

Proof of assertion (3): By virtue of the equality in (1), we may assume that S
is a singleton. Namely #S = 1. For simplicity we put £ = Fp and F = Fg. For any
object x in F x &£, the canonical morphism 0 — z is in tw if and only if the canonical
morphism 0 — Hy(z) is in w and the last assertion is equivalent to Ho(x) being in
F. Hence we get the desired result. O

Corollary 3.20. Let € = {Er}pep(s) and § = {Fr}repcs) be families of subcate-
gories of A such that for each T € P(S), Fr — Ep are strict exact subcategories of
A and the inclusion functor Er — A is closed under extensions. Then

(1) x& is closed under extensions in Cub® A. In particular x € naturally becomes
an exact category.

(2) If Fr — &Er is closed under extensions (resp. taking admissible sub- and quo-
tient objects, taking kernels of admissible epimorphisms, taking finite direct sum)
for any T € P(S), then the inclusion functor XF < X& is also closed under
extensions (resp. taking admissible sub- and quotient objects, taking kernels of
admissible epimorphisms, taking finite direct sum).

(3) Assume that the following two conditions hold:
(i) For any pair of subsets T C U in S, Ey is full subcategory of Er.

(ii) For any subset T in S, every object in Fr is a projective object in Ep. Then
every object in X§ is a projective object in X E.

Proof. Utilizing the inductive description of x€& and XF as in 3.19 (1), we get the
results by induction and 2.14, 2.15, 2.16 and 2.17. O

Remark 3.21. Let § = {Fr}rep(s) be a family of strict exact subcategories of A.

Assume that for any disjoint decomposition S =U UV, x Fp,y is a strict exact
TeP(U)

subcategory of Cub” (A).

(1) Since boundary morphisms of admissible cubes are monomorphisms, for each
s € S, the functor

H(S): X Fr — X ]:Tu{s}
TeP(S) TeP(S~{s})

is exact. Moreover by induction on the number of elements, we learn that for any

W e P(S),

HE)/V: X ]:U — X ]:WuT
UeP(S) TeP(S\W)

is also an exact functor.
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(2) In particular, since for the functors Hg, Hy Tot: x § — Fg, we have the iso-
morphism H‘g 5 Hp Tot by 3.13 (2), Ho Tot is also an exact functor from xF to
Fs.

4. Koszul cubes

In this section, we define Koszul cubes in 4.8 and relate them to semi-direct prod-
ucts of exact categories of pure weight modules as in 4.20. The pivot of the theory is
Theorem 4.15 which says that the total complexes associated with free non-degenerate
Koszul cubes are 0-spherical. Let us commence defining and recalling elementary facts
about regular sequences. Let R (resp., A) be a commutative ring with 1 (resp., com-
mutative noetherian ring with 1).

By an A-sequence we mean an A-regular sequence fi,-- -, f; such that any per-
mutation of the f; is also an A-regular sequence.

Ezample 4.1. We enumerate fundamental properties of A-sequences from [19, §16].

(1) For any A-regular sequence f1,--- , fq and a prime ideal p in A such that f; € p for
any i € (q], fi, -+, fq is an Ap-regular sequence in A,. In particular if fi,--- , fg
is an A-sequence, then it is also an Ap-sequence in A,.
(2) For any A-regular sequence fi,- -, f, and positive integers 1, -+, pq, f1', -,
/¢ is again an A-regular sequence. In particular if fi,--- | fq is an A-sequence,
then fI'* ... fi% is also an A-sequence.

(3) Any A-regular sequence contained in the Jacobson radical of A is automatically
an A-sequence.

The following lemma might be well-known. But I do not know a reference and we
give a proof in minute detail:

Lemma 4.2. Let R be a commutative ring with unit and f1,-- , fn, g1, ,gn ele-
ments in R. We put h; = f;g; for each 1 < i < n and assume that each f; is not a unit
and the sequence hy,--- , h, is an R-sequence. Then f1,--- , f, is also an R-sequence.

Proof. If n =1, f; is actually a non zero divisor. For n > 1, by induction on n, we

shall only check that if for some elements z and yEO) in R (1 <4< n), we have the
equality

n—1
0
far = finl”, (6)
i=1
n—1
then we have the equality x = Z fiz; for some elements z; in R. Multiplying the
i=1

equality (6) by g = H gi, we get the equality

i=1
n—1 n—1 g
o [ [T o | 2= h (y?”) .
i=1 i=1 9i
(1) (1)

Since the sequence hy,---,h, is an R-sequence, there are elements y; "/, -+ ,y, ; in
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R such that
n—1 n—1
(1)
H gi | T = E hiyi .
i=1 i=1

Now let us define the polynomials ¢, ; (Y1, - ,Y,—1) in R[Y1,---,Y,—1] (1 < i< n)
by the formula

g1(z — f1Y7) ifi=1and n =2
n—1 n—1
91 IT 9j)2—nvip— > h;y; ifi=1andn >3
j=2 j=2
n—1 i—1 n—1
9; IT 9j)e—fivip— (> £Y+ > hjY;| if2<i<n—2
02i(Y1,Y2, -+ Y1) = j=it1 = Pl=nit
n—2
Gn_1(@ = fn_1Yn_1) = > f5Y; ifi=n—1landn >3
Jj=1
n—1
z— > £5Y; if i = n.
j=1

Claim. For1 <i < n —1,if ¢, ; = 0 has a solution in R, then the equation ¢, ;41 =0
also has a solution in R.

