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ABSTRACT. This paper deals with the 2-D Schrédinger equation with time-
oscillating exponential nonlinearity i0ru + Au = 6(wt) (64”‘“‘2 —1), where 6 is
a periodic C'-function. We prove that for a class of initial data ug € H'(R?),
the solution wu, converges, as |w| tends to infinity to the solution U of the
limiting equation i0,U + AU = 1(6)(e*IUI* — 1) with the same initial data,
where I(6) is the average of 6.
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1. Introduction

Recall the monomial defocusing semilinear Schrodinger equation in space di-
mension N > 1

(1.1) PO+ Au = [uP~lu, uw:RYY —C,

which has the critical exponents p* = % (for N >3) and p. =1+ %.

For the energy subcritical case (p < p*), an iteration of the local-in-time well-
posedness result using the a priori upper bound on ||u(t)|| g1 implied by the con-
servation laws establishes global well-posedness for (1.1) in H'. Those solutions
scatter when p > p. ( see [14, 20]).
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The energy critical case (p = p*) is actually harder than the Klein-Gordon
(wave) equation, for which the finite propagation property was crucial to exclude
possible concentration of energy, whereas there is no upper bound on the propaga-
tion speed for the Schrédinger equation. Nevertheless, based on new ideas such as
induction on the energy size and frequency split propagation estimates, Bourgain
in [5] proved global well-posedness and scattering for radially symmetric data, and
this result was extended to the general case by Colliander et al. in [11] using a new
interaction Morawetz inequality.

For N = 2, the initial value problem (1.1) is energy subcritical for all p > 1.
To identify an ”energy critical” nonlinear Schrédinger initial value problem on R2,
S0, it is natural to consider problems with exponential nonlinearities. According
to the sharp Trudinger-Moser inequality on R? [1, 22] and the 2D critical Sobolev
embedding [3], it is natural to investigate the following Cauchy problem

(1.2) 10w + Au = u(e47f\u|2 _ 1)7 w:RY2 5 C,
' u(0) = ug € H*(R2).

Solutions of (1.2) formally satisfy the conservation of mass and Hamiltonian

(1.3) M(u(t)) := [[u(t)[|7> = M(u(0)),
(14)  H(u(t)) = HVu(t)H; + %He‘*ﬂu(ﬂf 1o 47T|u(t)|2‘ e
—  H(u(0)).

For a such problem, global well-posedness together with the scattering for small
data were obtained in [19]. Using the sharp Trudinger-Moser inequality on R?, the
size of the initial data for which one has local existence was quantified in [10], and
a notion of criticality was proposed:

DEFINITION 1.1. The Cauchy problem (1.2) is said to be subcritical if H(ug) <
1, eritical if H(ug) =1 and supercritical if H (ug) > 1.

The reason behind this definition lies in the fact that one can construct a unique
local solution for initial data ug such that ||Vugl/z2 < 1, and the time of existence
depends only on 1 := 1 — ||Vugl|z2 and |lug||z2. Therefore the maximal solution is
global in the subcritical case, while in the critical case a concentration phenomena
of the Hamiltonian may happens. The following global well-posedness result was
proved in [10].

THEOREM 1.2. Assume that H(ug) < 1, then the problem (1.2) has a unique
global solution u in the class

C(R, H'(R?)).

Moreover, u € L}, (R, C/2(R?)) and satisfies the conservation of the mass and the
Hamiltonian.

In the subcritical case, a scattering result was obtained in [16] where the cubic
term was subtracted from the non linearity to avoid the critical value p, =1+ %.
More precisely
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THEOREM 1.3. For any global solution u of (1.2) in H' satisfying H(u) < 1,
we have u € L*(R,CY?) and there exist unique free solutions uy such that

[(w = uz)(®)llgr =0 (£ — £o0).

Moreover, the maps

u(0) — u (0)
are homeomorphisms between the unit balls in the nonlinear energy space and the
free energy space, namely from {¢ € H' ; H(p) < 1} onto {¢ € H' ; ||V| 2 < 1}.

The main ingredient for the subcritical case is a new interaction Morawetz
estimate, proved independently by Colliander et al. and Planchon-Vega [9, 21].

REMARK 1.4.
i) The proof in the subcritical case is much simpler for NLS than NLKG [17],
given the a priori estimate due to [9, 21].
ii) This result was extended in [2] to the critical case, but only in the radial
framework.

1.1. Setting of the Problem and Main Results. In some recent works
[6, 13], the following initial value problem was investigated:

(1.5) 10w + Au + O(wt)|u|*u = 0,
' u(0) = € H'(RY),
where § € C1(R,R) is a 7-periodic function for some 7 > 0, w € R and o < ﬁ

(N > 3). A typical example is 6(s) = Ao + A1 sin(s) with Ao, A1 € R. It is shown in
[6, 13] that the solution wu,, converges as |w| — oo to the solution U of the limiting
equation i0;U + AU + I(0)|U|*“U = 0 with the same initial condition, where I(0)
is the average of 6 given by

(1.6) 1(0) = i/OT 0(s) ds.

