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A steady model on Navier-Stokes equations with a free
surface
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ABSTRACT. We consider the evolution of viscous fluids in a 2D horizontally
periodic slab bounded above by a free top surface and below by a fixed flat bot-
tom. The dynamics of the fluid are governed by the incompressible stationary
Navier-Stokes equations under the influence of gravity and the effect of surface
tension. We develop the existence and uniqueness of solutions in low regular-
ity Sobolev spaces on [0, 7] for any 7' > 0. Our methods are mainly based on
linear estimates of a geometric formulation of an e—approximate system.
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1. Introduction

1.1. Formulation of the problem. The stationary Navier-Stokes equations
is a classical problem that has been researched by many mathematicians. For a
comprehensive introduction of the fixed boundary problems of stationary Navier-
Stokes equations, we refer to [15] and [21]. So we encounter a natural question:
what is the behavior of the free boundary Navier-Stokes equation? Especially in-
teresting is determining the effect of the boundary’s time evolution. However, if the
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surface is deformable in time, the fluid is hard to stay steady. As far as the authors
knowledge, there are still some models concerning steady fluid with a free surface.
But in those cases, the surface is assumed to be sufficiently small in order to guar-
antee that those models are physical, for instance, the Darcy’s flow concerned in
[13, 14]. This is the motivation for us to present the problem.

We consider the viscous incompressible fluid moving in a slab

Q) ={y = (y1,92) € TxR| =1 <y <nys, 1)}

Here we assume the top free surface is a graph of function of n and denoted by
3(t) :={y2 = n(y1,t)}. The flat fixed boundary is denoted by ¥, := {y2 = —1}.

For each t > 0, the fluid is described by its velocity and pressure functions:
(u,p) : Qt) — R? x R. The stress tensor is determined by S(p,u) = pI — uDu,
where [ is the 2 x 2 identity matrix, g > 0 is the coefficient of viscosity and
(Du);; = d;uj + dju; is the symmetric gradient of u. We note that if divu = 0,
then div S(p,u) = Vp — pAu.

The dynamic of the stationary viscous surface waves is governed by the sta-
tionary Navier-Stokes equations:
. u-Vu+ Vp— pAu =0 in Q(t),
(L.1) V-u=0 in Q(t),

subjected to the boundary conditions

S(p,u)n =gnm —oHn  on {y2 =n(y1,1t)},

1.9) u-v=>0 on {ys = —1},
’ (S(p,U)V—ﬁU)TZO on {y2:_1}7
O +u10in = uz on {y2 = n(y1,1)}.

In the above systems (1.1) and (1.2), g > 0 is the strength of gravity, o > 0 is
the coefficient of surface tension, n is the unit-outward-normal of free surface, v is
the unit-outward-normal of bottom, and 7 is the unit tangential of bottom. H is
the twice mean curvature of free surface given by

0
H =0 __an_ |
V1 |0um)?
The description of the first and last equations of (1.2), we refer to [23]. The velocity
of fluid on X, satisfies the Navier-slip condition, which means

u-v=0, (Spuv—pu) -7=0

where 8 > 0 is the coefficient of friction between fluid and bottom. Sometimes the
Dirichlet condition is no-physical, (see the moving contact line [12]), so we consider
Navier conditions. In addition, we have shifted the pressure by p = p 4+ gy — patm,
where p is the real pressure and pgu,, is the constant pressure of atmosphere.

This is a free boundary problem, we assume that the initial datum 7n(t = 0) = 79
satisfying 1479 > 0. We also assume that fz 1o = 0. It is clear that this condition
is conserved in time for the incompressible fluids.

The first pioneer paper on the free boundary of stationary Navier-Stokes should
be due to Solonnikov [17] for 3D version in a semi-infinite cylinder. Then Solonnikov
[18] proved the existence and uniqueness of (1.1) in a 3D infinite cylinder in some
Holder spaces. In addition, Solonnikov considered the moving contact lines for
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stationary flows in [19] and two phase stationary flows in [20]. As the author’s
knowledge, there are no any results for the stationary surface waves in 2D domains
with Navier-slip boundary conditions. Our aim is to give a proof of the existence
and uniqueness of solutions to (1.1) and (1.2). Since our problem has no temporal
derivative of velocity u, we could not expect that any methods of dealing with free
surface of non-stationary Navier-Stokes equations, i.e., viscous surface waves, (for
instance, see [2, 3, 9, 10, 11, 16, 24] and references therein), are helpful. So we
need to find a new way to prove this quasi-stationary system (1.1).

In previous results, (for instance, see [9, 10, 11]), they all assume that the
initial data are smooth enough and satisfy many compatible conditions. so our
original aim is to study the full Navier-Stokes equations with free boundaries in
low regularity (such as u € H?(Q2)). Unfortunately, this issue is so complicated,
that we have not find a workable way to handle it. So we consider this model (1.1)
in low regular spaces first, then we will deal with the full Navier-Stokes equations
in the following paper.

1.2. Geometric reformulation. Since the free surface and the change of
Q(t) will create numerous mathematical difficulties, we straighten the time depen-
dent domain Q(t) to a time independent domain  := T x (—1,0). The idea was
introduced by J. T. Beale in [3, Section 5]. We define 7} to be the harmonic extension
of 1 according to

(13) ﬁ _ Ze2mkwle2‘n’|k\ax2ﬁ(k)7
k€EZ

where 7(k) is the coefficient of Fourier series. The harmonic extension 7 allows us
to introduce the mapping ® from €2 to Q(t) as

(1.4) D (w1, m2) = (21,22 + (1 + 22)) = (y1,92)-

If i is sufficiently small in some norms, ® is a C'' diffeomorphism. Clearly, ® maps
2 onto Q(t). If we denote ¥ = {x2 = 0}, we have that ® maps ¥ onto X(t). We
also see that ® keeps the bottom ;.

Then we have its Jacobian matrix V® and the transform matrix A:

Vo = ( 111 3 ) A=((Ve)™HT = ( (1) ’f}K )
where

(1.5) A= (1+wz0)017, J =147+ (1 +x2)0on, K =1/J.

In the following, we may assume that ® is a C! diffeomorphism (actually, we
will prove this later). Then, we define some transformed operators. The differential
operators V 4, div 4 and A 4 are defined as follows:

(VAf)l == Aijajf, divAu = Aijajui, AAf = diVA -VAf.

The symmetric A-gradient D 4 is defined as (Dau);; = AipOpu; + AjrOru;. And
we write the stress tensor as S4(p,u) = pI — Du, where I is the 2 x 2 identity
matrix. Then we note that divq Sa(p,u) = Vap — Aqu for vector fields satisfying
div4u = 0. We have also written N' = (—d17,1) for the nonunit normal to {ys =

U(yl,t)}
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Then the original system in this new coordinate becomes

diva Salp,u) +u-Vaiu=0 in Q,
divau=20 in Q,
(1.6) Sa(p, )N = gnN — c9N — 0O, RN on %,
u-v=0, (Salp,u)v—pu)-7=0 on Y,
on=u-N on X,
where R = R(017) is the remainder defined via
 os(s—=2
(1.7) R(z) = 3/0 (1:—32)5)/2(18

1.3. Main results. In order to state our result, we need to explain our nota-
tion for Sobolev spaces and norms. We take H*(Q2) and H*(X) for k > 0 to be the
usual Sobolev spaces. We write norms ||8ju||;€ and |8/ p|| in the space H¥(Q), and
679]| in the space H¥ (). We also need H*, which will be defined in Section 2.

We now define the energy and dissipation used in our main results. The energy
E(t) is defined via

E@t) s = llu®3 + 10T + Ip@®1F + 100§ + 0132
(1.8) Lo
+10m(@)II5 2 + D 1903
j=0

The dissipation D(t) is defined via

1
=" (I07u®) I3 + 107p(®)13 + 10 n(t)22)

7=0
2
(1.9) +Z(Haj W+ 107u(t) - 7o, )
7=0
2 . .
+ 3 (197p@)13 + 10fn(e)13 2) + 1913 o
7=0

Now we state our main results.

THEOREM 1.1. Assume the initial data satisfy the inclusions ng € fl5/2(2),
and 9y (0) € H3?(X) and 0?1(0) € HY(X). Then there exists vy > 0, such that if
o := |noll3 2 + 10m(0)113/2 + [07n(0)[IF < 7o

then there exists a unique solution (u,p,n) to (1.6) on the interval [0,T] for T >0
that achieves the initial data and satisfies

(1.10) sup E(t / D(t)dt < C¢&
0<t<T

for a universal constant C' > 0. Moreover, ® defined by (1.4) is a C! diffeomor-

phism for each t € [0,T].

REMARK 1.2. We emphasize that the small initial data is necessary, which
enables our model is physical.
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REMARK 1.3. Since ® is a C'! diffeomorphism, we can change coordinates from
Q to Q(t) to gain solutions of (1.1).

REMARK 1.4. The assumption of flat fixed bottom is not necessary. Actually,
if we assume that the bottom is a function —b(y;) € C°°(X) with b(y1) > 0, then
we modify the flattened mapping ¢ via

(1.11) D (z1,22) — (21,22 + 7(1 + 22/b)) = (Y1, Y2).

and use the same method in our paper to get the same results as Theorem 1.1.
1.4. Principle difficulties. Our method is ultimately based on the following

geometric formulation of the free boundary problem of linear Stokes equations and

a fixed point argument. We suppose that n (and hence A, A/, etc.) is given and
then solve the linear A-Stokes equations for (u,p,&):

diva Sa(p,u) = F* in Q,
divgqu=20 in Q,
(1.12) Salp,w)N = (g¢ — 02N — 0O RN + F? on %,
Ol =u-N on X,
u-v=0, (Salp,u)v—pu)-7=F° on Y.

Our procedure is to employ the time-dependent Galerkin method to construct the
approximate sequence (u™,£™) for m > 1. Unfortunately, in attempting to work
directly with (1.12) in energy estimate argument we encounter serious difficulties
with estimating a couple key terms. For instance we need to estimate interaction
terms of the form

(1.13) / R0, 0o 2™,
>

in (3.43), but the left-hand side of (3.46) has no terms to control 92£5™ for (1.12).

Fortunately, it’s possible to bypass this difficulty through a perturbation method,
which provides a crucial extra estimate. We consider the following e—approximate
linear A-Stokes instead of (1.12):

(1.14)
div4 Sa(p®,uf) = F! in Q,
divqu® =0 in €,
SA(PT U N = g(€° + 204€°) — 007 (65 + 0 )N — 0ORN + F* on %,
s =ut - N on X,
ut v =0, (Sq(p°,u)v—pBu)-7=F° on Yy,.

Using the mean curvature term shows then that 92£5™ could be controlled. This
allows us to estimate the term (1.13) while retaining the same basic form of the
energy-dissipation estimates that the problem (1.12) enjoys. We thus base our
analysis on this e-approximate problem.

For the usual viscous surface waves ([9, 10, 11]), the function of free surface
is obtained by the transport equation 9;n = u- N decoupling with (u, p). However,
this method does not work directly for our problem, which could not gains the H5/2
regularity for 9;n. Thus we deal with the coupling (u, p,£) together. Here £ stands
for some derivatives of n or 7 itself.
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1.5. Notation and terminology. Now, we mention some definitions, nota-
tion, and conventions that we will use throughout this paper.

1. Constants. The symbol C' > 0 will denote a universal constant that only depends
on the parameters of the problem and €2, but does not depend on the data, etc.
It is allowed to change from line to line. We will write C' = C(z) to indicate
that the constant C' depends on z. We will write a < b to mean that a < Cb for
a universal constant C' > 0.

2. Norms. We will write H* for H*(Q2) for k > 0, and H*(X) with s € R for
the usual Sobolev spaces. We will typically write HY = L2, though we will
also use L2([0,T); H*) (or L2([0,T]; H*(X))) to denote the space of temporal
square-integrable functions with values in H* (or H*(X)). Sometimes we will
write || - ||z instead of || - || gx(q) or ||« || gx (). We also will write || - || 2+ instead
of || |2, 17;m%(2)) OF || - lL2(jo,7); % (x))- When we do this it will be clear on
which set the norm is evaluated from the context and the argument of the norm.

