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ABSTRACT. We study the Cauchy problem associated with parabolic systems
of the form Dyu = A(t)u in C,(R%; R™), the space of continuous and bounded
functions f : R* — R™. Here A(t) is a coupled nonautonomous elliptic oper-
ator acting on vector-valued functions, having diffusion and drift coefficients
which change from equation to equation. We prove existence and uniqueness
of the evolution operator G(t, s) which governs the problem in Cy(R%; R™) and
its positivity. The compactness of G(t,s) in Cp(R%; R™) and some of its con-
sequences are also studied. Finally, we extend the evolution operator G(t, s)
to the LP- spaces related to the so called “evolution system of measures” and
we provide conditions for the compactness of G(t, s) in this setting.
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1. Introduction

In the study of the diffusion processes, second-order elliptic operators with
unbounded coefficients appear naturally and the associated parabolic equation rep-
resents the Kolmogorov equation of the process. The theory of such equations is
now well developed in the scalar case as the systematic treatise of [17] and the
reference therein show. On the contrary, the literature on systems of parabolic
equations with unbounded coefficients is at a first stage and only some partial re-
sults are available. The interest in the study of systems is on one hand motivated
by the natural sake of extending the known results of the scalar case. On the other
hand, systems of parabolic equations with unbounded coefficients arise in many
applications. Among them we quote the study of backward-forward stochastic dif-
ferential systems, the study of Nash equilibria to stochastic differential games, the
analysis of the weighted 0- problem in C?, in the time-dependent Born-Openheimer
theory and also in the study of Navier-Stokes equations. We refer the reader to [2,
Section 6] and [7, 9, 12, 13, 15, 16].

One of the first papers concerning parabolic systems with unbounded coeffi-
cients is [14] where the authors prove that the realization A, of the weakly cou-
pled elliptic operator Au = div(QVu) + F - Vu + Cu in LP(R™;R™) generates
a strongly continuous semigroup and they characterize its domain under suitable
assumptions on its coefficients. More precisely, they assume that the diffusion coef-
ficients @@ = (g;;) are uniformly elliptic and bounded together with their first-order
derivatives, the drift coefficient F' and the potential V are sufficiently smooth and
allow to grow as |z|log |z| and log |z|, respectively, as |z| — +oc.

Next, first in [10] (in the weakly coupled case) and then in [2] (also in the
nonautonomous case), systems of parabolic equations with unbounded coefficients
coupled up to the first order have been studied in the space of bounded and contin-
uous functions over R%, and existence and uniqueness results for a classical solution
to the associated Cauchy problem are established. This allows to introduce a vector-
valued semigroup T'(t) (an evolution operator G(t, s) in the nonautonomous case)
in £(Cy(RY;R™)) associated with the operator A(t).

Taking advantage of the results in [2], the authors of [6] provide sufficient
conditions for the semigroup T'(t) to admit a bounded extension to LP(R%;R™).
Also some summability improving properties of the semigroup are studied. More
precisely, hypercontractivity estimates of the form ||T'(t)||z(Le(ra;rm),La(ReRm)) <
Cpq(t) for any 1 < p < g < 400 and some positive function ¢, 4 @ (0,+00) —
(0, +00) are established. We stress that also the nonautonomous case is considered
in [6].

All the above papers have a common feature: the elliptic operators therein
considered have all the diffusion coefficients that do not change from equation to
equation, i.e.,

d

(Aou)x = Tr(QD%u) + > (B;Dyw)y, + (Cu)y, k=1,...,m.

i=1
This form of the equations allows to extend easily the classical maximum principle
for systems with bounded coefficients, which in turn allows to prove the uniqueness
of the classical solution of the Cauchy problem associated with the operator Ag and
provides a comparison between the vector-valued semigroup T'(t) associated with
Ap and the scalar semigroup T(¢) associated with the operator A = Tr(QD?) +
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(b, V) for a suitable drift term b, i.e., it can be shown that there exists K € R such
that

[T FIP < 5T)|fP7, f € Gy(R%GR™), t>0.

This is also the case considered in [4] where the matrices B; split in two terms: the
leading one which is of diagonal type (like in the weakly coupled case) and the other
one whose growth at infinity is controlled by a power of the minimum eigenvalue
of the diffusion matrix.

In this paper, differently from the cases so far considered, we deal with nonau-
tonomous weakly coupled operators with diffusion and drift coefficients which may
vary from equation to equation, acting on a smooth function ) as follows

(AMY)x(t,x) = Te(Q (t, ) D*yy(x)) + (b* (¢, ), Vi (2)) + (C(t, )9 (),
for any (t,z) € I x R and k = 1,...,m, I being a right halfline (possibly I = R).
The form of the operator A(t) makes the associated Cauchy problem

{ D = A(t)u, in (s,400) x RY,

(1) u(s,) = f € CoRER™), in RY,

quite involved. In particular, in this case we are not able to control the solution of
problem (1.1) in terms of a scalar semigroup. To overcome this difficulty we extend
to our situation a maximum principle for systems having bounded coefficients to the
case of unbounded coeflicients assuming that the off-diagonal entries of the matrix
C are bounded from below and the sum of each row of the matrix C is bounded
from above. This yields the uniqueness of the classical solution to problem (1.1).

Once uniqueness is guaranteed, the existence of a classical solution of the prob-
lem (1.1) is then proved by some compactness and localization argument based
on interior Schauder estimates recalled in the Appendix. As a byproduct, we can
associate an evolution operator G(t,s) to A(t) in Cy(R% R™), in the natural way.

The evolution operator G(t,s) is positive if the off-diagonal entries of C' are
nonnegative and the system does not contain any subsystem which decouple, then
each component of G(-,s)f is strictly positive in (s, +00) x R? whenever f is a
nonnegative function which has at least a component that does not identically
vanish in R,

In [2] the authors study the compactness of the evolution operator Gy(t,s)
(t > s € I)in L(Cy(RY;R™)) showing that it is equivalent to the tightness of the
measures {|p;;(t,s,z,-)| : @ € R} for any i,j = 1,...,m, where p;;(t,s,,-) are
the transition kernels associated with the problem, i.e., for any f € Cy(R%;R™),
seland k=1,...,m

(G(t, S)f)k(z) = Z /]Rd fi(y)pki(tv 5T, dy)’ (t,fﬂ) € (57 +OO) X Rd'

This fact together with the pointwise estimate of |G(t, s) f|? in terms of the scalar
evolution operator associated with the operator A, guarantees that the compactness
of the scalar evolution operator is a sufficient condition for the compactness of
G(t, s), hence the problem reduces to find conditions that ensure compactness in
the scalar case. We prove that, also in our case, the compactness of G(t,s) is
equivalent to the tightness of the transition kernels associated with the problem
(which are nonnegative measures if the off-diagonal entries of C' are nonnegative).
On the other hand, the lack of a scalar evolution operator which “dominates”
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G(t,s) prevents us from applying the results of the scalar case. However, it is
possible to provide sufficient conditions for the compactness of G(t, s) in Cy,(R%; R™)
in terms of the existence of some Lyapunov functions, see Theorem 3.11. In this
case G(t, s) preserves neither Co(R%; R™) nor LP(R% R™) for p € [1,+00). Further,
assumptions on the coefficients of A are provided in order that these spaces together
with the space Cf(R?;R™) are preserved by the action of G(t, s).

Finally, we prove the existence of an evolution system of measures associated
with the evolution operator G(t, s) consisting of positive measures (which are equiv-
alent to the Lebesgue one), where, according to the definition introduced in [3, 4],
a family {p;, : t € I, i=1,...,m} is an evolution system of measures if

S [ @ dns = [ faue  135<t
J=177 j=1

for any f = (f1,..., fm) € Co(R%:R™), where (G(t,s)f); denotes the j-th com-
ponent of the vector-valued function G(t,s)f. We prove that the evolution oper-
ator G(t,s) can be extended with a bounded operator mapping L%, (R4 R™) into
Ly, (Rd;Rm) for any p € [1,+00) and provide sufficient conditions to be compact
from L#, (R4 R™) into Ly, (R4;R™) for any p € (1, +00).

Notation. Vector-valued functions are displayed in bold style. Given a func-
tion f (resp. a sequence (f,)) as above, we denote by f; (resp. fp;) its i-th
component (resp. the i-th component of the function f,,). By By(R%R™) we de-
note the set of all the bounded Borel measurable functions f : R — R™, where
IFI1% = Y, supyepa [fu(z)[?. For any k > 0, CF(R%R™) is the space of all
f : RY — R™ whose components belong to CFf(R?), where the notation C*(R?)
(k > 0) is standard and we use the subscripts “¢”, “0” and “b”, respectively,
for spaces of functions with compact support, vanishing at infinity and bounded.
Similarly, when k& € (0,1), we use the subscript “loc” to denote the space of all
f € C(R?) which are Holder continuous in any compact set of R?. We assume that
the reader is familiar also with the parabolic spaces C®/2(I x R?) (a € (0,1)) and
C12(I x R%), and we use the subscript “loc” with the same meaning as above.

The symbols D, f, D;f and D;; f, respectively, denote the time derivative, the
first-order spatial derivative with respect to the i-th variable and the second-order
spatial derivative with respect to the i-th and j-th variables. We write J,u for the
Jacobian matrix of w with respect to the spatial variables, omitting the subscript x
when no confusion may arise. By e; we denote the j-th vector of the Euclidean basis
of R™. 1 (resp. 0) denotes the m-valued function with entries all equal to 1 (resp.
0) where 1 is the function which is identically equal to 1 in RY. For any function
f:RY 5 R™ weset ff = fv0and f~ = fA0. Throughout the paper we denote
by ¢ a positive constant, which may vary from line to line and, if not otherwise
specified, may depend on d and m. We write ¢; when we want to stress that the
constant depends on ¢. For any interval I C R, we set Ay := {(t,s) € I xI:t> s}.
Finally, we point out that all the inequalities which involve vector-valued functions
are intended componentwise.

2. Preliminary results

Let I be either an open right-interval or I = R and (A(t)):er be a family of
second order uniformly elliptic operators defined on smooth vector-valued functions
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¥ : RY — R™ by
(APt ) =Te(Q"(t, 2) D>y (x)) + (b* (¢, ), Vipr()) + (C(t, )9 (2)),s
(2.1) =(Ax(@O)vr)(t, x) + (O, 2)h(x))
foranyt € I and k=1,...,m. Fixed s € I, we study the Cauchy problem
{ Diu = A(t)u, in (s,+o00) x R?

(22) u(s,:) = f, in R9.

for initial data which are vector-valued bounded and continuous functions f : R? —
R™. The standing hypotheses considered in the whole paper are the following.

HYPOTHESES 2.1.
(i) The coefficients qu = in7 b;? and the entries ¢y, of the not identically vanishing

matrix-valued function C belong to Cl’z(/:z’a(l x R%) for some o € (0,1) and
eachi,j=1,...,dand h,k=1,...,m;

(ii) the infimum p over I x R of the minimum eigenvalue j (¢, ) of the matrix
Qk(t,z) = (qu(t, x)) is positive for any k =1,...,m;

(iii) there does not exist a nontrivial set K C {1,...,m} such that the coefficients
¢;; identically vanish on I x R? for any i € K and j ¢ K;

(iv) for any J C I bounded, there exists a positive function ¢ ; € C%(R%;R™),
blowing up componentwise as |z| tends to +oo such that (A(t)ps)(r) <
Ay s(x) for any t € J, z € R? and some positive constant \;;

(v) the off-diagonal entries of the matrix-valued function C' are bounded from
below on R? and the sum of the elements on each row of C'is a bounded from
above function on R9.

REMARK 2.2. Some comments on the set of our assumptions are in order.
Hypotheses 2.1(i) and (ii) are a standard regularity assumption on the coefficients
of the operator (2.1) and a standard uniform ellipticity hypothesis on the diffusion
matrices QF, k=1,...,m.

We consider weakly-coupled systems of parabolic equations and Hypothesis 2.1(iii)
is a condition on the entries of the matrix-valued function C' which guarantees
that the differential system in (2.2) does not contain subsystems with less than m
unknowns.