It is the aim of this note to extend the results of [6, 13] to the 2-D critical
semilinear Schrodinger equation. Thus we consider the initial value problem

10w+ Au = 0(wt)u ednlul® 1
uw(0) = up € HY(R?),

where w € R and 6 : R — R is a C''-function satisfying

(1.7)

(1.8) 6 is 71 — periodic for some 7 > 0;
(1.9) I1(6) > 0.
The equivalent integral form of (1.7) reads as follows

¢
(1.10) u(t) = ePug + Z/ =8 0(ws)u(s) (e“lu(s)lz - 1) ds,
0

where (eim> is the Schrédinger group. Solutions to (1.7) formally satisfy the
teR

conservation of mass.

Remarking that the function 6 is uniformly bounded, we only take its L>*-norm
when estimating the nonlinearity. Hence, using similar arguments as in [10], we
can prove local well-posedness of (1.7) in the energy space.
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PROPOSITION 1.5. For every ug € HY(R?) such that |Vug|| 2 < 1, there exists
a unique mazimal H"'-solution u, € C((=Ty,T*); H) to (1.7) with 0 < T\, T* <
0o. Moreover, u,, € L] ((=T.,T*), W' (R?)) for all admissible pairs (q,r) (see
(2.5)).

Our main goal is to investigate the behavior of u,, as |w| = +oo. It is natural
to expect that u, behaves like the solution U of the following Cauchy problem as
|w| goes to infinity.

: _ 4n|U|? _ .
(1.11) i0,U + AU I(9)U<e 1>,
U(0) = ug € H'(R?),
or equivalently
t
(1.12) U(t) = ePug + iI(G)/ =AY (s) (e‘”lU(s)‘2 - 1) ds.
0
For an initial data ug € H'(R?) such that || Vugl|[z2 < 1, the Cauchy problem (1.11)
is locally well-posed and its maximal solution belongs to

C([0,9); H'(R?)) () L{,.((0, S); W' (R?))

loc

for some S > 0 and for all admissible pairs (g, ). Moreover, the following conser-
vation laws hold:

(1.13) MU()) = [U®)||72 = M(uo),
and
(1.14) H(U(t)) = HVU(t)’ 2L v %?H&WIUW 1 47r|U(t)|2‘ gy = H0)

Note that since I(6) is positive, then for any initial data ug with H(ug) < 1, the
Cauchy problem (1.11) is globally well-posed (see [10] for a proof). The main result
of this paper reads.

THEOREM 1.6. Let ug € H*(R?) such that H(ug) < 1. Denote by u, €
C((=T.,T*); H') the mazimal solution of (1.7) and U € C(R; H') the global solu-
tion of (1.11).

i) For any 0 < T < oo, the solution u,, exists on [0,T] for |w| sufficiently

large.
ii) Assume that for 0 < T < oo, there exists a constant 0 < A(T) < 1 such
that
(1.15) sup ||Vu(t)||r2 < A(T),

t€[0,T]

for |w| sufficiently large. Then, u, — U in LI((0,T); W) as |w| — oo
for all admissible pairs (q,r) and for any 0 < T < oo. In particular, the
convergence holds in C([0,T]; H*(R?)).

REMARK 1.7.
i) Note that the solution u, of (1.7) is obtained by applying a fixed point
argument as in [10]. It follows that the assumption (1.15) holds at least
for small 7.
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ii) Suppose that I(f) < 0 and let ug € H'(R?) such that the solution U of
(1.11) blows up in finite time (such initial data ug exists). We don’t know
whether or not the solution u, of (1.7) blows up in finite time for |w|
sufficiently large.

iii) The theorem does not say anything on what happens to the solution wu,, if
the function 6 changes its sign (note that, when 0 is positive, its average
1(0) is also positive; so the latter fulfills the assumptions). In particular,
the nature of solution u,, (global or blowing-up) may change according to
wand U(t = tg). This will be considered in a forthcoming paper.

The rest of the paper is organized as follows. Section 2 is devoted to give some
useful tools needed in the proofs. In Section 3, we give some preliminary results
which prepare the proof of our main theorem. The proof of Theorem 1.6 is done
in Section 4. Finally, we state in the Appendix a continuity argument used in the
proof of Theorem 1.6.

2. Useful Tools

In this section we collect some known and useful estimates.

PROPOSITION 2.1 (Moser-Trudinger inequality [1]).
Let a € [0,47). A constant ¢, exists such that
(2.1) lexp(alul®) = 1|21 (z2) < callullZape
Jor all w in H'(R?) such that ||Vu| 1 2r2)y < 1. Moreover, if a > 4w, then (2.1) is
false.

REMARK 2.2. We point out that o = 47 becomes admissible in (2.1) if we
require [|ul| g1 (r2) < 1 rather than ||[Vu||z2gey < 1. Precisely, we have

(2.2) sup I exp(47r|u|2) —1f|z1(re) < 00

flell g1 <1
and this is false for o > 4m. See [22] for more details.
The following estimate is an L logarithmic inequality which enables us to es-

tablish the link between [|e?7u/* —1]| Lt (L2(r2)) and dispersion properties of solutions
of the linear Schrodinger equation.