2. Functional setting

2.1. Function spaces and bilinear forms. We begin with some time inde-
pendent spaces.

(2.1) Q) = {p € HYQ)| / p=0},

. ¥/
(2.2) Ho((~0,0)) = {n € H*((~4,0))| / =0,

We use H*(Q) and H*((—¢,¢)) to denote the usual scalar-valued or vector-valued
Sobolev spaces. Then we define vector valued spaces

oHY(Q) :={ue H'  Q)|u-v=00n %}, W:={uc H (Qu es € H ()},
X = {u € W|divu = 0}.
Throughout this paper, we usually utilize the following Korn-type inequality.
LEMMA 2.1. For any u € oH' (), it holds that
(2.3) ullf < IDullg.
PrOOF. The inequality (2.3) follows easily from the inequality
(2.4 lull? S IDul? + ul}? for all u € H!(%),

and a standard compactness argument. It can also be derived from the Necas
inequality: see for example [4, Lemma IV.7.6]. |

We now define the time-dependent spaces. For n is given with A, J, etc deter-
mined by 7 via (1.5), we consider an inner product on L? defined by

(2.5) (u, v)g0 = /Qu ~vJ(t)

corresponding to norm ||ul/yo = \/(u, u)yo. Then we denote
(2.6) HO(t) = {u(t) € L*(Q)[u(t) |30 < oo}
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Similarly, we introduce an inner product on oH'(Q) according to

(2.7) (u,v)q1 = /Q]DA(t)u i Dy v (t)
with corresponding norm [|ullgr = v/(u, u)31. Then we write
(2.8) H! = {Jlullzr < oo}

(2.9) W) = {u(t) € H (t)|u- N € H'(X)}
endowed with the norm |[ully = [lullzr + [|u - N[ g1 ().
(2.10) X(t) == {u(t) € W(t)|divg) u = 0}.

Finally, we define inner products on scalar-valued or vector-valued spaces
L2([0,T); H*(Q)) for T > 0 via

T
(2.11) (u, ’U)H%F = /0 (u,0) 31 (1) dt,
endowed with norms ||-[|3;1 corresponding to spaces 2. Similarly, we might define
spaces Wr and Xp.
LEMMA 2.2. Suppose that n is given so that
(2.12) sup |[n(t)lls/2 <m
0<t<T

for a universal constant v1 > 0 and T > 0. Then for vector-valued spaces,

(2.13) < ullage < V2[Jull

1
EHUII/@
for k=0,1. Consequently,

1
V2

PROOF. The proof for vector-valued spaces is similar to [9, Lemma 2.1], so we
omit the details here. O

(2.14) el b < Mlullags, < V2lull 2 .

Now, we give some useful relations between time-independent spaces and time-
dependent spaces. We consider the matrix

(2.15) M:=M(t)=KV®=(JA")™,
which induces a linear operator M : u +— M (t)u.

PROPOSITION 2.3. Assume that n € H/?(X).

(1) For each t € [0,T], M, is a bounded isomorphism from H*(Q) to H*(Q) for
k=0,1,2.

(2) For each t € [0,T], My is a bounded isomorphism from oH(Q) to H().
Moreover,

(2.16) [Mullgr < sup (1 +[Inlls/2)llullx
0<t<T

(3) Letu € HY(Q). Then divu = p if and only if div.a(Mu) = Kp.

PRrROOF. The proof is similar to [9, Proposition 2.5]. We also refer to [24] for
more information. O
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The following proposition is also useful.

PROPOSITION 2.4. If u-v = 0 on Xy, then Ru-v = 0 on X, where R :=
atMM_l.

PrOOF. Clearly, KV®'v = Kv on %;. Hence Mu-v =0« u-v =0 on Xy,
which implies that M ~'u-v =0 < u-v = 0 on X;. Then by definition of R,

(2.17) Ru-v=0MM ‘u-v=—Mo(M ‘u) -v=0,
since 0y(M~u) - v = 9y(M~tu-v) = 0. 0

At last, we define the bilinear form

(2.18) ($,Y)1: 12/29@/)4'031(%531?/1

and |9 5 == [5; gl6I” + 0|01,

2.2. Some useful estimates. We usually use the following two theorems,
which have been proved in [25], so we omit the details here. The first is to recover
the pressure from pressureless weak formulation (for instance, see (3.3)).

THEOREM 2.5. If Ay € W(t))* satisfies Ay(v) = 0 for any v € X(t), then there
exists a unique p(t) € HO(t) such that

(2.19) Ai(v) = (p(t),div.g w)go
for allv € W(t) and
(2.20) [p@ 30 S U+ [0@)l5/2) 1ALl o)

If A € Wr)* satisfies A(v) = 0 for any v € Xp, then there exists a unique
p € HY such that

(2.21) Aw) = (p, divaw)yy
for allv e Wr and

(2.22) 1pllyge, S L+ sup n()lls/2) 1Al o)«
0<t<T

Since £ € H' is not enough to close our a priori estimates, we need to utilize
the following theorem to enhance the regularity of £. In the following, £ gains more
1/2 derivative.

THEOREM 2.6. Suppose that € € H'(X) satisfying

LW — (g divaw)ys + (Ew- Nz +8 [ (0-r)(w-7)J
(2.23) -

= (FYw)— [ (0F®- 0y (w- tow) — HORES
— (F',w) /E(F Di(w-N)+ F )/EbF( )]

for each w € W and that all the integrals are meaningful. Then £ € H3/2(E)
satisfying

(2.24) 1152 < ol + llgllf + 171 — F* = F?

Gy N0 FCI -
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Finally, we present the elliptic estimates developed in [25]. We consider the
following elliptic systems

diva Sa(q,v) = F* in Q,
divgv = F? in Q,
(2.25) Sa(q,v)N = géN — 00N — 0O FON + F? on X%,
v- N =F1 on X,
v-v=0, (Salg,v)v—pv)-7=F° on Y.

Then we have the following theorem.

THEOREM 2.7. Suppose that F' € H°(Q), F? € H'(Q), F? € HY/2(%), F* ¢
H3/2(%), F° € HY?(%y) and F € H3/?(X). Suppose that Inlls2 < v for vo
sufficiently small . Then there exists a unique triple (v,q,&) € H2(Q) x HY(Q) x
H5/2(%) solving (2.25). Moreover,

(2.26)
VI3 + llally + €32 S IFHIE + 1E2IT + 1F2IT o + 1FHE 2 + 1F21T 2 + 1FO5 -

3. Linear estimates

Suppose that n as well as A, NV, etc. are given. We now consider the following
e-approximate linear stationary equations

(3.1)
divg Sa(p®,u’) = F* in Q,
divgu® =0 in Q,
SA(p%,us )N = g(&° + €0i€%) — 007 (€5 + 2015 )N — cO RN + F3 on X,
& =u- N on 3,
ut v =0, (Sa(p°,u)v—pBu)-7=F> on Y

with initial data £5(0) = no € H*2(%), 8,62(0) = y1(0) and 92¢5(0) = 921(0).
The reason for adding the extra term £9,£° is to estimate the term [ Rd1(v - N).
This method is inspired by [8]. To begin our analysis for (3.1), we need to employ
two notions of solutions for (3.1): weak and strong.

3.1. Weak solutions. Our definition for weak solutions is motivated by as-
suming that there exists a smooth solution (u®, p®, &%) of (3.1), then multiply u® by
vJ for v € Wy, integrate over {2 by parts, and integrate from 0 to T" to see that
(3.2)

T
(ua,v)HlT + B(u® - T,v- T)LQHO(Eb) Jr/ (&5 +e0%,v ~N)1,E — (p,divy U)H(%
0

T T
:(Fl,v)HoT—/ /JR81(1)~N)+F3~U—/ Fo(v-1)J.
0o Js 0o Ju,
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DEFINITION 3.1. Suppose that F! — F3 — F® € (H1)*. Then a triple (uf,p°,
€°) is a weak solution of (3.1) provided that
(3.3)

T
(UE,'U)Hl + B(u T, v T)p2E0(s,) —|—/ (& +e0i&%v-N)ix — (pF,diva v)HoT

=(F'—F*-F° v)ml)* //anal

for each v € Wy, where (F' — F3 — F° v >(H1) = fOT(fQ F' o] — [(F3. v —
be F5(v-7)J). In addition, if we choose v € Xr, then a pair (u®,£°) is called a
pressureless weak solution of (3.1).

In our following analysis, we only consider the strong solutions of (3.1). That’s
because weak solutions are only byproducts of the procedure for establishing strong
solutions. Now, we only need to study the uniqueness of weak solutions.

PROPOSITION 3.2. The pressureless weak solutions of (3.1) are unique.

PROOF. Suppose that there are two pressureless weak solutions (uf,&f) and
(u5,&5) of (3.1). Then for any test function v € Xr, we employ (3.3) to deduce
that
(3.4)

T
(ui —u3, v)3 +6((ui —u3)-7, v- T)L2H0<zb)+/ ((61-€35)+e0: (1 —85), v N)1m = 0.

Especially, if we choose v = u§ — u§, (3.4) is reduced to

t t

35 =il + 8 [ I =) s, + [ - €5lEs =0

for any ¢t € [0,T]. Then taking supremum for ¢ € [0,T], (3.5) implies that u; = us
and 51 = 52. O

3.2. Strong solutions. We first introduce an operator D; via
(3.6) Dy =0 — Ru for R:=0;MM™ ",
with M = KV®, where K and ® are defined as in (1.5) and (1.4), respectively. By
Lemma B.1 and the definition (2.15) of M, it holds that
(3.7) Jdivgv = JA;0jv; = 0;(JAijv;) = div(JA v) = div(M o).
Then we could deduce that
(3.8)  Jdiva(Dyw) = Jdiva(Moy (M~ v)) = div(9,(M ~'v)) = 9;(J div4 v),
which implies that D, preserves the div 4—free condition. This is the key feature of
D, in our analysis. We now give the definition of strong solutions of (3.1).
DEFINITION 3.3. Assume that F* € C°([0,T]; HY(Q)), F3 € C°([0, T); HY/*(%)),
F° € L2([0,T); H/?(%)), and that 9;(F' — F3 — F°) € (H%)*. Then a triple
(u,p, &) is called a strong solution of (3.1) provided that (u,p, ) solves (3.1) in the
sense that
(3.9) ‘
u® € L2([0,T]; H*(Q)), 8Ju® € L*([0,T); H(Q)), 7 =0,1, p° € L*([0,T]; H(Q)),

¢ € L*([0,T); HY2(%)), 0:6° € L*([0,T); H**(%)), 93¢° € L*([0,T); HY*(%)).
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Suppose that ny € H%/2() and 8,£5(0) = u°(0) - N € H3/2(¥). Then we need
to construct the initial data u®(0) and p°(0) of (3.1). We take t = 0in (3.1), then we
might use Theorem 2.7 with F® = R to obtain that u<(0) € H2(2), p=(0) € H'(Q)
and £ such that

(310) w3 + I (O)IIF < llmollz/2 + IO + 1E2 )5 )2 + [F°(0)]175-

We usually use the following lemma. The proof is similar to [9, Lemma 2.4], so we
omit the details here.

LEMMA 3.4. Suppose that u € L*([0,T); H') and that dyu® € L?([0,T); H').
Then uf € C°([0, T); H') achieves the initial data u®(0) € H', and
(3.11) [ [ Fozar < u O[T + ufl|F2pn + 100 [T 22

Now we state our main theorem for the strong solutions.

THEOREM 3.5. Suppose that the forcing terms F', F3, and F® satisfy the
conditions in Definition 3.3, that the initial datum ny € H>'?. Suppose that Rn) <
v1 is smaller than ~y in Lemma 2.2 and in Theorem 2.7. Then there ezists a
unique strong solution (u®,p®, &%) solving (3.1) such that (uf,p®, &%) satisfies (3.9).
The solution obeys the estimates
(3.12)

o + lu® - 7l Z2 s,y + 1o + 10w o n + 1000 - Tl 22 g0 (s,
L2 zr0 + 112 g + 100% 1720 + €51 Lo + €51 T2 g2
€N T2 mare + 1067 | Toe g + 110671 F2 g2

S(CET +1)(8(1) + € +[[F(0)]lo + [1F2O)IF 2 + [E2O)I]3 2) + €(m)8&(n)
+ (L CONUEF R o + 1F N 2 e + 1P 12 /2)

+ (L4 €)|0(F' = F* = F)|[20 ).

