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GROUP ELEMENTS CONJUGATE TO THEIR POWERS AND
BASS’ CONJECTURE

DIMITRIOS PANAGOPOULOS
(communicated by Jean-Lowis Loday)

Abstract
In this paper, we use some specific properties that are enjoyed
by group elements with non-zero Hattori-Stallings rank function
and define, by homological means, a large class of groups that
satisfy Bass’ conjecture. We examine closure properties of that
class and exhibit certain examples of groups which are contained
therein.

1. Introduction

In 1976 Hyman Bass [1, 2] formulated a conjecture which can be expressed as
follows:

Let k be a subring of C with kN Q =7 and let G be a group. Then,
for every element g € G with g # 1, the Hattori-Stallings rank function
rq: Ko(kG) — k is identically zero.

Linnell [13], Schafer [18] and Moody [16] proved that if r, is not identically zero
then the element g has some very specific properties; in particular, it turns out that
rg =0 if g # 1 and g has finite order. Using results of Karoubi [12], Connes [5] and
Burghelea [4], it follows that if g has infinite order, then the map r, can be factored
through the homology group Hs,(N(g), k), where N(g) = C(g)/ (g) and C(g) is the
centralizer of g in G. More precisely, there is a commutative diagram

Hn(N(9), k)

Ko(kG) ——= Ho(N(g), k) ~ k,
where ch,(g) is a component of the so-called Connes-Karoubi character map

Chni K()(kG) — HCQn(]fG)

and HCy,(kG) is the 2n-th cyclic homology group of the group algebra kG. Here,
the map
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Hyn(N(g),k) — Ho(N(g), k) ~ k

is the cap product map «(g)™ N _, which is induced by the cohomology class a(g) €
H?(N(g),Z) that classifies the central extension

1-22%C(g) — N(g) — 1.

Using these facts, Eckmann defined in [6] a class of groups satisfying Bass’ con-
jecture, by examining the vanishing of the homology groups Hs,(N(g), Q) for n > 0.
This line of attack was pushed forward by Emmanouil and Passi [7, 10]. Motivated
by the class A defined in [10], we define in this paper a new class Ay, of groups that
satisfy Bass’ conjecture. In order to examine whether a given group belongs to Ay,
we restrict our attention only to those group elements that have Linnell’s property.
This allows us to prove, in a relatively simple way, that certain groups satisfy Bass’
conjecture by showing that they are contained in Ay,.

Following its definition, in Section 2 we examine closure properties of the new class.
In particular, it turns out that Ay, is residually closed. In Section 3 we mention some
group theoretic facts concerning elements in amalgamated free products and HNN-
extensions that have Linnell’s property. These facts will be used in the following
section in order to obtain some concrete examples of groups in Ay (which thereby
satisfy Bass’ conjecture). Furthermore, in Section 4, we show that every countable
group in Ay can be embedded in a group with two generators that is also contained

in .AL.

Notation

Given an element g of a group G, we denote by Cg(g) (or C(g) when the group G
is easily understood) the centralizer of g in G. We also denote by Ng(g) (or N(g))
the quotient Cg(g)/ (g) and let a(g) be the element in H?(N(g),Z) that classifies
the central extension

1— Z-% Calg) — Ng(g) — 1.
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2. Definition of A; and basic closure properties
In this section we introduce the class Ay, and study some of its closure properties.

Definition 2.1. Let G be a group. We say that g € G has Linnell’s property if there
exists u € N, u # 0, such that the elements ¢ and ¢"  are conjugate for all n € N,
n > 1.

It is immediate from the definition that the following lemma holds.
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Lemma 2.2. Let G be a group and g € G an element having Linnell’s property. Then:
(i) if g # 1, then g has infinite order,

(ii) if ¢: G — H is a homomorphism, then ¢(g) has Linnell’s property,

(iii) if K < G, then either g € K or else (g) (K = {1},

(i) for everyn € N, n > 1, there exists h € G such that g = h™.

Definition 2.3.