PROPOSITION 2.3 (Log estimate [15]).
Let 8 €]0,1[. For any X > ﬁ and any 0 < u <1, a constant Cy > 0 exists such

that, for any function w € H'(R?) N CP(R?), we have

B
(2.3) ul? < Allull? log (cA + (i) ||u||c5> |

[[ull
where we set
(2.4) el o= IVullZs + i 2.
Recall that C#(R?) denotes the space of 3-Holder continuous functions endowed

with the norm
[u(z) — u(y)
[ulles g2y = [lul| Lo (r2) + sup :
(R2) (R2) ey |z — y|5
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We refer to [15] for the proof of this proposition and more details. We just point
out that the condition A > 5 ﬁ in (2.3) is optimal.

In order to establish an energy estimate, one has to consider the nonlinearity
as a source term in (1.7), so we need to estimate it in the Lj(H}) norm. To do so,
we use (2.1) combined with the so-called Strichartz estimate.

PROPOSITION 2.4 (Strichartz estimates [8]).
Let vg be a function in H'(R?) and F € L'(R, H'(R?)). Denote by v the solution
of the inhomogeneous linear Schrodinger problem
0w+ Av = F(t,x), v(0)=vp.

Then, a constant C exists such that for any T > 0 and any admissible pairs of
Strichartz exponents (q,r) i.e

2 2
(2.5) 0<>=1--<1,
q
yields
(2.6) [Vl Lago,rn,wrr2yy < Clllvoll ey + 1Fl Lo, 10 m2)) | -

In particular, note that (¢,r) = (4,4) is an admissible Strichartz pairs and
WHA(R?) < C'/2(R?).
3. Preliminary Results
In order to prove Theorem 1.6, we need the next lemma

LEMMA 3.1. Fiz an initial value ug € H*(R?) with H(ug) < 1. Given w € R,
denote by u,, the mazimal solution of (1.7). Let U be the unique global solution of
(1.11). Fiz 0 <l < oo and suppose also that u,, satisfies

3.1 lim sup||u,, 1 = lzm sup ||ug, 1 < 00,
( ) |w|*>oo H || 01),02(R2)) —>oc <w|>§ || Ol),CQ(R2))>
and, for |w| sufficiently large

(3.2) sup ||V (8)] 12 < A(l) < 1.
te[0,1]

Then, for all admissible pairs (q,r) we have

uw = UllLa((o,0),wrr(®2)) o 0,

The proof of Lemma 3.1 is based on the Strichartz’s estimate, the logarithmic
and Moser-Trudinger inequalities and the fact that when |w| approaches infinity, ¢
approaches its average. This last observation is made more precisely as follows.

LEMMA 3.2. Let (v, p) be an admissible pairs and fix a time to. Given f €
LY (R, L* (R?)), we have

/ tﬂ(ws)ei(ts)Af(s)dsﬂ 1(0) / tei<t*8>Af(s)ds in  LY(R,L"(R?)),
to w|—00 to

for every admissible pairs (q,r).

PROOF. See [6]. O
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The next lemma will also be used in the sequel.

LEMMA 3.3. Set f(u) := u(e*™!“" —1). Then, for any ¢ > 0, there eists a
constant C. > 0 such that

(3:3)  |f(w) = f(v)] < Celu— v (e“”(”e)“'? — 1 etrtreall 1);

and

[(Df)(u) = (Df)(v)|
(3.4) < C.lu—vl (|u| 4 etr(te)ul® _q 4 v| + el (L+e)lvl* _ 1)_

PROOF. See [10]. O

For the proof of theorem 1.6, the following refined estimates will be needed
later on.

PROPOSITION 3.4. Suppose that u,, satisfies (3.2), and let [a, ] be a sub-interval
of [0,1]. Then

47r|uw\2 _
[[uw (e 1)||L%((a,b),L%)

< CWluall ooy wray (Il + el )

LA ((a,b),wl4) L4((a,b),wl4)

and

4‘n'|’u,“,|2 _
IV (e D) st

B
< COlluall s amwi (Jlul? + )

L4 ((a,b),wld) LA ((a,b),wl4)

where a, f > 0 depend on A(l).

REMARK 3.5. We note that, from the Strichartz’s estimate, if wu, exists on
(a,b) then it belongs to the space L*((a,b), Wh4).

PROOF. We begin by estimating ||u,, (64”‘““|2 — 1) Using Holder

L3 ((ab),L3)’
inequality in space and time we get

2
(el = Dl (@it

1
el

dml|ue (t,)[1 200 3
< || a e & —1
> || w||L4(( 7b),L4)|| HLQ( L7255 (ab),L1)

le
a,b)
where 0 < v < 2 is to be chosen suitably.
The assumption on u,, Moser-Trudinger inequality and the conservation of mass
give