Moreover, (Dyuf, 0rp®, 01£°) satisfies

(3.13)
— pA 4D 4+ V 20,p° = D, F 4+ G* n €,
diva(Diu®) =0 in
Sa(0:p°, DN = L(9:6° + €026 )N — 0010, RN + 0, F> + G* on %,
(Sa(0p®, Diu® )y — BDwu®) - T = O F° + G° on X,
Do -v=20 on X,
02¢° = Dyt - N on X

in the weak sense of (3.3), where G is defined by

(3.14) G' = RTV_4p° + divg (DA(Ru®) 4 Dy, 4u® — RD quf),

and G* by

(3.15)

G* = uD A(Ru®)N — (p° I — D qu® ) ON +pDg, aus N +L(E°+£0,£%) 0N — 001 RN,
G° by
(3.16) G® = (uD4(Ru®)v + pDy, gauv + BRUF) - T,
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and

L0 + 0267 = g(D,E° + cO2E7) — 002 (D,E° + cOREF).
More precisely, (3.13) holds in the weak sense of
(3.17)

%(@ua, V) + B [ (O T (v T)T + (9,65 + €075 v - Ny s
Xy

= (§5 —+ sﬁtEE,Rv 'N)LE - (ps,diV_A(R'U))fHO +/ [atFl S+ atJKFl . ’U] J
Q

*/[8tR81(UN)+R81(U8tN)+atF3”U]*/ [8tF5v+8tJKFSU] -7J
P

>y

—/ %(DatAus :Dgv + Dgu® : Dy, 40 + O JKD gu® : D yv)J
Q

- B(u® - 7)(v-T)0J.

3p

PrROOF. We will use the Galerkin method, inspired by [7], in the following
several steps.

Step 1. Construction of approximate solutions. In order to utilize the Galerkin
method, we must first construct a countable basis of H2(Q)NX (¢) for each t € [0, T.
Since the requirement div4 v = 0 is time—dependent, any basis of this space must
also be time-dependent. For each t € [0, 7], the space H?(Q) N X (t) is separable,
so the existence of a countable basis is not an issue. The technical difficulty is
that, in order for the basis to be useful in Galerkin method, we must be able to
express these time derivatives in terms of finitely many basis elements. Fortunately,
it is possible to overcome this difficulty by employing the matrix M (t), defined by
(2.15).

Since H?(2) N'V is separable, it possess a countable basis {w’}32,. Note that
this basis is not time-dependent. Define v/ = v7(t) := M(t)w’. According to
Proposition 2.3, v/ (t) € H2(2) N X(t), and {vj(t)};?';l is a basis of H2(Q) N X(¢)
for each t € RT. Moreover, we can express 9,07 (t) in terms of v/ (t) as

(3.18) Ol (t) = Oy M (t)w? = oM (t)M 1 (t) M (t)w? = R(t)v? (t),
where R(t) is defined by
(3.19) R(t) := 0: M (t)M~*(t).

For any integer m > 1, we define the finite dimensional space
Viult) = span{v! (t), -+ ™ (1)} € H2(Q) N X(2),

and we write

(3.20) P H2(Q) = Vin(t)

for the H2()) orthogonal projection onto V,,(t). Clearly, for each v € H?(Q)NV(t),
we have that P;"v — v as m — oo.

For our Galerkin problem, we construct a solution to the pressureless problem
as follows. For each m > 1, we define an approximate solution

(3.21) uS () = d () (t), with df":[0,T] = Rfor j=1,...,m,
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where as usual we use the Einstein convention of summation of the repeated index
j. We similarly define

(3.22) €5 () = o + / u=m(s) - N (s) ds,

where we understand here that u®(-) denotes the trace onto X.
We want to find the coefficients d7* € C°([0,T]) so that

1
5(,ule,mﬂj)q_[l + 6/ (uf:‘,m -T)(U . T)J—I— (é-a,m _'_Eatga,m’v ../\/)1’2
p

(3.23) /QFI”"J/ZBFS(U'T)J/z(gRal(v.NHFS'v).

It is easy to see that
(§5™ (1) + €0 =™ (1), v - N(t))1,z

(3.24) (77()+/0tzf7m(s)-./\f(s)ds—keug’m~J\/,v~J\/(t)>1E

)

t
= (no,v -N())1,x + / d"(s)(v" - N(s) + ed* (t)v" - N(t),v- N(t))1,5 ds.
0
Then (3.23) is equivalent to an equation of d7* given by
1 . )
A N P O P I
t
—|—/ d}"(s)(vj “N(s),0* "N (t)1,xds

(3.25) 0

=—(770,vk-./\/(t))1,g—|—/Fl-ka— F5(w . 1)J

Q 3
— / [oR (VF - N) + F? -]
b

Since the matrix with 7, k entry

Lok j k j k

5(” S )+ B 0" T gogs,) F (v - N0V N s
is positively definite, thus (3.25) is equivalent to the form

t
(3.26) d™(t) +/ K(t,s)d™(s)ds = F(t),
0

where K(t,5) € CO({(t,8)[0 < s <t <T}) and F € C°0,7]). Then according
to the theory of integral equations (for instance, see [22]), there exists a unique
vector d™ € C°([0,T]) solving (3.25). Actually, from the conditions of forces in
Definition 3.3, we may differentiate (3.26) once almost everywhere to see that d” €

C4([0,77).
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Step 2. FEnergy estimates for u=™ and £5™. We choose the test function
v =u=" in (3.23), then Holder inequality implies that

d
dt
S IF s lus ™l + 1P |12 llus™ - 7l 2,

R 2 lu™™ - Nz + 1F2 1 jolla™ [ (s -

m 1 m m
165 s + Gl ™ s + Bl - 7lzem)
(3.27)

Then employing Cauchy-Schwarz inequality, Lemma 2.2, and trace theory, we have
that

L]
(3.28) dt
SIE G0 + IE2 T2 + IENT 2 + 1013 2

1
Hgs,mniz 4 gHuE’mH%l + BuS™ - 7 L2y

Then integrating from 0 to ¢ < T and taking sup-norm on [0, 7] reveal that

sup [l€=™ (01T s + w5 + u™ - Tllr2moes,)
(3.29) 0<t<T "

S lmollz e + 1E 50, + IF2113 +I1F°)17 + &(n)

~ 5/2 HO. L2H1/2 L2H1/? n-

Step 3. Estimates for =™ (0) - A(0) and u5™(0). In order to use Lemma 3.4,
we need to obtain the initial data «*™(0). Taking ¢t = 0 in (3.1), we have that

(3.30)
%(UE(O)w)w +8 g (u(0) - 7)(v - 7)J(0) + (10 + €9¢£7(0),v - N(0))1,%
:/F1(0)~vJ(O)—/ F5(0)(U.T)J(0)—/oRal(v.N(O)HFS(O).v.
Q pITN >

Hence the Lax-Milgram theorem guarantees that there exists a unique u®(0) € W
and uf(0) - 7 € H°(X,). Then we might use the elliptic theory to obtain that
u®(0) € H?(Q) enjoys

(3.31) Il (O)1I3 < IEH ) + 1E2O)1F 2 + IFZ1T 2 + lInol3 2-
Then we supplement the condition u®™(0) = P™u(0), whence
(3.32) [lu=™(0)[13 < lu (O3 < 1F O)F + [F2 )13 )2 + 1 F2(0)I13 /2 + oI5 2

and

=7 0) - N(O) 372y = (14 llmol32)llu=™ O3

(3.33)
SIEHOE + 12 0)1F 2 + IE2O)1F )2 + 7012 2-
Step 4. Energy estimates for ;u®" and 0;£5™.
Suppose that w = a"v* € V,, for a7 € C*1([0,T7]). Then it is easy to see that
Opw — R(t)w € Vy,. We now take this w as a test function in (3.23), differentiate
temporally and subtract the resulting equation from the equation (3.23) with test
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function dpw — R(t)w. Thus terms of dyw are cancelled and we have the equality

1
5(8,5115””, W)y + (0pE5™ + £0265™ w “Nixs+8 Q™™ - 7T)(w - T)J

P
1
= —5/ (Do, 4u™ : Dgw 4+ Dgu™™ : Dy, qw + D gu®™ : D 4w JK) J
Q
1
— §(u5’m, Rw)yr — B (o™ 1) (Rw-7)+ (u>™ - 7)(w - T7)0 JK) J
(3.34) =

+/(8tF1~w+F1~Rw+F1~w8tJK)J

Q

—/ (0, F°(T-w) + F*(1 - Rw) + F*(1 - w)0,JK) J
>

- / 00RO (w-N) + 0, F3-w+ F* - Ruw,
>

where we have used the fact that Rw - N = —w - &N on X. Then we choose
w = us™ — RuS™ as the test function. Since dyus™ - N — Ru®™ - N = 9y (us™ -
N) = 92¢5™ on X, we write that

d1

(™™ + 765", (Ou™™ — Rus™) - N)is = -5

10:65™ 13 5 + el OFE™1F -

Then the equation (3.34) is reduced to

(3.35)
d1l 1
— 511065 |11 s +ellOFE™ 1T 5 + 5 100u™™ |31+ / O™ 72T o= I+ IT+ 111,
dt 2 2 s,
where
1 m m 1 m m m
I:= 5(8tu5’ S RuS ™) a1 — §(UE s R(Osu®™ — Ru®™ )31
1
— 5 / (]D)at_Aue’m : DA(atuE’m — Rus’m))J
(3.36) U
+ 5/ Dau®™ : Dy, 4(Opu™" — Ru®")J
Q
1
+ 5/ DAUE7m : DA(atUE’m — Rue’m)atJ,
Q
(3.37)
I1:=p (O™ - T)(Ru®™ - 1)J — B ((u®™ - 7)(R(Opu™™ — Ru®"™) - 1)J
Eb z:b

+ 5 (u®™ - 7)((Opu®™ — Ru®™) - 1)0, JK)J,
3y
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and
1 = / <8tF1 (Qut™ — RuF™) + F' - R(Qus™ — Rus™)
Q
+ F' (9™ — Rus’m)ét.]K> J
-/ <atF5(T (@™ — Ru™)) + F5(7 - R(Oue™ — Ruc™))
(3.38) X

+ B (1 (Qpu=™ — Rus’m))atJK> J
- / 00RO ((Ou®™ — Ru=™) - N) + 9, F* - (9yu™™ — Ru®"™)
p

- / F3. R(Oyu™" — Ru®™).
b

Then we estimate these three terms as follows. First, we employ Holder inequality,
Lemma 2.2, Sobolev embedding theory, usual trace theory and Cauchy inequality
to deduce that

I S IVR|pao)llAll Lo () (1 + [[0¢ ] | oo () ) (0™ {341 [[u=™ [ 4
+ ™[ 1056 ™ o) + (RN oo ey =™ 151
(3.39) + (IR o (02) + 108Al| Loo () + 10T || Loo () [ O™ [ 3 [[u= ™ || 342
T IVR| La@) 1Ml Lo @) (1Bl Lo () + 10All Lo () ) [[u™™ [[200 || s

S 10l 2™ 3 10eu™™ {130 + H5t77||§/2||“€’m|\3-¢1-

Then we use the fact that R'7 = K7 on X, Holder inequality and Sobolev em-
bedding theorems to deduce that
(3.40)

IS (L4 10Tl ) 0™ - 7l o sy 0™ - Tl mogsy) + =™ - Tl (s,

S L+ 10mlls2)100w™™ - 7l oy l[u™™ - 7l mogsy) + 145 - Tl Fo (s, -

Now, we estimate 1] more carefully use the same method as I and I1.