Proof of claim. Let a system Y; =y, (1 < j <n—1) be a solution of ¢, ; =0. If g;
is a unit, then the system

v — gty A
T if j =i

is a solution of ¢, ;41 =0. If g; is not a unit, then by inductive hypothesis, the
sequence

0 (ifi=1and n=2)

hoy -+ yhn_1, g1 (ifi=1and n > 3)

fio fasoo s ficay higa, o b, g (if2<i<n—2andn >4)
fiooo s fre2y Gno1 (fi=n—1and n>3)

is an R-sequence. Therefore we have elements z; in R (1< j<n—1, j#1i) such

that the system
n-{o 4
yi itj=i
is a solution of ¢, ;41 = 0. O
Since the system Y; = yél) (1 <j<n-—1)is asolution of ¢, 1 = 0, by induction on
i, finally we have a solution of ¢, , = 0 and this is just the desired result. O

The following assertion is a very basic fact about regular sequences and useful to
handle Koszul cubes:

Lemma 4.3. For a non-zero divisor f in R, an R-sequence g, h in R, we have the
equalities

RiNR={re R f"=ru for somem €N, ue R} and
Ry NRy = R*
in the total quotient ring of R.
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Proof. We will give a proof of the second equality above. An element v € R, N Ry, is of

x
the form u = — = % for some positive integers n and m. Then we have the equality

h™z = g™y. Since the sequence g™, h"™ is an R-sequence by 4.1 (2), there is an element

z in R such that x = g"z and therefore u = % Hence we have R; N Ry = R in the

total quotient ring of R and it implies the desired equality R N Ry = (RyN Ry =
R*. O

Next we will make ready for the general jargons of cubes in the category of Modules
over a commutative ring with unit R.

Definition 4.4 (Free, projective, finitely generated cubes). We say that a
cube z in the category of R-Modules is free (resp. projective, finitely generated) if all
vertexes of x are free (resp. projective, finitely generated) R-Modules.

Definition 4.5 (Localization of cubes in the category of Modules). For any
S-cube z in the category of R-Modules and a multiplicative subset & C R, &'z will
denote the S-cube in the category of G~ R-Modules defined by (&~ 1z)7 := &~ !(z7)
forany T' € P(S). If & = {f"} >0 (veps. A \ p) for some element f € R (resp. a prime
ideal p in R), we write x s (resp. z,) for &~ 'z.

Definition 4.6. Let the letter p be a natural number or oo and I an ideal of A. Let
ML (p) denote the category of finitely generated A-modules M such that
Projdim, M < p and Supp M C V(I). We write M, for MY (c0). Since this cat-
egory is closed under extensions in M 4, it can be considered to be an exact category
in the natural way. Notice that if I is the zero ideal of A, then MY (0) is just the
category Py.

Remark 4.7. In [15], a pseudo-coherent Ox-Module on a scheme X is said to be of

Thomason-Trobaugh weight q if it is supported on a regular closed immersion Y — X

of codimension ¢ and if it is of Tor-dimension < ¢q. The following are equivalent for any

finitely generated A-module M and any ideal I which is generated by an A-regular

sequence f1,:--, fr:

(1) The quasi-coherent Ogpec 4-module associated with M is of Thomason-Trobaugh
weight r supported on V(I).

(2) M is in M4 (r).
This is a consequence of the two facts that Tordimy M = Projdim 4 M (see [30,

Proposition 4.1.5]) and that Spec A/I — Spec A is a regular closed immersion of codi-
mension r.

In this section, from now on, assume that S is a finite set and let {fs}scs be an
A-sequence and let us fix 0 < p < oo.

Definition 4.8 (Koszul cube). A Koszul cube x associated with {f;}scs is an S-
cube in the category of finitely generated projective A-modules P4 such that for each
subset T of S and k in T', d% is an injection and Coker d%. is in MQ’CA(I). We denote
the full subcategory of Cub® P4 consisting of those Koszul cubes associated with
{fs}ses by Kosff. Notice that if S = (), then Kos’;f is just the category P4.
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Ezample 4.9. The typical cube associated with {fs}ses in 2.7 is obviously a non-
degenerate free Koszul cube associated with {fs}ses-

By 4.1 (1), we can get the following lemma easily:

Lemma 4.10 (Localization of Koszul cubes). Let z be a Koszul cube associated
with an A-sequence {fs}ses and p a prime ideal in A. We put T :={t € S; f; € p}.
Then

(1) z, is degenerate along the t-direction for anyt € S\ T.

(2) xp|g is a Koszul cube associated with the Ay-sequence {fi}ier.

Lemma-Definition 4.11 (Determinant of free Koszul cubes). Let x be a free
Koszul S-cube associated with {fs}ses. Then

(1) All vertexes of x have same rank.