2 1 2—
||e4ﬂ"uw| _1||z%(( bt §CZTWHU0HL2-
25 (ab),



314 A. BENSOUILAH, D. DRAOUIL, AND M. MAJDOUB

Now, write

||e47r”uu(t7')”igo _ 1”7

/{te[avb] ) Huw(t,')HLgo <1}

/{te[a,m o (8 | ge > 1}

N

/{te[a,b] il (8l Lge <1}

-
{tela.b]; fluw (t,)[lLge >1}

It can easily be shown that

2
/ (ot 1) ar < o P
{t€la,b]; [luw (t,)]lLge <1}

Indeed, let ¢ € (a,b) be such that [[u,(t,-)||L < 1. We have

et e (e 1 — (fu (¢, >Lm>—w<o>s{ sup  |Y(s >|}||uw< Sl

s€[0,]Juw (t,)lge]

where ¥ (s) := *™*. Note that, for all s € [0, [|luw(t,-)||z], 0 < ¥/(s) < 4met™

Therefore

2
/ (647T\|uw(t,')”ig° _ 1) T dt
{t€la,b]; luw ()|l Lge <1}

Since % >2and C2 < L™, we get

2
/ (e4w\|uw(t7')”ig° _ 1) " dt
{telab]s lluw (t,) | nge <1}

2
<ot [ Junlt, )12,y
{tela,b]; [luw (¢,) | Lge <1}

<0v/ . 12, d

We conclude using the Cauchy-Schwarz inequality.
Let € > 0 (to be chosen later). We have
/ (e%nuw(t,-)nigo)% it
{t€la,b]s [luw (t,)llLge >1}

4
5

< / (ezw(1+e>uuw<t,~>uigo>
{tefab]s lluw (t,) | Lz >1}

L4((a,b), c2)

=C.
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The log estimate and the assumption on u,, allow us to find a constant 0 < v < 2
as desired such that

(e%lluw(t,')lligo) dt < C(1,7)||uw|*

L4 ((a,b), 02>

/{tG[a bl 5 [luw (£,) [ Lge >1}

Indeed let t € [a,b] be such that [juy(t,-)|r= > 1. Write the Log-estimate with
B=1 A>1and pe(0,1] ( the latter two parameters are to be chosen later)

o (8, M oe < At )2 1g<0*(z)m>

Since A(l) < 1, one can choose p € (0, 1] (independently of ¢) such that A’(l, u)? :=
A()? + 2 M?(ug) < 1. Therefore

(3-5) o (£, e < A'(T o).

Now, it remains to choose A suitably. Note that for fixed ¢ and A, the function
3 lluw (£
x — x2log (C’,\ + (%) ’ w) defined for x > 0 is increasing, hence from

(3.5) one comes to

% Uy t7. 1
[t (, ) |70 < AA'(L, 1)? log (C,\ + (i) ”()”CZ> ’

A1, )
and then

8\ } ot )y \ 7T

2 (146) [t ()12 oo < ) wibs Jlies

p * < Oy + (2) 2 ez

( M A(l, p)

5 27 (1+e)NA" (1, 1)

(36) S C()\ 1 1)277(1"1‘6))\14(7”) (1+||uw( )HCZ)

Since A’(l, p) < 1 one can choose € > 0 such that 1 +¢€ < A,(l Tz and A > = L such
that A < m. With all parameters fixe, we set v := 2w (1 + e))\A’(l,u) .
Note that 0 < 7 < 2 as claimed. The estimate (3.6) can be rewritten as follows

o2 (1) lue (8,) 1200 <C(l) (1+ g (¢, )” )

Integrating the above inequality yields

/ (ezﬂnuw(t,»nigc)% it
{r€lab); luw (6 50 >1}

4
SC(M)/ (1+ Huw(t,-)Hc%) dt.
{t€la,b); [l (t,)| 3o >1}

3 2 Jluw(t, o > 1.

2

We conclude using the fact that ||u,, (¢, )”c
At final, we get

ol

dmlue (t,)]1 700 2 4
e & —1f 2 <) | [|u + Ju
|| Pl <CO (P, el )
We note that when ||uy || , < 1, the above estimate reduces to
L4((a,b),C2)
o'l tMize 1)) 2 < O o]

L’Y(a b) L4((a,p),C3)
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Therefore,

47 |ug,|? _
e (e Vs amrt)

< OOl ey (lal?, 4l )
)

LA((a.b),02) L4((a,b),0 2

ol
4

The Sobolev injection W14(R2) < Cz(R?) concludes the proof of the first
estimate.

o : : dr|ug|? _
Let us establish an analogous estimate for |V (uw(e 1)) ||L%((a’b)7L%).
Before doing so, a straightforward calculation give

|V (uw(e4”|7‘W‘2 . 1)) | < C\Vuw| (e4ﬂ'|uw|2 1+ |uw|2647r|uw‘2> '
Holder inequality, the above identity and the conservation of mass for u,, give

2 2
||v (uo-f(eélﬂ-luw| - 1)) HL%((a,b),L%) 5 ||Vuw||L4((a,b),L4)||€4Tr|u“" — 1HL2((a,b),L2)
2
Tl gy

We will only deal with the second term, the other one was treated above.