/ O FY(0pu®™ — Ru®™)J — / O F3 - (0pu™™ — Ru®™)
Q p)

— [ 8 F(r (0uE™ — RuE™))J
3y

(3.41) SNOUF" = F* = F?) || gy (10" |3 + [|Ru=™ [[342)
SN0(F = F3 = F)|| oy (|10u=™ 32 + |V R ey l|u™ | 4
+ | Rl| oo (0 5™ 1242
SNO(F = F? = Fo|| (g (100u=™ |32 + [|0en]ls 2 [|u l341)-
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For terms relating to force F', F'3 and F®, we estimate them as follows.
/ F'. R(Oyu®™ — Ru®™)J + F' - (Oyu®™ — Ru®™)0,.J
Q

3.42) S IF o (IRl ze(@) + 1067 @) 18w || 24 + | Rll s o) (I Rll s (0
+ 10T || s ) [[u®™ || s )

S E o (N0umlls p2ll 0= 21 + 10emll3 o llu=™ 341)-

/ (F3(r - R(OuE™ — RuE™)) + F3(r - (Qu™ — Rus™),J K)J
P

3.43 m m
BA3) < (IF 1y + 1 F 12 180T 1| 22 ) 100 ™ 1 + [0S 1)
S UIF 12 + 1F2 1l 200emll3 2) (106w ™[22 + [[us™ [l30).
/ F4 . R(atus,m _ Rus,m)
>
(3.44)

SNF a2 llRI o) (10w 11 + | Rl gy llu=™ (1)
SN0z /2 lFH 1 /2) 100w |20 + (|05 /2]t [|342).-
Then we bound

/ RO ((Ou®™ — Rus™) - N) = / R/ 010,m0,0265™
b)) b

< 0wl zallordenllLal| 01076 (12 < lInlls/2l10mllsj2l076™™ l1.x-

Then, (3.35) coupled with (3.39)—(3.45) might be reduced by Cauchy-Schwarz in-
equality to

d1l 1 1 1
DL oeem 2 v Lejozesm2 +*Mm”ﬂ2+fﬁ/|@f”~¥J
dt 9 1,2 9 t 1,2 4 HL 2 5,

< C@)lInl3 210113 /2 + 10:(FY = F2 = F?)|f0).
10l 2 (IF 3 + I1F? 13 2 + 12112 2) + 1063 o llu=™ I3,

(3.45)

(3.46)

Then integrating over [0,¢] for ¢ < T and taking sup-norm on [0, 7] imply that

sup (0,65 ()| 4 10su=" [ F220 + [0cu™™ - T[T 241053,
0<t<T

(347) <0 O)F + CETEW) + [|0:(Ft — F* = F%)|Ey,0,.
+EMUIE g, + IF T2 e + IF N2 ase) + D)0 [Fooggr-

Then choosing v, > 0 sufficiently small, using Lemma 3.4 and estimates for initial
data =™ (0) and 0;£5™(0), we have that

S, 1= ™ ONF + 10u= ™ 2942 + 10u=™ - 7|72 05,
(348) < o@ETEMDm) + &) IF om0 + 1F 72 g1/ + [ FlIZ2p1/2)
|0 (F* = F? = F®) ||ty + (€o(n) + D ().
Step 5. Estimates for £&=™. We utilize Theorem 2.6 for (3.23) to obtain that
(3.49) 165 + 0™ 372 S u=™[l1 + |1F' = F* = F?|l gy + [Rll1/2-
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We set ¢ = £5™ + €0,£5™. Then we might represent 5™ in terms of { as

t 1 t s
(3.50) &M =moe” c + g/ e = ((s)ds.
0

Then we use the Fubini’s theorem to obtain that

T t
m 2 1 _t=s
1€5™ 72 grsre < lImollsy / e odt | + H/ —e = [Cllsya(s) ds
0 o€ Lz

- 1/2 - 1/2
2 FICI2 L () d / St d
([t =1 umas) ([l

S CETnoll3 2 + 1€ + 0™ 172 o2,

2

(3.51) 2

< C(e)Tllmoll3/2 +

L2

which coupling (3.49) gives the bound

1€ 72 7272 S CE)TlmolI3 2 + w720

(3.52)
FIF = B2 = PPy .+ IR

Similarly, from (3.34), we have that
(3.53)
10:65™ 1727372 S CE)TE 0™ (0) 132 + 106" + 076%™ (|72 732
S CETIE™O)I5)2 +11€7™(0) + 0= (0)[13/2) + 10:£5™ + 5™ (|72 702
< Ce)T(Eo(n) + IF )5 + I F° ()2 + 1F°(O)]/2)
H10pu=™ [T + 10(FF = FP = F2)[[Ey,0 ). + R().
Step 6. Passing to the limit. From the estimates of (3.29), (3.48) and (3.49)
and Lemma 2.2, we know that {u®™} and {9,u®™} is uniformly bounded in
L2([0,T); HY(2)) N L([0,T); H°(Xp)), and that {£€5™} and {0,£5™} are uniformly

bounded in L>([0,T7; H* (X)) N L?([0, T]; H*/?(X)). Up to an extraction of a sub-
sequence, we have that

us™ — o weakly in L*([0,T]; H'(2)) N L2([0, T); H(%)),
Dpu™ — Qyus weakly in L2([0,T]; H* () N L*([0, T]; H°(Zp)),
£5™M  €° weakly- x in L°([0,T); HY(X)),
OpES™ — 9,67 weakly- x in L*([0,T]; HY(X)),
and
5™ — € weakly in L*([0,T]; H*?(%)),
9, E5™ — 9,6° weakly in L2([0,T]; H*()).

The lower semicontinuity of norms implies that

e,m

™ (|32 g + |Ju '7'||2L2H0(Eb) + 0= (|22 g + (O™ - TH%2H°(Zb)

and
€™ 12w g+ 1O ™ B s + 165 L2072 + 104E™™ 2110

are bounded.
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Step 7. The strong solutions. We may pass to the limit for (3.23) as m — oo
to obtain that

S 0 8 [ (0 m)(0-7)T + (6 + 205 v Ny
Zp

=(F17U)Ho—/Z(URal(v-N)+F3~U)— g Fo(v-7)J

(3.54)

for each v € V(t). Then we might use Theorem 2.5 to introduce the pressure.
Define the linear functional A € (WW)* by setting A(v) to be the difference of the
left-hand side and the right-hand side of (3.54) for each v € W. Then Theorem 2.5
ensures a unique p(t) € HO() such that (p°,div4v)go = A(v) for each v € W.
Moreover,

(3.55) I @IS < wlIF + NG + IF21T 2 + 1 E2I1 -

Hence

g(u‘g,v)qg +8 [ (W) (v-7)J —(p°,divav)yo + (£ + 0%, v-N)1 5
(3.56) >

= (F' v)y0 — oRO1 (v - 3.0) — ST
= (FY, )y /E(Rﬁ( N)+F )/EbF( )

for each v € W(t), which shows that (u(t),p°(t),&(t) + €0:£(t)) is the unique
weak solution of the elliptic system (2.25). Then we employ the elliptic theory in
Theorem 2.7 to deduce that

lu= (0113 + PO + 116°(8) + 20" (D13 2

(3.57)
SNEOIG + IEP @O 2 + IF° @172 + 105 015 2 + [01RII 2-

Then from the integral representation of £ as

1t e
£ = noe_g + g/ e = (£ 4 €0:&%)(s)ds,
0
we have that
(3.58) 165013 211572 S CE)T nollZ )2 + 1€° + €06 (132 py5/2

Finally, along with (3.53), we have that
(3.59)
||“E||2L2H2 + ||p6||%2H1 + ||§EH2L?H5/2
S CE)Tlnoll3 /e + IF Nz o + IF T2 e + IF N T2 rase + 10E° 72 a2 + R(0)
S CET(& () +IIFHO)F + IE2O)IF )2 + IF°(0)]F/2)
10 o g + 10:(FY = F? = FO)|[8,0 ). + K(n).
Step 8. The weak solution for D;u® and 0;p°.

Now we seek to use (3.34) to determine the PDE satisfied by D;u® and 0yp°.
We may pass to the limit m — oo, and use (3.34) with the test function v replaced
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by Rv to derive that
(3.60)

L0 v + 8 | (0w - 7)(w- )T + (" + 2026 v N5
Xy

= (65 + 0,65, Rv - N)1x — (p°, diva(Rv))xo +/ [0 F" v+ 0, JKF" -v] J
Q

- / 00 R (v N) + 0RO, (v - ON) + O F - 0]
b

—/ [0,F°v + 8, JKF°v] - 7.J — B(u® - 1)(v-7)0J
>y 3

—/ %(]D)@tAuE :Dgv +Dyu® Dat_A’U—l—atJK]D)AuE ZDAU)J.
Q

According to the Lemma B.1, we know that —R" N = ;N on X. Then integrating
by parts, we have that

(3.61) —(p°, diva(Rv))po = (RTV 4p%, )30 + (P°ON,v)_y 9,

where we have used the Proposition 2.4 to cancel the term on boundary of solid
wall. Then the definition of R and integration by parts yield that

—/ %(D@Aug :Dgv 4+ Dgu® : Dy, av + O J KD gu® : D gv)J
Q

(3~62) — _/ ,U(DBtAUE — R]DAue) :Vavd
Q

= (diva(Da, au® — RD4u®),v)0 — (Do, at"N + Dau 0N, v)_y .

Similarly, we have that

B(u® - 71)(v-T1)0J

b

pDguty - 00 J

b

(3.63) D quty - 00 JKJ + pRD quv - vJ — pRD quv - vJ

b

Il

Dy, au’v - vJ — pRD quv - vJ

b

1Dy, au’v - vJ + BRu - v

b
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Combining the above equalities (3.60)—(3.63),
(3.64)

L0 )+ B | (G 7Y (07T + (B0E" + 05, v N)us

>

— / [div 4(Do, au® — RD4u®) + RTV ap°] - vJ + / (0:F* + 0, JKF") -vJ
Q Q
+ / (uDo, au°v + BRuT) - 7(1 - v)J — / (0.F° 4+ 0, JKF)(v-7)J
>y 3y
— / 01oRI (v - N) + RO (v - ON) + F? - v+ (Do, au° N + D gu RN - v
by

’ /2 (=p° +9(§° +0,€7) — 001 (R + 01(§° +€0,87))) ON - v,

where we have used the integration by parts for the term (£ + €9,£%, Rv - N)1 x.

Then there exists a unique 0;p° € HO° by employing Theorem 2.5, such that
(3.65)

%(Btus, V) + B | (0 -7)(v-7)T — (0%, divg v)o + (0:£° 4 025, v “N)1x
P

= / [diVA(DatAua — RD 4uf) + RTVAPE] ~vd + / (8tF1 + atJKFl) ~vJ
Q Q
+/ (,uID)gtAuEl/—l—ﬁRuE)-T(T-v)J—/ (04 F° + 0, JKF>)(v-7)J
> P
- / 0, 0RO (v-N) + RO (v - ON) + F3 - v+ (Dg, auN + D uON) - v
)

+ / (—p° + 9(§° +e0i&%) — 001 (R + 01(§° +€0i7))) ON - v,
Y

and
100715 S 185w 1T+ I3 j210emll3 o (1113 + 7M1 + 1165 + £0:€° 13 2
(3.66) +10l13 2 + Inll3/e + 1+ IFHE+ IF213 0 + 1F13 )5
+ |0 (F! = F? = F°)|[50)-)-

Thus integrating temporally from 0 to T" reveals that
(3.67)

18¢u | L2br + [10ep° |1 2 1o

S (CE)T +1)(K(n) + o + [F1(0)[lo + [[F2(0)[F 2 + [1FZ (013 /2) + E(n)&(n)
+ L+ €MNUF oo + 1F° 725172 + I1F® 172 p/2)
+ (1 + EM)NIO(E = F* = F)|[t -

3.3. Higher order regularity. Now we define notions as follows:
€ (u", 17, %)+ = [T g2 + 100" | Fow o + 9% e g1 + 1100 [ 10

(368) €2 €2 - J €12
A€ NG e g2 + 106 N o ggare + DM€ o g
j=0
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(a0, €) - = 3 (100 oo + 100 B srs + 107 2 o2
7=0
2

(3.69) + 3 (1076 3esrs + 107 - 732105,y + 1070 13210
7=0

|

+ Y 0112 o2 + 102E° N T2 e

J

In order to state our higher regularity results for the problem (3.1), we must be
able to define the forcing terms and initial data for the problem that results from
temporally differentiating (3.1) one time. First, we define some mappings. Given
FS v, q, £, we define the vector fields &' in ©, & on ¥ and &* on ¥ by

&' (v,q) = R'V.aq + diva (Da(Rv) + Dy, av = RD4v),
(v, q,&) = ptDA(RVIN — (qI — puD40)ON + Do, 40)N + L(E)ON
— oW FOON,
&°(v) = (uUD 4(Rv)v + puDg, avv + BRv) - T.

