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Global regularity of the regularized Boussinesq equations

with zero diffusion
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Communicated by Gregory Seregin, received July 4, 2019.

ABSTRACT. In this paper, we consider the n-dimensional regularized incom-
pressible Boussinesq equations with a Leray-regularization through a smooth-
ing kernel of order « in the quadratic term and a B-fractional Laplacian in
the velocity equation. We prove the global regularity of the solution to the n-
dimensional logarithmically supercritical Boussinesq equations with zero diffu-
sion. As a direct corollary, we obtain the global regularity result for the regular-
ized Boussinesq equations with zero diffusion in the critical case a4+ = % + %.
Therefore, our results settle the global regularity case previously mentioned in
the literatures.
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1. Introduction and main results

The classical n-dimensional (n > 3) incompressible Boussinesq equations with
zero diffusion take the following form
ou+ (u-Viu—Au+Vp=~0e,, xcR" t>0,
0:0+ (u-V)0 =0,
W) 10+ (u- V)
V-u=0,
u(z,0) = up(x), 6(z,0) = 0y(x),

where u(z, t) = (ui(z, t), us(z, t), -+, uy(z, t)) is a vector field denoting the veloc-
ity, 0 = 0(z, t) is a scalar function denoting the temperature, p is the scalar pressure
and e, is the unit vector (0, 0,-- -, 1). ug and fy are the given initial data, with

V-ug = 0. The Boussinesq equations arise from a zeroth order approximation to the
coupling between Navier-Stokes equations and the thermodynamic equations. The
Boussinesq equations model large scale atmospheric and oceanic flows responsible
for cold fronts and the jet stream (see e.g. [6, 17, 9, 20]).

The system (1.1) first arose as a model to study natural convection phenomena
in geophysics [20], as for example in the very important Rayleigh-Bénard problem
[6]. From the mathematical point of view, full inviscid case is analogous to the
incompressible axi-symmetric swirling three dimensional Euler equations (see e.g.
[17]). For that reason, the global well-posedness of this model has recently attracted
a lot of attention. When the spatial dimensions n = 2, almost at the same time Chae
[5] and Hou-Li [13] successfully established the global well-posedness of the problem
(1.1) by estimating the vorticity and using the Brezis-Wainger inequality (see for
example [1, 11, 8] for rough initial data). It is worthwhile to mention that when
—A was weakened to /—A, Hmidi-Keraani-Rousset [12] successfully established the
global well-posedness result to the system (1.1) by further studying the structure of
the coupled system. However, when the spatial dimensions n > 3, the global well-
posedness to the system (1.1) still remains open, which is a very challenging open
problem in the fluid mechanics, due in large part to the supercritical nature of the
equation with respect to the energy. In fact, because the system at § = 0 is reduced
to the classical three dimensional Navier-Stokes equations, such an issue seems to be
extremely challenging. Available global-in-time results in three dimensions require
the initial data to be small [8]. Remarkably, some interesting models have been
proposed to bypass this supercriticality of the multi-dimensional case. For example,
if we impose some more dissipation on the velocity equation of the system (1.1),
then one may expect to obtain the global well-posedness result. As a matter of fact,
for the case n = 3, Xiang-Yan [22] strengthened the dissipation by replacing —A
with (—=A)? for 8 > % and proved the global well-posedness for the corresponding
system. This result was sharped to the case § = % by several works [25, 14, 23],
which is consistent with the result of the fractional Navier-Stokes equations (see
(16, 18, 21, 3)).

Inspired by Olson and Titi [19], another interesting model is to regularize the
velocity through a smoothing kernel of order « in the nonlinear term and a (-
fractional Laplacian, where the key idea is that a weaker nonlinearity and a strong
viscous dissipation could work together to imply the regularity. More precisely, we
are interested in considering the following regularized n-dimensional incompressible
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Boussinesq equations with zero diffusion

o+ (u-Vv+APv4+Vp=0e,, zcR", t>0,
0 + (u- V)0 =0,
(1.2) v =u+ A**u,
V-u=V-v=0,
v(x,0) = vo(z), 6(x,0)=6by(z),

where the fractional Laplacian operator A7 := (—A)? denotes the Zygmund oper-
ator which is defined through the Fourier transform, namely

AVF(E) = €l f(e).

The physical motivation of this regularization defined in terms of smoothing kernels
is very related to a sub-grid length scale in the model and these kernels work as a
kind of filter with certain widths (see [19] for more details). When 6 = 0, the system
(1.2) reduces to the Leray-a Navier-Stokes equations with fractional dissipation.
Very recently, Barbato, Morandin and Romito [3] investigated this Leray-« Navier-
Stokes equations and established the global well-posedness result when o > 0, 8 > 0
and o + 3 > % + 7%, which is true even some optimal logarithmic corrections (I3,
Theorem 1.2] for details). Thus, this also solved a conjecture formulated by Tao in
[21]. For the case n = 3, Bessaih and Ferrario [4] proved that the above system
(1.2) is globally well-posed when a+3 > 2 and 1 < 8 < 3. The main object of this
paper is to remove the unnatural restriction % <p< % and to extend the result to
arbitrary spatial dimensions. To begin with, for the system (1.2) with a = 0, we
will show the following result, which settles the global regularity case suggested by
the author in [24] (see Remark 1.1 (2) for details). More precisely, the first result
can be stated as follows.

THEOREM 1.1. Consider the following n-dimensional (n > 3) incompressible
Boussinesq equations with zero diffusion
ou+ (u-Vu+ L2+ Vp=10e,, xcR" t>0,
O+ (u-V)0 =0,
V-u=0,
u(z,0) = up(x), 0O(x,0) = by(x),

(1.3)

where the operator L is defined by

Cul€) — ﬁa

for some non-decreasing, radially symmetric function g(7) > 1 defined on 7 > 0.
Let (ug, 0p) € H*(R™) with s > 1+ 2. If 8> 2 + 2 and g satisfies

< dr
- | e

then the system (1.8) admits a unique global solution (u, 0) such that for any given
T >0,

(u, 0) € L>=([0,T]; H*(R™)), Lu € L*([0,T]; H*(R™)).
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REMARK 1.1. The typical examples of g are as follows
1
g(r) = [In(e + )] *;

g(T) = [ln(e + 7)In(e + In(e + T))]

NG

[

g(r) = [ln(e + 7)In(e + In(e + 7)) In(e + In(e + In(e + T)))} .

For the case 8 > 0, we have the following logarithmical result.