(2) By virtue of (1), if we fix bases « of all vertexes of x, a boundary map d?m of x
is represented by a square matrix D" and we write dety, de:® or simply det di”
for det D%w. For each T € P(S), k € T, there is a unit element ur j such that
det d%" = ury x det di2*. We call the family {det d%"} e s consisting of elements
in A determinant of x (with respect to the bases a)) and denote it by det, z or
simply det z. If we change bases of x into others, then det x is changing up to
units.

Proof. First we prove assertion (1). For any T € P(S), k € T, since Coker d;’k is
in MQ“A(I), we learn that d?’k induces the isomorphism (), = (IT\{k})fk' This
isomorphism implies the equality rank zp = rank xp (3. Hence we get the result.
Next we prove assertion (2). We need only check that for any 7' € P(S) and a
pair of distinct elements k, k' € T, there is a unit element vy, in A such that

det d;’k = vk X det d?f{k,}. Since in the total quotient ring of A, we have the
det d2:* det d%*
equality vp g : = — kT = qul/ , the element vy is in A;k ﬁA;k,.
det dT\{k,} det dT\{k}
Hence by 4.3, we learn that vy i is the desired element. O

Corollary-Definition 4.12 (Non-degenerate part of Koszul cubes). Let z be
a Koszul S-cube. If for some T € P(S), t € T, d&' is an isomorphism, then z is
degenerate along the t-direction. We put

N, := {s € S;z is not degenerate along the s-direction.}

and call Zyondeg = x|9\,£ the non-degenerate part of x.

Proof. We need to check that for any U € P(S) such that t € U, d?jt is an isomor-
phism. Let us notice that the property of isomorphisms between modules is a local
property. We fix a prime ideal p in A and put V :={s € S; fs € p}. By 4.10 and
replacing A,  with Ay, (x,)],,, respectively, we shall assume that A is local and z is
free Koszul cube. Then by 4.11 (2), det d?t is equal to det dfjt up to a unit element.
Hence we get the result. O
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Lemma 4.13. Let ¢: R®" — R®" be a homomorphism of R-modules and assume
that Coker ¢ is annihilated by a non-zero divisor g € R. Then

(1) There exists an element b € R and a non-negative integer m such that we have
the equality det ¢ x b= g™.
(2) det ¢ is a non-zero divisor in R.

(3) ¢ is an injection.

Proof. Localizing by g, we get the surjection R;B” iq» R;B”. Since in general, a sur-
jective homomorphisms between finitely generated free modules with same ranks are
isomorphisms, it turns out that det ¢, is in R. Therefore we get assertion (1) by 4.3.
Since g is a non-zero divisor, det ¢ is also a non-zero divisor. Hence we get assertion
(2). Let ¢* be the adjugate of ¢, namely ¢*: R®" — R®" is an R-module homo-
morphism such that ¢*¢ = det ¢ idge~. Since det ¢pidren is an injection, we conclude
that ¢ is also an injection. O

Recall the definition of non-degenerate cubes from 3.4.

Proposition 4.14. For any non-degenerate free Koszul S-cube x, detx is an A-
sequence.

Proof. Since x is non-degenerate, for each s € S, detdg” is not a unit element.
By 4.13, there are a family of positive integers {m,}scs such that det d¢® is a divisor
of fi"s for each s € S. Therefore by 4.1 (2) and 4.2, det x forms an A-sequence. [

Theorem 4.15. For any non-degenerate free Koszul S-cube x, Tot x is 0-spherical.
To prove the theorem, we use the Buchsbaum-Eisenbud Theorem 4.18 below.

Definition 4.16 (Fitting ideal). Let U be an m x n matrix over A, where m and n
are positive integers. For ¢ in (min(m, n)] we then denote by I;(U) the ideal generated
by the t-minors of U, that is, the determinant of ¢ x ¢ sub-matrices of U.

For an A-module homomorphism ¢: M — N between free A-modules of finite
rank, let us choose a matrix representation U with respect to bases of M and N.
One can easily prove that the ideal I;(U) only depends on ¢. Therefore we put
I;(¢) := I;(U) and call it the t-th Fitting ideal associated with ¢.

Definition 4.17 (Grade). For an ideal I in A, we put

St := {n; There are f1,---, fn € I which forms an A-regular sequence.},
and
0 ifS; =0
grade I := ¢ max Sy if Sy is a non-empty finite set
400 if St is an infinite set.

Theorem 4.18 (Buchsbaum-Eisenbud [4]). For a complex of free A-modules of
finite rank.

Fo 0 FE5F % . R AR o,
S . .
set vy := Y (—1)?"rank F}. Then the following are equivalent:
j=i
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(1) F, is 0-spherical.
(2) gradel, (¢;) =i for any i in (s].
Proof of Theorem 4.15. Without loss of generality, we may assume that S = (n] and

x is a free non-degenerate Koszul cube associated with an A-sequence f1,--- , f,. We
put m = rank x and

T = Z(—l)j*irankTot Typ(fs); = Z(_l)]’ﬂ' (n) .