(i) Ay, The class Ay, consists of those groups G that satisfy the following condition:
for every element g € G \ {1} having Linnell’s property there exists n € N such
that the cap product map

a(g)" N -: Han(N(g),Z) — Ho(N(9),Z) =~ Z (1)
is not surjective.
(i) Let RAL be the class of groups that residually belong to Ayp.
(iii) Let A be the class of groups with the property that for every element g € G

of infinite order there exists n € N such that the cap product map (1) is not
surjective (cf. [10]).

Obviously A C Ar. Furthermore, since Linnell’s property is a rather strong con-
dition for an element of a group, it follows immediately that certain types of groups
belong to Ayp. In particular, a group G is contained in Ay, if there is no element g € G,
g # 1, having Linnell’s property. For example, finite, abelian, abelian by finite, tor-
sion, residually free groups (cf. [3]) and more generally residually finite groups (cf. [9,
Corollary 3.38]) belong to A,. We should note here that Sykiotis in [22] and Stro-
jnowski in [20] studied groups whose elements do not have Linnell’s property.

The relevance of the cap product map (1) in the study of the Hattori-Stallings
rank function r,: Ko(kG) — k stems from the following result.

Lemma 2.4 (cf. [10, Lemma 4.1]). Let k be a commutative ring, which is torsion-free
as an abelian group. We consider a group G, an element g € G of infinite order and
assume that there exists a positive integer n, such that the cap product map (1) is not
surjective. Then, the Hattori-Stallings rank function rq: Ko(kG) — k is zero.

Working as in [10, Theorem 4.2], we may now obtain the following result.
Theorem 2.5. Groups in Ay, satisfy Bass’ conjecture.

Proof. Let G € Ap. If there exist a subring k C C with kN Q = Z and a non-trivial
element g € G such that the Hattori-Stallings rank ry: Ko(kG) — k is not zero, then
¢ has Linnell’s property [13, 16, 18]. Since G € Ay, it follows that the cap product
map (1) is not surjective for some n € N. In view of Lemma 2.4, we conclude that the

Hattori-Stallings rank function r4: Ko(kG) — k is zero, contrary to our hypothesis.
O

Proposition 2.6. The class Ay, is closed under:
(i) subgroups,

(ii) free products,

(iti) direct products.
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Proof.

(i) The result follows from [10, Remark 3.2(4i)] by considering the inclusion map
t: H — G, since whenever g € H has Linnell’s property (in H) then g has Lin-
nell’s property in G.

(#) The result follows as in [7, Proposition 3.5(4¢)] with the additional observation
that, due to the normal form theorem for free products, if g, h are conjugates
in G1 * Gy with g, h in one factor, then they are conjugates in the same factor.

(i1i) Let G =1, G; with G; € A and g = (¢9;) € G, g # 1, be an element having
Linnell’s property. Applying Lemma 2.2(ii) to the projection 7;: G — G;, we
conclude that the element g; € G; has Linnell’s property for every i. Since g # 1,
there must exist an ¢ such that ¢g; # 1g,. For that particular ¢ there exists n € N
such that the cap product map

a(gi)n n-: HQn(NGi(gi)7Z) - HO(NGi(gi)7Z) ~7

is not surjective. It follows that the cap product map (1) is not surjective either
(cf. [10, Remark 3.2(4)]). Hence, we conclude that G € Ap,. O

Remark 2.7. The main argument used in the proof of assertion (ii) above, which is
proved in [7, Appendix A], concerns the centralizer of an element in a free product,
which is not conjugate to an element in a factor. As we will see later (Corollary 3.4),
the proof of assertion (i) can be generalized to certain amalgamated free products.

Corollary 2.8. A, = RA;.

Proof. 1t is obvious that Ay, C RAL. On the other hand, every class of groups which
is closed under subgroups and direct products is residually closed. Indeed, let G be a
group that is residually contained in Ay,. Then, for every element g € G \ {1} there
exists a group H,; which belongs to Ay, and a homomorphism ¢4 : G — Hy, such that
¢4(g) # 1. We therefore have the embedding ¢: G — ][, Hy with ¢(h) = (¢4(h)),-
Thus, G belongs to Ay since it can be viewed as a subgroup of [] _; Hy. O

Working along the same lines as in [8, Lemma 3.4 and Corollary 3.5], we have the
following two results that concern the closure of Ay, under extensions.