These mappings allow us to define the forcing terms as follows. We write F1.0 = F!,
F30 = F3 and F5° = F5. Then we write
1,1 . 1,0 1/, ¢ 3,1 . 3,0 3(,,E E (€ €
F =Dy FH7 4+ 6 (uf,p%), F> =0 F>° + & (u®,p°, 5 + 0:£°),
Fol = 9,50 4 &° (uf).

(3.70)

(3.71)

When F6 =R, uf, p° and £° are sufficiently regular for the following to make sense,
we define the vectors
(3.72)

FY? .= &Y (Dwuf, 0ip°) + DY, F32 .= &3(Dyus, 0;p°, 0,65 + c02E°) + 0 F>1

F?? .= &°(Dwuf) + 0, F™.

In order to deduce the higher regularity, we need to control the forcing terms
F?J. Before that, we need the following useful lemma.

LEMMA 3.6. Suppose that the right-hand side of the following estimates are
finite. Then we have the inclusions u® € CY([0,T]; H*(Q)), p € C°([0,T); H1(Q)),
¢ € CO([0,T); H5/2(X)), as well as the estimates

(3.73) [0 17 e pr2 S 0 (0)13 )2 + [0 |72 g2 + 10567 |12 2,
(3.74) 1D°13 < 2 S NP O)IF + 10°113 2 550 + 100132 15
(3.75) 165113 0 g2 S mollFisse + 16512 52 + 0% 2 g2
(3.76)

167 +e0eE° 1 e s S ol o+ 16 (O) I3+ 1167 +E0eE°N 72 oo+ 110E° +€07E° N T2 s 2-

PRrROOF. First, (3.73) and (3.74) are obtained by a computation similar to that
of Lemma 3.4. (3.75) can be obtained after employing the extension theory on
Sobolev spaces, and then using the restriction theory on Sobolev spaces. From the
third equation of (3.1), we know that

167 +€0e€%) ()13 2 < moll3 2 + lu (0)13,
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which together with (3.75) imply (3.76). O

Now, we need to estimate the forcing terms of FJ.

LEMMA 3.7. The following estimates hold whenever the right hand side are
finite.
(3.77)
IF g0 S N0E 2o + K (IFO)F + [lu (O)[IF + 1P (01 + ||| 2210

Hlu o + 1000 Lo o + 620 g2+ 1000% T2 2 + 1170 0+ 1000° 172 17)

13 22 S N0F (| p2prrs + R(n) (I\Fs(o)llf/z 0 S
(3.78) HuF )13 + lIp" OV 1F + 117251 + w2 2 + 1100% [ L2 e

€7 + €0 B apross + 100 Bagze + 1907 + OPE7 3 g2

V20 < 0 o + R(n) (||F5<o>||%/2 e O + ]2
(3.79)
10 s + ||u6|%zm).

PrOOF. The estimates follow from simple but lengthy computations. For this
reason, we only give a sketch of proving these estimates.

According to the definition of F11, F41 and F>1! in (3.71), we use Leibniz rule
to rewrite F! as a sum of products for two terms. One term is a product of various
derivatives of 77, and the other is linear for derivatives of u°, p® and £°. Then for a.e.
t € [0,T], we estimate these resulting products using the usual Sobolev embedding
theorems and Lemma 3.4. Then the resulting inequalities after integrating over
[0, T] reveals

I L2 0 S 10 720 + P(EM)D ) IF(0)IIF + 1 E 172 510
(3.80) +[lu )1 + Ip°O)IIF + lull o + 10eull72 0
+lulZemz + 10l pz + Ipl72 g1 + 1021172 0)

where P(:) is a polynomial. Since K(n) < 1, we know that P(&(n))D(n) < R(n).
Thus we have the bounds for (3.77). Similarly, we have the bounds for (3.78) and
(3.79), and (3.78) also needs (3.76). O

Now, we give some estimates for the difference between 0;u® and D;u®. The
proof is similar as that of Lemma 3.7, so we omit it here.

LEMMA 3.8.

(3.81) 10cu® = Dyut (|22 g S D) ([ (O3 + [[ufl|Z2 g2 + 100”12 1r2),

(3.82) [10ru” — Dy |12 g + 100u® = Dot Fo o,y S €D (102 + 10772 12),

and
(3.83)
107u® — 0y Dy (|72 1 + 070" — BeDyu |72 o,y S R (1|72 2 + 0% |2 572)-
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LEMMA 3.9. It holds that

(3.84) 1Y = B30 = o e SNOF e o + 102 |2 a2 + 10F (21
M T2 L2 + 170 g + N2+ 11€° + €07 172 pg52)

and
(3.85)
[0e(FHY = B3 — P[RS HOF(E = FP = F2)|| 343

K UFOVF + 1F s, + 10 s, + 1w )13 + [[p7(0) I3
+lmoll3 /2 + w1 e + 1000 2o g + 02 e + [100u% |72 2
PN 2 g 1O 2y + €7+ €05 T2 yare + 1007 + €OZE T2 gy 2)-
Then Fb' — F31 — F51 ¢ C([0,T); (H')*). Moreover,
(3.86) (P — F%'— B (0) 0. < €0+ IF O+ 1O 5 + 1F0)2)

PrROOF. Since the proof of the first two inequalities are similar, we only give
the proof of second inequality. From the notation in Definition 3.1, we have that

<at(F1,1 _F41 F5 1) >(H1 ye

T
= Oy (D F! -vJ—/82F3~v— 82F5U~TJ)
(3.87) /(/< ) 0 | )
T
+/ (/ 8t®1-vJ—/8tQ§3-v— 3t®5(U-T)J>
0 Q s b8

for each v € X. Then we use an integration by parts to compute

i ¢ = —1 u) : v u® )
s /Qd}lv(]D)A(Ru )vd = 5 /Q]D)A(R ): Dy J+/E]D)A<R N
—|—/E Da(Ru v -7(v-T)J,

which reduces (3.87) to the following equality:
(3.89)

<8t(F1’1—F41 F5 1) >(H1)

:/T (/ 8t(DtF1)-vJ—/8t2F3~v— Eb<9§F*"(v~T)J)
—7/ /@]D)ARu)) DavJ

/ /{at (& — pdiv(Da(Ru? ))Hﬂgjx(DA(Rug))} o]

T
—/ /8t((’53—uDA(RuE)N)-v—/ 0,(®° — D4 (Ru)w - 7)(v - 7).
0 Jx 0o Jx,

Then we use Holder’s inequality and the same computation in Lemma 3.7 to derive
the resulting bounds. O

For our higher order estimates, we need to construct D;uc(0) and 0:p°(0).
Suppose that 9,£2(0) = 9?7(0) € H'(X) is given. We take temporal derivative to
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(3.1) and take ¢ = 0 to obtain that

— A 40) (Dru(0) + V 4(0) 807 (0) = F1(0) in Q,
div_4(0)(Dyu(0)) = 0 in €,
S 4(0)(9:p°(0), Dyu (0))N(0) = L(8:£7(0) + 297€(0))N(0)

(3.90) — 0010, R(0)N(0) + F>1(0) on X,
(S4(0) (2:p°(0), Dy (0))v = B(Dyu)(0)) - 7 = F(0) on X,
D (0)-v=0 on X,
97€°(0) = Dyus(0) - N(0) on ¥,

Then as Definition 3.1, we have the following pressureless weak formulation
(3.91)
(Deu (0),0)32 + B(Dyu(0) - 7, J(0)v - T) oz, + (0:€°(0) + €97€7(0),v- N1z

— (FM(0), 0)p0 —/206{/%81(11-/\/'(0))+F3’1(O)~v—/ F51(0)(v - 7)7(0).

3p
Then Lax-Milgram Theorem guarantees the existence of Dyu®(0) € H'(Q), which
along with Lemma 3.9 and the estimates for «°(0) in (3.10) implies that

(3.92)
1046 (0)1 < 1 D (O)[[F+[[R(0)u (0) [T S €o+[[EHO)[FHIEZ(O)IF o+ F2(0)][F -

Then Theorem 2.5 recovers the pressure 9;p(0) € L?(Q) satisfying
(3.93) 18:p° (0)I[5 < €0 + [IF (0I5 + [IF2(0)IF )2 + [1F2 ()13 2-

THEOREM 3.10. Suppose that no € H5/2(Z) and 82n(0) € H'(X), that &(n) <
1 is sufficiently small satisfying the assumption in Lemma 2.2 and [25, Theo-
rem 3.3]. Let uf(0) € H2(Q), Dwus(0) € HY(Q), p* € H(Q), d,p°(0) € HO(Q),
0:£2(0) € H3/2(X) and 92¢°(0) € HY(X) constructed as above, all be determined in
terms of no and 0?1(0). Then for each 0 < & < 1, there exists T. > 0 such that for
0 < T < T, then there exists a unique strong solution (u®,p*, &%) to (3.1) on [0,T].
The pair (DJus,8p°, 8! ¢%) satisfies

(3.94) | |
— pAA(DIu®) + Vadlp® = FH in Q,
div4(Diuf) =0 in €,
Sa(0]p°, DIu)N = L(D]€° + 0] T )N — 0010 RN + F* on %,
(SA(ag E,D{ua)yfﬂ(D{us)) ST = F5J on X,
Diuf-v=0 on Xy,
e =Dlus N on X,

in the strong sense with initial data (DI wu(0),8p(0),3/€(0)) for j = 0,1 and in the
weak sense for j = 2, where

L(O]€ + 0]t €)= g(0]€® + 0] €%) — 001 (9] €F + 20T €7).



210 BOLING GUO AND YUNRUI ZHENG

Moreover, the solution satisfies the estimate

(3.95)

R(u,p%, %) < Co(C(e)T + 1)(R(n) + €0 + Y (1L F(0)lo + 10 F*(0)][3 /5
j=0

1
+ 07 F2(0)13/2)) + Co(L + €(m) Y (0] F |72 g0 + 110/ F*[1 724112
7=0
+ 0 F2|[721/2) + Co(L+ €M) (F' = F* = F®)|3,0 ..

where Cy is a positive constant independent of €, and K(u®,p®,£%) = E(u®, p®,£°) +
D(uf, pf, £°).

PROOF. Step 1 - Following Theorem 3.5. For the case j = 0, Theorem 3.5 guar-
antees the existence of (uf,p®,£°) such that (Dfu®, 8] p®, 8]£°) is a unique solution
of (3.94) in the strong sense when j = 0 and in the weak sense when j = 1. For
j =1, the assumption of Theorem 3.5 are satisfied according to Lemma 3.7, Lemma
3.9. Then according to Theorem 3.5 and the elliptic estimate for £ +£9,£¢, we have
that (Dyu®, 9;p°, 0,£¢) is a unique strong solution of (3.94), and (D7uf, d2p°, 92&F)
is a unique weak solution of (3.94). Moreover,

(3.96)
| D2 g+ 1 Dei 2 oy + 1D gz + 10Dt 2

+ 10: D |72 prossyy + 100 (17250 + 10e0° (152 g + 197017250 + 10667117 o0 40
H107E N2 pros2 + 10€ 172 52 + 10FE | Fow g1 + 10E° ] T2 4102
S (CE)T +1)(R(1) + € +[|[FVH0) o + [|FZH0)[[F 2 + [IFZH(0)]1F/2)
+ (L Em)UF g0 + I1E> T2 gase + 1F> T2 pa2)
b (Lt €0 (F — FST — PR,

Since R(n) is sufficiently small, then Lemma 3.7-3.9 can reduce the above estimate
to

(3.97)
10 |72 s + 10072 prosyy + 1060 ([ F2 gy + 1070 |72 e + 10708 F 2 pro s,
0% 72 o + 11060172 1 + N07D° T2 510 + 1106€% 1T g + 1107 E° (122 112
+ 105172 oo + 107 N oo b1 + 10:6° 1172 32
1
S(CET +1)(K(n) + o+ Y _(107F0)llo + 107 F3(0)|3 5 + 107 F* ()3 )
j=0

1
(1+¢€(n Z 107 FH 72 g0 + 110 F2 T gyje + 101 |72 pgas2)
Jj=
+ 1+ €M)IOF(F' = F* = F)|[E .-

We can directly estimate 97¢° by employing [5, Lemma 6] with p =¢ = 2,5 >
1/2,0 = 1/(2s) € (0,1), and » = 2/(1 — ) = 4s/(2s — 1), together with Sobolev
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embedding theory
182€° 131/ = 118: D - N+ Dy - N[ 712

(3.98) _ _
S 10:Dew ([Fnll3 /2 + 1Deuf I3 18:0113 -

Then from (3.97), and Lemma 3.8, we see that
(3.99) 10772 p1/2 S RN O + w22 o + a2 g2 + [100% (|72 72)

Thus(3.97) — (3.98) imply

(3.100)

D(us,pf, %) < Co(C(e)T + 1)(R(n) + € + (L F ()]0 + |0 F*(0)]3
j=0
+ 18] F2(0)[15 /2)) + Co(1+ €(m) > (10! F [72500 + 10 F?(132 12
j=0

+ 07 F2||721/2) + Co(L+ €))7 (F' = F* = F*)|3,0 ..