— J
Jj=1

Then we have

Z(fl)j*irankTot:r = mr;.

j=i
It is well-known that in this case, the complex Tot Typ(fs) is O-spherical. (See [30,
Corollary 4.5.4]). Therefore by 4.18, it follows that grade I, (diTOt Tye(fs )) > ¢ for any
i in (n]. Now inspection shows that for each i € (n], I, (d. " Tye(Fs)y Ly, (dFo0®).
Therefore we use Theorem 4.18 again, it turns out that x is 0-spherical. O
Corollary 4.19. A Koszul cube is admissible.

Proof. Let x be a Koszul cube associated with an A-sequence {fs}secs. Since the
notion of admissibility is a property of certain exactness of morphisms of modules,
we learn that it is a local property. We take a prime ideal p of A and put T :=
{s € S; fs € p}. Then by 3.17, 4.10, 4.12 and replacing A, x with Ap, ((2p)|7),0ndeq’
respectively, we shall assume that A is local and z is a non-degenerate free Koszul
cube. We are going to prove the assertion by induction of #S and check that x
satisfies the conditions in 3.15 (2). For #S = 1, the assertion is trivial. Now we assume
that #S > 1. Since every faces of = are again non-degenerate free Koszul cubes, by
inductive hypothesis, they are admissible. On the other hand, Totxz is O-spherical
by 4.15. Therefore we get the result. O

Recall the definition for x from 3.18 and MLT(#T) from 4.6.
Corollary 4.20. We have the equality

Kos's = x  MIT(#7).
A TeP(S) A(# )

Proof. For any Koszul cube x associated with the A-sequence {fs}scs, we need to
check the following two assertions:

(1) « is admissible.

(2) For any T € P(S) and U € P(S ~\ T), Hy (x)r is in MIT (#T).

Assertion (1) has been proven in 4.19. We prove assertion (2). First let us notice that
we have

Supp Hj )y < |0 SuppHi(2)y © 0 V(fi).
By 3.14, Tot(z|%) is a projective resolution of Hj () and therefore
Projdim 4 HY (2) < #T.
This means that Hp () is in M7 (#T). O
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5. Koszul resolution theorem

In this section, we will prove the first main theorem 5.14 by utilizing theorem 2.21.
To check the hypothesis in 2.21, the key ingredient is Koszul resolution theorem 5.12
which gives a resolution process of pure weight modules by finite direct sums of typical
Koszul cubes. Let us recall that A is a commutative noetherian ring with unit and in
this section, let us fix a finite set S and an A-sequence fs = {fs}ses and the letter p
means a non-negative integer or oo. Recall the definition of MY (q) from 4.6.

Definition 5.1 (Reduced modules). An A-module M in Mif is said to be reduced
if fsM = 0. The full subcategory of reduced A-modules is just M/;,4. We write

M3 rea(p) for the full subcategory of reduced modules in M? (p). Since M'? rea(P) 18
closed under taking sub- and quotient objects in Mff (p), applying Lemma 5.3 below,
we learn that M 't rea(p) naturally becomes an exact category. We also write Miﬁred
for M5 4(00).

Notation 5.2. To emphasize the contrast with the index red, we sometimes denote
Mff(p), Kosff and so on by M’Xw(p), Kosff_m7 respectively.

Lemma 5.3. Let £ be an exact category and F a full subcategory which satisfies the
following two conditions:

(1) F is closed under taking finite direct sums. In particular F has a zero object 0.

(2) F is closed under taking admissible sub- and quotient objects in E. That is, for
an admissible exact sequence in €

Ty >z,
if y is isomorphic to an object in F, then x and z are also.

Then we can consider F as an exact category by declaring that a sequence x — y —» z
is an admissible exact sequence in F if and only if it is in £.

Proof. For simplicity, we may suppose that F is closed under isomorphisms in &.
Namely for an object z in F and an object y in &, if = y, then y is also in F.
We shall just check that the class of admissible monomorphisms (resp. admissible
epimorphisms) in F is closed under compositions and co-base (resp. base) change by
arbitrary morphisms. We only check for the admissible monomorphisms case. For the
admissible epimorphisms case, almost the same arguments work.

Let © — y and y — 2z be admissible monomorphisms in F. By (2), z/x can be
taken in F. Therefore the sequence

x—z—>»z/x

is an admissible exact sequence in £ and the composition z — z is an admissible
monomorphism in F.
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Next consider the following commutative diagram in &£:

Tr— Y —» 2

|1

Py — 2

where the square % is coCartesian and we assume that x, y, z and z’ are in F. Then
by [16, p.406 step 1], we have an admissible exact sequence
z—z Oy —»y.

By (1), 2’ @ y is in F and by (2), ¢ is also in F. O
Recall the definition of x from 3.18.

Definition 5.4. Let S = U UV be a disjoint decomposition of .S.

(1) We define the categories M4 (fu; fv)(p), M A red (fu; fv) (p) which are full subcat-

egories of Cub” M4 by
Mas(oitv)e) = x M (p+#7),
TepP(V)

where ? = () or red. In particular, we write Kosiﬁred for M reda(fo;fs)(0). This
notation is compatible with the equality (7) in 5.5 (3). A cube in Kosff)red is said
to be a reduced Koszul cube (associated with an A-sequence {fs}ses)-

(2) A morphism f: x — y in My »(fu;fv)(p) is a (total) quasi-isomorphism if Tot f
is a quasi-isomorphism. We write tq(M a2 (fu; fv)(p)) or simply tq for the class
of total quasi-isomorphisms in M4 »(fu; fv)(p).