Proposition 2.9. An extension of a group in Ay, by a torsion group is also contained

mn Ar.

Proof. Indeed, let H be a torsion normal subgroup of a group G such that G =
G/H € Ap. If g € G, g # 1, has Linnell’s property, then g ¢ H and hence gH € G is
a non-identity element having Linnell’s property; in particular, g H has infinite order
(cf. Lemma 2.2). The projection G — G induces the following commutative diagram
of central extensions

1 Z —*— Cql9) —— Nglg) —— 1

H ! l

1 z - Cg(gH) —— Ng(gH) —— 1

and hence the element a(g) € H?*(Na(g), Z) that classifies the top row is a pullback of
the element a(gH) € H?(Ng(gH),Z) that classifies the bottom row. Since G € Ay,
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the cap product map a(gH)™ N _ is not surjective for some n € N. The same is true
for a(g)™ N _, in view of [10, Remark 3.2(i4)]. O

Proposition 2.10. A central extension of a group in Ayg is also contained in Ay .

Proof. Let H be a central subgroup of a group G, such that G/H € Ay, and consider
an element g € G \ {1} having Linnell’s property. Since H is central in G, ¢ is not
contained in H. Therefore, Lemma 2.2(i7) implies that gH is a non-identity element
of G/H having Linnell’s property. Since G/H € Ay, we may use the same argument as
in the proof Proposition 2.9, in order to conclude that the cap product map a(g)™ N -
is not surjective for some n € N. O

3. Elements having Linnell’s property in amalgams and HNN-
extensions

In this section we will use some group theoretic results on generalized free products
of groups, in order to provide some examples of groups in Ayp.

We recall that according to the Bass-Serre theory of groups acting on trees [19,
1.5.4], for every amalgam of groups G = Axy B (or HNN-extension G = (A,t |
t 'Ht=H' >), there exists a tree T' on which the group G acts without inversions,
such that the vertex stabilizers are conjugates of A or B (or just A in the case
of an HNN-extension) and the edge stabilizers are conjugates of H. The distance
d(x,y) between two vertices z,y of T is the length of the unique path (also called
geodesic) connecting them. For an element ¢ in G the translation length is the num-
ber 7(g) = min{d(z, gz) | x € T'}. The set Ty = {z € T | d(z, gx) = 7(g)} constitutes
the vertex set of a subtree of 7. An element g in G is called elliptic if 7(g) = 0 and
in that case T} is the set of fixed points of g. If 7(g) > 0, then the element g is called
hyperbolic and in that case T, is a line on which ¢ acts with amplitude 7(g) [19,
1.6.4, Prop. 24]. Since every element of G can be seen as an isometry of T' via the
group action, it follows that the translation lengths of two conjugate elements are
equal. Furthermore, 7(¢g™) = n7(g) for every g € G and n € N.

Lemma 3.1. Let G = A =y B be an amalgam (or G = (At | t7'Ht = H') an HNN-
extension) and g € G~ {1} an element having Linnell’s property. Then g is conjugate
to an element of A or B (or just A in the case of an HNN-extension). Furthermore, if
g s not conjugate to an element of H, then it has Linnell’s property in that conjugate
of A or B (or just A in the case of an HNN-extension).

Proof. Let T be the Bass-Serre tree associated to the group G. Since g has Linnell’s
property, there exists a positive natural number u such that ¢ and ¢"" are conjugate
foralln > 1. Then 7(g) = 7(9"") = n"7(g) and hence 7(g) = 0. Therefore, g is elliptic
and fixes a vertex x. Since the stabilizers of vertices are conjugates of A or B it
follows that g is contained in a conjugate of A or B (or just A in the case of an
HNN-extension).

