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DEFORMATION OF LEIBNIZ ALGEBRA MORPHISMS
ASHIS MANDAL
(communicated by Jean-Louis Loday)

Abstract
We study formal deformations of Leibniz algebra mor-
phisms. The associated deformation cohomology that controls
deformations is constructed using the cochain complex defining
Leibniz cohomology.

1. Introduction

The aim of this paper is to study an algebraic deformation theory of Leibniz
algebra morphisms. Leibniz algebras and dialgebras were introduced by J.-L. Loday
in connection with cyclic homology and Hochschild homology of matrix algebras [10,
11]. Leibniz algebras have been introduced as a non-antisymmetric analogue of Lie
algebras. Leibniz algebras, dialgebras, and many others (e.g. Zinbiel, dendriform,
etc.) have been studied in [12]. Each of these is an algebra over a suitable operad.
For instance, Leibniz algebras are precisely the algebras over the binary quadratic
operad Leib. The original deformation theory of algebraic structures was introduced
by Gerstenhaber in his monumental work [2, 3, 4, 5, 6]. Gerstenhaber considered
the case of associative algebras. An algebraic deformation theory of associative
algebra morphisms was studied by Gerstenhaber and Schack in [7, 8, 9]. Soon after,
deformation theory of various other structures and associated morphisms began
to be studied by many mathematicians. The Lie algebra case has been studied by
Nijenhuis and Richardson in [15, 16]. Deformations of dialgebras have been studied
in [14]. Recently, deformations of dialgebra morphisms have been studied by Donald
Yau in [18]. He also studied deformations of Zinbiel algebra morphisms in [17].
In [1], David Balavoine studied formal deformations of algebras over a quadratic
operad. In his paper, he explained how to obtain deformation theory for all the
classical cases, including associative, Lie, and others, each of which is an algebra
over a suitable operad. He also explained the case of Leibniz algebras using his
theory. In this paper, we consider the relative version, namely, formal deformations
of Leibniz algebra morphisms.

The paper is organised as follows. In Section 2, we recall the definitions of Leibniz
algebra and its cohomology. In Section 3, we introduce the deformation complex
of a Leibniz algebra morphism. In Section 4, we study the notion of deformation
of a Leibniz algebra morphism, define the notion of equivalence of deformations,
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and study rigidity. Obstruction cochains that arise in extending deformations of
finite order with given infinitesimals are studied in the final section. One of the
main results in any deformation theory is to prove that obstruction cochains are
cocycles. In our context, this consists of two parts; one arising from deformations of
the Leibniz algebras in question and the other from deformation of the morphism
between the Leibniz algebras. In [1], David Balavoine showed that the obstruction
cochains arising from deformations of Leibniz algebras are cocycles. The other part
is done by a direct computation parallel to arguments given in [17, 18].

2. Leibniz algebra and its cohomology

In this section, we recall the definition of a Leibniz algebra and describe its
cohomology. Let K be a fixed field.

Definition 2.1. A Leibniz algebra is a K-module L, equipped with a bracket oper-
ation, which is K-bilinear and satisfies the Leibniz identity:

[z, [y, 21| = [[=, 9], 2] = [[, 2], 9] for 2,y,z € L.

Any Lie algebra is automatically a Leibniz algebra, since in the presence of anti-
symmetry, the Jacobi identity reduces to the Leibniz identity. Here are some more
examples:

Ezample 2.2. Let (L,d) be a differential Lie algebra with the Lie bracket [,]. Then
L is a Leibniz algebra with the bracket operation [z, y]s := [z, dy]. The new bracket
on L is called the derived bracket.

Erample 2.3. On T(V) =V @ V®2®...0 VO @ ... there is a unique bracket
that makes it into a Leibniz algebra and satisfies
T1Xg Ty = [+ [[T1, @], 23], - -+, T

This is the free Leibniz algebra over a K-module V.