Hypothesis 2.1(iv) is the vector-valued version of the scalar one which requires the
existence of a Lyapunov function for the scalar elliptic operator associated with
the problem. This is a typical request when dealing with parabolic problems with
unbounded coefficients since it allows to prove a variant of the classical maximum
principle.

Also Hypothesis 2.1(v) is finalized to prove a maximum principle when, as in our
case, the diffusion coefficients and the drift terms can change from line to line. We
point out that the assumptions considered here do not imply that the quadratic
form associated with the matrix-valued function C' is bounded from above in R<.
Indeed, if

-4 1 2 1

1 3 1 0
cw=(l+n| o 7 0| wert

0 2 0 -2
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then condition (v) in Hypothesis 2.1 is satisfied. However, the matrix C'(0) + C(0)*
has a positive eigenvalue . Thus, if £ denotes a unit eigenvector associated with
7, then (C(2)&,€) = (|z| + 1) for any = € RY.

On the other hand we can find out matrices whose associated quadratic form
is non positive definite on R% which do not satisfy Hypothesis 2.1(v). Consider for
instance the matrix-valued function C' defined by

-4 0 2 1
0o -3 1 0
cwy=(e+v |0 7 0| wemt

1 2 0 -2

and notice that the sum of the terms on the last row is positive.

We point out that if C' is symmetric, the off-diagonal entries of the matrix-valued
function C are nonnegative and the sum of each row of C' is nonpositive then the
quadratic form associated with the matrix-valued function C' is nonpositive. This
is an immediate consequence of the Gershgorin’s theorem related to the localization
of the spectrum of C.

In order to deduce uniqueness of a classical solution to problem (2.2) we prove
a variant of the classical maximum principle which holds under more restrictive
assumptions on the entries of the matrix-valued function C' and whose proof is
deeply based on the existence of the Lyapunov function in Hypothesis 2.1(iv).

THEOREM 2.3. Let us assume that Hypotheses 2.1(i)-(iv) hold true. Further
suppose that the off-diagonal entries of the matriz-valued function C' are nonneg-

ative and the sum of each row of C' is nonpositive. Then, for any T > s € I, if
u € Cy([s,T] x RLER™) N OY2((s,T] x REGR™) satisfies

Diu— A(t)u <0, in (s,7] x RY,
'U/(57 ) <0, in Rda

then u < 0 in [s, T] x R,
PrOOF. For each n € N we introduce the vector valued function wv,, defined by
1
On(t, @) == u(t,z) — —e " p(z), (t,z) € [s,T] x RY,
n

where \g is a constant larger than Aj; 1) and ¢ = [, 7). Note that, for any ¢ € (s, T
and k=1,...,m,

Duvilt,) = (A0t ) =Dy (t, ) — (AWu)i(t, )
(2.3 A (AW~ Agr) <0,

due to Hypotheses 2.1(iii),(v).

Let us prove that v,(t,z) < 0 for every (t,x) € [s,7] x R? and n € N, or
equivalently, that E,, = {t € [s,T] : v,(t,z) < 0 for every x € R4} = [s,T]. Note
that E, # & since v,(s,z) < 0 for any z € R<¢. Moreover, E,, contains a right-
neighborhood of ¢t = s. Indeed, by continuity, for any R > 0 there exists iz > 0
such that v, < 0 in [s,s + dg] x Bg. Since v, tends to —oo, uniformly with
respect to t € [s,T] as |x| — +oo, there exists Ry > 0 such that v, is negative
in [s,T] x (R?\ Bg,). Thus, E,, contains the interval [s,s + dg,]. The previous
argument also shows that F,, is an interval.
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Denote by t,, the supremum of F,, and assume by contradiction that ¢,, < T. By
continuity v, (£,,-) < 0in R¢, and by definition of ,, there exist k,, € {1,...,m} and
T, € R? such that v, &, (£n, Zn) = 0. Since v, (t,2) < 0 for every t < £, and x € R?
it follows that Z,, is a maximum point for v,y (t,,-) and Dyv, g, (tn, Tn) > 0.
Hence,

d d
(2'4) Dtvn7kn (En? '/ETL) - Z quﬂ DijanCn (E’I’H "Z‘n) - Z bf" Divnwkn (ETH i‘n) Z 07
Q=1 i=1

and, since ¢y, ; > 0 for every i # k,, (see Hypothesis 2.1(iii)),

m m

(25) chn,ivn,i({n;fn) = z Ckmivn,i({nyfn) S 0.
= ik

Estimates (2.4) and (2.5) contradict (2.3). Thus we get v, (¢,2) < 0 for any (¢, z) €
[s,T] x R? and n € N. Consequently, letting n — +o0, we infer that w(t,z) < 0 for
every (t,z) € [s,T] x RZ O

THEOREM 2.4. Under Hypotheses 2.1, for any f € Cy(R%:R™) and s € I,

the Cauchy problem (2.2) admits a unique solution w which belongs to Cy([s,T] x
R%; R™) ﬂC’l+a/2’2+a((s, +00) x R4 R™) for any T > s and it satisfies the estimate

loc
(2.6) (t, oo < X £lloo, t>s,
for some positive constant K (explicitely determined in the proof ).

PROOF. We split the proof into two steps. In the first one we consider the case
when the off-diagonal elements of the matrix C' are nonnegative and the sum of the
elements of each row of C'is nonpositive. In the second step we address the general
case.

Step 1. To begin with, we prove that, if u in Cy([s, T] x R¥) NC¥2((s,T) x R?)
is a solution to problem (2.2), then it is unique and satisfies the estimate

(27) justt )| < max | fell

for every (t,x) € [s,T] x R? and i = 1,...,m. For this purpose, it suffices to apply
Theorem 2.3 to the function

vi=u-— k:rrll,?f(,m [ filloo 1.
Indeed, clearly v € Cy([s,T] x REGR™) N CH2((s,T] x R R™) and
o5, ) =u(s,2) ~ max [|filled = F@)~ max il <0,

for any x € R?. Moreover, for any k= 1,...,m,

,,,,,

m

= max |fille > emi <0,
Jj=1,....m i—1

due to the fact that " ¢k < 0 in (s,7] x R? for any k = 1,...,m. Hence,
Theorem 2.3 implies that v < 0 in [s,7] x R? and the claim is so proved. By the
arbitrariness of T > s we get uniqueness in [s, +00) x R9.
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To prove the existence part let us consider the unique classical solution u,, to
the Dirichlet problem

Dyu,(t,z) = (A(t)uy,)(t,x) t>s, € B,
w,(t,x) =0 t>s, x€0bB,
un(0,2) = f(z) z € By,

(see [11]). By [19, Theorem 8.15], u,, satisfies (2.7) for any n € N, i.e.,

(2.8) Hun,iHooS max || fxlloo
k=1,....,m

holds true for any n € N and ¢ = 1,...,m. The interior Schauder estimates
in Theorem 7.2 together with estimate (2.8) guarantee that the sequence (u,) is
bounded in C''*+/2:2+e(E;R™) where E is any compact subset of (s, 4+00) x R%.
Classical arguments involving the Ascoli-Arzela theorem and a diagonal procedure
allow us to determine a sequence (u,;) C (u,) converging in C?(E;R™) to a
function u belonging to Cy((s, +00) x RGR™) N Cllota/Q’Ha((s,—l—oo) x R4 R™).
Clearly u solves the differential equation in (2.2) and estimate (2.7). To prove the
claim we need to show that w is continuous at ¢ = s where equals f. For this
purpose, we fix R € N and let 0r be any smooth function such that xp, , <0r <
XBp- For any j € N such that n; > R we set v; = gu,,. Note that v; belongs to

C([s,T] x Bp;R™) N CY2((s,T] x Br;R™) and satisfies the problem
Dyj(t,x) — A(t)v;(t,xz) = g;(t,x), (t,x) € (s,T] x Bp,
'Uj(t,l‘) = Oa (t,ﬂf) S (S,T] X 6BR7
vi(s,z) = Op(x) f(z), r € Bg,

where g, = —2<QkVunj7k, VOR) — wn, kArOr. Since all the hypotheses in Propo-
sition 7.1 are satisfied, by using (7.1) and (2.8) we get

(0] < K (14 ) max il

1
Vit—s
for every (t,z) € (s,s+1) x Br and any n; > R, where K is a positive constant
independent of j. We can write v; by means of the variation-of-constants formula

v;(t,x) = (GR(t, ) (Orf)) (@) +/ (GR(t,r)g;(r,)(x)dr  t€[s,T], « € B,

where GE (¢, s) denotes the evolution operator associated with A(t) in C,(Bg; R™)
with homogeneous Dirichlet boundary conditions. Recalling that v; = u,, in Br_1,
we get

[wn, (t,) = FI < IGR (8, 8)(Orf) — I+ KVt — sl fll

in Br_; for any t € (s,s + 1), where K7, is a positive constant independent of j.
Now, letting j tend to +oo and, then, ¢ to s, we conclude that u is continuous on
{s} x Br—1. The arbitrariness of R yields the claim.

Step 2. Now, we consider the general case and prove the claim by using a
perturbation argument. We introduce the m x m matrix C with entries Cij =
infyygacij, if @ # j, and T; = SUpPypa Y peq Cik — > ki Cik, and note that the
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Cauchy problem (2.2) can be written as follows:

Diu = Ag(t)u + Cu, in (s,+00) x R,

’LL(S, ) = .fa in Rd)
where Ay := A — C and the off-diagonal elements of the potential of Ay are
nonnegative, whereas the sum of each row is nonpositive. The existence part can
be obtained arguing as in Step 1. Indeed, observing that for any n € N, the

function w, satisfies the uniform estimate ||un,(t,-)|oe < elCNE=9)||f||ls for any

t > s, we can prove that problem (2.2) admits a solution u which belongs to
Cy([s,T] x R%; R™) ﬂClloJCra/Q’era((s, +00) x R% R™) for any T > s. Moreover, (2.6)

holds true with K = ||C]|.

To prove the uniqueness of the solution, it suffices to point out that any solution
u to the problem (2.2) which belongs to C([s, T] x R%; R™) ﬁC’llota/ZHa((s, +00) X
R%; R™) for each T' > s can be written as follows

(2.9) u(t, ) = Go(t,s) f +/ Go(t,r)(Cu(r,-)))dr,

where {Gy(t,s) : t > s € I} denotes the contractive evolution operator associated
with Ap in Cp(R%; R™). Formula (2.9) and the Gronwall Lemma yield immediately

that [|u(t,)||ee < elCIE=9)| £l for every t > s, whence uniqueness follows. O

As a consequence of Theorem 2.4 we can define a family of bounded operators
{G(t,5)}i>ser on Cp(R%R™) by setting G(t,s)f = u(t,-) for any t > s € I, where
u is the unique solution to the Cauchy problem (2.2) with f € Cy(R%;R™).

REMARK 2.5. We stress that the solution u of the problem (2.2) could be also
approximated by the solution to the Neumann-Cauchy problem

Dyu,(t,x) = (A)u,)(t,z) t>s, z € B,
(Veun(t,z),v(z)) =0 t>s, v €0B,
where v is the unit normal exterior vector to dB,, which is governed by the Neumann

evolution operator G (t,s). Also in this case the sequence (G (-,s)f) converges
to w in CL2(E,R™) for any compact set E C (s, +00) x R9.

Here, we list some continuity properties of the evolution operator G(t,s) to-
gether with an integral representation formula. The proof of these results can be
obtained arguing as in [2, Proposition 3.2 & Theorem 3.3].

THEOREM 2.6. If (f,) is a bounded sequence of functions in Cy(R%;R™) then
the following properties hold true:

(i) if fn converges pointwise to f € Cy(R%R™), then G(-,s)fn converges to
G(-,8)f in CL2(E) for any compact set E C (s,+00) x R%;
(ii) if f. converges to f locally uniformly in R, then G(-,s)f, converges to
G(-,3)f locally uniformly in [s, +00) x RY.
Moreover, there exists a family of finite Borel measures {p;;(t,s,z,dy) : t > s €
I,x € R i, j=1,...,m} such that

(2100 (G(t, ) (@) = Z/R F@pelt,sz,dy),  F € CpRER™),



138 LUCIANA ANGIULI AND LUCA LORENZI

Finally, through formula (2.10) G(t, s) can be extended to By(R%; R™) with a strong
Feller evolution operator.