If ¢ is not conjugate to an element in H it cannot fix two distinct vertices x,y,
for then it would fix the geodesic from z to y. It would then had to stabilize an
edge and it would follow that g is in a conjugate of H. Now for a fixed n let h € G
be an element such that g = hg™ h~!. Then the vertex hx is stabilized by g since
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ghx = hg™ h™'ha = hg" = = hx. Thus hz = = and it follows that h is contained in
the stabilizer G, of x. Hence, g has Linnell’s property in G,. O

Remark 3.2. Let G be a group acting on a tree T' as in the proof of the previous
lemma. For every element g € G we may observe that the centralizer C(g) of g acts
on Ty. That is because d(hx, ghx) = d(hx, hgr) = d(x, gx) for every h € Cq(g), since
h acts as an isometry on T In particular, if T, = {z} then it follows that C¢(g) fixes
2 and hence it is a subgroup of G,, i.e. Cg(g) is in the same conjugate of A or B (or
just A) as the element g.

Remark 3.3. Let G = A xgy B be the amalgam of two groups A, B € Ay, along a com-
mon subgroup H of theirs (or G = <A,t |t~ 1Ht = H’> an HNN-extension of a group
A € Ayp). In order to show that G € Ay, we have to examine elements g € G having
Linnell’s property. In view of Lemma 3.1 and Remark 3.2, we have to consider the
following two cases:

(i) The element g is conjugate to an element ¢’, which is contained in a factor but is
not conjugate to an element of H. In this case, the centralizer of g is conjugate
to the centralizer of ¢’, which is contained in that factor. Furthermore, ¢’ has
Linnell’s property and so the cap product map (1) is not surjective for some
n > 0 (since the factor is contained in Ayp).

(#i) The element g is conjugate to an element ¢’ € H. It is in this case that it may
happen that the cap product map (1) is surjective for all n € N.

In particular, we obtain the following corollary which generalizes Proposition 2.6(i).
Corollary 3.4. If A,B € Ap, and H is a common torsion subgroup of theirs, then
Axg B € Ap. Moreover, if H C A is a subgroup isomorphic with H, then

(At | t7'Ht=H') € Ay.

We note that Sykiotis has proved in [21, Theorem 3.1] the statement corresponding
to Corollary 3.4 for the class of groups defined in [7] instead of Ay.
For use in the following section, we note the following.

Definition 3.5. Let Gx = <G,t | t~1At = B, gb) be an HNN-extension. Pinch is a
word of the form ¢~ ¢ut®, where u € A if e=1 and uw € B if ¢ = —1. An element
g =gott'gy ...t°"g, € Gx that does not contain a pinch is called reduced. In that
case the number |g| = n is called the length of g.

Lemma 3.6. Let Gx = <G,t |t~1At = B, ¢> be an HNN-eztension and u € G C Gx.
If Cg.(u) contains an element g with g ¢ G, then u is conjugate with an element in
A (and thus it is conjugate with an element in B as well).

Proof. Let g = got®'g; ...t°"gn € Cgx«(u) in normal form. Then,
u g et g tugotTh gy L g, = 1 (%)

and hence there must exist a pinch. Since g is in normal form, it is only ¢t =*' g, Lugoter
that can be a pinch. Hence, 21 = t“flgo_lugot‘g1 € A or B. Then, (x) becomes

u_lgglt_s" .. .t_s"’gflzlglte"’gg L ttrg, =1

and continuing like this we arrive at u=1g, 12,9, = 1 with z,, € A or B. Therefore, u
is conjugate with an element in A or B. O
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We should note here that results similar to those in this section can be obtained
using [15, Chapter 4, Theorems 4.5 and 4.6] and [14, Chapter IV, Theorem 2.5], by
noticing that the length of powers of elements grows.

4. Two examples of groups in Aj,

4.1. An amalgam in A

In this subsection we will show that the group K constructed in [8, pages 168-170]
is contained in Ap. In particular, it will follow that K satisfies Bass’ conjecture. First
of all, we give a brief description of its construction.