THEOREM 1.2. Consider the following n-dimensional (n > 3) incompressible
Boussinesq equations with zero diffusion

6tv+(u-V)v+A2ﬁv+Vp:96m zeR" >0,
b + (u-V)0 =0,
(1.5) v=u+ L%,
V-u=V-v=0,
v(z,0) = vo(z), 6(z,0)=0p(x),
where the operator L is defined by

S A
£u() = g0

for some non-decreasing, radially symmetric function g(7) > 1 defined on T > 0.
Let (vg, 6p) € H*(R™) with s > 1+ %. Ifa+ 3> 1+ 2 with 8> 0 and g satisfies

* dr
(16) / i

then the system (1.5) admits a unique global solution (v, ) such that for any given
T>0,

(v, 0) € L=([0,T); H*(R")), v e L*([0,T]; H**(R™)).

For the endpoint case 5 = 0, we have the following result.
THEOREM 1.3. Consider the following n-dimensional (n > 3) incompressible
Boussinesq equations with zero diffusion
v+ (u-Vo+Vp=~be, zeR" t>0,
00 + (u- V)0 =0,
(1.7) v =u+ L,
V-u=V.-v=0,
v(z,0) =vo(x), 6(z,0)=0(z),
where the operator L is defined by

oo e
Lul®) = Jien e

for some non-decreasing, radially symmetric function g(7) > 1 defined on T > 0.
Let (vg, 6o) € H*(R™) with s > 1+ %. Ifa> 1+ 2 and g satisfies

> dr
(1.8) /e WTQQ(T) = 00,
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then the system (1.7) admits a unique global solution (v, ) such that for any given
T >0,

(v, 0) € L*([0,T); H*(R™)).

As a direct corollary of Theorems 1.1, Theorem 1.2 and Theorem 1.3, we have
the following global regularity result.

COROLLARY 1.4. Let n > 3 and (vo, 6p) € H*(R") with s > 14+ 5. Ifa >0
and > 0 satisfy
n
1

then the system (1.2) admits a unique global solution (v, 6) such that for any given
T >0,

1
a+ﬁ2§+

(v, 0) € L>=([0,T]; H*(R™)), v e L([0,T]; H*T#(R™)).

Motivated by the proof of Theorem 1.1 and Theorem 1.2, one may show that if
5 > 1, then Corollary 1.4 can be improved as follows. For the sake of convenience,
we sketch the proof in Appendix B.

THEOREM 1.5. Consider the following n-dimensional (n > 3) incompressible
Boussinesq equations with zero diffusion
O+ (u-Vv+ L2+ Vp=be,, xR t>0,
00 + (u- V)0 =0,
(1.9) v =u+ A**u,
V-u=V-v=0,
v(z,0) = vo(x), 6(z,0)=0(z),

where the operator L is defined by

Fue) - 1)
g([€l)

for some non-decreasing, radially symmetric function g(7) > 1 defined on T > 0.
Let (vo, 6p) € H*(R™) with s > 1+ %. Ifa+ 3> %+ 2 with 8> 1 and g satisfies

(1.10) J =

794(7)

then the system (1.9) admits a unique global solution (v, ) such that for any given
T>0,

(v, 8) € L*°([0,T); H*(R"™)), Lv € L*([0,T]; H*(R™)).

The rest of the paper is organized as follows: Section 2 is devoted to the proof
of Theorem 1.1. The proof of Theorem 1.2 is presented in Section 3. The simple
proof of Theorem 1.3 is carried out in Section 4. Finally, in Appendix A, we present
some preparatory results on Besov spaces, and give the proof of some facts used in
our proof. Moreover, the proof of Theorem 1.5 is added in Appendix B.
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2. The proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1. It is worthwhile pointing
out that the existence and uniqueness of local smooth solutions in the functional
spaces H*® with s > 1+ 5 can be established via a standard approach as in the case
of the Euler and Navier-Stokes equations (see [7, 17]). Thus, in order to complete
the proof of Theorem 1.4, it is sufficient to establish a prior: estimates that hold for
any fixed T' > 0. In this paper, all constants will be denoted by C' that is a generic
constant depending only on the quantities specified in the context. We shall write
C(y1,72, - - +,vk) as the constant C' depends on the quantities V1,72, - -, 7&. We
denote A = B if there exist two constants C; < Cy such that C1B < A < Cy,B.

We remark that our main efforts are devoted to the proof of the critical case
8= % + % as the subcritical case 8 > % + % can be handled in the same manner
with only some suitable modifications. We begin with the basic energy estimates.

LEMMA 2.1. Assume ug € L*(R"™) and 0y € LP(R™) for some p € [2,00]. Then
the corresponding solution (u,0) of the system (1.3) admits the following bounds for
anyt >0

t
(2.1) [u(t)]172 +/0 (A" ()72 + [ Lu(r)ll72) dr < C(t,uo, o),
(2.2) 10)|ze < (0ol 2

for any v1 € (0, "TJFQ)

ProoF OoF LEMMA 2.1. Let p € [2, 00|, then we have by multiplying the equa-
tion (1.3)2 by |0|P~260 and integrating it over R™

d
- 0 p =
Z10() s =0,
where we have used
/ (u-V0)|0P~20 dx = 0.

We thus obtain
N0 e < 100llLe-
Multiplying equation (1.3); by u and integrating the resultant over R", we get
1d
SOl + [ uude= [ e, uds
<|lul

22]10]| 2.
Thanks to Plancherel’s theorem, it implies

1+2
L2u-ude = 72 )P de = 1cull2.
PR - G

According to the assumptions on ¢ (more precisely, g grows logarithmically), one
may conclude that for any fixed 6 > 0, there exists N = N(0) satisfying

g(r)<Cr®, ¥r>N
with the constant C' = C/(8). Therefore, we have for any 0 < o < 2n
€=

[€]|>N (o) g*(I¢l)

[a(6)|* de

L: 22 _ |§|1+% ~ 2d
ICull2 /WW S OPde+
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E+E s
>/||>N g e

epE JetE
= L jae))Rde - de
/Rn re TR /lw re TR

+TL 40 -
(2.3) >Col[A 2 = CollulZ:,
where Cy and Cy depend only on ¢. This implies for any v, € (0, 2£2)
(2.4) ILullZ2 = Crl[A™ w72 — ColluZe.
Now we obtain that
d

U@z + A7 7z + (1 LullZe < Jlull20]2 + Cllulze.
Using the Gronwall inequality and (2.2), the desired (2.1) follows directly. O

The following estimate plays a crucial role in proving our main result.
LEMMA 2.2. Assume ug, 0o, Lug € L2(R™). Then the corresponding solution
(u, 0) of the system (1.8) admits the following bounds for any t > 0
t
(2.5) 1£u()]Z: +/ I£%u(r) 22 dr < C(t, uo, bo)-
0

PROOF OF LEMMA 2.2. Multiplying equation (1.3); by £2u and integrating
the resulting equation over R", it follows from integration by parts that