Example 2.4. Let A be any associative K-algebra equipped with a K-module map
D: A — Asatistying D(z(Dy)) = DxDy = D((Dx)y) for x,y € A. Then [z,y] :=
z(Dy) — (Dy)x is a Leibniz bracket on A. Some examples of D satisfying the above
identity are as follows:

1. D is an algebra map satisfying D? = D.

2. A is a superalgebra (that is, any z € A can be written uniquely as z = x4 +

z_) and D(z) = 4.
3. D is a square-zero derivation, that is,
D(zy) = (Dx)y +x(Dy) and D?*z =0 for z,y € A.

Ezample 2.5. Let L be a vector space spanned by {ej,es,e3} over K. Define a

bilinear map [, ]: L x L — L by [e1,e3] = ez and [e3, e3] = ey, all other products
of basis elements being 0. Then (L, [, ]) is a Leibniz algebra of dimension 3 over K.
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Let L be a Leibniz algebra and M be a representation of L. By definition ([13]),
M is a K-module equipped with two actions (left and right) of L,

[-,—]: LxM — M and [-,—]: M x L — M such that

[xa [y7 Z” = [[xv y}’ Z] - [[xa Z]’ y]
holds whenever one of the variables is from M and the others from L. In particular,
L is a representation of itself with the obvious action given by the bracket in L.
Definition 2.6. Let L be a Leibniz algebra and M be a representation of L. Let
CL"(L; M) := Homg(L®", M), n >0, and
8" CL™(L; M) — CL""Y(L; M)
be the K-morphism given by
n+1

8" f (@1, o) = (w1, f(@2, s ng)] + Y () f (@1, Fiy e Tngn), )
=2

+ Z (—1)j+1f(331, ey i1, [wi,xj],le, ce ,.fj7 N 7$n+1)-
1<i<js<n+1

Then (CL*(L; M), ¢) is a cochain complex, [13], whose cohomology is denoted by
HL*(L; M), called the cohomology of the Leibniz algebra L with coefficients in the
representation M. For M = L, with the obvious action as mentioned above, the
cohomology is denoted by HL*(L; L).

3. Deformation complex of a Leibniz algebra morphism

In the present section, we introduce the deformation complex of a Leibniz algebra
morphism. We shall see in the subsequent sections that the second and the third
cohomologies associated to the complex encode all the information about deforma-
tions. Let L and M be Leibniz algebras over a field K. To make our exposition
simpler, we use the same notation [—, —] for the brackets of L and M.

Definition 3.1. A K-linear map f: L — M is said to be a Leibniz algebra mor-
phism if it preserves the brackets. In other words, f([z,y]) = [f(z), f(y)] for z,y € L.

Let f: L — M be a Leibniz algebra morphism. We regard M as a representation

of L via f, where the actions of L on M, again denoted by [—, —], are [—, —]: L X
M — M, [l,m] :=[f(l),m] and [—,—]: M x L — M, [m,l] := [m, f()] for l € L
and m € M.

Define a cochain complex (CL*(f; f), d) as follows. Set CL°(f; f) :== 0. Forn > 1,
the module of n-cochains is

CL™(f; f) := CL™(L; L) x CL™(M; M) x CL™ ' (L; M).
The coboundary d": CL"(f; f) — CL"*1(f; f) is defined by the formula
0", v1w) = (5, 8"0: fu— vf — 5" w)

for (u,v;w) € CL™(f; f). Here the 6™ on the right-hand side are the coboundaries of
the complexes defining Leibniz cohomology groups, the map vf: L®* — M is the
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linear map defined by vf(z1, -+ ,zn) =v(f(z1), -, f(zn)), and fu is the com-
position of maps. Observe that for (u,v;w) € CL"(f; f), 6" T16"u = 0 = §"T15"w
and

fo"u — (0"v)f — 0" (fu—vf — 6" tw) = f6"u — (6"v)f — 6" fu + "vf = 0.
Thus d"*1d" (u,v;w) = 0 for n > 0. Hence we obtain
Proposition 3.2. (CL*(f; f),d) is a cochain complex. O

The cochain complex (CL*(f; f),d) is called the deformation complex of f, and
the corresponding cohomology modules are denoted by

HL™(f; f) == H"((CL*(f; ), d))-

The proof of the following proposition, which relates HL*(f;f) to HL*(L;L),
HL*(M;M), and HL*(L; M), is similar to that of Proposition 3.3 in [18].

