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ABSTRACT. For incompressible Navier-Stokes equations, Leray believed that,
for a blow up solution, the initial data and the solution should both have the
same special structure for different time and proposed to consider self-similar
solutions. Necas-Ruzicka-Sverak proved that self-similar solution has to be zero
in 1996. In the study of ill-posedness, Yang-Yang-Wu find symmetry property
plays an important role. In this paper, we consider two categories of symmetry
properties. On the one hand, we found some kinds of symmetric solution has to
be zero as self-similar solution. On the other hand, we prove that three kinds
of symmetry initial data can have uniform analytic and symmetric solution
in the general Fourier-Herz spaces. We use symmetric and uniform analytic
functions to approximate the solution. We take two steps: (i) For these kinds
of symmetry of initial data, we prove that the solution has also the same
symmetric structure. (ii) We prove that the uniform analyticity is equivalent
to the convolution inequality on Herz spaces.
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1. Introduction

We consider the incompressible Navier-Stokes equations on the half-space R x
R3,
ou—Au+u-Vu—Vp=0, (t,z)€ Ry xR3,
(1.1) V-u=0, (t,x) € Ry x R3,
u(0,x) = uo(x), z € R3.

Since Kato-Fujita [16] found mild solution for Navier-Stokes equations (1.1) in 1962,
many works have considered the mild solution. Among all the known results on
global well-posedness in different initial spaces, BMO ™!, studied by Koch-Tataru
[19] in 2001, is the biggest critical initial spaces in the real version. P 1, studied
by Giga-Inui-Mahalov-Saal [12] in 2008, is the biggest critical initial spaces in the
Fourier transform version. The other works consider the wellposedness in solution
spaces with particular structure. See [5, 6, 11, 13, 15, 17, 19, 21, 22, 23, 24,
25, 26, 32, 33, 34, 35, 36, 37, 38, 41, 42]. Most of these works were finished
after [12] and [19], but they have considered particular structure solutions and are
still valued. So we try to consider the above equations in some new points and
search special structure solutions.

Leray believed that, for a blow up solution, the initial data and the solution
should both have the same special structure for different time and proposed to
consider self-similar solutions. But in 1996, Necas-Ruzicka-Sverak [31] proved the
only possible self-similar solutions are zero. Further, Yang-Yang-Wu [43] found
that the symmetry property plays an important role in the study of ill-
posedness. The study of special structure both initial data and solution have is
relative to the rigidity of the equations and contribute to the study of Navier-Stokes
equations (1.1). In this paper, we search symmetric and uniform analytic
solution. Because of the structure of equations (1.1), we found many kinds
of symmetric initial data can not produce symmetric solution and have
rigidity. But we can prove still, for m = 1,2, 3, if ug(z) satisfies symmetry property

2_3
X, and belongs to some critical Fourier Herz space P, 4 ”, then there exists global
solution u(t, ) such that u(t, ) satisfies still symmetry property X,, and multiply

;
by an exponential growth factor, its uniform norm U, (&) = sup e*? [¢l]a(t, €)| belongs
>0

3
to Herz space Hi;;. Such uniform norm for ¢ means uniform analyticity.

Herz spaces H,) , have been studied heavily in harmonic analysis. See Lu-Yang
[27] and their references therein. Phase space Py, is defined by the functions whose
Fourier transform belong to the Herz space Hy . For p = ¢, Herz space becomes
the weighted Lebesgue space W, .

DEFINITION 1.1. For a € R, 1 < p,q < co. We have
. . ; a1
() £(6) € g, it {5 200 [ F(©)Pde)$}T < oo
JEL 27 <[§| <27+
(ii) f(x) € Py, if f € Hy .
Ifa=2- %, then the initial data space Py, becomes critical phase spaces.

There are two categories of symmetry of a vector field u: (i) symmetry about the
component of velocity field. (ii) symmetry and anti-symmetry for the independent
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variable of velocity field. Divergence zero property and non-linearity restrict the
possibility of symmetric solutions. We will show that a party of such symmetric
initial data has only zero symmetric solution. Up to this paper, we found only the
following two kinds of symmetric initial values can produce symmetric solution.

DEFINITION 1.2. We define the symmetry property of u according to the sym-
metry of its Fourier transform :

(i) u satisfies the symmetry property X, if
(12) ﬁ1(§17§27§3) :’&2(52,61,53).

(ii) w satisfies the symmetry property Xs, if @ has the same symmetry as the
following polynomial function

&3+ &
(1.3) §163+ &y
&&+ i3

(iii) We say u satisfies symmetry property Xs, if u satisfies both X; and Xs.

For equations (1.1), we have the following symmetric and uniform analytic
solution result:

THEOREM 1.3. Given p > %,1 <q< oo, =2— %. For each m = 1,2,3,

assume that divergence zero ug satisfies symmetry property X,,. There exists con-
stant Cr, such that, if |do|| e )2 < Cm, then equations (1.1) have a unique solution
u(t,x) which satisfies symmetry property X,, and

(1.4) supe” I¥lja(t,¢)| € HY,.
t>0

We will prove this theorem by constructing symmetric and uniform analytic
functions to approach the solution. Three reasons lead us to consider symmetric
solutions:

REMARK 1.4. (i) Symmetry property plays an important role in the study of
ill-posedness in [43].

(ii) Symmetric structure has relation to the rigidity of equations like self-similar
solution does. A party of symmetric solution has only zero solution.

(iii) The symmetry property is applied to the dimensionality reduction, see
Abidi [1] and Abidi-Zhang [2]. The study of symmetric solution is helpful to un-
derstand how the symmetric solution result in dimensionality reduction, see also
Corollary 5.1.