5 dt||/$u( W3e + [ £%u]2: = —/ (u-Vu) - L2udx —|—/ fe, - L2udx.
Rn n

Applying the same argument used in establishing (2.3), we deduce for any o €
(0, £2) that

(2.6) I£%ulZ> > C3l|Aul|72 — Callull7-.
By using the Young inequality, we have

1
Oen - Lrudw <|6]| 2 [|C%ull 2 < ZN£%u72 + ClOII7:
RTL
With the aid of the Gagliardo-Nirenberg inequality, one gets
—/ (u-Vu) - L2udr <||u- Vul|p2||L*u]| L2

<C||u|| an ||Vl _an 1 £%ul| 12

Ltz
(2.7) §C||Vu||2 (1L L2
L nt+2
From the high-low frequency technique, it leads to
19l a, < ISnVull s, + 3 L
j>N

where the operators S; and A; are defined in the Appendix and N will be spe-
cialized later. By Plancherel’s theorem and the Sobolev embedding H 3tE (R™) —
Wl’%(R"), we obtain

”SNVUHL% SC“SNA%+%U||L2
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—Cllx@ el e
~czetieh s
<Cy(2M)|cul

where y and ¢ are associated with the definition of Besov spaces (see Appendix
for details). Here and in what follows, the following embedding facts will be used
frequently: For s; > sa, p1,p2 € (1, 00) satisfying s; — pﬂl =59 — p%, it holds

WerP (R™) — We2P2(R™).

a(¢)|

L2

We also use the fact )
WP(R™) — W*P(R™), s> 0.
By Lemma A.1 and (A.4), it yields

1, (n+3)j
DAVl s, <C 37 27H25T Al s

j>N >N
<C Y27 AN | e
j>N
<C 3 2 H A s
j>N
<C27 7 || A | e
4y9—n—3 n+3 491

<C2™ T | 527 A3

where
2 3 2
(2.8) O<v1<nzlr , n: <w2<nJr .
For the sake of simplicity, we denote
4’)/2 — 4’}/1 ’

Therefore, we deduce

IVl an, <Cg(2")||Cullz2 + C27 % A ul| 57 | A2 g2

+2

_N —0 o
<Cg(2M)||Lull> + C27 5 (|| Lul 2 + llullL2)' 7 (1£%ul 2 + |lul|L2)
<Cg(@M) || Lull g2 + C27F || Lul|12 7| £%ul| -

+ 027 T || Cull 127 lull§2 + C27 T [lull 12 L2l 3> + €27 F [lull e,
where we have used (2.4) and (2.6). Inserting the above estimate into (2.7) yields
7/ (u-Vu) - L2ude <Cg?(2N)| Lull2z | L2ul L2 + C27 % || Lul|2S 7| L2 127
_N 2(1—0o
+C27 % || Lull 75 ull 3311 £%ul 2
N o o _N
+C27% Jull 757 £2ul| 52 + C27F [[ull3a ]| £2u| 2
1
SZH»CQHHQB +Cg*2V) || Lull 72 + Cllull7-

+ O Ll LRl
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N 2(1—0o o
+ 027 % | Lu 38 )| 22 £2ul| 2
+ 027 % [[ul 257 £l
We thus conclude

d - 2(1—0 o
G 1Cu®Ilze + 1€ulF2 <Cg' @) Lullfs +C27 % I Lul 157 1€l 2

N

+ 027 | Lul3S 7 |ull35 ] £2u 2
(2.9) + 027 % [[ul 35 7N L2ull 15> + Cllullz + 11672
Denoting
A(t) == [|Lu@®)|72,  B@) = [|LPu@®)l72;  f(E) = C+Cllu(®)]72+Cll0)]7-
and taking N as
2N e+ At),
it follows from (2.9) that

1

DA + BU) <ClLul3ag AW +C2F +O(e+ A)* BT

N

+CllullF (e + A®)* B + Cllul 157 B()2 7 + f(#).
We further take o such that
1 n+3
J<§<:>71+72>T.

Keeping in mind (2.8), it is easy to show that such ; and 7o that satisfies all the
above restrictions do exist. Now we may get

SAW) + BH) < 3B + ClLulag (e + AWD) (e + AW) + Cle + AW) + 1)

Therefore, it gives

%A(t) + B(t) < C(1+ || Lull72)g" (e + A(t)) (e + A(t)) + f(t).

Noticing
gt(e+ A(t)) (e + A(t)) > 1,

we have

(2.10) %A(t) + B(t) < C(1+ || Lull72 + f()g (e + A(t)) (e + A(t)).

Consequently, we deduce from (2.10) that

/ T _dr "L+ Cu(n)2a + £(7)
< C’/ 1+ |[Lu(T)||72 + f(7)) dT.
e+A(0) 794(7) 0 g
/°° dr B
. ')

Recalling (1.4), namely,
t
| (4 12u) + 10)) dr < Ot o, 00,
0

and

we deduce that
A(t) S O(t7 Uo, 90)
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Coming back to (2.13), we also get

t
/ B(7)dr < C(t, ug, o).
0
We thus have .
| Lu(t)]2e + / |C2u(r)|2 dr < C.
0

This completes the proof of the lemma. O

With the above estimate (2.5) at our disposal, we are now ready to deduce the
global H?-estimate.

THE GLOBAL H*-ESTIMATE. Applying A® to (1.3) and taking the L? inner
product with A*u and A®0 respectively, we have

iy

2 dt

=— / A(u-Vu) - Aude — / A(u-VO)A®O dx + / Asbe,, - Nudzx.

n

[A*u(®)]|72 + [A0)]72) + | LA ] L,

According to the proof of (2.3), it follows for any ~ys € (0, ”T”) that
(2.11) ICA% |32 > Cs||[ AT w32 — Cg||A%ul|3..
It follows from the commutator (A.2), we obtain
—/ A*(u- Vu)ANude = — / [A%, u- V]uANudz
<CIIA®, u- V]ul| L2 [|A%ul| L2
<C||Vull g |A*ul| 7.
By the divergence-free condition and the commutator (A.3), it thus gives
— / A (u-VO)A°0 dx + / (u-A°VO)A°0 dx
n Rn
_ / %0, (u;0) A0 da + / (1 A°0,0) A°0 dax

= —/ [A°0;,u;]0 A°6 dx
< CI[A%0i, uql0l| L2 | A°0]] L2
< C(IVullz= A0z + 0] o [|A*F  ul| 12) | A*0)| 2
< C(|IVull o |40 2 + 101 (1A ullz2 + 1 £A ] 2) ) [4%6)] .2
1 5 s S
< 1Az + O+ [Vl p) (Al 72 + [1A%0]7:2),
where we have used the estimate (2.11). The Young inequality ensures
Abe,, - ANvdx < C(||A%0|)32 + || A%0]|32).
RW,