Proposition 3.3. If HL"(L; L) = 0= HL"(M; M), and HL""*(L; M) = 0, then
so is HL™(f; f). O

From now on we shall omit superscripts for coboundaries. It should be clear from
the context which coboundary is being used.

4. Deformation, equivalence, and rigidity

In this section, we study formal 1-parameter families of deformations of a Leibniz
algebra morphism, define equivalence of deformations, and obtain a condition for
rigidity. All the basic notions of deformation theory of algebraic structures and the
associated morphisms are originally due to Gerstenhaber [2, 3, 5, 6], and Gersten-
haber and Schack [7, 8, 9]. Here we briefly describe the analogous concepts related
to deformation of Leibniz algebra morphisms. From now on we shall assume that
K is a field of characteristic zero, and f: L — M is a Leibniz algebra morphism.
Let K[[t]] be the ring of formal power series in ¢ with coefficients in K.

Recall from [1] that a formal 1-parameter family of deformations of a Leibniz
algebra L is a Leibniz bracket p; on the K[[t]]-module L; = LgK][[t]], where pu; =
Yiso Mty pi € CL*(L; L) with po being the original Leibniz bracket on L.
Definition 4.1. A deformation (u,vy; fr) of f is a Leibniz algebra morphism
fi: Ly — M, of the form f; = Z@O fit* where each f;: L — M is a K-linear map
with fo = f, and L; = LegK][t]], M; = M®xK][t]] are formal 1-parameter family
of deformations of L and M given by brackets p; = Zz;o pitt and vy = Z@o vt
respectively.

Thus a triple (uq,v; ft), as given above, is a deformation of f provided the
following equalities hold:
pe(, pe(y, 2)) = pe(pe(@,y), 2) — (e, 2), ) for @,y,2 € L,
l/t(.’L',Vt(y7Z)) = Vt(Vt(J?,y),Z) - Vt(”t(xwz)ay) for T,Y, %z € M7 (1)
and  fi(pe(x,y)) = vi(fi(z), fi(y)) for x,y € L.

Now, expanding both sides of each of the equations in (1) and collecting coefficients
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of t", we see that (1) is equivalent to the system of equations

(Z) Z Mi(xnu]'(yaz)) = Z {Ui(“j(xay)vz)_Mi(uj(xvz)ay)} for z,y,z € L;

i+j=n i+j=n

(i) Y vilwvi(y,2) = Y {wlvi(e,y),2) —viy(@,2),9)} for z,y,2 € M;
i+j=n i+j=n

@) S Glm) = S w0 ful) for 2y L
itj=n i+j+hk=n

Remark 4.2. For n =0, conditions (¢) and (i) are equivalent to the usual Leibniz
identity of ug and vy respectively, and (#44) is equivalent to the fact that f is a Leibniz
algebra morphism. For n = 1, (4) and (i) are equivalent to dpuy = 0 = dvy, and (ii7)
is equivalent to fu; —vif —f1 = 0. Thus for n =1, (i)—(iii) are equivalent to
saying that (u1,v1; f1) € CL?(f; f) is a cocycle. In general, for n > 2, (fin, Vn; fn)
is just a 2-cochain in CL2(f; f).

Definition 4.3. The 2-cochain (1, v1; f1) is called the infinitesimal of the deforma-
tion (e, vi; fi). More generally, if (u;,v;; fi) = 0for 1 < i < (n—1), and (tn, Vn; fn)
is a non-zero cochain in CL2(f; f), then (i, vn; fn) is called the n-infinitesimal of
the deformation (s, v4; ft).