Let I' = Z 1 Z be the wreath product of Z by Z. We have the following short exact
sequence:

1-N—->T—->27Z—1,

where N = EB;OfOO Ze; and Z ~ (¢) acts on N in such a way that 1(e;) = e;41 for
all i € Z. In view of [10, Proposition 5.3], the group I' is contained in A C Ay. In
[8, Proposition 2.1] and [11, Paragraph 3] it is proved that if k is a commutative ring,
then H™(N, k) is the inverse limit 1{1_%1 A}, where A} is the component of degree n of

t
i=—t

the k-exterior algebra generated by degree 1 elements {f;}
=" fiNfiz1e H?(N,Z), then 3" € H>*(N,Z) is the formal sum con-

1=—00
sisting of terms of the form n!f;, A fi,x1 Ao A fi, A fi, 41 withér +1 <ida,...,0n—1
+ 1 < iy; hence, (3 is not nilpotent. Furthermore, as discussed in [11, Paragraph 3],
B € Im(H*(T',Z) ™2 H?(N,Z)) and hence we can view (3 as an element in H*(T',Z).

Let o = 1, (5), where ¢: Z — Q is the inclusion, classify the central extension

1-Q Iy G—-T—-1.
Then, Proposition 2.10 implies that G € Ay. In fact, we shall prove the following.
Proposition 4.1. The group G is contained in A.
Proof. Let x € G be an element of infinite order. We will show that the cap product

map (1) is not surjective for some n € N. The proof splits in two cases.

x ¢ Q: Since T is torsion-free, we conclude that if we consider the projection 7: G —
I the element 7(z) is of infinite order and we have the following commutative
diagram of central extensions:

1 7z —= Cg(r) —— Nglz) —— 1
| g |
1 z " Cr(n(z)) —— Np(n(z)) — 1.

Since I" € A, the cap product map afr(z)]™ N _ associated with the bottom row
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is not surjective for n > 0. In view of [10, Remark 3.2(77)], it follows that this
is also true for the cap product map a(z)* N_ .

x € Q: Thenx =rg,r € Q, r # 0, and we obtain the following commutative diagram
of central extensions:

1 7 —2— G G/(x) —— 1
L
1 Q 24 @ r — 1

Here ¢: Z — Q is the additive map with ¢(1) = r and ¢: Z — Q the inclusion.
Let v = a(x) classify the extension

1—7Z-5%G—G/{z) — 1.

Then, 7* () = ri.(y) and hence we have 7*(a)™ = "1, (y)™ for all n > 0. In
particular, there is a commutative diagram:

N2

Hy, (G/(2),2) —— Z

Ha (G/ (z),Q) =20
]12n(r7(2) _Efﬁkﬁ (}

If the cap product map at the top v N _: Ha, (G/ (z),Z) — Z is surjective for
all n € N, then v € Im((a™ N_) om, ov,) for all n € N.

Since o = 1,(3), we have the following commutative diagram:

Hs, (G/{(z),Z) ——— Hs, (G/{(z),Z)
.| -

Hy (G/ (z),Q) Hy,(,z) 20 7
- .| |

}ién Oﬁ,(@) IYQn(IUQQ) _E_Ekﬁ (2~
Furthermore (cf. [11, Paragraph 3]), 8" =n!> fi, A faie1 Ao o A fi, A fio 11,
where the sum runs over the sequences (i1, ...,4,) with iy +1 <do,...,i,—1 +
1 < iy,. Since the element Y fi, A fi,41 A ... A fi, A fi,+1 € H*(N,Z) is con-
tained in the image of res: H*"(T",Z) — H?"(N,Z), it follows that Im(3" N _) C
nlZ.

Since (e N_)om, o, = (" N_)or,0ome =to ("N _)om,, we conclude that
Im((a™N_)ome o) =Im(eo (8" N_)om) CnlZ

But "™ € Im((a™ N _) o 7, 0 ¢,) and hence r™ € nlZ for all n € N. Equivalently,
we have % € 7Z for all n € N, which is absurd since % tends to zero as n tends
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to infinity. This completes the proof of the assertion that the cap product map
YN _: Hay, (G/ (x) ,Z) — Z is not surjective for n >> 0 in this case as well. [

Let G' = G x (P,;c- Qu;) and consider the following commutative diagram of
central extensions:

1 —— Q . G r 1
| | H
I —— V=@, Qu G’ r 1,

as in [8]. We have the following result.
Corollary 4.2. The group G’ is contained in A.