Now we are interested in finding conditions which ensure the positivity of the
evolution operator G(t, s) in Cy(R?; R™) in the sense that, if f € C,(R?;R™) has all
nonnegative components, then the function G(t, s) f has nonnegative components
as well, for any ¢ > s. Weakly coupled operators with the same principal part have
been considered in [3] extending the result proved in [18] for operators with bounded
coefficients. Similar results can be proved also in the case considered here, where,
an additional assumption on the matrix-valued function C' guarantees also the strict
positivity (with the obvious meaning) of the evolution operator G(t,s). In what
follows, in order to simplify the notation we set I; := {j e N,1 < j < m, j #i}.

HyPOTHESES 2.7. The off-diagonal entries of the matrix-valued function C are
nonnegative.

PROPOSITION 2.8. Under Hypotheses 2.1 and 2.7, if f € Cy(R4;R™) has all
nonnegative components and it has at least a component which does not identically
vanish in R? then (G(t,s)f); > 0 in R? for anyt > s and j = 1,...,m. Conse-
quently, for anyi,j=1,...,m,t>s €I and x € R, each measure p;;(t,s,z,") is
positive and equivalent to the Lebesque measure.

PrROOF. We split the proof into three steps.
Step 1. Here, for each k = 1,...,m and i € N, we introduce the sets H},
defined by

H,g:{jE{1,...,m}\{k}:cjkgéOinIde},
Hi={je{l,...om}\{k}UUI_y H : Il € H 'st.cy Z0in I x R},

and prove that, for each k, there exists my < m such that H! # @ (i=1,...,my)
and {1,...,m} \ {k} ="} Hj.

Let us fix k € {1,...,m} and suppose, by contradiction, that HY = @. This
would imply that c;, = 0 for any j # k. Clearly this condition contradicts Hypoth-
esis 2.1(iii), taking K = {k}. Let us now fix r > 0 such that U;=o H,]c is properly
contained in the set {1,...,m}\ {k} and prove that H; ' # @. On the contrary,
let us assume that H; ' = @. This means that, for any i ¢ H) U--- Hf U {k} and
¢ € HJ, ciy identically vanishes in I x R?. By the definitions of Hi,i=0,...,r,
it follows that c;; identically vanishes in 7 x R? for any j € {k} UHY U --- H] '
Summing up we conclude that ¢;; = 0 in I x R? for any j € {k} UH) U --- Hf
and i ¢ {k} U H) U---HJ contradicting again Hypothesis 2.1(iii), taking K =
{k}UHQU--- H}. The second statement now follows immediately.

Step 2. Here, we prove the first part of the claim. Let f € Cy(R%R™) be
such that fj, does not identically vanish in R? and let us show that (G (t,s)f),
is positive in R? for any t > s € I and j € {1,...,m}. Then, letting n tends
to infinity we get the claim by monotonicity. Let us consider first the case j = k
and let Gﬁk(t, s) be the evolution operator associated with the operator Ay + ¢y
in C(B,,) with homogeneous Dirichlet boundary conditions. Since Gﬁ p(t,s) is
irreducible, it is known that Gﬁk(t, s)fy > 0 in R? for any ¢ > s. Taking into
account that (G2 (-, s)f); is nonnegative in (s, +00) x B, for any j € {1,...,m}
(see [3, Proposition 2.8] with the obvious changes) and that the off-diagonal entries
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of C' are nonnegative functions, using a scalar maximum principle we deduce that
(211)  (GR(t,s) ) (@) 2 (Gri(tss)fi)(@) >0, (t,2) € (s,+00) X By,

Now, we fix j € {1,...,m} \ {k}. Clearly, if f; does not identically vanish the
claim follows immediately arguing as above. Hence, let us assume that f; = 0
in R?. Since j belongs to U™, Hj and Hi N H,jC = o for i # j, there exists
a unique r € {0,...,my} such that j € Hj. Now, if r = 0 then ¢;; does not
identically vanish in I x R? and, since u} = (G (,5)f); satisfies the equation
Dy = Ajul + cjzuil + 32545 ¢ipup, in (s, +00) X By, we get

u?(t7 )= Gﬁj(t, s)fi + Z/ G,?’j(t,r)(cji(r, Jul (r,-))dr

i#j 0 °

= / GP (¢, 7) (cjs(r, Yl (r, ) )dr

i#£]
(2.12) > / G (t,7) (eju(r, Jup(r, ))dr

and the last side of (2.12) is strictly positive in R? for any ¢ > s € I. Otherwise if
r > 0, then by definition of H;, we deduce that there exists ¢; € H;fl such that
cje, does not identically vanish in I x RY. Iterating this argument we conclude that
for any h < r there exist ¢}, € H,:_h such that cs, ¢,
I x R%. In particular, since ¢, € H,g, co, 0, 70 in I x R? and, consequently ¢y, 1,
does not identically vanish in I x R?. The above arguments imply that (G2 (-, s) f)s,
is positive in (s, +00) x R?. But, again, since ¢, ,,. 7 0 in I x R? we get that
(GP(-,5)f)e,_, is positive in (s, +00) x RZ.  Tterating this procedure we finally
conclude that (GD (-, s)f); is positive in (s, +00) x R, As a byproduct we deduce
that for any ¢t > s, 2 € R% and 4, j = 1,...,m the measure pij(t, s, x,dy) is positive.
Indeed, p;;(t,s,z,R%) = (G(t,s)e;)i(z) > 0.

Step 3. Here we prove that the measures {p;;(t,s,z,dy) : t > s,z € R% i,j =
1,...,m} are equivalent to the Lebesgue measure. Arguing as in [2, Theorem
3.3] it can be proved that if A is a Borel set with null Lebesgue measure then
G(t,s)(xae;j)(x) =0 for any t > s, z € R? and j = 1,...,m. Consequently, since

(213) pij(t757x7A) - (G(tvs)(XAej))i(I)7

each p;;(t, s, x,dy) is absolutely continuous with respect to the Lebesgue measure.
On the other hand, let us assume that p;;(t,s,2, A) = 0 for any ,7,¢,s and x as
above and prove that the Lebesgue measure of A is zero. Suppose, by contradic-
tion, that this measure is positive. Then, the strong Feller property of GP (¢, s)
and Gﬁk(t, s) allows to extend estimate (2.11) to any bounded Borel function. In

particular (G2 (t,s)xae;); > Gﬁj(t,s)XA for any t > s and j = 1,...,m. Let-

ting n — 400 we infer that (G(t, s)xae;); > G,(t,s)xa > 0 for any t > s. The
vector-valued function G(t, s)(xae;) is the unique solution to the Cauchy problem

Diu = A(t)u, (5 +¢,+00) x R,
u(s+e,) = G(s+¢,5)(xae)), R?

does not identically vanish in

for any e > 0. Thus, since G(s+¢, s)(xae;) is a bounded, continuous, nonnegative
and not identically vanishing function, by the first part of the proof we conclude that
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(G(t,s)(xae;j)); is positive for any ¢ > s and ¢ = 1,...,m contradicting formula
(2.13). O

3. Compactness of G(t,s) in the space of continuous functions

In this section we prove some compactness results for the evolution operator
G(t, s) in the space of continuous and bounded functions. The main results are
stated in Theorems 3.8 and 3.11. More precisely, the first theorem provides us
with sufficient conditions for the evolution operator G(t, s) to be locally compact
in Cy(R%; R™) uniformly with respect to t > s € I, in the sense that for any s € I
and (f.)n C Cp(R4R™), the sequence (G(-,s)fn), admits a subsequence which
converges uniformly in (¢g, +00) X By for any k > 0 and some ty > s € I. The
second result is concerned with the compactness of the evolution operator G(t, s)
in Cp(R4;R™) for (¢,5) € Ay and bounded J C I. To prove these results we need
to straighten the hypotheses on the coefficients of the operator (2.1).

HypPOTHESES 3.1. (i) For any bounded interval J C I there exist m-nonneg-

ative functions ¢y € C?2(R?) (k =1,...,m), blowing up as |z| — 400, a real
constant d; > 0 such that
(Ar()vi)(x) < 8597 (x), ted, zeRL k=1,...,m;

(ii) the sum of the elements of each row of the matrix-valued function C' is non-
positive in R<.
LEMMA 3.2. Under Hypotheses 2.1()-(iii), 2.7 and 3.1, for any x € R? and f €

CZ(R%R™) constant and nonnegative outside a ball, the function (G(t,-).A(:) f)(x)
is locally integrable in I N (—oo,t] and

(3.1) (Gt s1)f) (@) = (Gt 50) ) (x) > = /SI(G(t, o)A(o) f)(x)do

S0
for any sg < sy <t andz € R4,

PROOF. First of all, we show that

S2
(3-2) (Gt 51)f) (@) = (G(L,52) F) () = —/ (G(t,0)A(0) f)(x)do
s1
for any f € C2(R% R™). To this aim, let us consider the evolution operator GZ (¢, s)
associated with A in Cy(B,; R™) with homogeneous Dirichlet boundary conditions.
It is well known that, for any f € C?(R%;R™) and n sufficiently large such that
supp(fi) C B, for any ¢ = 1,...,m, it holds that

52
(G (t,s1) f)(@) = (G (t,52)f)(2) = */ (G (t,0)A(0)f)(x)do
s1
for any sop < s; <t and € R%. Since the function A(o)f € Cy(RY;R™) for any
o € [s1, s2], using the approximation arguments in the proof of Theorem 2.4, we
can let n tend to +oo and deduce (3.2), by the dominated convergence theorem.
Now, let f be as in the statement. Thanks to (3.2) and to the linearity of
G(t,s), we can limit ourselves to proving (3.1) for f = 1. First, assume that all
the entries of the matrix-valued function C' are bounded in J x R? for any bounded
J C I. In this case, since 1 belongs to the domain of the generator of the evolution



ON COUPLED SYSTEMS OF PDES WITH UNBOUNDED COEFFICIENTS 141

operator G¥ (t,s) associated with A in Cy(B,; R™) with homogeneous Neumann
boundary conditions, it follows that

<Gﬁu¢nn®uﬁ—<cﬁasgnxm::—/wYGﬁu¢ﬂ«Xman»mﬁw.

S1

By Remark 2.5, estimate (2.7) and the dominated convergence theorem we get

S2
(G(t,s)W)(x) = (G(t, s2)W)(x) = —/ (G(t,0)(C(o,)N))(z)do.
s1
Finally, if the matrix-valued function C' is unbounded, we can consider a se-
quence of functions ¥,, € C.(R?) such that yp, < ¥, < xp,., for any n € N,
and set C,, = 9,,C for any n € N. Clearly, thanks to Hypothesis 3.1, for any
n € N the operator A, (t) = A(t) — C(t, )+ Cy(t, -) satisfies Hypotheses 2.1. Thus,
we can consider the positive evolution operator G, (t,s) associated with A,, in
Cyp(R%R™). Since Cy, € C(I; C.(R%R™)) and, by Hypothesis 3.1(ii), C,, 1 < C,, 1
for any m > n we can estimate

(Gt s1)W)(2) = (Gt s2)T)(2) = — /sz(Gm(t»U)(Cm(m-)ﬂ))(iv)do

S1

s2
(33) >~ [ (Gnlt0)(Culor 1) @)

s1
for any m > n, m € N. We now observe that G,,(t,s)f converges to G(t, s)f
pointwise in R?, for any I € s < t, as m — 4oo for any f € Cy(R? R™). Indeed,
the Schauder estimates in Theorem 7.2 show that there exists a subsequence (my,)
such that G,,, (-, s) f converges to a function v € C1?((s, +00) x R4 R™). Function
v is bounded since each Gy, (-, s)f is bounded in (s, +00) x R%. To identify v with
G(-,s)f, we need to show that v can be extended by continuity on {s} x R?
where it equals f. For this purpose, we start considering f € C2(R?; R™) and note
that formula (3.2) holds true with the evolution operator G(t, s) being replaced by
G, (t,s). From that formula it is clear that

|G (t,8)F = flloo < et = )l oo t>s.