Remark 5.5. In the notation above, using 3.20, we have the following:

(1) Ma(fu;fv)(p) is closed under extensions in Cub" M 4. In particular it becomes
an exact category in the natural way.

(2) Marea(fu;fv)(p) = Ma(fu;fv)(p) is closed under taking finite direct sums and
admissible sub- and quotient objects. In particular, M 4 ea(fu;fv)(p) naturally
becomes an exact category by virtue of 5.3.

(3) By 4.20, we have the equality

Ma(fpifs)(0) = Kos's . (7)

(4) By definitions of multi semi-direct products in 3.18 (1) and M4+ (fu;fv)(p),
cubes in My 2 (fu; fv)(p) are admissible. A morphism f: z — yin Ma 2 (fu; fv)(p
is a total quasi-isomorphism if and only if H(‘)/ (f) is an isomorphism by 3.13 (2).

(5) We put Fr := M'T (p+ #T) for any T € P(S) and § = {Fr}rep(s) and for any
disjoint decomposition S =U UV, we put §|\ := {Fuur}repv). Then since
we have the equality xF|¥ = M2 (fu;fv)(p + #U), the family § satisfies the
condition 3.21.
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Remark 5.6. Let S =U UV be a disjoint decomposition of S with V' # (). Then for
any v € V, by 3.19 (1) and (3), we have the following equalities

May(Guifv)(®) = Maz2(fuugeys fvgoy) (@ + 1) X Ma2(fus fv o)) (@)

Mz (fusfv) ()" = Maz(Fuigeys fv o) @ + 1D % Maz (i fr o) (p)

for 7 = 0 or red.

To prove Proposition 5.8, we need to recall the following facts:
Review 5.7. Notice that for a short exact sequence of A-modules

0—+N—=N —N'=0,
we can easily prove the following assertions by utilizing the Ext-criterion of projective
dimensions. (see [30, pd Lemma 4.1.6]).
(1) If Projdimy N” < n+ 1 and Projdim 4, N’ < n, then Projdim, N < n.
(2) If Projdimy N < n and Projdim, N” < n, then Projdim, N’ < n.
Proposition 5.8. Letn be an integer such that #S < n < oo and ? = orred. Then
(1) Mffy?(n) is closed under extensions and taking kernels of admissible epimor-
phisms in Mif,? (n+1).

(2) Moreover the inclusion functor of opposite categories
op op
(M5, ()™ = (M, (0 +1)

satisfies the resolution conditions in 1.9. In particular, we have a homotopy equiv-
alence on K -theory:

KM, (n) = KM, (n+1)).

Proof. For (1), we need only check the projective dimension conditions and they are
easily done by (1) and (2) in 5.7. For (2), we need to prove the following two assertions
for ? = () and red, respectively.

(a) Forany M € MLS (n + 1), there exists an A-module N in M;S?(n) and an admis-
sible epimorphism N — M.

(b) For any admissible short exact sequence L — N — M in Miﬂ(n +1),if N and
M are in Mi‘s’?(n), then L is also in Mffr,(n)

Proof of assertion (a): For any M € ij (n), there are positive integers t5 such that
ftsM =0 for any s € S. We put g5 := fis and B := A/J, where J is the ideal gener-
ated by {gs}ses. Therefore we can consider M to be a finitely generated B-module
and there is a surjection from a finitely generated free B-module N to M. Since
Projdim, N = #S5, N is in M’;‘S(n) If M is reduced, we can take t; =1 for each
s € S. Then in this case N is also reduced.

Proof of assertion (b): We get the result by 5.7 (1) for 7 = (). If N is reduced, then
L is also reduced. O

Corollary 5.9. For 7 =0 or red, any disjoint decomposition S =U UV and any
integer p = #U, Ma2(u;fv)(p) is closed under extensions and taking kernels of
admissible epimorphisms in Ma 2(fu; fv)(p +1).
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Proof. By virtue of 3.20 (2), we need only check that MK'?JU (p + #T) is closed under

extensions and taking kernels of admissible epimorphisms in MK?U (p+ 1+ #T) for
any T € P(V). This was done in 5.8. O

Remark 5.10. Let us assume that A is Cohen-Macaulay. Recall that a commutative
noetherian ring C' is Cohen-Macaulay if and only if every ideal of height at least p
contains an C-regular sequence of length p. (See [3, §2.5, Proposition. 7].) Notice that
the ordered set X of all ideals of A that contains an A-regular sequence of length p
with usual inclusion is directed. Therefore M? (p) is the filtered limit liggs M (p),

where gg runs through any regular sequence such that #S5 = p.

Corollary 5.11. Let us assume that A is regular. Then for any natural number p,
the inclusion functor MY (p) — MY induces a homotopy equivalence on K -theory:

K(M(p) = K(M}).

Proof. By regularity of A, we may ignore the projective dimension condition in 5.8
(2). The assertion follows from 5.8 (2) and 5.10. O

Theorem 5.12 (Koszul resolution theorem). Let n be a non-negative integer,
S=UUV a disjoint decomposition of S and p > #U an integer. Fiz an object
z € HOM([n], Ma(fusfv)(p + 1)),

z:2(0) = z(1) = -+ = z(n).