Proof. This is immediate from the fact that G as well as the abelian group @, . Qu;
are both contained in A, which is itself closed under finite direct products (cf. [10,
Proposition 5.1]). O

Let ‘H be Hall’s group. Recall that H is the semidirect product of V = @, ., Qu;
and A = (x,y) C Autg(V), where z(u;) = w41 and y(u;) = p;u; for all i € Z; here,
{p;: i € Z} is an enumeration of all primes. In view of [8, Lemma 4.2], we have H € A.

Let K = G’ *y H. In the very end of [8] it was stated that “one cannot prove
whether K satisfies Bass’ conjecture using either Linnell’s result or the cyclic homol-
ogy approach”. We will prove that K € Ap; in particular, it will follow that K does
satisfy Bass’ conjecture. To that end, we will need the following lemmas.

Lemma 4.3. Let 0 #u €V < K. If g € Ck(u) and its normal form is
191 -+ - Pngnh,

where g; € G' are coset representatives of V in G', ¢; € A are coset representatives
of V.in H and h € V (for notational purposes we use this slightly changed “normal”
form, where it is possible to have ¢ =1 or g, = 1), then ¢1 ... ¢, = 1. Conversely,
any element of K with normal form ¢1g1 ... ¢pngnh, such that ¢1...d, = 1a, is con-
tained in the centralizer Ci(u) of u.

Proof. We note that the following assertions are valid for all elements v € V:
(i) gv =wg for all g € G’, since V is central in G’,
(ii) vo; = i~ (v) for all ¢; € A, since
¢ vdi = (0,67 ) (1, 14)(0, 1) = (&5 (v), 1a) =2 &5~ (v)-
Let ¢161 ... ¢ngnh € Ck(u). Then, by using (i) and (i7) above, we obtain that
191 - - (bngnhUhilg;l(bn_l cee 91_1¢1_1 = ¢1...Pn(u)

and hence ¢ ...¢,(u) =u € K. In view of the normal form theorem for amalgams,
we have ¢1...¢,(u) =u € H and finally, since the stabilizer of u in H is equal to
{1} (cf. [9, page 104]), we conclude that ¢1...¢, =1 € H.

Conversely, let ¢191 ... Pngnh be an element of K with ¢y ...¢, =1 € A. Then,
by using (i) and (i) we have ug1g1 ... dngnh = é191 - . . Pngnhu. O
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Corollary 4.4. For any u € V \ {0}, the centralizer Ck (u) is the normal subgroup
of K generated by the elements of G'.

Lemma 4.5. Letw € V., u # 0. Then, the map 7: Ck(u) — G’ which sends any ele-
ment $191 ... dngnh € Cx(u) to g1ga ... gnh is a surjective group homomorphism.

Proof. The map is well-defined since from the normal form theorem every x € K can
be written in a unique way as ¢19i ... dngnh.
Let ©=¢191...Pngnh, o' = Pig) ... 009k € Cx(u). Then, w(x) =g1...9ah
and m(z') =g} ...g.,h. It follows that
m(z)m(x’)=g1...gahg} . g B =g1... 909} ... g, RN,
Since ¢} ... ¢, =1, the latter product equals
(P11 - - - Ongn P19y - - - O g hh) = (D191 - - . Pngnhdigy . .. &g k') = m(xz")
if neither g, nor ¢} is equal to 1. If ¢} = 1, then (using the equality ¢, ...¢., = 1)
we have
za' = o191 .- ¢ngnhgll ce ¢;ng;nhl
=¢191 ... Qﬁngngi cee lemg;nhh,
=101 .- Pn20Py ... PL gl hh
=101 Pn2dy ... Pl ghvhR .
Here g,¢} = zv with v € V and z € G’ a coset representative of V in G’. Hence,
m(xx') =g1...Gn-1295 ... g, vhh' whereas
91 Gngy - Gmhh = g1...gn_120vg5 ... g RN =g1...gn_12G5 ... gL, vhh .
If g, = 1, then (using ¢} ... ], = 1) we obtain