Combining the above estimates together yields

d S S S S
(I w22 + 1A0@)1Z:) + 1A U] T2 + AT ulfZ:
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< O+ [Vl =) (1 + [A%u]Z2 + [A%6]2.).
Notice the following logarithmic Sobolev inequality (see Appendix)
(212) | Vullz= < Cllulpz + Cg*@V)VN|L2ul| 2 + C2N 59| A% 12,
where 5 > 1+ 5. Denoting
X(t) =1+ [[A%u()]|Z2 + [|A*0()]1 22,
Y(t) = [ LA%u(t)[|72 + AT u(t)]| 7.
and taking s = s +v3 > 1 + &, we further have

%X(t) +Y(t) SC(1+[|Vul[L=)X(t)

<C(1 + 2NN || L2u)|12) X (t) + C2NOFE=s778) || AsTr5q|| 12 X (1)
<C(1+ g2 @Y)WN||L2ul| )X () + C2- Y3 (1) X (1),

where in the last line we have taken

3+n
V3 = B
Choosing N such
2V ~e+ X(t),
we have
d

@X(t) +Y(t) <C (1 +[|L%u|2) ¢° (e + X (1)) /In (e + X(2)) (e + X (2))

+OYE(t) (e + X(1)?
<C (14 || L%ul|z2) g* (e + X (t))y/In (e + X (2)) (e + X (1))

+ %Y(t) +C(e+X(1)),

which implies
d

(2.13) %X(t)+Y(t)SC(1+||£2u||Lz)g2(e+X(t)) In (e + X (1)) (e + X(t)).

Thanks to
g*(e+ X (t))y/In (e+ X (1)) (e + X (1)) > 1,
we may deduce from (2.13) that
e+X(t) dr t )
730/ 1+ ||£%u(7)| p2) dT.
Lo e <€ 0 128G2)

We suppose that the following holds true whose proof is postponed in the Appendix

(2.14) / T
. e TVInTg?(T) .
Thanks to

t
| @ 1e2umlie) dr < €, un, 60)
0
we deduce from (2.14) that
X(t) S C(t, up, 90)
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Coming back to (2.13), we also get

t
/ Y (7)dr < C(t, ug, o).
0

We finally obtain
t
[A*u(t)||72 + [|A*0(t) 172 + / I£A*u(r) 22 dr < C(t, uo, b)),
0

which is the desired global bounds in Theorem 1.1. Since the solution pair (u, 0) be-
longs to the Lipschitz space, the uniqueness is easy to obtain. Thus, this completes
the proof of Theorem 1.1. O

3. The proof of Theorem 1.2

We remark that the proof of Theorem 1.2 can be performed as that of Theorem
1.1 with some certain modification. The details are provided below. As above, it
suffices to consider the critical case a + 5 = % + %

First, we have the following estimates.

LEMMA 3.1. Assume vg € L*(R™) and 0y € LP(R™) for some p € [2,00]. Then
the corresponding solution (v,0) of (1.5) admits the following bounds for any t > 0

t
(3.1) lv(®)IIZ +/ 1A% o(7)|Z2 dr < C(t,vo,60),
0
t
(3.2) lu(t)ll72 + |1 £2u(t)]I7 +/ 1A% L2u(7)|Z2 dr < C(t, v, 60),
0
(3-3) 10 ze < 160l zr-

ProoOF OF LEMMA 3.1. Let p € [2,00], then multiplying the equation (1.5),
by |6|P~26 and integrating by parts lead to

d
—Gt p = U.
Z 100 1r =0

We can deduce the result (3.3) by integrating in time. Multiplying both sides of the
equation (1.5); by v and integrating by parts, one has by using (3.3) with p = 2

1d
3 10Ol + 1A% < [ ol 6l da
3 POl + 187013 < | o
<[]l =116l z»
(3.4) <[lvllz2l16ol| L2,

where we have used
/ (u-Vv)-vde=0.
It follows from (3.4) that
d
S 0@z < 18]l 2
Integrating in time yields

[o@)llz> < llvollz> + tll6oll>-
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Recalling (3.4) and integrating in time imply
t t
()25 +2 / 1APu(r)|122 dr <[luol|2s +2 / lo(r) 122 8ol 2 dr

t
<Ilvollz- + 2/ (lvollz2 + 7l16ollz2)[|Boll L2 dT
0

=(llvollz= + tllfh]|2)*.
Notice the fact
t t
| 1@l [ + I8 o) dr < O b0)
The desired bound (3.1) follows directly. Notice that the relation v = u + £%u, we
have )
(PN

v(§) =u(§) + u(§),
(6) =€) + e 0(E)
which leads to
. 1 . ~
lullze = 1@©)ll22 = | ——gz=—00)|| , < 1) 122 = Il 2,
1+ L
g2(1€l)

which gives
(3.5) Jullz < ol 2.

Finally, (3.2) is an easy consequence of (3.1) and (3.5). This completes the proof of
Lemma 3.1. 0

We are now in the position to show the key estimate.

LEMMA 3.2. Assume vy € HP(R™). Let (v,0) be the corresponding solution of
the system (1.5). If a+ B = % + 74 and B > 0, then the following estimate holds

t
(3.6) AP u(t)]|72 +/ |A%v()|172 dr < C(t,v0, 60),
0
or
A20+8 2 tIAL+E 2
3.7 ———u(t +/ ———u(T dr < C(t,vg,00).
00 | o], + [ )], o <cema

PrOOF OF LEMMA 3.2. Applying A” to equation (1.5); and taking the inner
product with APv, we obtain

1d
(3.8) 5%”1\671(?5)“%2 + |A%Py)|2, = —/ AP (u-Vv)APvd + / APBe, NPu da.
R’n
To bound the first term at the right hand side of (3.8), we split it into two cases,
namely, the case § < 1 and the case § > 1. For the case § < 1, we need a delicate
commutator estimate (A.1). More precisely, thanks to the divergence-free condition

and (A.1), it yields for the case 8 < 1 that
’ / Aﬁ(u . Vv)Aﬁv da:‘

n

= ‘/H[AB,wV]v Aﬁvdx’

< CIA?, u- Vvl g-sl|A%0]
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< C(IVull 5 lvll o oy o T llull 2 o]l 22) A7 ]| s
n— ’

< C(IIVull 5 1A% L2 + ull 2 |0]l 22) (A7 0[] 2 + [|A%P 0] 12)

1
=16
+ Cllullg2llvllZ.