(1) For each s € S, there is a family of non-negative integers {ms}ses such that
firez(4)p =0 for any T € P(V), j € [n] and u € U and f* Ho(Tot(z(j))) =0
for any j € [n] and v €V. We put gs = fi"= for each s € S and B := A/gy,
where gy is the ideal generated by {gy uev-

(2) There is an object y € HOM([n], Ma(fu;fv)(#U)) such that for each i € [n],
y(2) is of the following form:

. ®lr(i)
y(i)= P Typplet)
TEP(V)

and such that there is an admissible epimorphism y — z. Here the notation gg

means the family {gffT(v)}UeV, where xT 18 the characteristic function associated
with T (see 2.2) and for the definition of the typical Koszul cube Typ, see 2.7.

Proof. Since z(j)p isin ./\/l’}] for any T' € P(V') and Ho(Tot(z(j))) is in Mif, assertion
(1) is trivial. We are concentrating on proving assertion (2). We first prove that for
the case n =0 by induction on #V. In this case, we consider z to be an object
in Ma(fu;fv)(p+1). Let us assume that V = (). Since z is a finitely generated B-
module, there is an integer [; and a surjection B®1 — z. We put y = B®" and
by 5.8, the map y — z is an admissible epimorphism. Next we assume that #V > 1
and let us fix an element v € V and an object z € M4 (fy;fv)(p+ 1). Then by the

formula 5.6, we can consider z to be a complex [z; 4 2] in Ma(fu;fvqoy) (@ + 1).
By the inductive hypothesis, there is an admissible epimorphism 3’ — 2o, where 3/ is
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of the form

@iy,
v= @B Typsler )
TeP(V~{v})

Therefore by the cube lemma 2.8, we get a term-wised surjection morphism
y”" — Hg z, where y" is of the form

v'= D Typse) (00w
TeP(V~{v})

)@ll,T

and it makes the diagram below commutative:

y ——» 20

||

y" — Hoz,

where the vertical maps are the canonical projections. Therefore we get a map v’ — 21
which makes the diagram below commutative:

y — 2

y/ —» 20-

By the induction hypothesis, there is a term-wised surjective morphism v’ @ vy’ — 21,
where 3" is of the form

®lo,
y/// = @ TypB (g\v/"/\{v}) o
WeP(V~{v})

and it makes the diagram below commutative:

Yy —» 21

dyl ldz

Yo —» <o,

where y; =y @®y" for i =0, 1 and d¥ = (g” O> and we put y = [y 4 yo]. Thus

0 1

by 5.9, we learn that y — z is an admissible epimorphism and therefore we get the

conclusion for the case of n = 0. Next we consider the case of general n. For each

z and each i € [n], by the previous argument, we have y(i) = € Typg (gg)@lT(l)
TeP(V)

for a suitable non-negative integer Ir (i) and an admissible epimorphism y(i) — z(i).

So we need only prove that for each i € [n — 1], there is a map y(i) — y(¢ + 1) which
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makes diagram below commutative:

y(i) — - » y(i+1)

Lo

2(i) — 2(i+1).

Since y(i) isin  x  Pp/q,., by applying 3.20 (3) to Fp = Pg/q, and Ep = MY 4
V) ’

TeP(
for each T' € P(V'), we learn that y(i) is a projective object in  x  M% .. More-
Tep(V)
over since y(i +1), z(i+1) are in  x MF .. there is the dotted map in the
TeP(V)
commutative diagram above by projectivity of y(i). O

Recall the definition of strongly adroit systems from 2.20 and the definition of tq
from 5.4.

Corollary 5.13. For ? =0 or red, any decomposition S =U UV with V # 0, any
element v in 'V and any integer p > #U, triples

X = (MA7?(TU; fV\{'u})(p)a MA,?(fU; fV\{'u})(p + 1)7 MA,?(fUI_I{v}; fV\{v})(p + 1))
and
X' = (Ma2(fus fvqop) (@), Ma2(Fus fv o)) (0 + 1), Ma 2 (Fuugeys frgop) (0 + 1))
are strongly adroit systems.
Proof. Consider the triple
81 = MA,?(fU; fV\{v})(p)7
&y := Ma2(fusfvquy)(p+1) and
F = Maz(uugey fvgoy) (@ + 1).
Claim. F is contained in &s.
Proof of claim. If V = {v}, then & = Miﬁ?(p +1), F= Miﬁ?“’} (p+1) and there-

fore we get the assertion. If #V > 2, then let us fix an element v’ € V'~ {v}. Then
by 5.6, we have equalities

& = MA7?((fUu{v’}; fV\{v7 v'})(p + 2) X MA77(fUl_l{v’}; fV\{v, v’})(p + 1) and
F = MAf-’(fULI{m v'}3 f\/\{v7 v’})(p + 2) X MA7?(fU|_|{U, v’} fV\{v, v’})(p + 2)
Hence we learn that F is contained in &,. O]