zr’ = d1g1 .. ~gn71¢nh¢/1g/1 s ¢mg;nh/ =¢191 .- gnf1¢n¢>/191 cee (ﬁmg;nhhlv
som(zx’) =g1 ... Gn-197 - - ghh' = g1 ... gng} - .. g, bR . Tt follows that 7(z)w(z') =
m(xzz') and hence 7 is a homomorphism. Finally it is obvious from the definition that
7 is surjective. O
We are ready to prove the following theorem.

Theorem 4.6. The group K constructed above is contained in Ap .

Proof. If x € K is an element having Linnell’s property, then Lemma 3.1 implies that
x is conjugate with an element of G’ or H. Since the cap product map that we are
interested in is not surjective if the cap product map associated with any conjugate of
x is not, we can restrict our attention to those elements in K with Linnell’s property,
which are contained in a factor of K. We distinguish three cases.

x € H\V: Remark 3.2 implies that Cx (z) = Cx(z) and hence the extension
1 — 7% Og(z) — Ng(z) — 1
coincides with
1 — 7 % Oy(x) — Ny(z) — 1.

Since H € A, the corresponding cap product map (1) is not surjective for some
n € N.
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x € G'\V: Remark 3.2 implies that C'x (z) = Ce (z) and hence the extension
1 — 7% Cg(x) — Ng(z) — 1
coincides with
1—Z-"% Ca(x) — Ngi(x) — 1.

Since G’ € A (Corollary 4.2), the corresponding cap product map (1) is not
surjective for some n € N.

x € V: We have the following commutative diagram of central extensions:

1 Z z Ck(r) ——— Ng(x) —— 1

| | l

1 7 w(z)=z

G'=Cg(x) —— Ngi(z) —— 1,

where 7 : Cg(x) — G' = Ce/(z) is the surjective homomorphism defined in
Lemma 4.5. Since z € V, the element w(z) =z has infinite order. Let § €
H?(Ng/(z),Z) be the element that classifies the bottom row. Since G’ € A,
the cap product map " N _: Hap (N (z),Z) — Ho(Ng:(z),Z) ~ Z is not sur-
jective for some n € N. The same is true for the cap product map (1), in view
of [10, Remark 3.2(i7)]. O

4.2. An HNN-extension in A,

In this subsection we will show that if G is a countably infinite group contained
in Ar, then G can be embedded in a group Gx € Ay, which is generated by two
elements. Of course, the latter statement is also true for every finite group, since such
a group can be embedded in a permutation group S,,, for some n € N.

Theorem 4.7 (Higman, Neumann and Neumann, 1949). Every countable infinite
group G can be embedded in a two generator group G = (t,y), where both t and y
have infinite order.

Sketch of proof. We slightly modify the argument in the proof of [17, Corollary
11.80], by enumerating the infinite group G using the integers instead of the natural
numbers. If G = {g; | i € Z} with go =1 and F is the free group on two generators
x,y, then

Gx=(G*F,t| tT e M ya"t = goy "ay™, n € Zy={(G*F,t| 1At = B),
where A = (z7"yz™ | n € Z) and B = (g,y "xy" | n € Z). O

Lemma 4.8. Let u € F = (x,y) be an element such that the sum of the powers of x
in w is zero. Then, u € A= (z™"yz" | n € Z).

Lemma 4.9. Let F = (x,y) be the free group on two generators,
D= (F,t| t e ya™ t =y "y, n € Z)
and u,v € F C D two elements having the following properties:

(i) the sum of the powers of x and the sum of the powers of y in u are equal to zero
(e uer>NKy>);
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(ii) there exists f € D with |f| even, such that f~luf =v (i.e. u, v are conjugates
by an element of even length).

Then, there exists w € F such that w™luw = v (i.e., u,v are conjugates in F ).