AP0 Z: + CIVull g A0 22 (A 0] 2 + 1A% 0| 2)

For the case § > 1, the commutator estimate (A.2) would suffice our purpose.
Actually, it is not hard to check that

‘/n’Aﬁ(u.Vv)Aﬁvdx‘ = ’/R[Aﬁ,u-V]v Ao da

< C||IA? u- Vvl g2 || AP0 12

B B n
< IVl 1A%, + 1901, gy AP )
x AP0
S C”AﬂuHng T ||A2I6UHL2||ABUHL2

where we used the embedding
W (RY) o WHE([RY), H2P(R") o Whai (R?), B> 1.
The Young inequality gives
1
/’ APOe,NPvdx < ||0]12]|A%P 0| L2 < 175||A’4’ﬂ311||2L2 +C|0]13..
Plugging the above estimates in (3.8), it implies

d
S 1APvDIIL: + [IAP0]1 2 <ClIVull, g x(a<1p 1470 ]2 (IA7V]| 2 + [|A*70] 2)

+ CA ]l gy Xgao1y 1A% 0] 12 | AP0 2
+C(llullz: vl + 161172)
(39) Z:Dl —|— D2 —|— D3.

Now making use of the same argument used in proving (2.3), we have for any
A1 € (0, 2a+ B) and any A3 € (0, 2« + 23) that

(3.10) [A0]|72 > Cr[[AM w22 = Calull72,
(3.11) 1A%P0]|72 > Cal| A w72 — Cal|ul|7.
It follows from the high-low frequency technique that

IVull 5 < ISvVull g + > 14Vl -
j>N

According to Plancherel’s theorem and H'*%~F(R") «— W5 (R"), it implies
ISnVull, 5 <CISNA™EPu|| 2
=C|Ix(2 V)¢ =)
B €2a+,6‘
—c|xe~or e rac)
<Cg?*(2")|A%0]| 2.

L2
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Using Lemma A.1 and (A.4) yields
e (nF2=26420))
D N8Vl 5 <C Y272 A e

j>N j>N
<O 27T A AT
j>N
<C > 2N
Jj=>N
<C2 N AT |

<C2=7N AN ul 12 AN a2,
where the positive parameters o, g, A1 and Ay should satisfy
n+2—-20+420—2\
B 25 — 2\ ’

n+2—28+ 2
2

We remark that in order to guarantee the existence of g or Ao, it follows from the

last restriction of (3.12) and v+ 3 = & + 2 that

(3.12) 0< A\ <2a+ 0, < A9 <200+ 285.

o< B.
Therefore, it gives
IVull, 5 < Cg@V)I[A%0] L2 + C27N | AN ul| 28] A2 ul$
Thanks to the following embedding H'*%~F(R") « WB’W(R"), it is easy to
show that

1A% ] < Cg*(2M)|A%0]| 2 + C277N [ AN ul| 5 2| AN § .

L25
Consequently, one obtains by using (3.10) and (3.11)

Dy + Dy <C(g2@M)lIA o2 + 27 AV u 1A%l )
< [A% 0] g2 (A%l 22 + 1A% 0] 2)
S(/V(92(21\7)||Aﬁv||L2 + 27N (lu g2 + [|A%] 22) 4l + HA%UHH)Q)
A% g2 (A% ] 22 + 1A% 0] 2)
=Cg*(2V)||A%v]| 22 A% 0]l =2 + Cg?(27) [ AP v]|72
+ 027N || APu|| 3,2 A% || 152 + easy terms
< LA 4 Ot @) AL + Ol
+ C277N || APy|| 3,2 ||A%|| 152 + easy terms,

where ”easy terms” means that they can be handled easily compared to the term
2_‘7N||ABUH%§Q||A2'BU||1L'§Q. For the sake of short presentation, we may ignore their
concrete forms. This along with (3.9) yields

d —0o
ﬁllAﬂv(t)H%z + A% 72 <Cg* (2N)[[A%v]| 72 + C277N AP0 A% £

(3.13) + easy terms + C(||ul|2z|v]|%2 + [|10]|%2).
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Now we denote
X(t) = APo@))72,  Y() = AP u(t)]7e

27N ~ e+ X(t).

By tedious computations, we thus deduce from (3.13) that

and take N as

(314)  TX0) V()< OO+ [N+ X0)g* [(e+ X(0)*] + 70,

where f(t) satisfies
t
| swrar <ciw, o)
0
Thanks to )
gt [(e+ X(0) ] (e+X(8) =1,
we deduce from (3.14) that
eHX(®)  gr t
[ <o [ s+ Nl dr.
e+x(0) Tg*(T27) 0

Let us keep in mind the following fact due to variable substitution and (1.6)

/OO dr /°° dr
— 1 . = 20 L A = Q.
e 7'94(7'%) e20 T4 (T)

/O (14 £(7) + [|APu(r)|2,) dr < C(t, vo, 6),

Noting the bound

it thus implies
X(t) < C(t, vo, 0o).
Coming back to (3.14), we also have
t
/ Y(T) dr < CY(t7 Vo, 90)
0
Consequently, we end up with
t
A% s + [ Aol dr < €t v, 00),
0

which gives (3.6) and (3.7). This ends the proof of the lemma. O

Next we are ready to establish the following estimates.

LEMMA 3.3. Assume vg € HA(R") and VO, € L> N L>=(R"). Let (v,0) be
the corresponding solution of the system (1.5). If a+ 8 = % + % and 8> 0, then
the following estimate holds

t
(3.15) [VO@)I[72 + VOl + [[v(t) 725 +/O [0(7) 11426 dT < C(t, 00, 6).
In particular, we have

(3.16) / (IVu()ll= + [T 3 u(r)]| =) dr < C(t,vo,60).
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PRrOOF OF LEMMA 3.3. Applying A'™# to (1.5); and taking the inner product
with APy, it implies

SO+ ARl = = [ AT VoA uda

+/ AFPle, APy da.
By the commutator (A.2), we have
—/ AV - Vv APy da
< C[|[AYP u - V|| g2 | AP0 12
< O(IVullz= AP0l 2 + VoIl 2n 1A ull | ) [IAT 0| e
< C(IVull oo + AT Zul|2) [AH 0] 22,
where we have used the Sobolev embedding

H'Y* 3 (RY) — WHPER?), HYPRY) < W5 (RY).