Letting k£ tend to +oo, the continuity of v at ¢ = s follows at once. The above
arguments also show that from any subsequence of (G,,(,s)f) we can extract
a subsequence which converges (locally uniformly on (s, +00) x RY) to G(-,s)f.
Thus, all the sequence (G, (-, s)f) converges to G(-,s)f as m — +oo. A density
argument shows that v is continuous on {s} x R?, where it equals f, also when f
is continuous in R? with compact support. Moreover, all the sequence (G, (-, s) f)
converges to G(-,s)f as m — +oo. For a general f € Cy(R%), we fix M > 0
and a smooth function ¥ such that xp,, < ¥ < xp,,,. We split G,,,(t,s)f =
G (t,s)(Vf) + Gun(t,s)((1 —9)f). Since Gy, (t,s) is a positive evolution operator
and —(1 = 9)[|fllecl < (1 =) F < (1 — )| f]loo]l componentwise, we can estimate

G (t,5) (1= D)) <[ FllooGm(t, ) (1 = D1) = [[flloc[Gm (t, $)L = Gin(t, 5)(91)]
SHf”oo[]l - Gm(t’ 8)(19]1)]7

where we have used Theorem 2.3 to derive the last inequality. Thus,

Gy (6, 8)f = I < |G (6,8)(0F) = FI+ (| Flloo[1 = Gy (£, 8) (9]
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Letting k£ tend to 4+o00, we obtain

From this inequality, it follows that v tends to f as t — s, uniformly with respect
to x € Bps. The arbitrariness of M > 0 allows us to conclude that v = G(-, s) f as
claimed.

Now, we can let m tend to +oo in (3.3) and get

(Gt s)W)(x) — (Gt s2)W)(2) = - /SQ(G(t’U)(Cn(Ua-)ﬂ))(x)da-

s1
Since G(t,s) is a positive operator and the sequence (C,,1) is decreasing compo-
nentwise, we can apply twice the monotone convergence theorem to pass to the
limit as n — 400 and get

(Gt 51)W)(z) — (G(t, 5:)T) () > — / H(G(10)(C (o, ) 1)) ()do

S1

The proof is complete. O

HYPOTHESES 3.3. There exist a nonnegative function ¢ € C?(R%), blowing up
as |z| — 400, constants a,c > 0 and ty € I such that

(A1) () (x) < (a — cp(x))L, t>t, x € R%

REMARK 3.4. Note that under Hypothesis 3.1(ii), Hypotheses 3.1(i) and 3.3
are both satisfied if there exists a nonnegative function ¢ € C?(R?), blowing up as
|z| = +o0 and constants a, ¢ > 0, tg € I such that (A;(t)p)(z) < a—cp(z) for any
t>tgcl,ze€RYandi=1,...,m.

LEMMA 3.5. Let the assumptions of Lemma 3.2 and Hypothesis 3.3 be satisfied.
Then, the function G(t, s)(p1) is well defined for any to < s <t € I. Moreover, for
any fived x € R?, the function (t,s) — (G(t, s)(¢1))(z) is bounded in Aoy = {(t,s) €
I x1I:ty<s<t} and satisfies the inequality (G(t,s)(¢1))(z) < ((¢ + ac™ 1)) (x)
for any x € R? and (t,s) € Ao.

PROOF. First we prove that the function G(t, s)(¢1) is well defined in R? for
any t > s > to. To this aim, for any n € N choose v,, € C?([0, +0)) such that

(i) Yn(z) =z for x € [0,n];

(i) Yp(z) =n+1/2 for x > n+1;

(ifi) 0 <, <1and ¢/ <O0.
Note that the previous conditions imply that ¢, (z)x < 1, (x) for any = € [0, +00).
Moreover, since the functions ¢, = 1, o ¢ belong to C’E(Rd) and are constant
outside a compact set, Lemma 3.2 and the nonnegativity of G(t, s) yield

on(T) > pn(z) — (G(t, 8)pnl)i(z)

> - / (G(t,0)A(0) puT);(x)do

N z_:l/s _/Rd(A(J)SD”]I)j(y)Pij(t,U,x,dy)dg

j=

==3 [ LAt
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- Z/ /d n(eW)Q (0,9) Vo (y), Veo(y))pij(t, o, z, dy)do
j=1"7s R

- Z / i UJYL(()O(?J))CJ'/%’(U? y)pij(tvavx’dy)do'

jik=1

forany i =1,...,m,t > s € I and x € R, where A;(0) is defined in (2.1).
Using Hypothesis 2.1(ii) and recalling that A;(o)e = (A(o)(¢T)); — (C(o,-)el);
for any j = 1,...,m, we estimate

pn(2) = (G(t, 8)pnT)i(2)

S B R e L

B Z / / Wnle) — (e w) e ()] Z e (09 (b 00, dy) o
00 2= [ [ e A, 0.z di)do

where in the last line we have used Hypothesis 3.1(ii). Now, we can split

> [ e A, w00, dy)do
j=1"7% R4
-y / () [a — (A@@)eD); ()] pi (1 0, 3, dy)do
j=17% R4

mo
- a;/s /Rd U1 (e(y))pij(t, o, 2, dy)do,

where a is the constant in Hypothesis 3.3. The monotonicity of the sequence (¢/,(x))
for any 2 € R? and the monotone convergence theorem yield immediately that both
integrals in the right-hand side of the previous formula converge. Thus, since @, (z)
converges to ¢(x) as n — +oo for any r € R?, taking the limit as n — +oc in (3.4),
it follows that (G(t,s)eT)(x) is well defined for any t > s € A, x € R? and

(G(t,5)pM)i(z) < p(x) +/ (G(t,0)(A(0)el))i(x)do
< ola) + [ (0= Gt ) (eM)iw)do
< o) +alt —s)
forany i =1,...,m and (¢, s) € Ag, where we used the fact that G(¢,0)1 < 1.

To complete the proof, for any i = 1,...,m, t > s > tg and = € R? we define
gi(s) = (G(t,s)eM);(x). Arguing as above it can be proved that

gi(s) — gi(r) < /s(a —cg;(0))do, to<r<s<t.
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From this inequality it follows easily that the function  : [s,t] — R, defined by

e (O N R S !

is weakly differentiable and its derivative is almost everywhere nonnegative in [s, ¢].
This implies that ((s) < {(t), which is the claim. O

REMARK 3.6. In the proof of the previous lemma, Hypothesis 3.1(ii) has played
a crucial role. It is for this reason that we needed to consider a vector-valued
Lyapunov function with all the components equal each other.

COROLLARY 3.7. Under the hypotheses of Lemma 3.5, sup,~ , pi;(t, s, v, R\ B,.)
converges to 0, for anyi,j =1,...,m and s > to (where ty is defined in Hypothesis
3.3), as r — +o0, locally uniformly with respect to x € RY.

PrOOF. The proof of this result is quite standard. However for the sake of
completeness we provide a sketch of it. Taking into account the positivity of the
transition kernels, it holds that

1
pij(t7s7w7Rd\B7‘) :/ p”(t,s,x,dy) S fi/ @p”(t,s,.ﬁ,dy)
R4\ B, mMlra\ B, ¥ JRI\B,
1
. o S t 1); < -1
(35) <5 G ) € e (ple) )
for any 4,7 = 1,...,m. The claim follows since ¢ blows up as |z| — +oo. O

Now we prove the first compactness result for the evolution operator G(t, s).
Note that this result improves that in Theorem 2.6(ii). Indeed here we gain an
uniform convergence in time of G(-,s)f, to G(-,s)f as n — 400 when (f,) is a
sequence approaching f locally uniformly in R<.

THEOREM 3.8. Assume that Hypotheses 2.1(i)-(ii1), 2.7, 3.1 and 3.3 hold true
and let (f,) C Cp(R%ER™) be a bounded sequence converging locally uniformly in
R? to f, as n — +oo. Then, for any s > to (where ty is defined in Hypothesis
3.3) G(-,8)fn converges uniformly to G(-,8)f in (s,+00) X B, for any r > 0,
as n — +oo. In general, for any sequence (f,) C Cy(R%R™), there exists a
subsequence (fn,) such that G(-, ) fn, converges uniformly in (to,+00) X B, for
every r > 0.

PROOF. Let (f,,) be a sequence as in the first part of the statement and assume
that sup,ey || frlloo < M. Let t > s > ¢y and @ € By, for some k € N. Then, for

any ¢ = 1,...,m we can estimate

(G (t,5)(Fn — F))i(a)] < Z / i (0) — £3(0)lpis (£ 5,2, dy)
+Z/ |fna — fiW)lpij(t, s, z, dy)

<\ fa = flle,a, v Zpij(t, s,x, B;)
j=1
(3.6) +2M ) " sup sup py;(t, s, z, R\ B,)

j=1 t>s x€By
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for every r > 0 and n € N. Since Z;n:1 pij(t, s, -, By) = (G(t,s)xp,1);, by estimate
(2.7) it follows that sup,cpa Z;nzl pij(t,s,x, By) < 1foranyt > sandr > 0. Thus,
letting n tend to +oo in (3.6) we obtain that

limsup [[(G (-, 8) (fn = F)illcnooopx By < 2M S sup sup pyy(t,s,2, R\ B,)
n—-+oo =1 t>s xeBy,

for every r > 0. Finally, letting r tend to +o00 and using Corollary 3.7 we conclude
that

lim sup ||(G(, S)(.fn - f))iHCb((SnLOO)XBk;Rm) <0

n—-+oo

and the first part of the claim is so proved.

To conclude, let us consider a sequence (f,) C Cy(R%R™) for any n € N
and r € I. The Schauder estimates (7.2) and estimate (2.7) yield that, for any
fixed ¢y > s, the sequence (G(tg, s)f,) is bounded in C?*%(B,;R™) for any r > 0.
Then, up to subsequences, it converges locally uniformly in R? to some function
g € Cp(R4GR™). Thus, since |G(t, s) fn, — G(t,t0)g| = |G(t,t0) (G(to, ) fu, — 9) |
in R? for every t > tg > s and k € N, applying the first part of the claim to the
sequence (G(to, $) fn, — g)r we conclude the proof. O

Now, we are interested in finding conditions that ensure that, for any bounded
interval J C I and any fixed (t,s) € Ay the operator G(t,s) is compact in
Cy(R%;R™). First of all, let observe that the compactness of G(t, s) in Cp(R%; R™)
is equivalent to the tightness of the measures {p;;(t,s,z,-) : € Rd}7 wi=1,...,m
(see formula (2.10)), as the next proposition states.

PROPOSITION 3.9. Let J C I be a bounded interval and (t,s) € Aj. The
evolution operator G(t,s) is compact in Cy(R%R™) if and only if the measures
{pij(t,s,x,-) : @ € R} are tight for any i,j = 1,...,m, i.e., for any € > 0 there
exists > 0 such that sup,cga pi;(t, s,2,R¥\ B,) <& for anyi,j=1,...,m.

PRrROOF. The proof follows adapting the arguments in [2, Theorem 4.1 ], recall-
ing that the measures p;;(¢,s,z, ) are nonnegative for any ¢t > s € I, x € R? and
,j=1,...,m. O

Differently from the case considered in [2] where a domination of G(t,s) in
terms of a scalar semigroup reduces the problem of finding conditions that en-
sure the tightness of the measures p;;(t, s, z,-) to the same problem for the kernel
associated with the scalar semigroup in Cy(R?), here we argue directly with the
vector valued operator G(t, s). To this aim we need to strengthen Hypothesis 3.3
as follows.