Since F is closed under extensions (resp. sub- and quotient objects) in Cub" ™"} M A
if 7 =0 (resp. ? =red), F x & (i = 1, 2) are strict exact subcategories of Cub" M 4
by 2.10. The conditions (Adr 2) and (Adr 3) follow from 5.9. Finally the condition
(Adr 5) follows from 5.12. The proof for A is similar. Therefore we get the result. O

Corollary 5.14. For ? = or red, any decomposition S =U UV and any integer
p = #U, we have the following:
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(1) (Local weight theorem). Assume that V is a non-empty set and v is an ele-
ment in V. Then the exact functor

Hy: (Maz(fusfv)(p), ta) = (Maz(fungey; fvaqop) (0 + 1), tq)
induces a homotopy equivalence on K -theory:
K(Hg): K(Maz(fu; fv)(p); ta) = K(Maz(Fuogey; fraqey) (0 + 1); tq).
In particular the exact functor
Hy Tot: (Maz(fusfv)(p), ta) = M5, (p+ #V)

induces a homotopy equivalence on K -theory:
K(Maz(fus fv)(p), ta) = K(M5,(p + #V)).

In particular the exact functor Hy Tot: (Kos;sﬁ?,tq) — ./\/lff’?(#S) induces a
homotopy equivalence on K -theory:

K (Kosli,, tq) = K(MJ,(#5)).
(2) The exact functors
At M (fusfv)(p) — H MfUuT (p+ #7T) and

TeP(V)
N Mas(Gosi)®)® = [ MW (o + #7)
TeP(V)~{V}

which sends an object x to (ngT(x))Tep(V) and (HgUT(x))Tep(v)\{v}, respec-
tively, induce homotopy equivalences on K-theory:

K(Maz(fuiiv)(@) = [ EMYET (p+ #T)) and

TeP(V)
. tq four
KEMa:(Gusi)@)' = [ KMES" (0 +#1)).
TeP(V)~N{V}
(3) (Split fibration theorem). The inclusion functors
Mz (Gusfv)(0)' = Maz(fosv)(p)

and the identity functor on M4+ (fu; fv)(p) induce a split fibration sequence:

K(MazGoifv)®)'Y) = K(Ma (o fv)(p) = K(Maq (i fv)(); ta).

In particular we have a split fibration sequence:
tq
K(Kosfgf’? ) — K(Kosfff,) — K(KosA 23 tQ).

Proof. Proof of assertion (1): Consider the strongly adroit system X = (&1,&s, F)
in (the proof of) 5.13. We have an equality F x & = My (fu;fv)(p) by 5.6. We
apply 2.21 (2) to X and obtain the proof. The second assertion comes from the
isomorphism Hy Tot — HE)/ by 3.21, 5.5 (5) and the first assertion. The third result
follows from the equality (7) in 5.5 (3) and the second assertion.
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Proof of assertion (2): We proceed by induction on the cardinality of V. If V = {),
then My 2 (fu;fv)(p) = Mfz?(p) and M4 2(fu; fv)(p)'® = {0}. Therefore the asser-
tion is trivial. If #V > 1 and v is an element in V, then by the equalities in 5.6 A
and )\ have the factorizations

K(MA,?<fu;fv)(p))inA,?(fUum;fv\m><p+1>>xK(X>§1;1(5><M}{7uT<p+#T))
€

E(Ma 2 (Gusiv)(0) ) B K (Ma 2 (ooeyifv o) 0+ D))< K(X)5 [T KMIPZPT (p+#T1)),
TeP(V)~N{V}

where X denotes M4 »(fu; fv<{v})(p), and the maps I and IT are homotopy equiva-
lences by 2.21 (3) and the inductive hypothesis, respectively. Hence we get the result.
Proof of assertion (3): Let us consider the commutative diagram below:

KWMas(fuifv)(p)'Y) ————— KMa2(u;iv)(p) ——— KMy 2(u;fv)(p);ta)

K<>\’>l2 K(A)lz IJ(K(HU Tot)

K MfUuT + #T K MfUuT —‘r#T f
TEP(‘H)\{‘S} A (p # )) — TEI;[(\/)( A (p )) — K(MAS’V(p—F#V))

Here vertical maps are homotopy equivalence by (1) and (2) and the bottom horizontal
line is a split fibration sequence. Hence we get the result. O

Recall the definition of MY (p) from 4.6 and Kos'? from 4.8.

Proof of Theorem 0.2. Since A is local, every A-regular sequence is an A-sequence
by 4.1 (4) (i). Let us assume that #S = p and let fs = {fs}ses be an A-sequence.
Then the exact functor Hy Tot: (Kosff ,tq) — (MfAS (p), 1) induces a homotopy equiv-
alence on K-theory by 5.14 (1). On the other hand we have the homotopy equivalence
KM% (p) = li_n)lgs K (M5 (p)), where V(gg) < Spec A runs over the regular closed

immersion of codimension p by 5.10. Therefore the Grothendieck group Ko(M? (p))
is generated by modules of the form

(dw,l d”’)