Step 2 — Other terms in €. Arguing as in Lemma 3.4, we may directly derive the
bounds

100w |7 i1 < 10w (O 72 + 11000 2 1 + 107 T2 1
10:p% L0 0 < 100" (O)[Fr + 1097 720 + 107D T2 111
10N e prar2 S 10067 (O Fgs2 + 1067 I T2 prase + 107E° 72 722
which together with Lemma 3.4, Lemma 3.6 a imply that
(3.101) E(u®, p%, &) < D(u,p%, ).
Then (3.100) and (3.101) imply the conclusion (3.95). O

4. Local well-posedness for the full nonlinear equation

We now consider the local well-posedness of the full problem (1.6). We first
construct an approximate solution (uf,p®,n°) for (1.6) and for each £ > 0. Then
our plan is to let € — 0 to obtain the solution of (1.6).

4.1. Initial data. For simplicity, we will typically drop € in the notation and
denote the unknown as (u,p,7n) instead of (u®,p®,1°). Suppose that ny € H>/?
satisfying ||770||§ 2 < 74 for 4 > 0 sufficiently small, then we consider the elliptic
system

541%(\)’) S 40)(P(0),u(0)) = —u(0) - V 4(0)u(0) in Q,
div u(0) =0 in Q,
(4.1) A(0)

D 4(0)u(0)N(0) - T(0) =0, u(0)-N(0) =n(0)  on ¥,
(S4(0)(P(0),u(0)) - v — Bu(0)) -7 =0, w(0)-v=0  on Xy,

where 7 is the tangential of top surface. Now we might use Banach’s fixed point
theorem to prove the following theorem.
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THEOREM 4.1. Suppose that o € HY/2(Z) and 8,n(0) € H3/2(X), as well as
A(0), N(0), etc, in terms of ng. The system (4.1) has a solution (u(0),p(0)) €
(H2(Q) NoH () x (HY(Q) N HO(Y)) satisfying

[u(0) 13 + 1u(0)[[F + )T + [PO)F < llmoll3 /2 + 18en(0)II3 2-

PROOF. Let

Xa = {(u,p) € oH () N HO@)|l[ullZrz + lIpll7 + [[ullf + lIpllg < A},
with the metric
d((u, p), (v:9)) = [lu = v]lx +[Ip = gllo-

Given u(0),p(0) € Xy, then f = —u(0) - V 4¢0)u(0) € L*(2). Now, we define the
linear operator L : H%(Q) x HY(Q)) x H%()
Then we consider the following linear system

g%g) Sao(g,v)=f in ©,

dive=0 in Q,
(4.2) A(0)

pD A0y v N (0) - T(0) =0, v-N(0) = 09n(0) on ¥,

(Sa(q,v)-v—=pv)-7=0, v-v=0 on X,

which, by employing [25, Theorem 3.3], has a unique strong solution (¢,v) € X
satisfying

43)  Joll3 + llglls < 111G+ 11A115 2 < CUuO)IT + Imollz 2 + 10em(0)132)-

Thus for small A > 0 and restricting 74 > 0, we have that (v,q) € Xx.
Define then operator A : Xy — X with (v,q) = A(u(0), p(0)). Suppose that
fori=1,2

ggsf) Sa (g, v') = f in Q,

dive' =0 in €,
(4.4) A(0)

D40y 0’ N'(0) - T(0) =0, o"-N(0) = 8n(0)  onX,

(SA(O)(qian) 'Vfﬁvi) -7 =0, v =0 on X,

where f' = —u%(0) - V_4u’(0). Then by energy estimates, we have that
(4.5)
It = w21 + Bl (" = v*) - 7llF0s,) < CUlO)F + [w?(0)IF)(lu' (0) — w*(0)[I7),

which along with Theorem 2.5 and small A > 0 implies that
1
(4.6) lo! = %11 + lla" = *[l5 < 5(lu'(0) = w*(0)]17),

whence A : Xy — X, is a contraction. Then Banach’s fixed point theorem guar-
antees that there exists a unique solution (u(0),p(0)) satisfying

(4.7) lu(O)[13 + Ip(O)IIF < llmollZ /2 + 19 (O)132-
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In order to estimate dyu(0), for 2n(0) € H'(X) given, we differentiate (1.1)
and (1.2) temporally, and then take ¢ = 0 to have the following linear system
(4.8)

div_a, Sa,(0:p(0), D:u(0)) + (D:u(0)) - Vs, ug + g - V4, (Dru(0))
F1(0) in

div 4, Du(0) = in Q,
S, (9¢p(0), Dy (0))N (0) = gden(0)N(0) — 07 n(0)N(0)

+ FS(0)N(0) + F3(0) on 3,
Dyu(0) - N(0) = 971(0) on X,
(84, (Dep(0), Dyu(0))v — BDyu(0)) - 7 = F°,  Dyu(0)-v =0 on Xy,

where
FH0) = — ac}él\\(/()) S 40y (Po, uo) + Hgét\)’) Da, 4(0yuo + ugég) D 4¢0y (R(0)uo)

— (R(0)uo) - V 4(0yto — uo - Va,.4(0)Uo,
F*(0) = D a(0) (R(0)uo)N(0) + uD, a(0) o' (0)

+ [gno — 001 (O1mo + 1R)] 9N (0),
F5(0) = pD a0y (R(0)uo)v - 7 + Dy, ayuov - T+ BR(0)ug - 7,
Fﬁ(o) = R'910,m/(0).

Then we have the pressureless weak formulation
(4.9)

B[D,u(0), w] == g(Dtu(O),w)Hl +6 | (Da(0) 7w 1) (0)
- (Dyu(0) - N (0), - N(0)y 5.
+ /Q (Deu(0)) - ¥ a0y0 + 10 - ¥ a0y (Dru(0))] - I (0)
— (020(0), w - N(0))1.5 — (Dm(0), w - N(0)y.5 — / R0, 0,(0) (w - N (0))

- / lomo =704 @10+ ROm)I AN () - w— [ 8(RO)w0-7)(w - 7)0)

—/ <a(%41\\(70) S 400y (Po, u0) - w + gDatA(O)UO : DA(O)w> J(0)

*/Qg]DA(O)(R(O)Uo)i]D)A(O)wJ(O)-

Then Lax-Millgram theorem guarantees that there exists a unique Dyu(0) €
X(0), such that (4.9) holds for each w € X(0). Moreover,

(4.10) IDew(O)1F < lInoll3 /2 + 10 (0)II5 /2 + 1970 (0) 13-
Now from Theorem 2.5, we may recover d;p(0) € H(Q) such that

(4.11) 10ep(0) 113 < llmol13 2 + 10en(O)1I3 2 + 107 (03
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4.2. Existence of approximate solutions. We now construct a sequence
of approximate solutions (uf,p,n®) for each 0 < e < 1. For simplicity, we will
typically drop e in the notation and denote the unknown as (u,p,7n) instead of
(u®,p%,1°).

Now we consider the e—perturbation problem of the original system (1.6) as

divg Sa(p,u) = —pAqu+ Vap = —u -V u in Q,
divgu=0 in €,
(4.12) { Sa(p,u)N = g(n+en )N — 001 (01 +eoim) N — o RN on X,
(Salp,u)y —Pu)-7=0, u-v=>0 on Xy,
on=u-N on X.

where A, N are in terms of n° and the initial data are n(z1,0) = no(x1), 9n(z1,0)
and 92n(x1,0).

Our strategy is to work in a metric space that requires high regularity estimates
to hold but that is endowed with a low-regularity metric. First we will find a
complete metric space, endowed with a weak choice of a metric, compatible with
the linear estimates in Theorem 3.10. Then we will prove that the fixed point on
this metric space gives a solution to (4.12).

We now define the desired metric space.

DEFINITION 4.2. Suppose that T' > 0. For x € (0, 00) we define the space
(4.13)
S(T, k) = {(u,p,n) € L*H' x L*H® x L¥H*"?|&(u,p,n)"/* < k and (u, p,7)

achieve the initial data as Section 4.1}.

We endow this space with the metric

(4.14)  d((u,p,n); (0,4,€)) = lu = vllzer + [lp = all 2 o + 11 = Ell oo prare,

where here the temporal norm is evaluated on the set [0, 7.

It is obvious that S(T), k) is a complete metric space, so that we could admit
the contraction mapping principle. Then we employ the metric space S(T, k) and
a contraction mapping argument to produce a solution to (4.12).

THEOREM 4.3. There exists a constant C > 0 such that for each 0 < ¢ <
min{1,1/(8C)} there exists a unique solution (u®,p®,n°) to (4.12) belong to the
metric space S(T., k), where T, > 0 and o > 0 are sufficiently small.

Proor. Throughout the proof P(-) denotes a polynomial such that P(0) = 0,
which is allowed to be changed from line to line.

Step 1 — The metric space. Suppose that £(n) < v is sufficiently small. For
F' = —u-Vu, F3 = 0 and F®° = 0 in Theorem 3.10, let 7. > 0 and the
initjal data small epough such that Co(C(e)T +1)(R(n) + €y + 2}:0(|\8§F1 (O)lo+
107 F*(0)[IF ), + 10/ F°(0)]17 )2)) < 70/2- Then we take o small enough such that

1
Co€(m)&(n) + Co(L+ €m) Y (0] F |72 g0 + 101 F* |2 pyare + 107 F° 72 411/2)
§=0

+Co(1+ EMIGREF" — F* — F9)2 ). < 70/2.
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Then we take x < 70/2. For every (u,p,n) € S(T%, k), let (@, p,7) be the unique
solution of the linear problem of

(4.15)
diva Sa(p,0) = —pA 4t + Vap = —u-Vu in 0,
diva =0 n 0
SA(p, 0N = g7+ edi)) N — a0y (017 + €D10y) N — 0O RN on X,
(Sa(p,a)v—pa)-7=0, w-v=20 on Xy,
on=u-N on 3,

where A and A are in terms of 7, and the initial data 7(0) = ng, 9;7(0) = 9;n(0)
and 977(0) = 971(0). By Theorem 3.10 we have the estimate

(4.16) A(a, p, i) < K,
which implies that
(4.17) (5.7) € S(T., ).