For the two categories of symmetry, we note

REMARK 1.5. (i) As to the symmetry on the component of velocity field, the
symmetry property X; is a generalization of sub-radial property which has been
considered in many papers. See Abidi [1] and Abidi-Zhang [2]. For the incompress-
ible Navier-Stokes equations (1.1), radial solution has to be zero. But there exists
sub-radial solution. Such solution is related to the axisymmetric initial data with
zero swirl. See also Remark 5.2. X7 makes the vorticity of the third axi to be zero.

(ii) The independent variables of vector field u have symmetry property means,
the real part and imaginary part of each component of Fourier transform all have
axi-symmetry or anti-axi-symmetry. Since a real function has 2% = 8 kinds of
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aximmetry and anti-axi-symmetry property and a complex function has 8% = 64
kinds of aximmetry and anti-axi-symmetry property, hence a vector function
has 64° = 262144 kinds of possible symmetry property. Divergence zero
and non-linearity restrict the possibility of symmetric solution. I have taken
a long time to check many kinds of symmetry properties and finally,
we found symmetry property X, can produce symmetric solution. See
both subsection 5.1.1 and remark 5.9. I did not found any paper which has
considered such symmetric solution. In further study, I have found in another
paper [40], there is only one kind of symmetry real valued initial data ug(z) can
generate symmetric solution.

As we know, the general symmetric solutions have never been considered before
and the analytic solutions for initial data in general Fourier-Herz spaces Py’ have
never been considered before. In fact,

REMARK 1.6. (i) Without considering analyticity, Pl,ll in [12] is the biggest

2_3
initial spaces among all the critical phase spaces Pp',. We guess P (p > %)

is the biggest critical initial data spaces which allows uniform analytic
solution, but we did not know how to verify this.

(ii) The following work considered the well-posedness without considering any
analyticity: Cannone-Karch [7] considered the case PDQO,DO. Giga-Inui-Mahalov-Saal
[12] and Lei-Lin [21] considered the case Pf)ll. Cannone-Wu [8] considered the case
Py ql. Further, Xiao-Chen-Fan-Zhou [39] considered the general case.

(iii) As to the analyticity, see [11] and [30]. Biswas considered Fourier version
weighted Lebesgue space (W, ,)® which is the particular Fourier-Herz space (P;fp)3.
Applying Theorem 3.2 in [3] to the equations (1.1), there exists constant C' such that
luoll(w, ) < C, then there exists a unique solution u(t,z) € C([0,00), (Wap)?)
satisfying

(1.5) sup ||allGy, 1) < 2C,
0<t<oo

where 6y = % — 1 and

lollanr = { [ et lierlote,ppae}”

Since (1.4) is stronger than (1.5), so our result naturally implies the above
result. Further, their methods can not be applied to consider the uniform
analyticity.

(iv) As to the uniform analyticity, Le Jan-Sznitman [20] consider the case
p = q = oo by applying convolution inequality. For p = ¢ = 2, which can be found
at Chapter 24 in the book of Lemarié 2002 [22], whose proof is made by applying
paraproduct and space Bgolvoo. In this paper, we can consider uniform ana-
lytic solution for general p and q. Our main idea is convolution inequality
on Herz spaces.

The structure of the rest paper is as follows: In section 2, we introduce some
history on mild solution and present a result on uniform analytic solution. In section
3, we show how to transform the wellposedness result to the convolution inequality.
In section 4, we prove the convolution inequality on Herz spaces. In section 5,
we present first how divergence zero exerts influence on symmetry property. Then
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we show how the iterative algorithm (2.6) inherits the two kinds of symmetry
properties. At the end of section 5, we narrate a corollary on how the symmetry
property reduce the number of induction function in the iterative algorithm (2.6).
In the last section 6, we prove our main theorem on symmetric and uniform analytic
solution.

Acknowledgement (i) The reviewers have given many good suggestions to
me, [ would like to express my sincere gratitude to them.

(ii) This paper is financially supported by the China National Science Founda-
tion (No.11571261).

2. Mild solution and uniform analyticity

The notion of mild solution was pioneered by Kato-Fujita [16] in 1960s. Denote
(2.1) PV u®u Zal uw) Zalal/ ulup
LU

A solution of the above Cauchy problem (1.1) is then obtained via the following
integral equation

(2.2) u(t,x) = etAuo(a:) — B(u,u)(t,x),

where

(2.3) B(u,v)(t,z) = / APV (4 @ v)ds.
0

The equation (2.2) can be solved by a fixed-point method whenever the convergence
is suitably defined in some function space. Denote
ul(t, x) = eBug ;
uw () = WOt x) - B, u")(t,x), Yr=0,1,2,--
For ug € X§, if there exists X? such that u’(t,z) € X3 and iterative quantity
u” (t, x) converge to some function u(t,r) € X3, then u(t,z) is the solution of (2.2).
u(t, ) is the mild solutions of (1.1). The initial data space X is called to be critical
for (1.1) in the sense that the space is invariant under the scaling
uy = Mug(\x).

Note that (1.1) is invariant under the scaling

uy = A\u(\*t, \x)

(2.4)

and
pa(t, ) = A2p(\*t, \x).
Hence critical spaces occupied important position.

During the latest decades, many important results about the mild solutions to
(1.1) have been established. See for example, Cannone [5, 6], Germain-Pavlovic-
Staffilani [11], Giga-Miyakawa [13], Kato [15], Kato-Ponce [17], Koch-Tataru [19],
Taylor [32], Wu [33, 34, 35, 36] and also the book [22]. Extending Koch-Tataru’s
BMO™'(R") space in [19], Xiao [37, 38] introduced the Q-spaces Q... (R™)
to investigate the global existence and uniqueness of the classical Navier-Stokes
system. Further, applying the wavelets in [29], we have extended these results to
many function spaces: Trieble-Lizorkin spaces, Besov Morrey spaces and Trieble-
Lizorkin Morrey spaces (see [23, 24, 25, 26, 41, 42] ).
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Recently, there were also many people considered solution in phase spaces.
Taking Fourier transform for Bilinear operator B(u,v) in (2.3), we get

(2.5) B(ﬁj;)(t,f):/ e~ (t=olel Zfzul*vds—&—{/ —(t=s)lel? fol U0y ds.
0

ll/ |

The above iterative process in (2.4) is equivalent to the following
(2.6) At (t,€) = el ag (€) + iB(am, am) (¢, ), YT > 0.