Proof. We note that if an element w; € F has the property stated in (i) above, then
tfwit™ %, e = £1 is equal to w7 € F, where wy is the element that we obtain from w;
by interchanging x and y in the normal form of w;. Furthermore, wy also has the
property stated in (i) above and w7 = w;. Finally, for any two elements wy, ws in F
we have wiwy = Wy Ws.

If f = fotst fy ---t%2" fy, is the normal form of f and f~!uf = v, then we have:

Faatm o ot fy  u fot ™ - 152 o = 0.

Since f; Y fo has also the property stated in (i) above, we obtain:
1, PSR — g
ot S f VR f 1152 520 fy, =

-1 —
Now f; Vfo "ufofi has also the same property and hence:

L L =1_=__
fot= e TS f T o Ufo Fifat® 47 o =0,
ie.
— — —E€a3 —17 1 o
fon 87t f VT fy o fufat® - fan = v

Continuing like this, we arrive to the following equality

f2_nlf2n—1_l = 'E_lfo_lufoﬁ' - fon—1fon = v,

which shows that u,v are conjugate in F'. O

Corollary 4.10. Let Gx be as in the proof of Theorem 4.7 and v #1 an element
in G* having Linnell’s property in Gx. Then, v is conjugate to an element u with
Ca+«(u) C G« F. Furthermore, u has Linnell’s property in G * F.

Proof. By Lemma 3.1, v is conjugate to an element u € G F. If Cg.(u) € G * F,
then (in view of Lemma 3.6) u is conjugate to an element w € A that has Linnell’s
property.

Since w € A, the sum of the powers of x in w is zero. This is also true for the
sum of the powers of y. Indeed, let w1 be the projection 71 : Gx — (x) where t — 1,
h— 1forall h € G and z,y — x. If the image of w, 71 (w), is non-trivial, then it is an
element of (z) other than 1 that has Linnell’s property. The last assertion is absurd
since (z) is the free abelian group in one generator. Therefore, 7 (w) = 1 and hence
the sum of the powers of y in w is zero.

Let 75 be the projection my : Gx — D, where

D= <F,t |t "ya"t =y "ay™, n€Z)

and ma(h) =1 for all h € G. Then, ma(w) is a non-trivial element (since w € A) and
has Linnell’s property. It follows that there exists f € D with |f| even such that
[ ime(w)f = mo(w)™ for some m € N, m > 0. (Indeed, there exist fo € D and k €
N, k>0, such that f; 'mo(w)fo = ma(w)*. Then, |fZ| is even and fy 2ma(w)fd =
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m2(w)¥*.) In view of the previous lemma, m(w) is conjugate with 72 (w)™ in F. But
then we have a non-trivial element of F' that is conjugate to one of its powers in F,
which is impossible (cf. [15, Theorem 4.6]). The contradiction shows that u cannot
be conjugate to any element w € A and hence Cg.(u) C G+ F.

Furthermore, if T is the tree associated to the group Gx, then u fixes only one
vertex since in the opposite case, it would fix an edge (cf. the proof of Lemma 3.1)
and then u would be conjugate to an element of A. It follows just as in the proof of
Lemma 3.1 that v has Linnell’s property in G * F. O

Remark 4.11. From the proof above it follows that the group D defined in the state-
ment of Lemma 4.9 contains no element having Linnell’s property. It follows that
D e AL.

Theorem 4.12. Let G be a countable group and G+ the HNN-extension defined in
the proof of Theorem 4.7. If G € Ay, then Gx € Ap,.

Proof. Let g € G* be an element having Linnell’s property. Since the cap product map
that we are interested in is not surjective if the cap product map associated with any
conjugate of ¢ is not, we may invoke Corollary 4.10 and assume that Cg.(g9) C G * F,
with ¢ having Linnell’s property in G * F'. In that case, the extension

1—7 -2 Cai(9) — Ngx(g) — 1
coincides with the extension
1—7-% Casr(9) — Ngur(g) — 1.

Since G« F' € Ay, the cap product map (1) is not surjective for n > 0. O
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