Using the Young inequality, we thus arrive at
1
/ AE0e, A Pudr < C|IVO| 2| AP0l 2 < LA P0)|Zs + O VO] 7.
Putting the above estimates together yields
d n
ZIAP ()52 + A0 Te <C([Vull o + AT 2 ul|2) [AT 0] 72
+ |V 3.
We resort to € equation to get
(3.17) VO + (u-V)VO = (Vu - V)b.
Testing (3.17) by |V0|9=2V6 and using the divergence-free condition
1d
gt IVOOlLe < ClIVull<[IVOlIL-
It further gives
d
FIVO@Ize < CVu| L= [IVO] s,
which also yields
d
ZIVO®z: < ClIVaull o< VO] 7.
Letting ¢ — oo, we get
d
ZIVO@z= < CllVull 1= [[ V]| o

Summing up the above estimates, it follows that
d n
2O+ V() < CA+[[Vulle + AT Zull12) Z(),

where

2(t) = [|A o) |72 + VOO 172 + IVOE) |z, V(B) = AP0 (t)] 7.
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Taking advantage of (2.12) and its proof, we have for 5 > 1 + &

+7L _
(3.18)  ||[Vullz~ < Cllu 2 + Cg*(2N) 2" + C2NOFE =9 || A%u| 2,
L2
(3.19) [AM % w2 < Offulz2 + Cg*2V)VN g2(A2)u + C2NUHE | ATy | 2.
L2
Choosing 5 = p > 1+ 3, we easily get
N A1+7L
a4 <>+y<><0(1+g<2 JEL
L2

+2NO+3 ")||Apu||L2Z( t)
<C (1 +22V)WN

+ 027 % uf| 2 2(8),

A1+'2”
g2 (A)

u

) Z(t) +C2 2 Y3 (H)Z(t)

3tn Taking N as follows

Nxe+ 2(t),

where we have taken p >

it directly gives

d ALFE )
7 Z(t)+D(t) < <1+ mu Lz)g (e4+ Z(t))y/In(e+ Z(t)) (e + Z(t))

+CVE() (e + Z(1)? + C2(1)
AE )

<C <1 + gQ(A)u LQ) g e+ Zt)\/In(e+ Z(t)) (e + Z(t))
+ %y(t) +C(e+ Z(t)),

which allows us to conclude

(3.20)
d ALt )
G200 <0 (14 5] Yarer z0)inerz0) e+ 20).

It is easy to deduce from (3.20) that
AL+

e+Z(t) dr t
_— < 1+ ’ ———u(T
/e+z<0) VIn1g2(7) /0 ( g%(A) 7)

Notice that the condition (1.6) yields (2.14), namely

) dr < C(t, Uup, 90)
L2

o dr B
| e =
which leads to
Z(t) < C(t, uo, 0o)-
Noting (3.20), we thus have

t
/ y(’T) dT S C(t, uo, 90)
0
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As a result, it entails

t
(3:21) [IVO)IZ> + VOl + o)l Fraes +/O [0(7)|[F1s2s dT < C(t, 00, 00).

It just follows from (3.18), (3.19) and (3.21) that

322 [ (Fulen + 1A Fu(r)z2)dr < O o).

This concludes the proof of the lemma. O

THE GLOBAL H?®-ESTIMATE. With the above estimates at our disposal, the
global H*-estimate can be obtained. Applying A® to (1.5), taking the L? inner
product with A%v and A®6 respectively, then adding them up, we can get

1d
2
(3.23) = 7/ As(u- Vo) ANode — / A°(u-VO)A®O dx + / Asbe,, - Nvdx.

1A% @)1 + IAO@)]1Z2) + A o]Z.

n

Taking advantage of (A.2) and several interpolation inequalities shows
—/ A (u- Vo) Avde = — / [A% u- V]vA®vdx

<C[[A%,u- Viv[ 2 [[A%]| 2
<C([Vull <ALz + [Vl _2a [[A%] 2)[|A%0] L2
<C([IVulle= A%l 2 + [Jvll s lfull gros g - | A0]| L2

<C([IVull= [A*0] 2 + vl zres [0l geve) |A 0] 22

1. s s
<5l 072 + Cl[ollFss + [Vl o) (1 + [[A%0][72).
Adopting (A.2), we infer that
—/ As(u-VH)ASde = —/ [A® u-V])0A°0dx
n R’n
< Of[A% u- V0| 2 [[A%0]| >
< CUIVullze= A0 2 + [[VO| oo [[A%ul [ £2)[[A°6]] 2
< C(IVullLe<[[A%0] 2 + [IVO] < [|A%v]| 22) [ A°0]] 2
< C(IIVull = + VO] =) (|A%0]| 22 + [|A°0]Z2).
Finally, it is easy to get

AsOe,, - AMvdr < C(||[A]|2, + ||A®0]12.).
RTL

Putting all the preceding estimates together, one can get
d
(A0 ®72 + 140 172) + A0

(324) < COA+|olFpes + I Vullee + [ VO] ze)(1 + A7 + [[A%0]|72).

The estimates (3.16) and (3.15) yield the desired global H*-estimate. This ends the
proof of Theorem 1.2. O
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4. The proof of Theorem 1.3

Similarly, it suffices to consider the critical case o = % + % Recalling (3.1), we
also have

||U(t) HL2 < C(t7 Vo, 90)7
which together with the relation v = u + £L?u leads to

ALt 4
2 —_ < .
||u(t>HL + gQ(A)u(t) L C(t7v07 0)
Recalling (3.23), it reads
1d
§E(||Asv(t)||2Lz + [|A%0(t)]|2,) = — / A (u-Vv) - NMvode — A (u-VO)A*0 dx
R R
+ AsOe,, - N°vdzx.
RTL
Taking p as

1 s—1 1 1
<

2 n p 2

and using (A.2) as well as (A.4), we now conclude
- / A (u- Vo) Avdx

< O|[A%,u- Vol g2 [ A%]| 2
< C(IVullz=[[A%0]lzz + Voo A%l 20 )| A%] 22

< O(IVullz= A0 22 + V0l Lo |A 7l £2) | A% 2

< O(IVull = [A0]| 2 + [[oll 2 AV 22 | A Bl 2 AT Bl 127 |40 2
< C(IVull= 1Al 2 + ([0 2 AV 22 A 2 ul| 72 | A%0ll 2 ) [ A% 2

< O+ |Vl + [|A 2ul|z2) [A%0] 22,

where A is given by

By the same argument, it also gives
—/ A*(u-VO) A0 dr < C(L+ [Vulz= + A Full2) | A0 2.
The Young inequality yields

Asfe,, - Nvdr < C(||A%v|)%2 + || A%0]|22).
]Rn

Putting together all the above estimates yields
d s s z s s
S8 l[Ze + [A%6][72) < O+ [ Vull e + [AT Full ) ([A0] 72 + [A6]72)-

Making use of (3.18) and (3.19), we have
A+

g%(A)

IVullzoe + A" 2 ull 12 <Cllul 2 + Cg*(2V)VN u

L2
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+ C2NOFE=)| A%y o
AL+E

< 2 29N —
<Clullzz + Ca*2V)VN Iy

u

12
+ C2NAFF=9) || Asy|| L.
Now we denote
A(t) = [|A%0]|22 + [|A°0] 22,
then it gives
d

ZAm<C (1 + 92(2N>\/N’

Choosing N such that

AMts N(1+%—s) s
mu +2 2 ||A‘U||L2 A(t)

L2

NG=1-3) ~ e + A(t),

it implies
%A(t) <C (1 +g° [(e + A(t))ﬁ} In (e + A(t)) ;\21(12)“ L2) A(t)
A+ 1
<C (1 + ‘ mu L2> g’ [(e + A(t)) 25*2*”} In (e + A(t)) (e + A(t)).
Thanks to
e dr o dr
/ e T e T

and the fact
AL+E
— o u(T)

g%(A)

t
/ <1+ ‘ ) dTS O(t,vo,00)7
0 L2
we may deduce
A(t) < C(t, Vo, 90)
This is nothing but the desired global H®-bound of Theorem 1.3. This ends the
proof of Theorem 1.3.