In this paper, we consider initial value uy belongs to phase space (Paq) Without
considering analyticity, Giga-Inui-Mahalov-Saal [12] and Lei-Lin [21] obtained a
global existence result for small initial data in P1,1 . Xiao-Chen-Fan-Zhou [39] con-
sidered the general cases. For uniform analytic solution, only two cases of Fourier-
weighted Lebesgue spaces have been considered. P2  has been studied in Le

Jan-Sznitman [20] (see also [4] and [22]). Pf2 has been studied by Fujita-Kato
[10] (see also [22]). Fourier-weighted Lebesgue spaces are special Fourier-Herz
spaces Pp',.

Among all the known results of global well-posedness, BMO ™!, studied by
Koch-Tataru in 2001, is the biggest critical initial spaces in the real version. P 11,
studied by Giga-Inui-Mahalov-Saal in 2008, is the biggest critical initial spaces in
the Fourier transform version. Further, A great party of these works were finished
after [12] and [19], but they have considered particular structure solutions and are
still valued. So we try to consider the above equations in some new point and search
special structure solutions. For uy € X§ or dg(§) € X3,

DEFINITION 2.1. (i) The solution u(t, z) is analytic means there exists 0 < v <
1 such that

(2.7) sup ||e_tw(_A)7u(t,x)||X03 < 0.
>0

(ii) The solution u(t, x) is uniform analytic means there exists 0 < v < 1 such
that

(2.8) ||21>1%)e t(=a) u(t, x)sz < 00,
or

V€12 A
(2.9) | supe™ At )| (xpys < oo

The earliest study of space analyticity can be found in Masuda [28]. Foias-
Teman [9] have shown the space analyticity of solution for period function in
Sobolev space. Germain-Pavlovi¢-Staffilani [11] constructed the solutions with
space analyticity for small initial data in BMO™" (see also [30]). Biswas [3] con-
sider Gevrey regularity. Uniform analyticity (2.8) or (2.9) mean uniform norm for ¢,
which is stronger than analyticity (2.7). Analyticity has been considered by many
people, but there exist only a few works which considered uniform analyticity. See
Le Jan-Sznitman [20] and Lemarie [22]. See also [11], [28] and [30]. Uniform norm
for ¢ means that the dilation does not bring influence to the solution.

For a scale function f(¢,z), denote its Fourier transform by f (t,€), its uniform
quantity for ¢ denote by F'(§) = sup;~ | f (t,€)| and whose uniform exponential de-

1 ~
cay quantity denote by Fi.(§) = sup,~ €'’ €| £(t, €)|. Herz spaces have been studied
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heavily in harmonic analysis, see [27]. We introduce the definition of uniform ana-
lyticity in Herz spaces.

DEFINITION 2.2. f(t,€) € S 4o

if F.(§) € Hy

In this section, we consider uniform analytic solution in Fourier-Herz spaces.
Our main skills are to prove that the existence of uniform analytic solution is
equivalent to the boundedness of convolution inequality on Herz spaces.

THEOREM 2.3. Given p > %,1 < q < o0 anda:2—%

C such that for ug € Py and ||io||(ms )2 < C, there exists a unique solution u(t,x)
such that

(2.10) at, &) € (S5,)°-

. There exists constant

Such uniform analyticity in phase space will be considered in subsection 3.3 by
the estimate of convolution inequality.

3. From well-posedness to convolution inequality

3.1. Bilinear operator B in phase space. Denote |i(t,£)| = sup |i(t,€)|

1=1,2,3
and
. t
(3.1) B(u,v)(t,§) = |§\/0 eI (s, )|+ [o(s, ) ) (€)ds
THEOREM 3.1. Given 1 < p,q < oo and o € R.

(3.2) B is bounded from S < S5 to S,
implies

R a \3 a \3 a \3
(3.3) B is bounded from (Sy ,)” x (S, )" to (Sy ).

ProoOF. For k,l,1I' € {1,2,3}, denote
t
Bl,l’ (i, o1r) (8, €) = / e (t=o)lel” Z&fu * Opds
0 7

and .
By (i, 00) (£, €) = / e~(t-alel” > L&fl/ iy * Dy ds
O l7l/ |£‘
We note that

w(t,&) = sup By, )66+ sup | Bi (@, o) (¢, €)]
(3.4) LU=1,2,3 O kLU=123
< CB(u,v)(,€).
and a(t,€) € (S5,)° implies |a(t, &) € S5,. That is to say, if B satisfies (3.2), then
(3.5) w(t,€) € 5%,
The equations (3.4) and (3.5) imply
(36) B(a,)(t,€) € (Sp,)*.

The equation (3.6) means B satisfied the condition (3.3). O
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3.2. From boundedness of é to the convolution inequality. In this

subsection, we transfer the boundedness of bilinear operator B to the estimation of
the following convolution inequality on Herz spaces Hy',.

THEOREM 3.2. Ifp > %a =2 % and 1 < q < oo, then
(3.7) IEl~H U «V)(©)llma, < CINU|ae Vs, -

REMARK 3.3. The weighted Lebesgue cases have been considered in Kerman
[18]. (3.7) extends Kerman’s result to Herz spaces.

In the rest of this subsection, we show how the above convolution inequality

implies the boundedness of B.