Recall that for any e > 0 and x > 0

. e(l+e)z _ 1
ze' < —m8 ——
€

So

2
[ g I3

< O@Vuu| (0l —1) |
L3
< C(O)| V| pa e+l 1)
g O(E)HvuwHLi (647T(1+€)Huw”igo _ 1)§ ||e47|'(1+6)‘uw|2 _ 1||[%,1

[N

< OOl Vuglzg (M — 1) Ofe, Alfuo

where in the last line we used Moser-Trudinger inequality for € > 0 such that
€< ﬁ — 1 (a priori condition on €). Therefore

2 4r(1 w2 o0 i
[IVualfusPe ) 4 < O, A Vual s o, co e ™ T MNee —1)z,

)’
Let 0 < 6 < 2 (to be chosen later). Holder inequality in time gives
2
I o

2-4 T €) ||t ||? o i
< Cle, AT | Vg | pa(am oo 7Tl )2,
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Now, write

He4(1+6)7f|\uw(tw)\|%go — 1 3 )

L% (a,b)
3

(647r(1+5)”uw(ta')”2Lg° ~1)° dt

/{tG[aﬁb] e (8 llLge <1}

N / ATl (6 e 1)§ i@t
a8l o (1) 20 >1)

< / (ctmralte s _ 1>% it
{t€la8] o (1) 230 <1}

N / (62ﬂ(1+6)|\uw(t7')”%g°)% i,
{tela bl o () o0 >1)

Arguing as previously, one gets

47r|u“,|2 _
IV (wte D) st

Wl

< OVl ooy 21 (||uw||2 ! )

1
L4((a,b),C2 L4((a,b),C2)

O

Using the same technique as in the proof of Proposition 3.4 we establish the
following estimates.

PROPOSITION 3.6. Under the same hypothesis of lemma 3.1, let [a,b] be a sub-
interval of [0,1]. Then

(03
2
(3.7) [le* TNl 1| 120y .22y < C(1) (IIuw2 el ) ;
L4((a,b),C2) L4((a,b),C2)
4 2 2 4 ’
B8 e s <CO (lal?, )
L4((a,b),C2) L4 ((a,b),C2)
2 4 2 2 4 K
(3.9) ol ™™ L2 ((a,0).L2) < C1) <||uw|| 1t lull 1 ) ;
L4 ((a,b),C2) L4((a,b),C2)
(3.10)
R &
An(14€)|uw | 1 < O(l 2 4 )
He ”L%((a,b),L‘l(Hé)) = ( ) HUWHL‘L((GM’C%) + ||UWHL4((a,b),C%)

Here € > 0 satisfies a finite number of smallness conditions and o, 3,7 and § are
positive constants depending on A(l) and e.

REMARK 3.7. The first and last estimates hold also true for U under the hy-
pothesis of Lemma 3.1.
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Proof of Lemma 3.1. Define the function f(u) := u(e‘”'“'2 —1). Divide the
interval [0,!] into a finite number of sub-intervals [¢;,¢;41], j = 0,...,J — 1, where
to =0 and t; = [. The integral forms for u,, and U read as follows

t
g (t) = T2y, (1) + i / O(ws)e’ =22 fuy,(s))ds
tj
and .
U(t) = e 2U(t5) + il (6) / IR L(U(s))ds.

tj
Our aim is to estimate |[uy, — UllLa((t;,t;4,),wt.r). Using the above integral forms,
write _

Uy — U= i([l + IQ) + 6l(t7t]‘)A (Uw(tj) - U(t]))

where

L= / 0(ws)e =2 (F(uy(s)) — F(U(s)))ds

and

I, = / (B(ws) — 1(8))e!*=*)2 f(U(s))ds

tj

Using the Strichartz’s estimate we get

e — U”Lq((tj»tﬂl)i")

S lluw(t) = U(t) |z + [1f (ue) = FO) +ew;(gr)

4 4
L3 ((tj,t541),L3)

where

(311) €W,j(Qa T) = ||12||Lq((tj,tj+1),L7')'
From Lemma 3.2, we infer

€w,;(q,T) ‘w‘j; 0 forall j.

To estimate the term || f(uy) — we use (3.3) for € > 0 (to be

FU) HL% ((tjtj1),L3)’
chosen later suitably)

1) = SO 4,

btsenld) < Celluw = Ullza(t ty01), 00 Xwj

where X, ; = [|e*m(1He)uel? )+ [letrrelul®

At final we come to

- 1||L2((tj,tj+1),L2 - 1HL2((tj,tj+1),L2)-
Juw — U||Lq((tjatj+1)7L’")
5 Huw(tj) - U(tJ)HLg + CEHUW - UHL4((tj,tj+1),L4)Xwaj + ew,j(q’ T)'
We do the same for ||V (v, — U) ||La((t;,t;41),L7)-
A straightforward calculation give
VIf(w)] = (Df)(u)- Du,
where

(Df)(u) - < e47T|u|2 1 +4ﬂ_|u|264ﬂ'|u‘2 >

47T|U|2647T|u|2
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Vu
Du := ( Vi ) .
Using integral forms we get
Vg, — VU =i(Jy + Jo + J3) + T8 (Vuy,(t) — VU(t5))

and

where

n=| 0(us) I (D)) - (Du — DUs,

J

Ty = / O(ws) € IA(DS) () — (D)) - DUds,

and

Js = / 0(ws) — 1(6)] = DAT[F(1)]ds.