Step 2 — Contraction. Define A : (u,p,n) = (@,p,7). Now we prove that
A S(T., k) — S(T.,k) is a strict contraction mapping with the metric in the
Definition 4.2. Choose (u’,p’,n’) € S(T., k), and define A(u’,p’,n’) = (@', p’, ")
as above, i = 1,2. For simplicity, we will abuse notation and denote u = u' — u?2,
p=p' —p? n=n'—n? and the same for @, p, 7. From the difference of equation
for (@i, pt,7'), i = 1,2, we know that

div S41(p, ) = Mﬁy(DAl—ﬂﬂz) +R! in Q,
%va = R? in Q,
(4.18) Sar (B, N = D 1 2@ N + g(7] + 0N
— 00, (1) + €010 N — 0O RN + R? on ¥,
(Su(p, )y —Ba) - 7=pDy_pi’v-7, G -v=0 on Xy,
o =a-N'+R° on X,

where R', R?, R?, R*, R® are defined by

R'=p (Agii\;@)(]D)AszQ) — V(Al_Az)ﬁ2,

R?>=— div @2,
(AT—A2)

R = PN = N?) 4 Daeil® (W' = N?) + g + 0107 (N = N?)
— 00y (17 +€010,77°) (N = N?) — 0O RPN — N?),
R5 :712 . (Nl _./\/2)7

and A", N, R" = R(d11°) are in terms of 0%, i = 1,2. Here R = R! — R
We now have the pressureless weak formulation of (4.18) as

ﬁ/ Daii: Dawd +8 [ T r)(w-7) + (7 + edit,w - Ny s

(4.19) 2 Ja =

ZM/DA1,A2122ZDAle1+/Rl'le—/URal(w'N1)+R3'w,
Q Q 3
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for each w € X (t). Then according to Theorem 2.5, there exists a unique p € H°(Q)
such that
(4.20)

g/DAla:DAlelJrg Jl(ﬂ~7')(u)~7')—(ﬁ,%}/’ﬂ))o-f—(’17-*—6({92577,11)./\[1)172
Q Eb

:u/ID)Al_AszQ:]D)Alel+/Rl-le—/a’Ral(w-Nl)+R3-w,
Q Q b
for each w € W(t). Moreover,

(4.21) 1Bl < @l + nllase (0" lla/2 + 102 [ls/2) 1512 + 15%]]1) -

Multiplying the first equation of (4.18) by @.J! and integrating by parts reveals
that

- g - - - ~
Oy (/ g\nIQ + 2|81n2> +e/ 9l0,7)* + o|010,7|? +%/ D g1 | J!
> > Q

(4.22) :g/DAl,Azfﬁ;DAlaJlJr/Rl.aJlJrﬁRQJl—/ JY (@ - 7)R
Q Q by

b

— /EaRal(ﬁ NY 4+ R34 — g(i) + €0, R® — 001 (77 + €0y77) 01 R®.
We will now estimate the terms in right-hand side of (4.22). First:
/ R'-aJ' +pR*J
Q
_ /Q ((Agli\;‘z)(]D)AQQZ) - V(A1A2);32> g p div, @
< /Q Vil (V27| Va?] + [V?|[V2a?| + [V5?]) [al + [l Vil va?|

< (lalln®lls sz + 1B10) Inlla2ln* s /2l1@%]2,

Now we consider the integrals on ¥. We know that N'' — N? = (—9;n,0) and
OR? = (R)'9%n?, where |R'| < |01m%|. Then we use Hélder inequality, Sobolev
inequality and trace theory to derive that

/ R34 :/ [— PPN = N?) + Do @®(N' = N?) + g(i7 + 010,77 (N — N?)
s b
— 00, (81772 +€318tf]2) (Nl —N2) — 081R2(N1 —NZ)] U

S <||:52||o|773/2 + 0P llajell@®llwelinlla /e + 17 + edei?lls 2l nlls /2

+ 721132 l1nll3/2 + ||TI2||3/2||772||5/2||Tl||3/2) a1
Similarly,
/EaRa1 (- N — g(f) + o) R® — 001 (7) + €0y77) 01 R®
S lnllsgz (nlls2 + 10215 2) 196l + Nall1@2]1 1nlls 20" ]s/2

172 + 0 |ls 2 | @l 1mlla 2 + 19212l 2 + 102115 21l 2
+ 117 + €0uilly (IInlla/2ll@llz + @2 [1lnlls2) ,
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Then the Cauchy-Schwarz inequality, Sobolev embedding theorem and Gron-

wall’s inequality imply that
T T
sup [l -+ [ 1ol + [l
0<t<T 0 0
T
(4.23) SAIM%OM%QHW%MWQWWm+M%pHW@

T
+ /0 172 + €0 [13 2 lInll3 2 + [Inll3 2115213
From the weak formulation (4.19) and Theorem 2.6, we have that

17+ 0eitll3 /2 < Nalls + mll3 2 (115 215213 + 157113
+ 0% + 0I5 2) + I1F2115 2

(4.24) < ) ) &
1@l + Inll3 2 (I 13 2 1@2 05 + 15°11F + 177 + e0ii? |12 2)
+ 101132 Inll5 2 + 13%[13)-
Since
1 [t .
(4.25) 7= 7/ e” = (n+eon),
€Jo
thus

1 1t ~
0 = L1+ <0u) ~ 5 [ ¢ i+ <),
0

then we have
2

5 1, . . T _t—s -
10671 2 s> < 7”77 + €0yl 32 a2 + = |1+ €0ill3/2
(4.26) 0

C(e)I7 + €4l 72 a2 50(5) (r )T\Inl\LmHo/z

From Theorem 2.7, we have that
[all3 + 1pI13
Sih= u@iy(DAl—AzﬁQ) + RS+ 1R + 11877 — R°II3 o

(4.27) + D ar— a2 @WPNT + RP|1F ) + |uD g1 a2 @Pv - 717 5
S e (2 02 + 2122 ) 18203 + 15213 ) + el
o Il o (12 + €002 + I 122 + 121122,
then the Theorem 2.7 with F® = R implies

17 + €0:l13
Slall3 + 1817 + 10 RIT o + 4D ar— a2 @ N + RP|I3 5

S Ul js (1 02 + 02122 ) 18203 + 1213 ) + w3

1l s (172 + 0120 + 125 + 12122

(4.28)
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Combining (4.23)—(4.26), the Cauchy-Schwarz inequality, Sobolev embeddings, and
the linear estimates of Theorem 3.5 and 3.10 then show that
(4.29)
17013 e gr5/2 < CE)T N7+ €0iil|7 2 52
S CEOTPN T 0o grsros 17717 oo 1821 T 2 gz 152172 ) 10117 e g5
S CETPE) 017w o2

where the first inequality is obtained by (4.25) and the second inequality used the
fact that ||77? + e9;77%(|3, ;5> < & which is included in the proof of Theorem 3.5.

Then (4.21) and (4.23) imply that

(4.30) |l T2 + 15]172 g0 S P17 grs2-
L2
Hence (4.29) and (4.30) reveals that
(4.31) lallZzz + 18112 o + 1777 0c g5z < (CE)T + C)P(R) [0l F e 5.2

where C' is a universal constant independent of e.
We may restrict o such that CP(0) < 1/8. For each 0 < ¢ < 1/(8CP(0)), we
choose T' > 0 such that C(¢)T"P(c) < 1/8. This implies

d(A(ulap17771)7 A(U2,p2, 772)) = d((ﬂ’laﬁla ﬁl)v (027ﬁ27ﬁ2))
1
< id((ulvplvnl)a (U2,p2, 772))

Finally we see that A is a strict contraction on S(T%, ). Since the metric space
S(T:, k) is complete, the contraction mapping principle reveals the existence of a
unique (u,p,n) € S(T, ) such that A(u,p,n) = (a,p,7) = (u, p,n). 0

(4.32)

4.3. Existence of solutions. In this section, we consider the solution of orig-
inal problem (1.6). For (u®, p®,n°) solving (4.12) obtained in Theorem 4.3, we want
to send € — 0 to get a uniform 7" > 0 independent of €, so we need some uniform
estimates. Fortunately, this could be easily done due to [25, Theorem 4.12]. In
[25], the author gives the a priori estimate for (1.6), and the ¢ terms in (4.12) has
no effect on a priori estimate. So the details of proof of the following theorem is the
same as [25, Theorem 4.12] using a standard continuity argumet, in which £°(t)
and D4(t) denotes the modified energy and dissipation with (u,p,n) replaced by
(u®,p®,n°) in £(t) and D(t) respectively.

THEOREM 4.4. There exists a universal constant C' and for any large T > 0
independent of € such that for each € > 0 sufficiently small,

(4.33) sup E°(t / De(t)dt < C.
0<t<T
Then we present the main result of this section.

THEOREM 4.5. There ezists a solution (u,p,n) solving the equation (1.6).

PRrROOF. According to the energy estimate in Theorem 4.4, there exists a se-
quence ¢ tending to zero and a pair (u,p,n)

(4.3) (us, p* ) = (u, p,n) weakly- * in the spaces of energy as (3.68),
. (u®*, p**,n°*) — (u,p,m) weakly in the spaces of dissipation as (3.69).
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Choose a function w € W, then from the weak formulation, we deduce that

T
//gnek(wJ\/ak)+o’8m€’€81(w~/\f€k)
0o Js
T
’ E’“/ / 9O (w - N'=%) + 001977 Oy (w - N+
0o Js

T T
+/ / ED vt : D gerw o +/ Bur - 7)(w - 1) J*
0 Q 2 0 >y

T
—/ /pE’C div wJ*
o Jo o A%

T
- _U/ /R(alnek)al(w-/\/gk) _/ (U -V geru™) - wJ .
0 b Q

Passing the limit £, — 0, the convergence (4.34) reveals that

T T
/ /gn(w-/\f)+0817781(w~]\/)+/ /HID)Au:]D)AwJ
o Js 0o Ja?2

+/OT 2bﬁ(u-T)(w'T)J—/OT/QPdiVAWJ

_—U/OT/ZR(am)al(wJ\/')—/Q(u~VAu)~wJ.

Thus the limit (u,p,n) is a weak solution of (1.6). Then integrating by parts,
(4.35)

/OT/EQTI(w.N)—aal (8177+R(6177))w'N_/OT/QM(AAu)wJ

T T T
+/ /M]D)Au/\/-w—i—/ / MDAuu~w+ﬁ(u~T)(w~7)J—|—/ /VAp-wJ
0o Js 0o Jx, 0o Jao

T
—/ /pN~w+/(u-VAu)-wJ=0,
0o Jx Q

we know that (u, p,n) satisfy the boundary condition of (1.6). In addition, we could
use the same argument as Section 4.1 to construct the initial data of (4.12) and
then let € — 0 to obtain that the limits are consistent with results in Section 4.1.
Thus (u,p,n) is a strong solution of (1.6) because of its regularity. O

4.4. Uniqueness. We refer to velocities as u/, pressures as p?, surface func-
tions as n?, for j =1, 2.

THEOREM 4.6. Let u', u?, p', p? and n', n? satisfy
(4.36)

T
sup {E(ut,ph, ), EG2, 07 n?)} <, and/ (D@, p' ), D2, % P} < 6,
0<t<T 0
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with T > 0. Suppose that for j =1,2,

— pA U + VYV p) = —ud -V ! in Q,
(Eyuj =0 mn
(4.37) S (P, W )N = g’ N7 — 00y (81 + R7) NV on X,
(Sai(p )y —pu?)-7=0, v -v=0 on Xy,
O =u? - NY on X.

where A7, N7, R7 are determined by 1’ as usual. Suppose that 9Fn*(0) = 9Fn?(0)
for k=0,1.
Then there exist 61 > 0 such that if 0 < § < 61 , then

(4.38) ul =u?, pt=9p% nt=ny

on [0,T].

PRrOOF. First, we define v = u! —u?, ¢ = p! — p?, 0 = n' —n? and derive the
PDEs satisfied by v, ¢, 8. We still use R to denote R = R' — R2.