THEOREI\/{ 3.4. Given p > %, a=2-— % and 1 < q < co. If the inequality (3.7)
is true, then B is bounded from Sp, x Sy to Sy .

Proor. We claim the following inequality

9 1 1 1 1 2
(3.8) (=) —sEle—nl —sF Inl < 2o—th Il ~ 3 (-9,
In fact, using the triangle inequality gives
e (=9I =sB le—nl =5 1l < = (t=9)|elP+(tD —s2)l€] 3 6] o~ (t-9)lel?
Let I = —3(t —s)[¢|* + (t2 — s2)|€|, then it suffices to prove
1 <2.
Note that
v — 13 = (29 — 21) (22 + 71).

Hence, we have
1
1= @ —sh)jel(1- 5 +sD)e).

On the one hand, if (£2 + s2)|¢] > 2, then we have I <0 < 2. On the other hand,
if (t2 + s2)|¢| < 2, then we have I < ¢2]¢] < 2.

Denote w,(t, &) = et 1€lw(t, €), ue(t, &) = et Elu(t, &) and v (¢, €) = et Elu(t, €).
Hence (3.1) and (3.8) imply the following inequality:

(3.9) we(t, §) < eQIf\/016_%(t_s)‘f‘2d8(|ue(tw)| * |ve(t, ) ) (§)ds.

Let We(€) = supsq |we(t; )], Ue(§) = sup;~ |ue(t, )] and Ve (§) = sup;~q [ve(t, §)|-
Taking supremum for s and ¢ in the equation (3.1), we get

t
W.(€) < Cl¢]sup / =3I 45, £ V,)(€) < Cle| (UL # V) (6).

t>0 J0

Hence the convolution inequality (3.7) implies the boundedness of B form Sp g XS5,
to S .
P.a
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3.3. Proof of theorem 2.3. In this subsection, we prove theorem 2.3. For a
distribution wug, Picard’s iterative process is to find out a mild solution near some
function u°. See Cannone [6] and Koch-Tataru [19]; see also Li-Yang [24, 25] and
Lin-Yang [26].

Proor. For small initial value ug in some space XS’, if there exists certain
space X3 such that

(3.10) the operator '® is continuous from X{ to X3
and
(3.11) B is bounded operator from X3 x X3 to X3,

then B(u™,u")(t,x) defined in the equation (2.4) is an error term. Picard’s contrac-
tion principle tells that u” converges to the unique solution of the above Navier-
Stokes equation (1.1).

Take X§ = (P,)? and X? = (5% )%. It is easy to see

THEOREM 3.5. Given 1 < p,q < oo,a € R. We have

et™ is continuous from (P;fq)3 to (qu)g’.

By theorems 3.1, 3.2, 3.4 and 3.5, we know Theorem 2.3 is true. (I

4. The proof of convolution inequality

For 1 < p,q < oo, denote p' = p% and ¢ = %. To simplify the proof, we
prove only the case % < p < 3 in this section. For p > 3, we have to use the duality
of Herz spaces. For 1 < p,q < oo, € R, we have (H,,) = H_C" If we use

auxiliary function h € H /'y and the similar idea in this section, we can prove that

JIEHU©)] = [V (E)|h(€ )||§| *d¢ is bounded, and the above result is true for all
p> 3.
s J
Denote Wy v = Z 20701 p){f2j<\5\<2j+1(|U(£)| * |V(§)|)Pd§}p We decompose
jez ==

the integration of ¢ to the dyadic ring and get

Woy <Ot (e v

jez <
We decompose then the integration of 1 to three parts and get

Wy < C;Z?“““ U <ierzaie Uyzas— [UE = )|V (n)|dn)Pde} s
J

+C %:ZZ(U 177){f2j<\§\<21+1(fw>21+2 \UE—n)|IV(n )|dn)pd€}‘°

+C %2‘” v {f21<\g\<21+1 fQ./ 1< |n|<29+2 |UE=mllV(n )|d77)pd§}%
JjE

= Il +IQ—|—13

For I ,Is and I3, we apply different way to enlarge the convolution part and for
i=1,2,3, we prove I; < C||U[|%a IV[[%a -
p,q p,q
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For I, we have

L <C %ij(lig){f2js\§\§2j+l f|n|§2jf1 (U = )PV (n)ldndg
JjE

(S [V (n)|dn)P~1}>

1 3 q
S CX:ZQ(”(I p){f2j71§|5|§5.2j|U<£)|pdf(f|n|§2jfl|V(77)|d77>p}p
JjE
(13 q
= 0222‘”“ s < e <5 [UQPAEY? ([, <ss [V (m)]dn)?.
JjE
Further,
f|n|<2j_1|V(77)|d77 = > f2j’<\n|<2j’+l [V (n)|dn
= y<g—2t T ==
3" 1
< C . ; 22 v {f21’<\n\<21’+1 |V(77)|pd77}p
J'<j— -
-/ 1
= C ) ; 22J a{fzy"<|n|<2j’+1 |V (n)|Pdn}»2?
J'<j— -
Y] q. 1 7. L
< o Y 2w a{fzj’<\n\<2j'+1 V() Pdn}r)a( > 297)7
<2 ) - . L J'si-2
< VO 2 [ o [VPdn} )5
J'<i—2 -
Hence

1 < CU g V%
Then we consider I3. Take a < A < %. We have

Iyy = fzj§|g|§2j+1(fgj—lgwggﬂz U&=V (n)|dn)PdE

< f2j§\5|§2.7‘+1 f2.7—1§|,7|§2j+2 € = nPP|U(E = n)[P|V (n)[Pdn
(f2j*1§|n|§2”2 & — |~ dn)P~tdg
< fzjgmgzjﬂ f2"*1§|n|§2”2 & = nPP|U(E =[PV (n)|Pdn
(f\g_mgg.gjﬂ € — n\_k”/dn)p*%
< 2B= ) (p-1)j f2jg‘§‘S2j+1 fgj—1§|n|§2j+2 1€ — U‘AP|U(£ =[PV (n)[Pdnd§
<