Proposition 4.4. The infinitesimal (11, v1; f1) of the deformation (pug, ve; ft) is a 2-
cocycle in CL?(f; f). More generally, the n-infinitesimal (fin, vn; fn) is a 2-cocycle.

Proof. By definition, d(u1,v1; f1) = (6p1, 6v1; fpr — v f — df1). The result now fol-
lows from the above remark. O

Let (ue, ve; fr) and (g, oy; ft) be two deformations of f. A formal isomorphism
between the deformations p; and fi; of a Leibniz algebra L is a power series &, =
21'20 ¢;t", where each ¢;: L — L is a K-linear map with ¢o = idy, the identity
map on L, such that ji;(z,y) = ®; o (P, (x), & (y)) for z,y € L.

Definition 4.5. A formal isomorphism (®y, Uy): (ue, ve; fr) — (G, Dy; ft) between
two deformations of a Leibniz algebra morphism f: L — M consists of a pair of
formal isomorphisms ®;: p; — iz and W : 14 — v, of deformations of the Leibniz
algebras L and M respectively such that f; = ¥y 0 f; o &, 1.

Definition 4.6. Two deformations (g, v¢; f¢) and (fig, Dy; ft) are said to be equiv-
alent if and only if there exists a formal isomorphism

(e, We): (e, ves fr) — (ﬂt,ﬂﬁft)'

Definition 4.7. Any deformation of f: L — M that is equivalent to the defor-
mation (uo, vo; f) is said to be a trivial deformation.

Theorem 4.8. The cohomology class of the infinitesimal of a deformation
(e, ve5 fe) of f+ L — M is determined by the equivalence class of (g, ve; ft).
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Proof. Let (®;,Wy): (1, ve; fr) — (fie, 4; f¢) be an equivalence. Then fi, = ®; o
po®, oy =W, 000, and ft = U, o f; o &, !. Expanding the above identi-
ties agd comparing coefficients of ¢, we have that u; — ji; = d¢1, 1 — 7 = dvq, a~nd
f1 — f1 = f¢1 — 1/)1f Then it follows that d(¢17¢1,0) = (,ul, Vl;fl) — (ﬂl,ﬂl; fl)

O

Definition 4.9. A Leibniz algebra morphism f: L — M is said to be rigid if and
only if every deformation of f is trivial.

Theorem 4.10. A non-trivial deformation of a Leibniz algebra morphism is equiv-
alent to a deformation whose n-infinitesimal is not a coboundary for some n > 1.

Proof. Let (u¢, ve; ft) be a deformation of f with n-infinitesimal (uy,vp; frn), for
some n > 1. Assume that there exists a 1-cochain (¢,v;m) € CL(f; f) with

d(d),i/);m) = (Mm Un; fn)

We may assume that m = 0, as d(¢, ¥;m) = d(¢p, ¥ + dm,0). This yields p, = Jo,
vy, =0, and f,, = fo — ¥ f. Set &y = idy + ¢t™ and Uy = idps + t™. We now have
a deformation (fit, 7y; ft), where jiy = ®,0p; 0®, ", iy = U000, 1, and f, =
;0 fo®, . For x,y € L, the first equality gives ji;(®s(x), ®¢(y)) = D¢ (pe(x,y)).
Expanding both sides of this equality and equating coefficients of ¢!, i < n, we get
=0, 1<i<n-—1, and [i, = pt,, — d¢ = 0. Similarly, the other two equalities
yield 7; = 0 and ﬂ =0 for ¢ < n. Thus the given deformation is equivalent to a
deformation (fit, oy; f+) for which (fi;, 7;; ﬁ) =0 for 1 < ¢ < n. Hence we can repeat
the argument to kill off any infinitesimal that is a coboundary. So the process must
stop if the deformation is non-trivial. O

Corollary 4.11. If HL?(f; f) =0, then f: L — M is rigid. O

Remark 4.12. In view of Proposition 3.3, if HL?(L;L) = 0= HL?*(M;M), and
HLY(L; M) = 0, then the morphism f: L — M is rigid.