HyPOTHESES 3.10. There exist R > 0, I 3 d; < ds and

(i) a positive function ¢ € C?(R%), blowing up as |z| — +oc, and m-convex
functions h; : [0,400) — R, i = 1,...,m, with 1/h; € L'((M,+)) for
some positive M such that (A(t)pl);(x) < —h;(p(x)) for any t € [dy,ds],
r€RI\ Brandi=1,...,m;

(ii) bounded functions wy € C*(R\Bg) (k = 1,...,m), with inf ,cpa\ g, wi(z) >
0 such that ((Ax(t) + cxr(t, ) wg)(z) — pwi(x) > 0 for any (t,x) € [dy,ds] X
(R?\ Br), k=1,...,m and some u € R.
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THEOREM 3.11. Assume that Hypotheses 2.1(1)-(iit) and (v), 2.7 and 3.10 hold
true. Then G(t,s) is compact in Cp(REGR™) for any (t,5) € Ar with s < dy and
t>d.

PROOF. Due to its length we divide the proof into three steps.
Step 1. Here, we prove that for any sg,to € [di,d2] with s < tg, there exists a
positive constant ¢y such that

(3.7) (G(t, s)M)(x) > co, so<s<t<ty, R k=1,...,m.

Let us fix sg,tg as above and observe that, under our assumptions, [5, Proposition
4.3] can be applied and implies that there exists a positive constant ¢y such that
(Gr(t,s)I)(x) > co for any sp < s <t < ty, z € R and k = 1,...,m. Here,
Gy (t, s) denotes the positive evolution operator associated with Ay (t) + cxi(t, ) in
Cyp(RZ;R™). In order to prove (3.7) it suffices to prove that (G(t, s)1), > G(t,s)1
forany k = 1,...,m and t > s € I. For this purpose we observe that, for any
non positive initial datum f € C,(R%;R™), the function wy(t,z) = (G(t,s)f)r —
Gi(t, s) fr vanishes at t = s and satisfies the inequality

Dywp(t, ) = (Ax(t) + cxn(t, Dwi(t,-) = D cri(G(t,9)f)i <0
ik
for any t > s € I, where in the last inequality we have used the positivity of G(t, )
and Hypothesis 2.7. Thanks to Hypothesis 2.1(v), the functions cg are bounded
from above in I x R%, hence a variant of the classical maximum principle (see [5,
Proposition 2.2]) yields that wy, is non positive in I x R?. As a by product, taking
f = —1 in the definition of wy, the claim follows.

Step 2. Here, we prove that for any § € (0,d2 — dy) there exists a positive
constant K such that (G(t,s)(e1)) < Ksl in R? for any (t,5) € A, 4, with
t>s+0.

Clearly, it suffices to prove the claim for x outside a large enough ball. In view of
this, we observe that since h(z) > ¢x — @ outside a suitable ball, for some positive

constants @ and ¢, the arguments in Lemma 3.5 can be applied to the function ¢
and imply that (G(¢, s)p1)(x) is well defined and

(3:8) (Gt s)p(M))(x) — (G(t,r) (1)) (x) = —/ (G(t,0)(A(0)p1))(x)do

for any r < s <tand x € R%. Now, let us fixi € {1,...,m} and set u;(t, s, z,dy) =
Z;’;l pij(t,s,x,dy). Jensen inequality for Borel finite measures and Step 1 yield
that

(@l )W) = e [ elihstsanan))

1
[ —
= pi(t, s, x, RY)

= m«;(t, $)(hi(p)1)i(x)

(3.9) < ¢ (Gt 8)(hi(p)1))i()

for any d; < s < t < dy and 2 € R% where in the last line we used equal-
ity wi(t,s,z,RY) = (G(t,s)1);(z) and estimate (3.7). Now, let us fix z € R9,
t € [di,dz2] and consider the functions §; : [0,¢ —infI) — [0,400) defined by

/ ha(o () pua(t, 5., dy)
Rd
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Bi(o) = (G(t,t — o)(pM));(x), for any o € [0,t — inf I). Then, from (3.8), using
also Hypothesis 3.3 and (3.9), we deduce that
t

B(b) — i(0) < — / (G(t, 0)(hi 0 9))i(x)do

t—b

t b
(310) S —C(]/t hz((G(t,U)(@))l(x))dU == —C()‘/0 hl(ﬂz(U))dU,

—b
where b := t — d;. From the previous chain of inequalities we can conclude that
Bi(r) < wy;(r) for every r € [0,b], where y; is the solution to the Cauchy problem

y'(r) = —coh(y(r)), r=0,
y(0) = p(2).

Indeed, if this were not the case, we could determine sy € (0,b) and an interval
J containing so such that $; > y; in J. From (3.10), written with the interval
(0,b) being replaced by (s1, s2), we can infer that the function s — 5(s) + coMs is
decreasing, where M denotes the minimum of & in R. Therefore, lim s (B(s) +
coMs) > lims_ma (y(s) + coMs) and this implies that S is greater than y in a left
neighborhood of sy. Denoting by 7 the infimum of J, then clearly, 5(7) = y(7).
Writing (3.10) with [0, b] being replaced by [a, s], s € J, and observing that

s

y'(s) —y'(a) = —co/ h(y(r))dr

a
we get

56 —uls) <o | h((r) — BB, se .

which is clearly a contradiction since the left-hand side of the previous inequality
is positive while its right-hand side is negative.

To conclude this step, it suffices to observe that y is bounded from above in
[0, +00) for every 6 > 0 as it can be easily checked writing

/y(t) dr
= et
() (r)

and using the integrability of 1/h in a neighborhood of +00. Now, arguing as in
the proof of [5, Theorem 4.4] we can prove that the functions g; are bounded from
above in [6, b] for every 0 < & < b, uniformly with respect to z € R? and this proves
the claim.

Step 3. Here, we show that the measures {p;;(t, s, z,-) : © € R?} are tight for
any (t,s) € Ajg,,q,) and i, =1,...,m. Let us fix ¢ > 0. Then, arguing as in (3.5),
we can prove that there exists Rg > 0 such that

1 -1
0< pz-j(t7s7x,Rd \ B;) = (Rir\l,fg gp) (G(t,s)pl);(z) < K; (]Rtiir\lg go) < Kse,

for any s,t € Ay, 4,) with t > s+ § and r > Ry, where we have taken into account
that the family {p;;(¢,s,2,") : © € R% (¢,5) € A} are equivalent to the Lebesgue
measure for any i, j = 1,...,m. This implies that the family {p;;(¢,s,z,-) : z € R%}
is tight for any (t,s) € A, 4,), witht > s+d and 4,j = 1,...,m. The arbitrariness
of § allows to deduce the tightness of p;;(t,s,z,-) for any (¢,s) € Ajg, 4,) and
1,7 =1,...,m and, consequently, from Proposition 3.9, the compactness of G(t, s)
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in Cy(R%; R™) for any (¢, s) € A[4, d,)- For the other values of s, ¢ the compactness of
G(t, s) can be proved by using the evolution law and the continuity of the operators
G(t,s) in £L(Cyp(R%;R™)). This completes the proof.

]

4. The action of the evolution operator G(t,s) over some functional
spaces

Here, we study how the operator G(t,s) acts over the spaces Co(R%; R™) of
all continuous functions f : R? — R™ vanishing at infinity componentwise (i.e.,
lim ;o0 fi(@) =0 for any i = 1,...,m), LP(R%;R™) and C}(R%R™).

It is well known in the scalar case that the compactness property in the space
of bounded and continuous functions is a sufficient condition which implies that the
spaces Co(R?) and LP(R?) are not preserved by action of the semigroup. Actually
this is the case also for the vector-valued evolution operator G(t, s) as we prove in
the following.

THEOREM 4.1. Under the assumptions of Theorem 3.11, the space Co(R%;R™)
is not preserved by G(t,s) for any (t,s) € Ay with s < dy and t > dy. On the
other hand, if Hypotheses 2.1(i)-(iv) and 2.7 hold true and there exist Ay > 0,
[a,b] C I and a function v € C*R%4GR™) N Co(RER™), whose entries are all
strictly positive and such that \ov — A(t)v > 0 for any (t,z) € [a,b] x R, then
G(t,8)(Co(REGR™)) C Co(RYGR™) for any (t,s) € Afab)-

PROOF. Let us fix (t,s) € A; with s < dy and t > d; and consider a sequence
(fn) C Co(R% R™) such that x5, 1 < f, < xp,,, 1 for any n € N. Formula (2.10),
estimate (2.7) and the compactness of G(t,s) in Cy(R% R™) yield that G(t,s)f,
converges uniformly in R? to G(t,s)1 as n — +oc. Since G(t, s)1 is bounded from
below by a positive constant (see Step 1 in the proof of Theorem 3.11), it follows
immediately that G(t, s) does not preserve Co(R%;R™).

Now, we prove the second part of the claim. Let a,b and v be as in state-
ment and without loss of generality we can assume that A\g > max;—1, _m, Z;”:l Cij
in order to apply Theorem 2.3 to A(t) — A\oI. We begin by proving that G(t, s)
preserves the subset of Cp(R% R™) consisting of nonnegative functions which be-
long to C.(RGR™). Let f € C.(R%R™) be a nonnegative function and let
r > 0 be such that suppfr C B, for any k = 1,...,m. The function z(¢,) =
e M=)y (t, ) — 57| flcv Where u is the classical solution of the problem (2.2),
0 = maxpe(1,.. m}infp, vp being v = (vi,...,vy), belongs to Cy([s, T] x R?Y) N
C12((s,T] x R?) and solves the problem

{ Dyz(t,z) < (A(t) — XoI)z(t, ), (t,z) € (s,+00) x RY,
z(s,z) <0, r € RY.

Hence, Theorem 2.3 can be applied to A(t) — Ao to deduce that z(t,z) < 0 in
s, +00) x R? or equivalently that 0 < u < e*(!=%)§=1|| f|| .o, which implies that u
belongs to Cy(R%; R™). Now, if f is not nonnegative then we can split f = f+—f~
and, arguing as above separately for f* and f~, we deduce that the solutions u*
of (2.2) with f being replaced by f* respectively, belong to Co(R%; R™) as well
as the solution u = ut — u~ of (2.2). In the general case, we can argue by
approximation. Indeed, let f € Co(R% R™) and (f,) be a sequence of C.(R%; R™)
functions converging uniformly to f in RY. Then, since G(t,s)f, converges to
G(t,s)f uniformly as n — +oo for any ¢ > s we conclude also in this case. O
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THEOREM 4.2. The following statements hold true.

(i) Under the assumptions of Theorem 3.11, the space LP(R%R™), 1 < p < 400,
is not preserved by G(t,s) for any (t,s) € A; with s < ds and t > dy.

(ii) Let ¢f; € C%2([a,b] x RY) and b} € C%([a,b] x RY), for any i,j,l =1,...,d,
k =1,....,m and some [a,b] C I, and let kc : [a,b] x RT — R be any
smooth function which bounds from above the quadratic form associated with
the matriz C. Further, suppose that

(4.1) [l := sup (2/{0 - r{nn divx'yk) < 400,

[a,b]xR% m

=1,...,

where ¥ = (b} — Z?Zl Dijqf;, ..., b, — Z;l:l Djqk;), k=1,...,m. Then,
for any p > 2 and (t,s) € Aja ), LP(R¥R™) is invariant under G(t,s) and
(4.2) G, 8)fllr@emm) < cp(t — )| Fll e @emmys
where c,(r) = eEA=2/P)+ wn/Plr and K is deﬁned in (2.6).
(ili) Besides the assumptions in (ii), assume that qf; € cel® 21 ([0, b] x RY), b €

loc

Col?M ([a,0] x RY), for anyi,j=1...,d and k=1,...,m, and

loc

m d
(4.3) sup (Zc]k + Z qu” Zlef) < 400, k=1,...,m.
[a,b] xR ij=1 i=1
Then, estimate (4.2) can be extended to the case p € [1,2) taking c,(r) =
el R/p=1)+ 0 n (=1/P)" yhere K* € R is such that IG*(t, 85) |l c(c, (rasmm)) <
K (=) and G*(t,s) is the adjoint operator of G(t,s).