2NN [ EPPIU(EIPE [y cpy <o [V (P,

(i) For ¢ > p, we have

Sietzara EPPIU©PAE = 5 [ o carr [EPPIU(E) P
- ' <j+2 -0

< C X 2p)\j,f2jf<|€|<2jr+1|U(f)|pd£
J'<j+2 L

= C Y 2p(-a)iigpaj f2j/<|§‘<2j/+1|U(£)|pd§
J'<i+2 == ’ o

< O{ X 29 (fprieycara [UE©PAEPYa{ 3 2a-rA- 5"
J'<i+2 - J'<j+2

< 20D 5 e [ VO

J'<i+2 21" <|g| <24’ +1
Hence

Ipv <279{ Y 29 / U(&)[Pdg)7 }a IV (n)[Pdn.
3/ <j+2 29" <|¢|<29"+1 2071< |y <2942
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So we get

Iy <O 219 0 29 / )I”dé)%{/ V (n)|Pdn} .
JjE€Z §' <42 97 <|g|<29 1 21 —1< |n|<27+2

Hence

I < ClUh, IV
(ii) For ¢ < p, we have

<o [EPPIU©)|Pde}? q
= {2 forcjecarn EPPIUE P}
J'<jt+2

< C, Z Qqul{fzj’g\g\gzj’H [U(&)|PdE}.
J'<i+2
Hence
(o}t < 0™ 5 o[ U©rde)?
J'<i+2 2j'§q|£|§2j'+1
{f2ﬂ—1gm\§2j+2 [V (n)|Pdn}>
< W 5 (| U©)Pde)’
27" <|¢|<2d'+1

J'<i+2 sléls
{fzj—lg‘n‘ggnz [V (n)[Pdn}?.

Therefore, we have

I;<CY 200 2@‘1/ &)|Pd / V(n)|Pdn}.
RS ity DEOPER ] W)

JEZ §'<j+2
Hence
I < ClU % V%
In the end of this section, we estimate I. Take p,d,d" satisfying that £ < p <
min(l,p—1),0<d << % — 1. We have

s /
I2 < %:ZQ’U(I p){f2j§|§|§2j+1 Z>:OQPT6 (f2j+2+75‘77‘§2j+3+7
J S
U - n)IIV(Q)le)Pdg}z
18 a
EZX:>02’U( 2)+a {ijS‘E‘SQj‘Fl(f2j+2+7§|,'7|§2j+3+7
JEL,T>
U (€ =mIIV (n)|dn)rde}r
j(1—= 6T
B ‘EZX:>0 2t erte {fyS\E\SWH(f2j+2+7§|n|§2j+3+7
J ,T 2>
UE =)' P [V||[U(& = n)|Pdn)PdE}r
> 9ai(1=2)+q7o
JEZ,7>0 :
U (& —n)|PA=P) |V (n)[Pdnde} »

’ a
X osup { [y carennr [U(E =P P}
2 <[¢[ <29+ ==

IN

IN

{fyg\g\gy‘rl72j+2+7§|n|§2j+3+7

Since we have

Jai<pej<asnr [U(E = m)PU=P)de

Uny cigeass 06 = PP fy i dE)”
023Jp{f2j§|5|§2j+1 |U(§ — 77)|pdf}1_l’

INIA
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hence

a
7

(1—3 39pj F) ’
I, < Z 2(”(1 AR (f2j+‘r+2_2j+1<|£‘<2j+r+3+2j+1 |U(§)‘p pd&)p
JEL,T>0 -0

a
~ {f2j+2+*é\n\é2j+3+f \V(n)|1’d77(f2j§|£|§2j+l |U(& —n)|PdE)'—+}e.

Since 29127 < |n| < 29F3+7 we enlarge the integration region of U (¢ — ) for the
variable &

[ wemmpas [ o
27 <Jg| <29+ 24742 25 +1< || <2573 42541

Since p < p — 1, applying Cauchy-Schwartz inequality, we get

f21+T+2,2j+1g\§\§2j+r+3+2j+1 ()P Pdg
2o o 3(j47)(1— 22
< C(f2j+r+2721+1S|£|§2J+T+s+2j+1 |U(§)[Pdg) » 2 U550,

Hence
L < Y o@U-rerstiEitdan (-5
 jelr>0
{fzf+f+2—2f+1g\§\§2j+r+3+2j+1 |U(§)|pdf};
X {fzj+2+r§|n|gzj+s+r [V (n)[Pdn}>
_ ) 94i (2= ) +a(i+7) (2= ) +ar(1+6—52)
JEL,T>0
{f21+7+2—2i+1§\§\§2j+r+3+2j+1 |U(§)|Pd£}5
x {f21+2+7§|n|§21+3+r [V(n)|Pdn}>.

For £ < p <min(1l,p—1) and 0 < pd < 3p — p, we have
Iy < OU[ VI

5. Symmetry property

Leray believed that, for a blow up solution, the initial data and the solution
should both have the same special structure for different time. He proposed to
consider self-similar solution. Necas-Ruzicka-Sverak [31] proved such solution has
to be zero. We will show a party of symmetry solution should be zero and a
party of symmetry initial data can result in symmetry solution. In this paper,
the main important structure of solution is the symmetry property of solution.
The divergence zero property and non-linearity property restrict the possibility of
symmetry. Symmetry property plays an important role in the study of ill-posedness
in [43]. If the initial value has certain symmetry, whether the solution has still the
same symmetry? The Remark 5.9 tells us this is not always true. The proofs of
the theorems are not complex. But we know there exist 262144 kinds
of symmetric property for a vector field function and there exists the
differentiability, integrability and product of functions in the non-linear
terms, the difficulties exist in how to find non-zero symmetric solution
and how to find the relative proof.