5. Obstruction Cocycles

In this section, we shall study the problem of realising a 2-cocycle in CL?(f; f) as
the infinitesimal of a deformation of f. This will be done by detecting any obstruc-
tions to extending a given deformation modulo ¢* to a deformation modulo t¥+1,
k > 1. Let N be a positive integer.

Definition 5.1. A deformation of f: L — M of order N is a triple (pu,ve; fi)
such that g, = Y it® and v, = Y vit? are deformations modulo tN+! of L
and M respectively, that is, u; and v, satisty (¢) and (i7) respectively for 0 < ¢ < N,
and f; = Z?LO fit® with fo = f, each fi: L — M being K-linear, satisfies (iii) for
0<t<N.

If there exists a 2-cochain (un41,VN41; fNe1) € CL*(f; f), such that the triple
(e, o3 fo) with fig = py + pv 1tV Dy = v+ vyt T and fy = fi + gtV T
is a deformation of f of order (N + 1), then we say that (u,14; f;) extends to a
deformation of f of order (IV + 1).
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Definition 5.2. Let (u¢, v4; fi) be a deformation of f of order N. Consider the
cochains §(L) € CL3(L; L), (M) € CL3(M; M), and (f) € CL*(L; M) where

O(L)(w,y,2) = Y il (,9),2) — il (2, 2),y) — i, (v, 2)) }
z‘+g‘;i\%+1

for z,y,z € L, (M) has an expression similar to §(L) with p replaced by v, and

/

0(f) (@, y) =Y vilfi(@), k) — D filus(z,y) for z,y € L.

i+j=N+1
i,§>0
Here,
!
DI D D N D DR D
i+j=N+1.1 _ i+k=N+1.: _ JHk=N+1.. _ i+j+k=N+1
i,y>0 N = k>0 J = k>0 v = i,5,k>0

The 3-cochain 0(ju, ve; fi) = (0(L),0(M);0(f)) € CL3(f; f) is called the obstruc-
tion cochain for extending the deformation (u,v4; fi) of f of order N to a defor-
mation of f of order N + 1.

Observe that 6(L) is the obstruction for extending the deformation p; modulo
tN+1 of L to a deformation modulo tV*2. A similar remark holds for §(M). Our
primary goal is to show that the obstruction cochain as defined above is a cocycle.
This will follow from [1] and by a direct computation following [17, 18].

Let S, be the symmetric group of n symbols. Recall that a permutation o €
Sptq is called a (p, ¢)-shuffle, if (1) < 0(2) < --- < o(p),ando(p+1) < o(p+2) <
-+ < o(p+ q). We denote the set of all (p, g)-shuffles in S, by Sh(p, q).

Let L be a Leibniz algebra. For o € CLPTY(L; L) and 3 € CLItY(L; L), define
aofB € CLPTITY(L; L) by

@ o ﬂ(xla v axl)"!‘q-‘rl)
p+1

= Z(_l)Q(k_l){ Z Sgn(o-)a(xlv"'7mk—17ﬁ(l‘k}axa(k+l)7"'7xo'(k+q))a
k=1 o€Sh(q,p—k+1)

To(ktq+1)s - - > To(pta+1)) )

Then the graded cochain module CL*(L;L) = €, CLP(L; L) equipped with the
bracket

[, 8] = ao B+ (~1)P""Boa for a € CLPTY(L;L) and 3 € CLY(L; L)

is a graded Lie algebra [1]. It is straightforward to check that the above bracket on
CL*(L; L) is related to the coboundary map as follows.