ProOOF. (i) Let us fix (¢,s) € Ay with s < dy and t > dy. To prove that
LP(RYGR™) (p € [1,4+00)) is not preserved by Gi(t,s), it suffices to consider the
characteristic function xp, where R is such that Z;n:l pij(t,s,2,RY\ Bg) < ¢o/2,
forany i = 1,...,m, and ¢ is defined in (3.7) (such a radius R exists thanks to the
compactness of G(t,s) and Proposition 3.7). Indeed, in this case, G(t, s)xp,1 =
G(t,s)1 — G(t,s)(xra\ B, 1) > co/2 in R? and consequently it does not belong to
LP(R4R™) for any 1 < p < oo.

(ii) To begin with, we notice that it suffices to prove the claim for nonnegative
functions f belonging to C.(R% R™). Indeed, for a general f € C.(R%R™) we
get the result simply writing f = f — f~ and observing that |f*| < |f|. The
case of an LP(R%;R™)-function can be obtained by density. Moreover, we observe
that, if we prove (4.2) with p = 2, then, thanks to the estimate (2.6), the Riesz-
Thorin interpolation theorem yields estimate (4.2) for any p > 2 with ¢,(t — s) =
[ea(t — 5)]2/PeK(E=9)1=2/P) for any (t,s) € A,y So, let us consider a nonnegative
function f € C.(R%R™) and prove that

(4.4) IGR(t,8) Fll2(Brmm) < € e £l L2 gagm), (t,s) € Map)s

where GE(t, s) denotes the evolution operator associated with A(t) in C(Bgr;R™)
with homogeneous Dirichlet boundary conditions. Once (4.4) is proved, noticing
that GE(t,s)f converges pointwise to G(t,s)f as R — +oo, the Fatou lemma
yields (4.2) with p = 2.

So, let us prove (4.4). To simplify the notation we set ur(t, z) := (GR(t, ) f)(z)
for any (t,s) € A, and € R?. Using Hypothesis 2.1 (ii) and the integration by
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parts formula we get

||UR( )HL2(BR iR™)

_22/ ur i (t, ) (A)ur)k(t, ) dx
_222/ a5 (t, Jur k(t, ) Dijur k(t, -)dx

k=11,j=1

k=1i=1"Br

Consequently, ||ug(t, )HLQ(BR,RM) < ellan(t= S)H-fHLZ(BR.;Rm)’ which gives the claim.
(iii) The additional assumptions in the statement allows us to apply Theo-
rem 2.4 to the adjoint operator A*(¢). This implies that the adjoint evolution
operator {G*(t,s)}i>ser is well defined in C(R%;R™) and satisfies the estimate
IG*(t, 5)l c(cprasmmy) < e (t=5) for any t > s € I and some positive constant K*.
Moreover, the arguments in the proof of property (ii) show that
(4.5)
IG*(t, $)|| ¢ (a(rasmmyy < e A=2/DFTam/al(t=s) (t,s) € Moy 4> 2.

To complete the proof, it suffices to recall that
IG(t, s) Fll Lo rarm)

—sup{ [ (5.6 (090 g € CLRAR™) and g ey < 1
R L

for any f € LP(R%R™) (p € [1,2)) and use (4.5). O

Finally, we conclude this section investigating on the action of G(t,s) over
the space C’l}(Rd;Rm). Theorem 2.4 states that the evolution operator maps the
space C(R%; R™) into Cy(R% R™) N CH(RY;R™), but in general, J,G(t,s) f is not
bounded whenever f belongs to C{(R?;R™). In the following Theorem 4.4 we
prove an uniform gradient estimate which answers to the question above.

HyPOTHESES 4.3. (i) The coefficients qu, b¥ and ¢;; belong to C’fg? erx
R?) for any i,j =1,...,dand k =1,...,m;
(ii) there exist a positive constant ¢, (m + 2)—functions i, I xRT = R (k =
1,...,m) and p; : I x R? — (0, +00), (i = 0, 1) such that
(4.6)
Vol < cpg, (JbFE, &) < rel€? lenk] < wopo, |Vacni| < wipr
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in I xR foranyi,j =1,....d, h,h, k, k' =1,...,m, with h # k. In addition
there exist two positive constants ay,; and 7y, ; such that
(4.7)

d%c?
Ok,J = Supd { <4 — Oék,J) k4 T+ crk + Y, (woph + w1pf)} < +oo
JXR

for any bounded interval J C I.

THEOREM 4.4. Assume that Hypotheses 4.3 are satisfied. Then, for any f €
CHRELR™) and T > s, the map (s,T) x R 3 (t,2) — |J(G(t,3) f)(z)| is bounded
and satisfies the estimate

(4.8) 172Gt 8) Fllloo < &l fllcpramm), te(sT),

for some positive constant ¢ depending on s, T,m, p (see Hypothesis 2.1(i1)) and
Ok,(s,T) (k=1,...,m).

PROOF. Let f and T be as in the statement and set J = (s,T). We prove (4.8)
with G(t, s) being replaced by G¥ (¢, s), i.e., the evolution operator associated with
A in Cy(Bp;R™) with homogeneous Neumann boundary conditions. Then the
claim will follow letting n — +o00 according to Remark 2.5.

For every k = 1,...,m, t € J, x € By, we set v, x(t,x) := ay j|u,(t,x)
|V w1 (t, 2) |2, where u, ) denotes the k-th component of GY(-,s)f. A straight-
forward computation reveals that (V,v, ,,v) < 0 on 0B,. Indeed, taking into
account the convexity of B,, and the fact that u, j satisfies homogeneous Neumann
boundary conditions on J x dB,, we deduce that

<V$U’n7k) V> :2<vmun,k:a V>un,k + 2<D§un,kkun,k7 V>
=2 [<vz<vxun,ka V>7 vxun,k> - <Jvaun,k‘7 vx“n,k” <0

>+

on J x 0B,. In addition, v, is a classical solution to the differential equation
Dyvp i — Agvp i = 22?,1 ¥; in J X B,, where A}, is defined in (2.1) and

Z P = Z qu]‘Cja qun,k->Dijun,k + (bekvxumk, qun7k>

7]1
m

+Zvck]7v Unk Un,; + Z k]vunk7V un]>

j=1 j:l

- ak,]<kaxun,k7 Vzun,k> - Z qu <sziun,k» szjun,k:>
ij=1
in (s,T) x R?. Using the Cauchy-Schwartz inequality, estimates (4.6) and Hypoth-
esis 2.1(ii) we can estimate the terms in ¢; (1 = 1,...,6) as follows:

2)7

U1 < dep Vot | D2un | < depr, (] D2up uf? +
w2 S Tk:|vzun,k|27

m
Pz < vmW1p1|vIun,k||un| < 51p%|vz“n,k|2 + 7W%|un|2v
4&‘1

m
Yy < k| Vatn k)? + wopo| Vet k|| Jown| < (crr + €2p3)|Vaotin & |* + EwSIJIUn\,
2
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Vs + 6 < —pr (e, g | Vatin k> + |D2un i) ?).

Hence, we deduce that

6
de
> b <pn(dCe — 1) Diun i |* + (45Hk:+7"k+51/)%+52[)8+0kk_ak,JMk)

i=1

m g 2 m 9 2
+ —wi|u,|* + —wf|Jrun|”.
4€1w1| nl 4€2w0| U |

Choosing € = (dC) 1, 1 = g9 =y, and using (4.7) we conclude that

szga—k]’l)nk—’— (wval)(|un‘ +|J ’LLn| )

i=1

Ay

A variant of the classical maximum principle shows that

Unolt, ) <G k(t s) (k| fil* + [V fel?)
+ wo \/wl / Gn o (&) (| (7, )|2 + |qun(r,-)|2)d7“

for any t € J, where Gfx (t,s) denotes the evolution operator associated with the
operator Ay, + oy, in C(B,) with homogeneous Neumann boundary conditions.
Taking into account that ||67]Xk(t73)||,5(0(§n)) < e7%(=9) for any t > s € I, we
can estimate

Vot k()12 <) (g sl fell% + [V Fil13)
t
m g -
+m<wévw%>/@’”“ (ot ()1 + [ ot (7, )12

" . t
et S>(||ka||io+c1,J<ts>||f||§o+c1,J / unn<r,~>||iodr),

—1
for any t € J, where ¢ ; = i HllaX o,y and ¢ = (4%C I{lin 'Yk;)J) (wf \/w%).

=1,....m =1,....m

Summing over k from 1 to m we deduce that

t
ot e <971 17+ [ Wwn(rar ), e

and € is a positive constant depending on s, T, m, wo, w1, v, (k=1,...,d) and c.

Applying Gronwall lemma, we conclude the proof. O

5. Invariant measures

In this section we prove the existence of evolution systems of invariant measures
associated with G(t, s), i.e., families of positive and finite Borel measures over R%,
{pir:rel,i=1,...,m} such that

(5.1) ;/Rd(G(LS)f)idﬂi,t = ;/Rd fidpi s

for any f € Cp(R% R™) and any I > s < t. To this aim, the results in Section 3 and
in particular Theorem 3.8 are crucial. Here we assume that Hypotheses 2.1(i)-(iii)
and 2.7 are satisfied.
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PROPOSITION 5.1. Let {p;, : 7 € I,i =1,...,m} be a family of nonnegative
and finite Borel measures which satisfy condition (5.1). Then, all the measures of
the family are either trivial or equivalent to the Lebesque measure. As a byprod-
uct, formula (5.1) can be extended to the set of all the bounded Borel measurable
functions.

PrOOF. We assume that the measures of the family are not all the trivial
measure. Thus, we can fix i € {1,...,m} and r € I such that y; ,.(R%) > 0. To
improve the readability, we split the proof into two steps.

Step 1. Here, we prove that the measures of the family are all positive. We
begin by fixing j € {1,...,m}, s € I smaller than r. Writing formula (5.1) with

f = e; gives
(5:2)  pys(RY) =/ dpj s :Z/ (G(r,5)e;)kdpk,r 2/ (G(r, s)e;)idpi,r-
Rd i JRe R4

Since the function G(r, s)e; is strictly positive in R?, thanks to Proposition 2.8,
and f;» s a positive measure, it follows immediately that the last side of (5.2) is
positive as well. Hence, p; s(R?) is positive as it has been claimed.

Next, we fix s; < r and use again formula (5.1) to write

> [ (@rsiesdinar = e () > 0
k=1 )

Since (G(2r,s1)e;), > 0 in R for any k € {1,...,m}, there should exist an index
ko such that /LkO’QTGRd) > 0. Hence, the same argument used above with (ko, 2r)
replacing (,7) shows that ;s is a positive measure for any s < 2r. Iterating this
argument, we can prove that all the measures of the family are positive.

Step 2. To prove that the measures p¢ (j = 1,...,m, t € I) are equivalent
to the Lebesgue measure, we need to extend the validity of (5.1) to the case when
f=xae; (j=1,...,m) and A is a Borel subset of R?. For this purpose, we begin
by assuming that A is an open set and denote by (6,) a sequence of continuous
functions converging to x4 pointwise in R? and such that 0 < 6,, < 1 for any n € N
(see Lemma 7.3). By the last part of Theorem 2.6, we know that G(t,s)(¥,e;)
converges to G(t,s)e; as n — +oo, for any I 3 s < t, and ||G(t, s)(Vnej)]c0 < 1.
Therefore, writing (5.1) with f = ¥,,e; and letting n tend to 400, we conclude that

> [ (Gt s) 0w udins = 15 (4).
k=1"R?
We now observe that the function vy, defined by
()= Y [ (Glt.s)Oeaesudin
k=1"/R?

for any Borel set A, is a nonnegative measure since G(t, s)(xa€;) > 0 for any Borel
set A. Moreover, it agrees with p; s on the open sets of R?, which generate the
o-algebra of all the Borel subsets of R?. Hence, 145 and v, are actually the same
measure and it follows that

Z/Rd(c;a,s)(mej))mht —s(A),  I3s<t, j=1,....m,
k=1
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for any Borel set A, as it has been claimed. From this formula the equivalence of the
Lebsegue measure and each measure ;s follows. Indeed, since the measures i, ;
and 1 s are positive and the function G(¢,s)(xae;) is nonnegative, it easy to infer
that p1;,5(A) = 0if and only if (G(t, s)(xa€;))r = 0in R? for any k = 1,...,m. But,
since each measure pgp(s + 1, s, x,dy) is positive and equivalent to the Lebesgue
measure (see again Proposition 2.8), this is the case if and only if A has zero
Lebesgue measure.