P
Ho(Tot z) = Coker(@ () — xg) = xg/ < Im dfff}’ o, Im digﬁ%
i=1

where z is a non-degenerate free Koszul cube associated with some A-sequence
g1, " ,9p and d‘/fl’.i: xy;y — g is a boundary morphism of x. Since the sequence

det d?’ll}, -+ det d?}’g forms an A-sequence by 4.14, we obtain the result. O

6. A dévissage theorem for K-theory of Koszul cubes on
regular rings

In this section, we assume that A is a commutative regular noetherian ring with
unit and that the global homological dimension of A is n and S is a finite set. Let us
fix an A-sequence {f;}secs and let I be the ideal in A generated by {fs}ses. The aim
of this section is to prove a dévissage theorem 6.3 for Koszul cubes on A.
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Recall from 4.6 and 5.1 that M (p) is the category of finitely generated A-modules
of projective dimension < p and Supp M C V(1) and M{{,’red (p) is the full subcategory
of modules M with IM = 0, and that #S = Projdim 4 A/I.

Proposition 6.1. For any integer p > #5S, the inclusion functor v: Mired(p) —
MU (p) induces a homotopy equivalence on K -theory:
K(1): K(M eq(p)) = K (M (D).
Proof. First assume that p > n. Then every A-module M has Projdim M < n, so
M (p) = M and Mﬁhred = M ;. In this case, the result was proven by Quillen
in [22].
Next we assume that n > p > #S5. Then the inclusion functors

My 2(p) = My o(n) and M a(k) = Mi(k)  (k=p,n)

yield the commutative diagram below:

KM 1ea(p) —— K(M(p))

KM q(n)) —— K(M(n)).

Here the vertical maps and the bottom horizontal map are homotopy equivalences
by 5.8 and the first paragraph, respectively. Hence we obtain the result. O

Recall the definition of M4 »(§ir; fv)(p) as a subcategory of Cub" (M'Y) from 5.4.

Corollary 6.2. For any disjoint decomposition S = U UV, and integer p > #U, the
inclusion functor Ma rea(fu;fv)(p) = Ma(fu;fv)(p) induces a homotopy equiva-
lence on K-theory:

K(Marea(fu; fv)(p)) = K(Ma(fusiv)(p))-

Proof. The inclusion functors MZJ;‘; (p+ #T) — ./\/lff“T (p+ #T) forany T € P(V)
and M a red (fu; fv) (p) = Ma(fu; fv)(p) and the exact functor A in 5.14 (2) yield the
commutative diagram below:

K(Marea(fusfv)(p)) —————— K(Ma(u;iv)(p))

K(A)Jz le(A)

[ KMEEe+#1) = 1 KM (p+#1).
TeP(V) TeP(V)

Here the vertical maps and the horizontal bottom map are homotopy equivalence
by 5.14 (2) and 6.1, respectively. Hence we obtain the result. O

Recall the definitions of Kosff from 4.8 and Kosff,red and tq from 5.4.
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Corollary 6.3. The canonical inclusion functor v: Kos’;‘sred — Kosfj induces the
following homotopy equivalences on K -theory:
K(Kosiircd) — K(Kosff)

K(Kosff e’ tQ) = K(Kos'?; tq).

Proof. If S =0, then Kosff = Kosiired = P4. In this case, the assertion is trivial.
We assume #S > 1. Since we have the equality (7) in 5.5 (3), the first homotopy
equivalence is just the special case U =), p =0 of 6.2. Let us consider the com-
mutative diagram induced from the exact functor Hy Tot: (Kosff’f?, tq) — ME’?(#S )

defined in 5.14 (1) and the inclusion functors Kosfgﬁred — Kosff and M;S,red(#S) —
M? (#5) below:

K(Kosif)red;tq) — K(KOSff;tQ)

K(HO TOt) l ? 14 l K(Ho TOt)

KM 4#S) —— K(ME(#S)).

The vertical lines above are homotopy equivalences by 5.14 (1). The bottom hori-
zontal line above is also a homotopy equivalence by 6.1. Hence we obtain the second
homotopy equivalence. O

Proof of Corollary 0.5. By 5.10 and 5.11, we have the homotopy equivalences
lim K (M5 (#8)) 5 K(ME®(#5)) = K(ME),
as

where gg runs over A-regular sequences indexed by S. Therefore Gersten’s conjecture
for A is equivalent to the following assertion:

For any A-regular sequence {gs}tscs in A, the inclusion functor M5 (#S5) —
Mﬁs_l induces the zero maps on K-groups.

Since A is local, every A-regular sequence is an A-sequence by 4.1 (3). Fix an A-
regular sequence fg = {fs}scs in A and write j for the inclusion functor Mf: (#S) —
Mﬁsfl. Then let us consider the commutative diagram below:

I
K(KOSE&S_’er) K(KOSE)

i i K (Ho Tot)

K(Kos'{ i tq) - K (Kos'?; tq) — K (M3 (#8)) W K(M#SY),

K (j Ho Tot)

Here the maps I and IT are homotopy equivalences by 6.3 and 5.14 (1), respectively,
and the vertical maps are (split) epimorphisms by 5.14 (3). Hence K(j) is trivial
if and only if the composition K (jHg Tot): K(Kosffred) — K(Mﬁs_l) is trivial.
Therefore we get the desired result. ’ O
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