5.1. Divergence zero and iterative algorithm.
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5.1.1. Divergence zero. We notice that divergence zero implies
LEMMA 5.1. If V(uy,u2,us) =0, then

(5.1) Gis = —(&in + 52122).
€3

(i) For compressible Navier-Stokes equations, there exists radial solutions. The
incompressible Navier-Stokes equations have zero divergence property, so there is
not radial solution. But there exists still sub-radial solution. Abidi [1] and Abidi-
Zhang [2] identifies such particular symmetry with a general name axi-symmetry.
Sub-radial is just a particular case of the symmetry about the component of velocity
field in this paper. See also remark 5.2. The velocity field u satisfies the symmetry
property X7 can produce that the vorticity for the third axi is zero.

(ii) As to the symmetry relative to the independent variable of velocity field, we
note, for a scale function f(§) = a(§)+b(§), f(£) has symmetry property, if its real
part and imaginary part all have axi-symmetry or anti-axi-symmetry. There are 64
kinds of symmetry property for each scale function. We can label each possibility
with polynomial function £*+i¢?, where o = (a1, ag, a3), 8 = (B1, Ba, B3) € {0,1}3.
We write them in the following way

Tf=Ta+iTh=TE +iTEP.

For 0 = 1,2,3, a, = 0 means function a has symmetry for variable &,. a, =1
means function a has antisymmetry for variable £,. The same thing for function b.

A vector function has 64% = 262144 kinds of such symmetry, but by (5.1), a
velocity field u with divergence zero property has 642 kinds of symmetry property
at most. We found only that the symmetry property X can be preserved by the
recursion formula (2.6) up to this paper. In another paper [40], I have found there
is only one kind of symmetry real valued initial data ug(z) can generate symmetric
solution.

For vector field u(x), if u satisfies the symmetry property X, then

T(&83) + iT&
(5.2) T(a) = | T(&&3)+ iTE
T(1&2) + iTE3

5.2. Iterative algorithm. To consider the action of non-linearity to symme-
try, we rewrite the quantities in (2.5) and reformulate (2.6). Vk = 1,2,3, denote

(5.3) Ag(am,a7) =Y (] «ap),
l

Denote further
Ap(a™,47) = Zl: ;flflf(ﬂz' * U,)
(5.4) = (] *4f) + 2616 (4]  i5) + (a5 « i)
+ 260&3(A7 * 0F) + 26083 (tg + 4F) + E5 (05 * 4F).
Then equation (2.6) can be written as following:
by O = i)+ [l eI Ay an)ds
' —% fot e~ (=98 Ao (a7, a7 )ds.

In this section, we consider certain symmetry of iterative algorithm (5.5) and
reduction of iterative function for solution. The first kind of symmetry is the
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symmetry of the component of velocity field, which is the generalization of Abidi-
Zhang’s sub-radial property. The iterative algorithm (2.6) has the heritability for
such symmetry. The second symmetry is the symmetry of coordinate variable.

5.3. Symmetry with respect to the component of velocity field. For
compressible Navier-Stokes equations, we can consider radial solution. But for in-
compressible Navier-Stokes equations, because of zero divergence property, there
exists not radial solution. But many person have consider sub-radial solution with
cylindrical coordinates. Let x = (21, 72,73) € R3. denote the cylindrical coordi-
nates of @ by (r,0,x3) where r(zy,z2) ' /23 + 23 and 0(z1,22) & arctan £2
with 7 € [0,00),0 € [0,27]. Denote e, ' (cosf,sin®,0), eg ' (—sinb,cosb,0).

Abidi and Zhang said a function is axisymmetry, if
u(t, x1, xe, x3) = u,(t,r, x3)e, +us(t,r,x3)(0,0,1).

Such axisymmetry is called to be also sub-radial case. We did not consider the same
wellposedness as one did for the subradial initial data in the known papers. The
object of this paper is to consider only the rigidity and dimensionality reduction
for symmetric structure.

REMARK 5.2. The property (1.2) is more general than subradial case. In fact,

(i) If one takes Fourier transform for (cos Qu,(t,r, x3), sin Qu,.(t, r, x3), us(t, 7, x3))
in the ordinary axi system (z1, 22, x3), we can find that subradial function satisfies
property (1.2).

(i) For t, 7,0 € Ry, & = (&1,&2,&3) € R? and function g(t, 0, &3), we take

h(t &1, 6,&) = &1 (&8 + €)g(t, &) + [&], &)
and take the Fourier transform of u(t,x) as follows
ﬂ(t7§17§2753) = (glg(tv |£1|T + |£2‘Ta£3)7§29(ta |£1‘T + ‘€2|T7§3)1 h(tv£17£27£3))7

Evidently, Vu(t,x) = 0 and u(t, z) satisfies property (1.2). But if 7 # 2, u(¢,x) is
not a subradial function.

In this paper, we consider the heritability of property (1.2).
THEOREM 5.3. If u® satisfies (1.2), then Y7 > 0, u™1 satisfies (1.2).

Before the proof of the above Theorem 5.3, we introduce some notations and
prove two lemmas. By applying zero divergence property, we regroup the term in
Ap(a™,a")(k = 0,1,2,3). Vk = 1,2, we divide each Ai(a",47) in (5.3) into two

terms:
Ap(ar,am) = l2132€z(ﬁf*ﬂ2),
A@,aT) = & Z fgs —L (a7 (€ — ) * @) ().