Appendix A. Besov spaces

This appendix includes several parts. It recalls the Littlewood-Paley theory,
introduces the Besov spaces, provides Bernstein inequalities as well as several facts
used in the proof of our main result. We start with the Littlewood-Paley theory.
We choose some smooth radial non increasing function y with values in [0, 1] such
that x € C§°(R™) is supported in the ball B := {¢ € R",|¢| < 3} and and with
value 1 on {£ € R, [¢] < 3}, then we set p(¢) = X(%) — x(&). One easily verifies
that ¢ € C§°(R") is supported in the annulus C := {¢£ € R",2 < [¢] < 3} and
satisfies

XE) +> (2798 =1, VEeR™
Jj=0
Let h = F~1(¢) and h = F~1(x), then we introduce the dyadic blocks A; of our
decomposition by setting

Aju=0, j<—2% Ayu=(D)u= / F(y)ule — y) dy;
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Aju=p(2 7 Dyu = 2j”/ h(27y)u(x — y)dy, Vj€N.

n

We shall also use the following low-frequency cut-off:

S;u=x(2"D)u = Z Apu = 2j"/ h(2y)u(z —y)dy, VjeN.
Rn

—1<k<j-1
The nonhomogeneous Besov spaces are defined through the dyadic decomposi-
tion.

DEFINITION A.1l. Let s € R, (p,7) € [1,+0oc]?. The nonhomogeneous Besov
space BS . is defined as a space of f € S/(R™) such that

By, ={f €S ®R"): |/l

stur < OO}7

where

1
r

( Z 2jrs||AijTLP) ’ T < 00,
1fllBg, =q 7271

sup 2js||Ajf||Lp, r = 00.
i>-1

We now introduce the Bernstein’s inequalities.

LEMMA A.1 (see [2]). Assume 1 < a <b < co. If the integer j > —1, then it
holds
IA* 8 fllgs < Co2*HMEm DA f e, k0.

If the integer j > 0, then we have

1

Co 2| Ay flle < [AFA flly < Co MM GO A f|l e, kER,

where C, Co and Cs are constants depending on k,a and b only.

We recall the following commutator estimates (see [26, Lemma 2.6]).

LEMMA A.2. Let f be a divergence-free vector field and % = p% + p% with
p € [2,00), p1, p2 € [2,00], r € [1,00] as well as s € (—1,1 = 6) for § € (0,2), then
it holds

(A1) A%, £ - Vglsy, < Clo,r,8,8)(IV fllzerlgllpszs + I flz2llglize)-

We also need the Kato-Ponce type commutator estimate [15] in that following.

LEMMA A.3. Let s > 0. Let p,p1,ps € (1,00) and pa, ps € [1,00] satisfy
1 1 1 1 1

p P P2 P34
Then there exists some constants C' such that
(A2)  [I[A% flglle < C(IA°fllze llgllzes + 1A gllzes [V f]lLrs) -

In what follows, we also need the following variant version of (A.2) (its proof is the
same one as for (A.2))

(A-3) A" 0a,, flgllzr < C(IVF Lo A glliza + 1A fllLe2 llglzes) -
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The following lemma is the fractional version of Gagliardo-Nirenberg inequality
(see [10] for example).

LEMMA A4, Let 1 < p,q,r < 00,0 < 0 <1 and s,s1,82 € R, then the
following fractional Gagliardo-Nirenberg inequality

(A.4) 1A Loy < CIA™ o Gy A% ul| gy

holds if and only if
1 s 1 s S2
———={0-0)(--— 97—— <(1-4¢ 0ss.
P =( )(q ) =), s<(1—-0)s1 + 052

The proof of (2.12) Invoking the high-low frequency technique, we arrive at

N-1
IVullze <AL Vulze + Y 1AVl + Z AVl Lo
=0 =N

One easily obtains by the Bernstein lemma
1AVl < Clulls

and

(o) o0
S AUl e < C Y 20T AN |2 < C2VOTE DAy 12,

where s > 1+ 5. According to the Bernstein lemma and the assumptions of the
function g, the middle term can be handled as follows

N—-1
S AVl < C Z 21| Ay 2
=0 =0
N-1 AL+
oS | frwii)],
<0'Y" [[et-tergen S age)|
2 2l
- e[+%
2
<032 )| gy 5.
N-1 N-1 3
S I ol
<c(Yg'e)) (ZH 6 (£>\L2>
=0 l

N-1

<cg’eM)( Y1 )%HC%HH

1=0
<Cg*(2V)VN|Lul| 2.
Summarizing the above three estimates implies
IVl pe < Cllullzz + Cg* (2N )VNI||LPul 2 + C2VOFE | A2,
which is nothing but the desired inequality (2.12).
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Proof of (2.14) On one hand, if g(7) > (In7)3, then one has

/°° dr
I
e TVInTg?(7)

On the other hand, if g(r) < (In7)%, then we have

This yields

[
e 1/Intg2(r) ~ Je Tlnt ’
which immediately leads to
> dr B
|

Combining the above two cases, the desired (2.14) follows directly.

Appendix B. The proof of Theorem 1.5

The proof of Theorem 1.5 can be proved via that of Theorem 1.2. We only
consider the critical case a + g = % + 4. To begin with, the basic energy estimate
reads as follows.

LEMMA B.1. Assume vy € L*(R") and 0y € LP(R") for some p € [2,00]. Then
the corresponding solution (v, 0) of the system (1.9) admits the following bounds for
anyt >0

t
lu(®)lIZ2 + lo)]172 +/0 I£o(P) |22 d < C(t,vo, 60),

16)]ze < 1160l zr-

Next we would like to show the key estimate.