To complete the proof, it suffices to observe that for any bounded Borel measur-
able function f there exists a sequence (f,) of bounded and continuous functions
converging to f almost everywhere (with respect to the Lebesgue measure and,
hence, with respect to each measure p;,; of the family) as n tends to +o0o. Clearly,

m m
A 3 [ sdine =3 [ i

and the sequence (G(t, s) f,) is bounded in Cj(R?) and converges to G(t, s) f point-
wise in R%. Thus, writing (5.1) with f being replaced by f,, and letting n tend to
+00, we extend the validity of such a formula to f € By(R%;R™). O

LEMMA 5.2. The following properties hold true:

(i) Under Hypotheses 2.1 and 3.1, if there exist j € {1,...,m} and a positive
function g € Cy(RY) N C%(RY) such that (A;(t)g)(x) + cjj(t,x)g(z) > 0 for
anyt € I and x € R%, then (G(-,s)ge;); > g; in (s,+00) x R4,

(ii) Under Hypotheses 2.1, assume further that Z;nzl cij <0 on RY for every i =
1,...,m and that there exist a positive function g € Cp(R%:R™)NC%(RY; R™)
such that A(t)g > 0 in R? for any t € I. Then, G(t,s)g > g in R? for any
t>sel.

PROOF. (i) A direct computation reveals that the function v; := (G(-, s)ge;),;—
g belongs to C12((s, +00) x R?) N C([s, +00) x RY) and solves the problem

{ Dtvj(tvx) 2 (‘Aj(t)vj)(x) + ij(tvx)vj(t’x)a (t’x) € (5,+OO) X Rda

Uj(87m) =0, x € RY.

Observing that Hypothesis 3.1 yields the existence of a Lyapunov function for
the operator A; (hence for A; + ¢;;) and invoking a generalization of the classical
maximum principle (see [5, Proposition 2.2]) we deduce that v; > 0 in (s, +00) x R?
and we are done.

(ii) The claim can be obtained immediately just applying the maximum principle
in Proposition 2.3 to the function v = G(-, s)g — g. O

THEOREM 5.3. Under Hypotheses 3.1, 3.3, if ¢;; > 0 for everyi,j € {1,...,m},
with © # j and the hypotheses of Lemma 5.2(i) or (ii) hold true, then there exists an
evolution system of measures associated with the evolution operator G(t,s). Each
measure of this system is positive and equivalent to the Lebesgue one.

ProoF. We fix j € {1,...,m}, 2o € R?, n € N and, for any » € N with r > n,
we consider the family of measures {p;" : > n, i =1,...,m} defined by

1

Tr—n

p:,’gL(A) = / pji(Tv n,xo, A)dT, A€ ‘B(Rd)
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By Corollary 3.7, each family {p:% :r > n} is tight. Therefore, we can invoke
a generalization of Prokhorov’s theorem (see e.g., [8, Theorem 8.6.2]) to infer that,
up to a subsequence, {pfﬁl ;1 > n} weakly® converges to some measure ,uf o as
r — 400, i.e., ’ 7

lim
r—t+oo 1 —n
for any f € Cp(R).
By a diagonal argument, we can extract an increasing sequence (rg) of integers
such that pT’“ \J weakly™® converges to ,u as k tends to +oo, for each n € N. As a
byproduct, we can infer that

(5.3)
1 e < ;

li G(r, (zo)dr = sdpd Cyp(R%R™).

im BT NED Z/f W o feGRLEM)

k—+oo T — N

/nr(G(T, n)(fe:));(zo)dr = lim / fdp” B /Rd fdﬂgm

r——4o0

Writing formula (5.3) with f being replaced by ge; (resp. g), if the assumptions of
Lemma 5.2(i) (resp. (ii)) are satisfied, yields immediately that ,u{ is not the trivial
measure. Indeed in the first case lim infy—, o (re —n) = [*(G(7,n)(ge1)); (x0)dT >
0 and in the second one liminfy_, 4o (ry — n)~! [T*(G(7,n)g);(x0)dr > 0 for any
I =1,...,m. Moreover, for any f € C,(R% R™) and h,n € N with » > n we can
write

m

Z/Rd(G(h,n)f) dpl, = lim ! h/hrk(G’(T,h)G(h,n)f)j(sco)dT

k—+oco T —

1
= lim
k—+oo 1 — h

[ @@ miar
h

= lim [ (Gl ) o)
h
- lim [ (@)
. h—n Tk
+lim et G ), i

_ A
(54) ;/Rd fldﬂz,n

Now, we define the measures i ; also for non integer values of s. For this,
purpose, we set

wlo(A) = Z/ (G(n,5)(xa€:)) ks, . A € BRY),
k=17 R?

where n is any integer larger than s. It is straightforward to check that uis is a
nonnegative measure and that

/ fdpl, = Z/ (n, s)(fe:))wdpi, ,
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for any f € Cy(R?), so that

Z / fidid, = Z / Pdid,,  f€CyRER™).

Note that the above deﬁnltlon is independent of the choice of n > s. Indeed, if p is
another integer larger than s (to fix the ideas we suppose that p > n) then splitting
G(p, s)(xaei) = G(p,n)G(n, s)(xae;) and using (5.4), we conclude that

2 /W(G(p’ ocaeuie, =3 /Rxcm, $)(xaes))udid,

which shows that the measure u{ys is well defined.

To prove the invariance of the system {ug,s s e Ii=1,...,m}, we fix
t>se€l,n>1tand observe that

Z / frdu], = Z / (n, ) F)dis,, = Z / G(n, )Gt ) )di,,
=; [ @,

for any f € Cp(R4R™).

The equivalence of each measure N{.s with respect to the Lebesgue measure and
its positivity are immediate consequence of Proposition 5.1. Indeed it suffices to
observe that the evolution system of measures {u , :i=1,...,m, s € I} contains
at least a non trivial measure. ' 0

5.1. The evolution operator G(t,s) in LP-spaces. In this subsection,
we prove that the evolution operator G(t,s) can be extended, with a bounded
semigroup in the LP-spaces related to evolution system of measures and, in the
autonomous case, assuming compactness in Cb(Rd; R™) we prove compactness in
these LP-spaces too.

Here, we consider {p;; : ¢t € I, i = 1,...,m} which is any evolution system
of measures associated with G(t,s). Moreover, for any p € [1,+00), we write
L7, (R%R™) to denote the set @~ L% (RY), which we endow with the natural

norm f 5 (S0 fpa filPdpi )" =: | £z, For p = oo, the space Ly, (RLR™)
denotes the set of all y;-essentially bounded functions f with norm || f|| Lo (RERm) =

maxp—1,...m €SSSUP,cpa|fr(z)|. Note that, in view of Proposition 5.1, the measures
iy (t€Iandi=1,...,m) are all equivalent to the Lebesgue measure. Thus, the
Lebesgue space L"O(Rd R™) equals to Lp;, (R4 R™) for any t € I.

PROPOSITION 5.4. Each G(t,s) can be extended with a bounded operator map-

; d. ; d. ; : :

pmf Ly, (RGR™) into LY, (RYR™) for any 1 < p < 400 which satisfies the esti-
mate

(5.5) IG(t, 9l e (Ln, ®amm),LE, (ReRm)) < (25— 5%, t>s,
for any p € [1,400), where K is defined in (2.6).

PROOF. Since ||G(t, s)er||oo < 79 it follows that pi(t, s, 2, RY) < e&(t=5)
for any i,k = 1,...,m, t > s € I and x € R% Thus, the Jensen inequality and
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formula (2.10) yield

(G(t,5)F)ilx)|P <2071
k=1

p
y)pzk (ta S, T, dy)

<ot Z[Pik(ﬂ s, 7, RY)P! / | I par(t, 5, 2, dy)
R

k=1
<P LKV (Gt ) (LA, - fnl?))i(2)

for any t > s,# € R%, i = 1,...,m, f € Cp(R%;R™) and p € [1,+oc). Moreover,
from the invariance property (5.1), we deduce that

3 /R (Gt ) )l <270 S>Z / ()AL, o))l
i=1
:2P_16K(P_1)(t_5) /|fipd,uis

for any t > s and f € C,(R%R™). Since the measures y;; (i = 1,...,m, t € I)
are finite Borel measures, the space Cy(R%;R™) is dense in Ly, (R, R™) for any
p € [1,400) and t € I (see [1, Remark 1.46]), hence, from the previous chain
of inequalities we easily deduce that G(¢,s) extends to a linear bounded operator
from L, (R%R™) into L, (R%R™) and formula (5.5) follows. The evolution prop-
erty easily follows. Hence, G(t,s) is an evolution operator from LY, (R4, R™) into
Ly, (R, R™). O

REMARK 5.5. In the autonomous case, the evolution operator G(t, s) is replaced
by a semigroup T'(¢) and the evolution system of measures {u; ;i =1,...,m, t €
I} is replaced by a family of measures not depending on the parameter ¢ denoted
by {u; : i =1,...,m}. In this case the semigroup T'(t) maps Lﬁ(Rd; R™) into itself
and || T(t)|| ¢z mammy) < (2¢K)"5  for any ¢t > 0 and p € [1,400). In addition,
T(t) turns out to be a strongly contmuous semigroup in Lz(Rd;Rm). Indeed, for
any f € Cy(R%R™), T(t)f converges locally uniformly to f as t — 0. Hence,
estimate (2.6), Proposition 5.1 and the dominated convergence theorem allow us
to conclude that | T'(t) f — f| .z, garm) vanishes as t — 0F. For f € L? (R R™)
we can get the same result using the density of Cy(R%R™) in LE, (R4 R™) and the
boundedness of the function ¢ — [ T'(t)[| ¢ Ly, ma;zmy) in (0,1).

Now, we give a sufficient condition in order that the evolution operator G(t, s)
is compact from L%, (R%R™) into LF, (R R™).

THEOREM 5.6. Assume that G(to,s) is compact in Cp(REGR™) for some I >
s < to. Then, G(to,s)) is compact from L}, (R4, R™) into LL, (RER™) for any
p> 1.

PROOF. Let us fixty > s € I and assume that G/(to, s) is compact in C,(R%; R™).
First of all, we show that G(to,s) is compact in L>(R%R™) = Ly (R4, R™) for
any s € I, where the equality follows from Proposition 5.1. Since the evolution
operator is strong Feller, G(to,s) maps L>(R%;R™) into Cy(R% R™). Moreover,
by the semigroup law and the compactness in Cy,(R%; R™), G(ty, s) turns out to be
compact from L>(R%; R™) into C,(R%; R™) hence from L (R%;R™) into itself.
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Now, let U be the unit ball in L>®(R?%; R™), set K'* := G(tg,s)(U) and fix
¢ > 0. Thanks to the compactness of G(to,s) we can determine simple vector-
valued functions {¢;},=1, & with {; = >0, chAi for some c{ € R™ n e N,
where U?_; A; = R?, such that the family {¢1,...,(x} is an e-net for K% i.e.,
K'os C Ule B.(¢i). Moreover, P!¢; = ¢; for any i = 1,...,k and t € I, where

n

1
P, = (/ d > | (=1,....,m, tel
( Ef)e Z l,L&t(AZ) Al fz H[,t XAz

i=1
Note that
(5.6) P2 G(to,s) = Glto, 8)ll g (roo mesem)) < 2.
Indeed, fix f € L (R4 R™) with || f|leo < 1. Then, there exists j € {1,...,k} such
that G(to,s)f € B-(¢;). Hence,
P2 Gt s)f — Glto, s) fllo < P2 (G(to, ) f = Cj)lloe + 1165 — Gto, 5) Flloc < 2e.