Lemma 5.3. For a € CLPTY(L; L), o = —[a, po)- O

Now observe that in terms of the bracket on CL*(L; L), the obstruction cochain
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6(L) can be written as

OL)== > [uip).
i+j=N+1
2,7>0

In [1], David Balavoine proved that for any Leibniz algebra L, the obstruction
cochain A(L) for extending a deformation modulo tV*! to a deformation modulo

tV*2 is a cocycle. This is done by using the above expression of 6(L), Lemma 5.3,
and the Jacobi identity in the graded Lie algebra (CL*(L; L), [—, —]).

Theorem 5.4. The obstruction cochain 0(p, v4; fi) of a deformation (e, ve; ft) of
f of order N is a 3-cocycle in CL3(f; f).

Proof. In view of the above observations, it remains to prove that d0(f) — f0(L)
+6(M)f =0. This is done by a direct computation parallel to the proof of the
corresponding results in [17, 18]. Note that for z,y,z € L,

(fO(L) = O(M) f)(x,y,2) =D Fualpi(x,9),2) = D Fri(pi(x, 2),)
—ZmNM%m—memw@w@>
+Y v (f (@), £(2)), F(©)

+ Y vilf(@),v5(f (), £(2))), (2)

where we are using the abbreviated symbol " for Z in (2) and in the
i+j=N+1
i,5>0
subsequent computations. By (2.6) and (5.2) we have,

/

50(f) (. 2) = ZWW)ML )= S wolf (), Fots 1, 2))
+ZVO (vi(fj(z ZVO (firj(z,2), f(y))
—ZVO v; f]‘ 3? ( ) (Z)) + ZVO(fiﬂj(may>7f<Z))

(3)
—sz Fito(@,y), fi(2)) + > firtj(po(, y), 2)

—1—21/2 (fipo(z, 2), fr(y Zfzﬂg (po(z,2),y)
+Zw(fj( oy, 2) = Y futi (@, po(y, 2))-

The main idea involved is to rewrite some of the sums on the right-hand side
of (3) using (4)—(éiz) for 0 < n < N, in order to cancel terms appearing in (2). First
consider the 7th sum. Using (4ii) for each j, we have

fivo(z,y) = Z Va(fp(2) Z forq(2,y).

a+pB+y=j p+q=j
a,3,7v=0 1<q<y
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Substituting this expression for f;uo(x,y), the 7th sum on the right-hand side of (3)
becomes

/! !

- Y vilwa(fs@), £ W) fe2) + Y vilferg(@,y), fu(2)). (4)

a+pB+y=j p+q=j
a,B8,720 1<q<y

Here as explained in [18], the first sum of (4) is given by

!

2. = >t

a+pB+y=j i+a+pB+y=N+1 i+k=N+1
a,B3,720 i,(a+p+7)>0 i,k>0
k=0; a,3,720 a=p=y=0
LD DR 2 (5)
a+pB+y+k=N+1 i+a+B+y+k=N+1
k,(a+B+7v)>0 i,(atB+7),k>0
1=0; o, 3,720 a,B3,720

and the second sum is given by

/

o= >+ > ©

pt+q=j t+p+q=N+1 p+q+k=N+1  it+p+qg+tk=N+1
1<q<y 1,q>0; p>0 q,k>0; p=0 1,k,q>0; p=0
k=0 i=0

Thus the first sum of (4) splits into four sums, the first of which can be written as

- > vi(va(fs(x), f(Y), fr(2)) (7)

i+a+B+y=N+1
i,(a+B8+v)>0

k=0; o,3,7=0
== Y wvalf(2), fW), () - Yoo wilalfe@) f,() f(2).
i+a=N+1 i+a+B+y=N+1
i,a>0 1,(8+v)>0
a,B,720