tj
Using Strichartz’s estimate we get
IV (u, —U) HL"((tthl)aLr)
< IV alty) = U)) ez + (DD we) - (Dus = DU 3,
+ (D) (uw) = (DFWU)] - DUl L1t 540),22) + €w.5(a:7)

where

(3.12) €w.5(a7) = 13l Lt t40),L7)-
From Lemma 3.2, we infer

€wjlg,r) — 0 forall j.

|w|—00
On one hand, we have

(D f)(ue) - (Duy, — DU) S IVuw = VU La(.t00),04) Yo

”L%((tj,tﬂ_l),L%) ~
Here Y, ; := He4”|“”|2 = Ulz2((t;,t550),02) + |||uw|2€4ﬂ|u“‘2||L2((tj,tj+1),L2)‘
On the other hand, estimate (3.4) yields

I(Df)(uw) = (DA DU L1t t40).22) S Cellteo = Ulloe (1) 840011 Zuo -
where

Zug = (luwllagy tyan),m0) F N0 Lay 008

47'1'(1—}-5)\uw|2 _
e 1||L%((tj,tj+1),[,§“+‘>)

™ € 2
+ [|etrralel - 1”L%((t,-,tj+1),Li<1+‘)>) VUl s 500,

and € > 0 to be chosen suitably. Here we used the Sobolev injection H!(R?) <
L3(R?) and the embedding L*((t;,t;41)) < L%((tj,tj+1)). Moreover
||v (uw - U) ||L‘1((tj,tj+1),LT)
S IV (ue(ty) = U#) ez + [Vuw = VU tp00).00 Yo s
+ 05 Huw - U‘|L°C((tj,tj+l),Hl)Zwvj + €W7j (q7 T)'
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Summing the inequalities we get

[ U”Lq((tjatjﬂ)ywl’r)
5 “uw(tj>_U(tj)||H; +CE||uw—U||L4((t.t

iotit1),
+ Muw = Ullzee (2455080 (Xwj + Zw,j) + (€w,(q:7) + €w,i(q,7)) -
Now we will use Proposition 3.6 to estimate successively the quantities X, ;, Y, ;
and Z,, ;.
Set

W1~4)Yw,j

X, = ||e47r(1+8)|uw|2 an(14€)|U|?

— | z20,0),L2) + lle = Ulrz2((0,0),22);

2 2
Y, = [letluel” - Ul z2((o,0y,22) + | |21 |2 ((0.0),22)

s €)| Uy 2
Zy = (HuwIILrL((o,z),Hl)+||U||L4(<0,l),H1)+||64 (ot 1||L3 (0,1), L0+

T € 2
+ |JetraFalU] =40, L4<1+‘>)) VUl L2 ((0,0), 243

€u(q,7) = |[L2|lLaoy,Lry and  éu(q,7) == ||J3 La(0,1).27)-
We have

Xw<c<z>{(||uw||2 T )

L4((0,1),C2) L4((0,1), cz)

@
(oe, e, )
L4((0,1),Cc2) L4((0,1),Cc2)

B
Yw<c(1>{(||uw|2 T )

LA((0,1),C2) L4((0,1), c2)

Yy
+<|uw||2 o ) }
LA((0,1),C2) LA((0,1), cz)

Z, < C(l){lluwllm((o,z),Hl)Jr||U|L4((0J),H1)

)
n (nuwn? T )
L4((0,1),C2) L4((o, L)C2)

)
(||U||2 T ) }nwnm@,m

L4((0,1),Cc2) L4((o, l)C2)

and

where € > 0 was chosen according to Proposition 3.6.
The hypothesis on u,, and U allow us to apply Lemma 5.1 and to divide the
interval [0,!] into a finite number of sub-intervals [¢;,¢;4+1], j = 0, ..., J — 1, where

to =0, t; =1 and J is a positive integer less than a constant independent of w and
such that for |w| sufficiently large and all j

1

6.
Let us give some details here. We will only consider the Y, ;-estimate, the other
one could be carried out similarly.

Let € > 0 be such that C(Z){(eJre%)ﬁ + (eJre%>7 } <

1
Xu.uj + de‘ g 5 and Yw,j <

1
5
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Since lim supl||u, || < 00, there exists &, such that for all £ > &, and

L4(0,1),C'% (R2))

|w|—o0
all |w| > &
||uwHL4(O,l),C%(R2)) < l}glljip”uw”L‘l(O,l),C%(R2)) +1
Fix w such that |w| > & and set h(t) := |lun(t,)||* and

C%(R?)
4
M= <1i|rwn_s)ip||uw“[,4(0,l),c%(Rz)) + 1) :

The previous claim can be rewritten as follows

/l h(t)dt < M.
0

From Lemma 5.1, there exists a finite partition of the interval [0,(] into a family

of sub-intervals {[t;,t;41] 3]:_01, where tg = 0, t; =1, J a positive integer less than

[22] + 1 and such that, for all j € {0,---,J — 1}
tj+1
/ h(t)dt < c.
tj

We infer that, for all j € {0,---,J — 1}

B
Yo < C(l){ <||wa||2 o |l | )
L4((t]‘=f«j+1)102) L4((tjvtj+1)y(72)

o
(s , ) }
LA((tj,t541),C2) LA((tj,tj41),C2)

< C(l){ (e—&-eé)ﬂ + (6—1—6%)7 } é

This achieves the proof of the claimed estimate on Y, ;.