Step 1 — PDEs and energy for differences. Subtracting equations in (4.37) with
j = 2 from the same equations with j = 1, we can write the resulting equations in
terms of v, ¢, 6 as

(4.39)
div Sai(q,v) = pdiy (D1 —a2yu®) + H' in 0,
(E}/v = H? in Q,
S (g, )N = pD g1 - 42y N + gON' — 607N — 0O RN + H? on X,
(Sa1(q,v)v — o) -T:uD(Al,Az)uQV-T, v-r=>0 on Yy,
o0 =v-N' 4+ H on 3,

where H', H?, H3, H*, H® are defined by

H!' = N(Agi\;\?)(DAauQ) — V(Al,Aa)pQ —ur -V put Fu? -V eu? —v- Vo aut

—u? Vo peu? —u? -V v,

H? =— div_u?,
(A—A2)

H3 _ *]72(./\/1 7./\/2) Jr]D)Alu2(./\/'1 7./\/'2) _ D(Al_A2)U2N2 Jrg772(./\/1 7./\/'2)
— O (N = N?) — 0O RA(NT — NP,
H° = u? - (N' = N?).
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The solutions are sufficiently regular for us to differentiate (4.39) in time, which
results in the equations

4.40

( C}Ey Sa1(0eg, Ov) = N@}y (Do, 41-,42)u”) + H in €,
(2}7 v = H? in Q,
S 41(0vq, )N = Do, a1 —p, 42y >N + gON" — 50, (810,0) N'*

— 0O R'N + H? on 3,

(S 41(0eq, Ov)v — BOw) - T = ‘LLD(atAl_atA2)’LL2V T+ H* on X,
Ow-v=>0 on Xy,
920 = o - N + H® on X,

where

H' = atHl + aC}i\(l(D(Al_Az)u% + (HY(D(Al_Az)at’U,Q) + a(%i)(l(DAlv)
+ (E}’(]D)atAlU) — Va4,
H? = 9,H? — div v,
Oy Al
H? = atH?’ + D(Al,Az)atUQNl + ]D)(Al,_Az)uQat./\/’l — S (q, v)at./\/l + Dat_Al’UNl
+ gN* — 0O?00,N,

H* = MD(Al_AQ)atu2l/ -7+ Dy, s1vv - T,
ﬁS :atH5 +’l)'atN1.

Now we multiply (4.40) by J'0;u!, integrate over 2 and integrate by parts to
deduce that
(4.41)
g9 2 0 2 H 2 71 1 2
6,5 |8t9| + |816t9| + |]D)A18tv\ J +ﬁ J |8t’U'T|
5 2 2 2 Jo

P

— [ iy o) 0T + B0+ DiafP T~ [ 0w
Q Xy

— / O'athal(at”U Nl) + (]D)(atAl_atAz)ule -+ ]ZIS) . at'U — g8t0H5
2

+/ 081&0815{5— Jl(aﬂ)‘T),LLD(atAl_atAZ)uzl/'T.
3 3p

Another integration by parts reveals that

/QWE}’(D(&AL&A?)UQ) Ot = —% /Q Do, a1-5,42)u” : D10

(4.42)

+/ D(at_AlfatA2)u2Nl . 6t’U + / ]D)(atA1,3tA2)U,2V . 8tUJ1.
= D
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We combine (4.41) and (4.42), and then integrate in time from 0 to ¢ < T to derive
that

t t
/g|at9\2+%\alate|2+g/ / |1D>Alatv|2ﬂ+5/ TV - 72
> 0 Q 0 >

t
= —ﬁ/ JID(atAl_atAZ)u2 : DAlathr/ / H! -Btvjl +8tqH2J1
(4.43) 2 Ja 0 Je

t
- / / 00, F30,(0yv - N1 + H? - 9,0 — g8,0H® — 00,0,00, H”
0 >

t
- / JH (0 - T)H™.
0 J3X

Step 2 — Estimate of pressure. In order to handle the term related to 9;q, we
multiply (4.40) by J'w, integrate over Q and integrate by parts to deduce that

I
2

= /(M%V (Do,.41—,.42yu°) + H') - wJ'!
Q

/DAlﬁtv:DAlel—l-ﬁ (O - 7)(w - 7) + (80, w - N1 5
Q

>

(4.44)
- / M w - 7) (uD oy a1 oy azyi®y -7+ H)
>y

— / a@t(F?”l — F3’2)81 (w Nl) + (MD(atA1,3tA2)u2Nl + gg) - w,
b

for cach w € X(t) and a.e. t € [0,7]. Then d,q € H°(Q) might be recovered from
Theorem 2.5 such that
(4.45)

g/ Dgv:Dygwl+8 [ (v-7)(w-7)— (8tq,c}iyw)o + (040, w - N1 5
Q

>

= /(MCEIV (Do, a1-0,42)u%) + H') - wJ*
Q
- [ DT+ Y
3

4
— / a@t(Rl — R2)81(w Nl) + (/L]D)(at_AlfatAz)uz./\/‘l + f{3) - w,
—L

for each w € W(t) and a.e. t € [0,T]. Moreover,
(4.46)

1001132 jro S 1040112 1 + P(VE) (1040113 2 a2 + 10072552 + lallF 2 o + 0112 72),

where the temporal L? norm is computed on [0, T], and P(-) is a polynomial which
would be allowed to change from line to line.
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Step 3 — Estimates of the forcing terms. To handle the term 9;(R' — R?), we
rewrite it as
(4.47)

/ 00;(R' — R?)01(0pv - N = / o[(RY) 810,60 + (RY — R?)'0,8,1m%)01 (926 — H®)
b b))

i 2
(;Zt </ (Rl)/ |61(Zf9‘ — (Rl _ RQ)/alat’r]Zalate) — / (Rl)ﬂaﬁtnl%
2

—/ |518t9|2(731)//818t772 + (Rl - RQ)”(alat’I]2)2618t9
by
+(RY — R?)0,0%1°0,0,0 — (R — R?)'H®,

Then we rewrite (4.41) as

d 1910,0/2

4 (100854 [ Ry 2L~ R -2y 00070000)

+ H/ D41 0pv|?J" +ﬁ/ JYow - 7|2
2 Jo b

= *g/ JlD(atAl—atAQ)UQ : D g1 0 Jr/ H'. 5,5%]1 + 8tqﬁ2J1
(4.48)

- / JY 0w - T) / |010,0)%(RY) 010im*
Py
- / (RY — R2)(9,0,m2)2000,0 + (R' — R2) (0102720,0,0 — HY)
)
/(Rl)”a Ot |816t9| / (FI?’ D0 — gO0H® — aalatealfﬁ) .
b

We now estimate the terms on the right hand side of (4.43).

@a) & [ I Doua®  Dade S PVEI000 o
@so) [ A 0ws S POVEIOI 082 + 102+ lall + ol
(4.51) [ o) S PO (18l52 + 100152

@) [ ol S POYVBIaalo(10 ]2 + 10152 + o).

By the direct computation for derivatives of (1.7), we may employ the Sobolev
embedding theory to derive that

_ / 10100 2(RY) 0102 + (RY — R2)" (9rhdyn?) 201040
>

. 2
(453) o / (Rl _ R2),(818t2772818t0 - H5) + (Rl)//alaﬂll%
P

S P(VS)(108113 5 + 161132 + 1611572 + 1v]12),
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and
010:0]?
sy [ @Y% - Ry 0.0000000 £ PYEI00E , + 101:72),
@ss) [l 0w S POBIO 052+ 1001572 + el + o]
h

After integrating by parts,
(4.56)

[ ~9008° — 001000 F8° < PVE) 103611 (16112 + 106011 + olz) + 04613,
=

0 1521106013201
Then combining all the above estimates (4.49)—(4.56), we can derive that
d 2 1y 1010:6]?
& (1oois+ [ Ry

2
(457) S CP(\/S) (”ate”iz + / (Rl)/‘812t6| _ (Rl o R?)/alat’r]2alat9>
)

+CP(VO)6IIZ 2 + 180132 + lallF + [lv]]3.

(T\’,l - R2)I813t772818t9) + ||8tv||%

Since
sup / Ry QGO pr_ R2y50020,0,0
o<t<T J% 2
S P(VO) (100112 g1 + 110113  1702)
S PV 10013 < jra + 1040113 2 a2 + 101172 r/2)
Gronwall’s lemma together with the smallness of § implies that

1860113 1+ 10c0l1F2 g1 S “PYITCPVE) (1017572 + 10461172 7
(4.58) H0eall 2o + lall72 g + 0122 pr2)

S CPVITCPNE) 10132 572 + 1001122 s 0 + 022 + 10132172,
where the temporal L> and L? norms are computed over [0,7]. We assume that

07 is sufficiently small for eCPWVOT < eCPVaT < 2. Then we deduce the bound
(4.59)

108113 e g1 + 10012210 S POVE) 017257572 + 108172 s o + lal g s + 0] Z2172)-
Since 8,0 € H'(X) and (4.44), with § sufficient small, Theorem 2.6 reveals that
(4.60) 10661132 a0 S P(VE) 072 5552 + 2 g + 101172 o).

Step 4 — Elliptic estimates for v, ¢ and 6. In order to close our estimates, we
must be able to estimate v, ¢ and 6. The elliptic estimates imply that

0722 + lalzs + 161172 S 1l diy(Dar—aew®) + H' |70 + [ H2 72
(4.61) 00 — H? |02 + HP |31/ + IDar—aew®v - 7|32
HIOHRY =R/
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Then after integrating temporally from 0 to 7', we have that

ollZe e+ llal5agra + 1007252 S POVONONT2 752 + 10817255/

(4.62)
< CP(V)((10172 1572 + lall 32 o + 0117 272),

where P(0) = 0. Since § is sufficiently small, we might restrict §; such that
CP(\/6) < 1. Thus

(4.63) 01252 + llall3 2 g0 + 101172 52 = O
O
4.5. Continuity of energy £(t). We have previously established the bound-
edness of the map t — &(t), but we will now show that actually this map is

continuous. A simple variant of Lemma 3.6 establishes the continuity of ¢ —
) 320y + Hp(t)H%l(Q) + [In(t )||Hk,/2 () and so to establish the continuity of

t = E(t) it suffices to prove that t = [[Oul|F; + 10|50 + 10enl|F7a/2 + 07011, is
continuous. Due to the dissipation estimates we have the inclusions

Owu € L*([0,T]; H(Q)) and 07u € L*([0,T); H*(Q)),
(4.64) Op € L*([0,T]; H°(Q)) and 07u € L*([0,T]; H*(R2)),
O € L*(10,T); H*/(£)) and 97y € L*([0,T]; H**(2)),
and so the Sobolev embeddings (in the time variable) guarantee that
(4.65) dyu € C°([0,T]; H'(Q)), 0ip € C°((0,T]; H(R)), i € C°([0,T); H¥2())

and that t = [|Oyu| 7 +[10ep|| %, +110e7l|3s- is continuous. The dissipation estimate
also tell us that 02y € L?([0, T]; H*/?(X)) and that 871 € L2([0, T); H'/*(%)). From
this and, for instance, [9, Lemma A.4] we find that 02n € C°([0,T]; H*(X)) and
that the map t — [|07n(¢)||? is continuous. Consequently, ¢ — E(t) is continuous.

4.6. Diffeomorphism of ®. From the definition of J and restrict theory in
Sobolev spaces, we can derive that

[Tz =1 = C(llillL~ + (10271l L) = 1 = Cllnlls/2-

The smallness of £(n) sufficiently guarantees that ®, defined in (1.4), is a C*
diffeomorphism for each ¢ € [0, T]. For more details, one can see [11] in 3D domains.

Appendix A. Boundedness for R

The following lemma concerning the estimates of R could be derived directly
from the computation for (1.7), so we omit the proof here.

LEMMA A.1. The mapping R € C>(R?) defined by (1.7) satisfies

1 z /
g (5 [ oo« |52+ [52
z€R < 0

In addition, |R'(z)| < occ.

IR (2)] + R’”(z)> < .
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Appendix B. Properties involving A
We now record some useful properties involving A.

LEMMA B.1. The following identities hold.

(1) 9;(JA;;) =0 for j =1,2 and each i =1,2.
(2) JAes =N on %,
(3) RTN = —0;N on %, where R is defined by R = 0;MM~*.

PROOF. The first equality comes from [9, Lemma A.3]. On X,

=3 ) (1)-(7)- ()

It is easily to compute that RT = JO, K Isyo — 0y AA~L. Since JAes = N,

RN = (JO,K — 8, AA™1)J Aey
= (=K3;J — 0, AA™1)J Aey
= (= JA — JO A)eg = —0y(J Aes) = —ON.
O
LeEMmMA B.2. Let A, N, J, K be defined as (1.5). Then there exists a universal

constant 0 < v < 1 such that if ||77||§/2 < 7, then

and

[l Loy + 1 AllL= @) S 1,

[Nz () + 1Ko sy S 1.

This proof is very simply by utilizing Sobolev embedding theorems, so we omit

the details here. For more information, we refer to [9].
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