LEMMA B.2. Assume Lvg € L*(R™). Let (v,0) be the corresponding solution of
the system (1.9). If a+ B =4 + % and B > 1, then the following estimate holds

t
MMW§+/HﬁMﬂﬁMTSQM@%%
0

or
2

u(t) u(r)

20+ 2 1+2
HA A dTé C(t,’Uo,eo).

t
vl IR Py
PROOF OF LEMMA B.2. Multiplying the first equation of (1.9) by £2v, we get
1d
2
It is easy to check for 8 > 1 that

L2

|Co(t)||22 + || £%0]|22 = — (u-Vo)L?vdx + e, L0 dav.
R® R™

‘ — / (u . V’U)£2’U dl“ <Cllull, =~

LB-1

N — ||£2UHL2

Lnt2-28
n42-28

<CIAT= " ul g2 [A%] 2 || £%] 2
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<C||Av|[72 ]| L%0] 2,
where we have applied the fact v = u + A?*u. The Young inequality leads to
| [ eattode] < 0luallolze < 51220l + Ol
Collecting the above estimates yields
(B.1) %Hﬁv(t)lliz +C2]72 < ClIA V)2 [1L%0]l 2 + C10]Z--

Now making use of the same argument used in proving (2.3), we have for any
A1 € (0, 2a + B) and any A\; € (0, 2+ 25) that

(B.2) 1£0[72 > CrlIAMul72 = CollulZ:,
(B.3) 1£%0]72 > Cal|A*ul|F2 — CullulZ:-
It follows from the high-low frequency technique that

100 L2 < ISwA ]|z + Y 118547 a.
i=N

According to Plancherel’s theorem and Sobolev embedding, we have
ISn A vz =[x (2~ E)IEI" D () 2

—ohzenle Sl
<Cg@) o

@)

By Lemma A.1 and the fact v = u + A%2%u, one gets
SN V]2 <C DT 27 H A A TR ul| 2 + C Y 278 || A ARy
Jj=N j>N j>N
<C Y 27T | A APy |
j=N
+CO > 27 H | A APy
j=N
<C " 24 A ARy
j>N
<C2 T||A ul| 2

<O ¥ ||\l L9 |A w2,

1+8a+4ﬂ

where

14 8a + 46 — 4\, 1+ 8a+48
I, 4y, 0 UshsZats 1

Thus, it is obvious to check that
1870]lz2 < Cg(@M)[1Lollze + C27F AN ull 172 A |2,
Consequently, one has by using (B.2) and (B.3)
ClIA ]| [1£%0] 2
< C(g*@V)lLola + 27 F AN ul 202 AN w3 ) €% 2

< Ao < 2a+ 20.
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_N —
< 0(92(2N)||ﬁvlliz +27% (Jlullze + [1€0]122)* =9 (Jlull 2 + |\£2v||L2)29) 1£20]| 2
_N — _N
= Cg*(2M)|Lv)|2: | £20l| 2 + C27 = | Loll 72" L20] 12%° + C27 % JullZ: [ £20]| 22
+C27IIUH SICollzalL ] e + C27 ZHUIILzQQIIE2 152

41—

4(1—
|u?vHL2+-cg<2N>n£anz+-02 2 | Lo A7+ 02V ful 22 Lol 10

1G-g)
+Cllulge + Cllull 2 i
This along with (B.1) yields

4(1—0)

d 1—-2p
ZICv®llz + 17072 <Cg 1eM)|Lvllt. + 02T Lol

4(1—

o)
_ 4(1 1 o
02N |20 1 OlfulZa + Clul 5
(B.4) +C0]12,
where o < % Now we denote

X(t) = ||Lv(®)]7:, Y(t) = [ L2(t)] 2,

h(t) = lu®)Z + llu(t )II = o )7

and take N as
Nxe+ X(1).
By tedious computations, it follows from (B.4) that

(B.5) %X(t) +Y () < O(L+ | Lv[F2)(e + X (t))g* (e + X (t)) + Ch(t).

Thanks to
gtle+ X)) (e+ X)) >1,
we deduce from (B.5) that
e+X(1) g ¢ ,
/e+X(0) Py < C’/O (1+ || Lo(7)||72 + k(7)) dr.
Keeping in mind the condition (1.10), namely,

/Oo dr .
e TgHT)

/0 (14 [1Co()|22 + h(r)) dr < C(¢, vo, 60),

and the bound

it implies
X(t) < CY(t7 Vo, 90)
Thanks to (3.14), one also obtains

t
/ Y (7)dr < C(t, vo, bp).
0

So we finally discover that

t
I£u(®)]1Z- +/ 1£%0(7)||72 dr < C(2, vo, o).
0
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This completes the proof of the lemma. O

Finally, we will derive the following lemma inspired by the proof of Lemma 3.3.

LEMMA B.3. Assume vy € HP(R™) and VO, € L?> N L>®(R"). Let (v,0) be
the corresponding solution of the system (1.9). If a + 8 = % + % and B > 1, then
the following estimate holds

t
IVO)I[72 + V)| L= + Hv(t)llfmwf#/o (ILo(P)IFen—c + [0(P)I71s25-20) dr
(BG) SC(t7 Vo, 90)a
where 0 < € < 1 (can be arbitrarily small). In particular, there holds
t
B0 [Vl + N R 22) dr < Ol o)
0

Proor oF LEMMA B.3. It is sufficient to modify the proof of Lemma 3.3. Ap-
plying A'T5~¢ to (1.2); and multiplying it by A*#~¢v, we have

Ld

2 dt

n

||A1+'B_€v(t)H2L2 + ||A1+5_€£v||2L2 =— / [AYFA=< o Vo AP~y da
—|—/ AB=he, ATy da.
According to the proof of (2.3), it ensures that
(B.8) AT Lo 22 = Crl|AMF29 720 20 — Csl| AT =<0 ..
The commutator (A.2) allows us to show
— / [AYFA=< o - Vo AP~y da
< OY[AMP7¢ w Vol e AT 2
< O(IVullp A7l g2 + V0] _an AT Cul] 0 )

nf2ec—28

< O(IVullz + AT Fu 2) A0

|AYFA=<y|| 2

In addition, owing to the Young inequality and (B.8), we also claim that
[ AT e, A dn <OV AT ]
<C|IVO| L2 (AP~ Lo]| 12 + [|AFF ]| 2)
S%\IAlJ”ﬁ_eﬁv\liz +O(IAY 70|22 + [IVO]Z2).
Putting the above estimates together yields
%HA”ﬁ_ev(t)llzp AL T + (JAT 20 7

< O+ [[Vullze + A 2l p2) (|ATP 70|72 + (| VO]|72).

The remainder proof is the same as that of Lemma 3.3. We thus omit the details.
Therefore, we conclude the proof of Lemma 3.3. ]
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THE GLOBAL H*®-ESTIMATE. It follows from (3.24) that

d S S S
S (IAT0ON72 + 1476 [172) + LA 0] 72
< CA+|PlFpes + 1 Vullpoe + VO] o) (1 + |4 72 + [1A°0]72).

Therefore, the desired global H®-estimate is an easy consequence of the Gronwall
inequality and (B.6) as well as (B.7). This completes the proof of Theorem 1.5. [
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