We note that, a priori, the integer J as well as the real numbers ¢; may depend on
w.

In the sequel we will denote €, (q,7) + €,(q,7) by (g, 7). We have, for all j

+

/N

N

luw = UllLace, ey wrry S Nuwl(ts) = U) lm: + é”uw = Ullpa((t; ¢50), W)
gl = Ulim( e + (e ).
We argue as follows. Letting j = 0, yields
[t = UllLa((to,t),wrr)
< é\luw = Ullza((to,tr),wrs) + %Huw = Ullzee((to,t2),11) +
+ay(g,r).

Letting (¢q,r) = (00, 2), we see that

1
[l — UHLOO((to,tl),Hl) S 2{6”% - U||L4((to,t1),W1>4) + Oéw(OO»Q)}
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Thus
1
w La((to,t1),Whtr) ~  Qlltw = LA((to,t1),Wh?) w ) w4 1)
luw = Ul S gllue Ul + ay(00,2) + aw(g, 7)

Letting (q,r) = (4,4), we get

w

||uw - U||L4((t0,t1),W1v4) S Py (aw(oov 2) + aw(474)) )

\]

and therefore,

3 1
s = Ullzatoenwir) S 50(00,2) + 504, 4) + aula ),

An induction argument allows us to prove that, for all j and all admissible pairs
(q,7)
(3.13)  uy — UHLq((tj’thrl)’Wl,r) Soajag(00,2) +bjo(4,4) + (g, 7).

where a; and b; are defined as follows

3i+1 37+2 9
= — = ] 0,---,J—1
CL] 2 + 4 4, ]e{v ) }a
and
3 31
b, .= — ] 0,---,J —1}
J 2+ 4 I J€{7 ) }

Indeed, if J = 1, then the only value that could be taken by j is 0. This case
was already settled above. Now, assume that J > 2 and let us prove the claimed
estimate via an induction argument.

For j = 0, there is nothing to prove. Assume that estimate (3.13) is true up to
some j < J — 1 and let us prove its validity for j + 1. We have

v — U||Lq((tj+1,tj+2)7W“)

1
5 ||uw(tj+1) - U(t]+1)”Hi + EHUW - U||L4((tj+17tj+2)7wl’4)

b gl = Ul arar + (g
Estimate (3.13) gives for (¢,r) = (00, 2)
Juw (1) = Ultge)llmr S (a5 +1)aw(00,2) + bjan(4,4).
Therefore
Huw - UHL‘*((%HJHZ)’WLT)

1
5 (CL]‘ + 1)aw(007 2) + bjaw(474) + gHuw - U||L4((tj+1,tj+2),W1‘4)

1
+ 5””‘0 - U||L°°((tj+1,tj+2),H1) + aw(g,r).
Letting (q,7) = (00,2) in the latter estimate yields
1

§||uw - UHL“((tj+1,tj+2)7Hl)

1
S (aj + Q)QW(OO? 2) + bjaw(474) + BHUUJ - U||L4((tj+1,tj+2)7wl’4)'
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Hence
e — U||Lq((tj+17tj+2),wlw)
< (2a;+ 3)au (00, 2) + by (4,4) + é”uw TR
+ aulg ).
Now let (¢,7) = (4,4) in the above inequality. One gets

1 1
g”uw - U||L4((tj+1,tj+2),W1’4) S 5{(2(1] + S)OLW(OO, 2) + (ij + ].)Oéw(4, 4)}3
so that
9 1
”uw - UHLq((tj+1,t_7‘+2),W1"") 5 (3aj + §)aw(oo7 2) + ('?’b] + i)aw(474) + aw(qm).

We conclude noting that aj;1 = 3a; + % and b1 = 3b; + %
Since J is less than a constant independent of w, we can bound a; and b; from
above by a constant independent of w. Thus, for all j
Huw - U||Lq((t])tj+1)7W1,r) S aw(oo7 2) + Oéw(4, 4) + 7% (q7 T)'

The fact that
{o(00,2) + (4, 4) + (g, 7)} T~ 0,

w|—o0

implies (after summing over j and bounding again J independently of w )

||Uw — U”L‘J(O,Z),Wlﬂ") — 0.
|w]—o00

This achieves the proof of Lemma 3.1.

4. Proof of the Main Result

Now we are in position to prove Theorem 1.6. Fix a time 0 < T" < oo. Set
N := [|0||p~®). We can divide the interval [0,7] into a finite number of sub-
intervals [tj,tj41], j € {0---J — 1} for some J > 1 such that, for all j
U Loy 5001, w202y < €

Here 0 < € < 1 is to be chosen and depending on A(T'), T', N and some constants
from the Strichartz’s estimates and Holder inequality.