On the other hand, since P! is a contraction in By(R%;R™), it follows that

[P G(to, s) — G(to, 5)||L(LLS (REGR™);LL, (RGR™))

(5.7) <2(|G(to. s)lle(ry, masmy;Ly, (migm)) < 2-

Thus, estimates (5.6), (5.7) and the Riesz-Thorin interpolation theorem yield that

(5.8) IP2Gto, 5) = Glto, )l (rp, mammyLy, (mammy < 261717,

for any 1 < p < +o00. Letting ¢ — 0 in estimate (5.8) yields the claim since G (¢, $)

can be approximated by the operator P{°G(to, s) which has range finite. O
6. Examples

In this section we provide some examples of operators which satisfy our as-
sumptions and to which our results can be applied.

EXAMPLE 6.1. Let A be as in (2.1) with
k k
ij(t, x) = wfj(t)(l + |z|})hi, bE(t,x) i= —yF () (1 + |z))"
and
Chk(t,$> = dhk(ﬁ)(l + ‘$C|2)Uhk

forany 4,7 =1,...,d and h,k =1,...,m. Let us assume that

HYPOTHESES 6.2. (i) for any 4,57 = 1,...,d and h,k = 1,...,m, the func-
tions wf, v and dpx belong to C’ﬁ)éQ(I), wiy = why, hi; = hi;, the coefficients
hfj, % oy are nonnegative and infy v¥ > 0;
(ii) the functions d;; are positive for i # j, negative for i = j and o,; < oy; for
any i # ji
(iii) for any k=1,...,m, min;—y 4 hk > max;; hfj and
1
N ; k k (1\\2) 2 )
it (min o0 = max (Sh07)) >0
J#i
(iv) 1+ maxizlvnyd{akk,éf} > max;—1,..4 hfi, forany k=1,...,m.
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Under Hypotheses 6.2, all the assumptions in Theorem 2.4 are satisfied hence
it can be applied. To check Hypothesis 2.1(ii) we can write

d
(@Q(t,2)¢,¢) = Y wh ()1 +[al)*5¢2 + 3 wh(B)(1 + o)
- i#i
> ( i_rglin d(wfi)(l + |]?)mine Rk,

=1,...,

1
2 max; k
- o, (67) eyt e
G
> 2\max;; h,’fj k _ k 3 2
20+ e (min wh(0) - max (S} )i
Jj#i
for every ¢ € R?, and Hypothesis 6.2(iii) guarantees that the infimum of z* in I x R?
is positive for any k = 1,...,m. Clearly Hypotheses 2.1(iii) and (iv) are immediate
consequences of Hypothesis 6.2(ii). Choosing ¢(z) = ¢(z)1 := (1 + |z|?)1, for
every x € RY, we get

U

(A(t)p Z £)(1+ |2 ”—22% Y2 (1+ [af)%
+dej )(1 A+ [a]?)7r !

for every x € R? and from Hypothesis 6.2(iv) we can prove that there exists two
positive constant ay, ¢, such that (A(t)pl)x < ag—crp, thus Hypothesis 3.3 (hence
Hypothesis 2.1(iv)) is satisfied too. In addition, since for any h # k the functions
cpk are nonnegative, the evolution operator G(t,s) associated with A(t) is well-
defined in £(Cy(R% R™)) and it is positive as stated in Proposition 2.8.

Now, we are interested in finding conditions on the coefficients of A(¢) which
ensures compactness of G(t, s) in C,(R% R™) as obtained in Theorems 3.8 and 3.11.
To this aim, besides Hypotheses 6.2(i)-(iii) we assume that max;—; _4h%¥ < 1+
max;—1, . q¢F for any k =1,...,m and that /" dy;(t) <0 for any k =1,...,m
In this case Hypothesis 3.1(i) is satisfied with ¥y = ¢ for any &k = 1,...,m. In
addition, being """ ek (t,z) < (1 + |z]?)7% 37" dyi(t) < 0, Theorem 3.8 can be
applied.

On the other hand, if we assume that 75, := max;—1___4{oxk, ¢¥} > 0 then Hypoth-
esis 3.10(i) is satisfied with p(z) = 1 + |z|? and hi(z) = ckaTk — ¢k for some
positive constants ¢/ (i = 1,2). Now we claim that if

(6.1) Z1111ax F>14 jmlax {Okks k»—2}, k=1,...,m,

then the functions wg(z) = 1+ ﬁ, (k = 1,...,m) are such that Hypothesis

3.10(ii) is satisfied for any p € R, hence Theorem 3.11 can be applied. Indeed we
can write

(Ar(t)wr) (@) + crr(t, 2)wi(z =—2Zw“ (14 |2
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+QZ% (1 + |z|? )

—l—SZw Vg (14 |z]?) 63
J#i

(6.2) + dpr (8) (1 + |z]*) k> (1+ 1+1|x|2)

Now, if (6.1) is satisfied, the leading part in the right-hand side of (6.2) is given
by the term containing the drift coefficients which, as it is easily seen, blows up at
infinity. Thus it is clear that we can find R > 0 such that Axwy + cprwyr — pwg
is positive in I x (R?\ Bg) for any p € R. Consequently, the assumption (6.1)
is also a sufficient condition in order that neither Co(R%;R™), nor LP(R%;R™)
(1 < p < +00) are preserved by the action of G(t, s) (see Theorems 4.1 and 4.2(i)).

Now, we are interested in finding conditions in order that the space Cy(R%; R™)
is preserved by G(t,s). To this aim, we prove that assuming

k

(6.3) x| {nk. — 1,001} > x| { ; n%axdh —1,0F » max ak]}
for any k = 1,...,m, then we can find Ao > 0 and [a, ] C I such that the function
v(z) = ﬁ]l satisfies A\gv — A(t)v > 0 in [a,b] x RY. Indeed, a straightforward
computation shows that

ok (0)= (A ) = No s PHZ% )1+ Jaf?)
=1

d
S8 3 Wbl (4 oS 2 Y ka1 ¢ a2
ij=1 i=1
= 3 i ()1 + [l
j=1
for any k = ,m and (t,z) € I x R Now, arguing as before, if (6.3) is

satisfied the functlon Aovk () — ((A(t)v)(x))g tends to +o00 as |x| — 400 uniformly
with respect to ¢ € [a,b], for any [a,b] C I. Hence we can find A\g > 0 such that
Aov — A(t)v > 0 in [a,b] x RY.

In order to deduce the invariance of LP(R% R™), let us compute xc which
is a function which bounds from above the quadratic form associated with C' in
[a,b] x R%. We can write

(C(t,2)¢, Q) =(diagC(t, 2)¢, () + ((C(t, ) — diagC(t, 2))C, )
<= min ei(t,2)|IC]7 + Ap(t)(1+ |of?) e 7
< min [d(0)](L+ laf?) o Ap(e)(1 4 [af? s o
where Ap(t) is any positive function which bounds from above the quadratic

form associated with the matrix ((1 — 0px)dpk(t))nx. Hence, we deduce that
(C(t,2)¢,¢) < ke(t,z)|¢|? for any (¢,2) € [a,b] x R? where

retw) = =((min ()] (1 [af?) ™= 7 Ap(e) (L) 7,
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for any t € [a,b] and = € RY. Moreover, since
d

. k k_
divyh () =~ (mm la?) + 2655 (a1 + a?)

=1
+2hiz )1+ o))t

+4th (BE: — D)l (B)ajai (1 + |2]2)™ 2),

we deduce that I'l, ) is finite (see (4.1)) if, for example, o;; > max;_ j ,{ (¥, th -1}
for any ¢ = 1,...,m. In this case also estimate (4.3) is satisfied, hence Theorem
4.2(ii) and (iii) can be applied. Consequently the space LP(R%R™), p > 1 turns
out to be invariant under G(t, ).

It is quite easy to see that the functions g, rx, po and p; defined in Hypotheses
4.3 are such that

Nlc(t7 :,C) ~ ‘x|2 min; hn7 ’I"k(t, CC) ~ |x|2min,- éf, Ckk(t, x) ~ ‘x|20’“’“
and
pO(t7 l‘) ~ |£Z?|2 maxXpo£k O'hlc7 p1 (t7 l’) ~ |x|2maxh,);c opr—1

as |z| — +oo for any t € J, J C I bounded. Thus, taking account of the sign
of each term in the definition of oy ; in (4.7) we conclude that oy s is bounded in
J x RY if, for instance

(6.4)

max{ min El ,Ukk} > maX{Qmaxaki,onk — 1, min h } k=1,...,m.
i=1,....d i#k 1—1 d

Assumption (6.4) allows to apply Theorem 4.4 to conclude that C}(R%R™) is
invariant under G(t, s).

To conclude, we provide some conditions in order that the results in Section 5
can be applied. Besides Hypotheses 6.2(i)-(iii) we assume that max;— _4hY < 1+
max;—i,.. dﬂf for any k =1,...,m and that Y " dg;(¢t) <0 forany k=1,...,m
In this case Hypotheses 2.1, 3.1 and 3.3 are satisfied. If, in addition there exists
j€{1,...,m} such that

Z nllaxdfj > maX{UNsz,c -1},
then we can find K > 0 such that the function g : R — R, defined by g(z) =
ﬁ — K for any # € R%, is such that all the hypotheses in Lemma 5.2(i) are
satisfied and Theorem 5.3 can be applied.

On the other hand, under Hypotheses 6.2(i), (iii), if 0;; = o for any i,j =
1,...,m, d;i; > 0 for any i # j, Z;‘nﬂdij(t) =0foranyt€I,i=1,...,m, and
max;—i,..d hi?i < 14 max;=1,. .4 Ef for any k = 1,...,m then Hypotheses 2.1, 3.1
and 3.3 are satisfied as well as that in Lemma 5.2(ii) are satisfied. Indeed in this
case the function g = 1 is such that A(t)g = 0 in RY for any ¢ € I and consequently
Theorem 5.3 holds true also in this latter case.

7. Appendix

Here, we recall some apriori estimates used in the paper, whose proofs can be
obtained arguing exactly as in [2], and a classical approximation result.
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PROPOSITION 7.1. Let Q C R be an open set, T > s € I and u € Cy([s,T] x
Q;R™) N CH2((s,T) x Q;R™) satisfy the equation Dyu = Au + g in (s,T) x Q
for some g € C*/%%((s,T) x Q;R™). Further, assume that the function t —
(t = s)llu(t,)llczmm) is bounded in (s, T). Then, for any Ri > 0 and xo € €,
such that Dg, (z¢) € Q, there exists a positive constant Ko = Ko(R1, Ao, s,T) such
that, for any t € (s,T),

(t = )| D2ut, ) o (D, (wo)mm) + VE =8 | Tt )| Lo (D, (20)mm)
(7.1)  <Ko(lullg, (s rixamm) T 19llcarzasrxamrm))-

THEOREM 7.2 (Interior estimates). Let T > s € I and let u € C1 /224 ((5, T x
RER™) satisfy, in (s,T] x R? the equation Dyu = Au + g for some g belonging
to C’Zéz’a((s,T] x R4 R™). Then for every ri,1o € (s,T), with vy < 72, and any
pair of bounded sets 11 and s such that Q1 € s, there exists a positive constant
¢, depending on Q1, Qa, 11, T2, T and s, such that
(7.2)

[ullgrarzza o ryxumm) < cllulley (1) x02mm) + 18lloorze (1) xQuirm))-

LEMMA 7.3. The characteristic function of any open subset of R¢ is the point-
wise limit in RY of a sequence (9,,) C Cy(R?) such that 0 <9, <1 in R? for any
n € N.

PrROOF. We fix an open set 2 and, for any n € N, we denote by ¢, €
Cy([0, +00)) any function such that ¢,(s) = 1, if s > 1/n, ¢n(s) = 0, if s €
[0, (2n)71] and 0 < ¢,,(s) < 1 otherwise. Next, we set

ﬁn(x) :(bn(d(xaRd\Q))v €T ERda

where d(z, R?\ Q) denotes the distance of 2 from R?\ . As it is immediately
seen, each function ¥J,, vanishes on R?\ Q. On the other hand, if z € Q, then
d(z,R4\ Q) > 0. Therefore, if n € N is such that nd(z, R?\ Q) > 1, then J,,(z) = 1.
As a byproduct, lim, o U, (2) = 1. Since, by the choice of the sequence (¢,,) it
holds that 0 < J,, < 1 in R?, (¢9,,) is the sequence we are looking for. O
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