Note that the first sum on the right-hand side of (7) appears in (2) as one of the
three summands of —0(M) f(x,y, z). Analogously we rewrite the 9th sum and the
11th sum on the right-hand side of (3) using (iit), as described above. In the 8th
sum on the right-hand side of (3), we use (%) to substitute p;(1o(z, y), 2), obtaining

Do fuilpo(w,y), )= Y (e, poly, 2)

i+j=N+1 t+j=N+1
1,j>0 1,j>0
i+j+hk=N+1 i+j=N+1
i,k>0;5>0 1,5>0
+ > @2y = D fu(m(,y), 2),
i+j+k=N+1 i+j+k=N+1
i,k>0; 5>0 1,k>0; 520

Observe that the first and the third sums on the right-hand side of (8) cancel with
the 12th and the 10th sums respectively on the right-hand side of (3). Next, note



Homology, Homotopy and Applications, vol. 9(1), 2007 448

that the 2nd sum on the right-hand side of (8) can be written as

N
Z Z fl,ufj('ruu'k(yvz)) —f Z ,LLj(I,,U,k(y,Z)), (9)
k=1 itj+k=N+1 j+k=N+1

i,j20 J,k>0

and the 2nd sum of (9) appears in f6(L)(z,y, z). Also, by (%), the first sum splits

as

N
> > Va(f5(@), frype(y, 2))

k=1 a+p+y+k=N+1
a,B3,720
/

= Y wlf@), fims2) + D vilfi(@), fora(y, 2)-
i+j=N+1 p+q=k
,§>0 1<q<k
The first sum in the last step appears as the 2nd term on the right-hand side
of (3) with opposite sign, whereas the other sum can be seen to appear in the new
expression of the 11th sum on the right-hand side of (3) with opposite sign. We
apply a similar argument to express the 4th and the 5th sum on the right-hand side
of (8). Finally as in [18], we substitute the new expressions for the 7th, 8th, 9th,
and 11th sum in (3) and use (2) to obtain

(60(f)=fO(L) + 6(M)f)(x,y,2)
Zm fa(),vi(f5(y), 17(2))) = vi(v;(fa(2), f5(y)); [(2))
vi(vj (fo(2); [(2)), f5(y))];

where

2= Xy

i+B+y+i=N+1 i+j+at+y=N+1
a=0, 8,7y>0 B=0, a,y>0

LD D D D DD

i+j+at+B=N+1 i+j+y=N+1 i+j+B=N+1
7=0, a,3>0 a=0=6,7>0 a=0=~,8>0

LD DR DS

i+j+a=N+1 i+j+atB+y=N+1
B=0=v,a>0 a,B,7>0

It follows from (i) that (60(f) — fO(L) + O(M) f)(x,y,z) = 0. O

Theorem 5.5. Let (s, v4; f) be a deformation of f of order N. Then (s, vt; ft)
extends to a deformation of order N + 1 if and only if the cohomology class of
O(ue, ve; ft) vanishes.

Proof. Suppose that a deformation (u,v4; f) of f of order N extends to a defor-
mation of f of order N + 1. Then (i)—(#4) hold for n = N + 1. As a result, we
get O(L) =duny1, O(M) = dvnyey, and 6(f) = funs1 — vN+1f — 6 fn+1. In other
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words, the obstruction cochain 0(u, v fi) = d(un+1, YN+1; fv+1). So its cohomol-
ogy class vanishes. Conversely, let 6(u, v¢; f) be a coboundary. Suppose that

O(pee, ves fr) = d(pN+1, Vn41; fn1)
for some 2-cochain (uny1,ne1; fyvi1) € CL2(f; f). Set
(s 75 o) = (e + vt v+ unat™ T o4 vtV .

Then (i, 7¢; f;) satisfies (i)—(ii) for 0 < n < N + 1, so (fig, 7s; f;) is an extension

of (u¢, vy fi) of order N + 1. O
Corollary 5.6. If HL3(f; f) = 0, then every 2-cocycle in CL(f; f) is the infinites-
imal of some deformation of f. O
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