Using the integral form of U on each time interval [t;,¢;41], the Strichartz’s estimate
and Proposition 3.6 for U, we get

I DRU A Ly g wra@) SN0, wr@2))

o
+OON ety 9] (10T + 10T i)

(W0 sy + 10 )
where p,v > 0 depend on H (ug). We see that for ¢ > 0 small enough

e’ CTDAU ()| Lty 100, w12 (22)) < 2€.
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For t € [tg,t1], we get using Strichartz’s estimate

(1w | L4 ([t0,61, W14 (R2))

< e ol pa o e, Wy

(4.1) + C(T)Nuw||L4([to,t],W1v4){ (||UwH%4([to,t],W1,4) + ||UW||i4([to,t],W1‘4)>

2 4 p
+ (Huw||L4([to,t],W1v4)+||uw|‘L4([to,t],W1>4)) .

Here o and f depend on A(T). The continuity argument (see Appendix) allows us
to conclude that, for all t € [to, t1]

e || 4 ([to,6), w2 2yy < C(T, N, o, ).

Indeed, set X (t) := [|ug || L4 ((to,6,w1.4(r2)), t € [to,t1]. One can check, using Lebesgue
dominated convergence theorem, that the nonnegative function X is continuous on
[to, t1] and satisfies

X(t) <2+ C(TNXO{(X()?+ XM + (X()*+ X(1)YP}.

We assume without loss of generality that o < . The function z — 2¢ +
C(T)Nz{(2?+2*)*+(22+2*)"} has the same behavior as z +— 2e+C(T, a, )z +2*
in a neighborhood of 0 and as x — C(T,a, 3)z'™*# in a neighborhood of +oo .
Therefore, one could carry out the same proof as in Lemma 5.2 to infer that, for a
suitable choice of €, we have

X(t) < O(T’ N7 a)ﬁ)?

for all ¢ € [tg,t1]. Here C(T, N, a, ) is some constant depending on T, N, o and S.
The Sobolev injection W14(R2) < C'z (R?) gives

1 < 0.
i SUPHtall gy, 1010 ey <

Hence, from the local theory, u,, exists on [to, 1] for |w| sufficiently large. Lemma
3.1 allows us to conclude in particular that

luw(t) = U(t) |l — 0.
|w]|—o0
On [t1, 2], we get arguing as above
[wwl ([0, w14 (R2))

< uw(ty) = UED) | + €20 #0) | paien 0, wra)

+ C(T)NUW||L4([t1,t],W1v4){ (||UwH%4([t1,t],W1,4) + ||uw||i4([t1,t],le4)>

2 4 g
+ (Huw||L4([t1,t],W1v4) + ||uwHL4([t1,t],W1:4)) ‘
Again the continuity argument insures that

1 .
i Sl 11,0 o) <

Therefore, u,, exists on [tg, t2] for |w| sufficiently large and Lemma 3.1 gives

[uw(t2) = U(t2)|[gr  — 0.
|w|—o00
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An induction argument achieves the proof of Theorem 1.6.

5. Appendix

LEMMA 5.1. Let M, £ > 0. Suppose that f : [0,¢] — R is an integrable and
positive function satisfying

L
/ F(t)dt < M.
0

Then, for all € > 0, there exists a finite partition of [0,¢] into a family of sub-
intervals {[tj,tjﬂ]}j:_ol, where to = 0, t; =1 and J is a positive integer less than
(2] 4+ 1 such that, for all j € {0,---,J — 1}

/t”l Ft)dt < e.

tj

Here [z] denotes the integer part of the real number x.
x

PROOF. Set ¢(z) := / f(t)dt, 0 <z < L. Tt is clear that ¢ is continuous and
0

increasing. We distinguish two cases.

(i) M < e

In this case it suffices to take J =1, t{c =0 and t; = (.

(i1) M > e

Set N := [X] the integer part of £.

o If ¢(¢) < Ne. Set n := [@] €{0,---,N —1}. We have

6(0) € Ine, (n + 1)el.

The mean value theorem insures the following:

For all j € {0,--- ,n}, there exists z; € [0,4] (x¢g = 0) such that

o(x;) = je

It suffices now to take tg =0, t; =1, -+, tj_1 = x, and t; = L.

We see that, in this case, J =n+1< N <[]+ 1.
e if Ne < ¢({), we argue similarly.

O

LEMMA 5.2 (Continuity argument). Let X : [0,7] — R be a nonnegative con-
tinuous, such that, for every 0 <t < T,

X(t) <a+bX(t),
where a,b >0 and § > 1 are constants such that
1 1 1
a< (1 — 9) 7(%)1/(9_1) and X(0) < 7(%)1/(9_1).
Then, for every 0 <t < T, we have
0

1%

PRrROOF. We sketch the proof for the convenience of the reader.
The function f : x — bz’ — x + a is decreasing on [0, (0b)'/(1=9)] and increasing
on [(0b)1/(1=9) oc[. The assumptions on a and X (0) imply that f((6b)*/1=9) < 0.
As f(X(t)) =0, f(0) > 0 and X(0) < W, we deduce the desired result. [

X(t) <
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