By applying zero divergence property, we regroup Ao(a”,4") in (5.4):

Ao(am,a7) = & (af *a7) + 52 (43 = 43) + 26 &(a =
—251€3f E g; weay (& —m)aa(n)dn
)dn

—2€2€3f E EEILAT (€ — n)aa(n
+£3fllz f; Worumaaq (€ —n)aw (n)dn

3)
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We divide Ag(a",47) into the following two terms:

3(& = m)aa(n)dn},
§ —n)aa(n)dn},
(m)dn},
(m)dn}.

1)tz

n)t1(n

Abo(ar,am) = (a7 = af) + (a3 * a3),

Ay (am,am) = 26182 (U] * 0%),
and the following four terms:
Ao, a7) = —26{& ; g 1(5— n)ia (n)dn + & gg 2 i
Agq(am,a7) = =26{& [ E=Raz(€ —n)i(n)dn + & [ E=ai(
Ao am) = G{f E=mmat(¢ - n)al n)dn+ [ § — 2 g7 (¢ —
Ay, am) = e S Rag(e — n)as(n)dn + [ S22 Dag(e
That is to say,

Ap(a™,u™
= Ajo(am,a7) + Ag (a7, 47) + AF o (a7, a7) + AF (a7, a7)

First step, for k = 1,2, we consider the first two terms A% (4",

and A% (a",a7)(&1,&2,&3). We have
LEMMA 5.4. If u” satisfies (1.2), then
(5.6) A (@7, a7) (€2, 61, 63) = AL(A7,47) (&1, &, &)

(57) A%(ﬁTv ﬂr)(g% &1, 53) = A%(a‘r7 1)7)(517 &2, 63)

Proor. First, we have

Ay(aT,a7) (62, €1, E3)
= & [a](& —m,& — 2, & — n3)a] (N1, m2,m3)dn
+&1 [ 5 (&2 — n1, & — n2. &3 — n3) 4T (N1, M2, m3)dn
= & [u5(& —m2, 8 — m, & — n3)u] (2, 1, m3)dn
+& [ U] (& — n2, & — m1, &3 — m3)al (n2, 1, m3)dn
= A%(aTvﬂT)(£17£Qa€3)~

Further, we have

A", 0 )(52751753)
= *§3f§ a7 (&2 —m1, & — m2,83 — 3l
—&3 fé Z; 5 =& — 2,83 —M3)u
= —§3f§ a3 (& —m2, & —m, & — n3)i
—& [ gk Tfl n, & — 12,83 — 3) i
= A}@",a7)(&, &, &)

-
Uo
.
U
-
U1 (M2,M,7M3
-
31

( )
(715 m25M3)
( )
( )

Second step, we consider the rest six terms. We have

/&T)<£1a§27§3)

1,712,713 d77
dn
dn
12571, 73 d77

LEMMA 5.5. If u” satisfies (1.2), then for k =1,2,3 and 1 = 0,1, we have

(5.8) AG (07,07 (&, 61, &3) = Af(07,07) (&1, &2, &3).

Proor. For the six term of Ag(a",a") (&2, &1, E3), we consider only A(l)yo(ﬁT, am).

The other five term
Ap(a7,a7), A (a7, a7), AF y (a7, a7), Ag o (47, 47)

and AJ | (47,47) can be verified similarly.
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For Aj (a7, 47), we have

Af (a7, 07) (€, &1, E3)
= & 171(52 n, &1 — 2,3 — n3)ui (1, n2,m3)dn
‘*‘5% J a3 (&2 — 1, & —n2, & — n3)ag (N1, m2,m3)dn
= & [a3(& —n2.& —m, & — n3)ag (n2,m1,m3)dn
+&3 [T (& — m2. &2 — m1, €3 — 13) AT (N2, m1, ) d.

Change 77 and 72 in the above last equality, we get that
Ao (@7, 07)(&2,61,83) = Ag o (07, 47) (€1, 62, 3)-

Now we prove theorem 5.3.

PROOF. By lemmas 5.4 and 5.5, V7 > 0, if «” satisfies (1.2), then the eight
terms satisfies equations (5.6), (5.7) and (5.8). Hence u™ ! satisfies (1.2). O

5.4. Symmetry of independent variable. For a complex function f, if one
of its real part or its imaginary part has no axi-symmetry property, then we say
that f has no symmetry property. For two function f; and f,, if and only if f; and
fo have the same symmetry, we can consider the symmetry of the sum of f; and
fo2. Further, T(fl + fg) =TfH =Tf.

For the product of two real function f and g, it is easy to see

LEMMA 5.6. Given o, 3 € {0,1}3. If Tf = T€¢“ and Tg = TEP, then
T(fg) = T,
where oy, + Bi (k = 1,2,3), modulate 2, belongs to {0,1}.
For the convolution of two real functions f and g,

LEMMA 5.7. Given o, 8 € {0,1}2. If Tf = T¢® and Tg = TEP, then T(f *g) =
TENHB,

Proor. We consider only the axi-symmetry for the first coordinate axis, the
other case can be proved in a similar way. That is to say, if f(&1,82,83) =

f(—=&1,62,&) and g(&1,&2,&3) = g(—&1,62,&3), then fxg(&1,62,&3) = frg(—&1,&2,63).

Frg(=&1,6.8) = [T [ f(=& —m, & — n2,&3 — 03)g(n1,m2, m3)dny dnadns
symmetry of g = [ [oo f(—=& — n1. &2 — n2, &5 — 13)g(—n1, m2, m3)dnydiadns
—m—=m o= [T [ ( §1 + 11,82 — 02,83 — 13)g(N1, M2, m3)dnydnzdns
symmetry of f = [7 [os f(&1—m1,& — 02, & — 13)g(n1, n2, n3)dnydnadns

f * g(§17§27§3)~

We get down to the second main result on symmetry.
THEOREM 5.8. If u® satisfies (5.2), then ¥7 > 0, u™™1 satisfies (5.2).

REMARK 5.9. Non-linearity may change the symmetry property. Many kinds
of symmetry of complex vector field can not be preserved in the iterative algorithm
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(2.6). For example, a component has three anti-symmetry. Denote

T¢
T = T
T(£16283)

If B(u® u®) # 0, then we can prove that u® and B(u®,u°) have different symmetry
property; further if u® € H %, then we can verify such symmetric solution has only
zero solution. That is to say, such kind of symmetric property has rigidity.

Before the proof of Theorem 5.8, we introduce some notations and a lemma.
Vk = 1,2, 3, denote uj, = aj,+1ibj,, then the real part of Ay (4", 47)(§) can be written
as:

Ag (a7, a7 Zfl{al « by + b xap}.
The imaginary part of Ag (a7, T)(ﬁ) can be written as:

App(a’,a” Zfl{az *ajp, — b * by }.

The real part of Ag(a",4")(§) can be written as the sum of the following two terms:
Ap(a”,am) Z Zflﬁl'az * by,

and
Ao 2 U Z Zflfl/bl * al/.

The imaginary part of Ag (4™, 47)(€) can be written as the sum of the following two

terms:
Aga(i”,a") Zzgl@al *af,

A a(i7,07)(€) = =D > G&ub] b,
l !

Hence we can write the equation (2.6) as follows:

G (BE) = e aor() - fy eI A (7,47 (€)ds
—i—zf e (= 5)5 Ak2( a”)(§)ds
aEkf e~ Ao, (47, 07)(€) + Ag (a7, 07 (€
@ Jo eI Ag 5 (a7, 47)(€) + Ao (a7, 7)(€) ds.

and

(5.9)

~

—
U
»

We prove first

LEMMA 5.10.
TA(G",07) = T(&16283) +4T1.

PRrROOF. There exists four term in Ay (4", 4"). We consider first two real part

T(Ao,1(8))
= TET(&E3)TE 4+ TEET(6163)Té 4+ TEET (6162)TEs + T(162)T (263) T
+ T(&1€3)T(€283)TE3 + T(283)T(6163)TE3
= T(&1&83).
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And,

T(Ao2(8))

TET(&)T (&283) + TETET (6183) + TEITET (S462) + T(6162) T T (6183)
T(6163)T61 T (§162) + T(6283)TET(§162)

T(&16283).

Further, we consider the two imaginary part term:

T(Ap3())
TET (£283)T (283) + TET (6463)T(61&3) + TET (§462) T (&162)

T(6162)T (€283)T (£283) + T'(6163)T(283) T (€1€2) + T'(6263)T(1€3) T (€1€2)
T1.

I+

I+

(oW

an
T(A04(8))

TET(6)TE + TETETE + TETETES
T(&1&2)TETE + T (61€3)T61TEs + T(€283)T€TE3
T1.

I+

Now we come to prove the main theorem of this subsection.

Proor. First, we have

T(A1,1(8))
(5100 TEAT(€283)T6 + TET(6283)} + TEAT(83)T6 + T6T(6263)}
: FTEAT (E162)TE1 + TE3T (€263) }
= T(£83).
and
T(A21(8))
Ga1) TEA{T (€283)T62 + TET (§163)} + T6AT (6163)T62 + T62T(6:163)}
’ +TE{T (182)TE + TET (6183) }

= T(&&3)
Further, by divergence zero property, we have
(5.12) T(A3.1(8)) =T(&&2).
Secondly, we have
T(A12(€))

(5.13) = TEA{T (£263)T(6283) + TETE)} + TEAT (61&3)T (E283) + TETE)}
: FTE{T (6162)T (€283) + TETE }
= T&
and
T(A22(8))
(G514) = TE{T(6:83)T(6163) + TETE) Y + TEAT(663)T(61&3) + TETE)}
: +TE{T (£1&2)T(&163) + TETE}
= T&.
Further, by divergence zero property, we have

(5.15) T(As32(8)) = T¢s.

Combine the above symmetry (5.10, 5.11, 5.12, 5.13, 5.14, 5.15), with the
symmetry in the lemma 5.10, we get the symmetry property of Theorem 5.8.
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O

5.5. Reduction of iteration function. For a complex initial data, the iter-
ative algorithm (2.6) is an iteration of four real functions. By Theorems 5.3 and
5.8, if we consider the symmetry property, the number of iterative function will be
reduced.

COROLLARY 5.1. (i) If the initial value ug satisfies symmetry property

(1.2), then the iterative algorithm (2.6) can be reduce to the iteration of a complex
function.

(ii) If the initial value ug satisfies symmetry property (5.2) and the real part of
g is zero, then the iterative algorithm (2.6) can be reduce to the iteration of two
real functions.

(iii) If the initial value ug satisfies symmetry properties (1.2) and (5.2) and
the real part of g is zero, then the iterative algorithm (2.6) can be reduce to the
iteration of one real functions.

6. Proof of the main theorem

The proof of the main theorem is the corollary of the five Theorems 3.1, 3.2,
3.4, 5.3 and 5.8. In fact, we have

PROOF. We prove the main theorem 1.3 by considering the iterative process
(2.6). We search functions with symmetry property X,, and uniform analyticity
property to approach the solution. First, if ug is a function with symmetry prop-
erty X,,, then e*®ug is a function with symmetry property X,, and with uniform
analyticity property. According to theorems 5.3 and 5.8, u” (7 > 1) are functions
with symmetry property X,,. According to theorems 3.1, 3.2 and 3.4, u" (7 > 1)
are functions with uniform analyticity property.

Since ug is a small initial value in (P;fq)?’, by theorems 3.1, 3.2 and 3.4, u”
convergence to the solution u (¢, x) and u(t, z) is a function with symmetry property

X, and with uniform analyticity property.
|
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