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ABSTRACT. We study in this article a stochastic version of a well-known diffuse
interface model. The model consists of the Navier-Stokes equations for the
average velocity, nonlinearly coupled with a nonlocal Cahn-Hilliard equation
for the order (phase) parameter. The system describes the evolution of an
incompressible isothermal mixture of binary fluids excited by random forces
in a two dimensional bounded domain. For a fairly general class of random
forces, we prove the existence and uniqueness of a variational solution.
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In this paper, we study the stochastic version of an evolution system which
consists of the Navier-Stokes equations for the fluid velocity w suitably coupled
with a nonlocal convective Cahn-Hilliard equation for the order parameter ¢ on a
given smooth bounded domain O of R2. The system derives from a diffuse interface
model which describes the evolution of an incompressible mixture of two immiscible
fluids (see e.g. [22, 23, 24, 26, 30] and references therein). We suppose that the
temperature variations are negligible and the density is constant and equal to one.
Thus u represents an average velocity and ¢ the relative concentration of one fluid
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(or the difference of two concentrations). The nonlocal Cahn-Hilliard Navier-Stokes
system reads as follows

9 24iv(u() Du) + (¥ )u+ Vi = uVip + f,
div(u) =0,
%f +u.Ve = div(m(p)Vy),

p=ap—Jxp+F(p)

(1.1)

Here v is the viscosity, m the pressure, f denotes an external force acting on the
fluid mixture, J : R?> — R is a suitable interaction kernel and J * ¢ stands for
spatial convolution over O, a is defined as follows a(z) = fO J(z — y)dy, F is the
configuration potential which account for the presence of two phases. The system
(1.1) is called nonlocal because of the term J which is averaged over the spatial
domain. The local version of the system is obtained by replacing u equation by
= —Ap+ F'(p). From the mathematical point of view, the nonlocal version is
physically more relevant and mathematically challenging too. Indeed the nonlo-
cal Cahn-Hilliard equation which is one of the equations of our system, is widely
regarded as a better mathematical representation of the spinodal decomposition
phenomenon than the local equation, the latter being a "local approximation” of
the nonlocal one (see [10]). The model (1.1) is more difficult to handle because of
the nonlinear term like the capillarity term (i.e. Korteweg force) uVp acting on the
fluid. This term can be less regular than the convective term (u.V)u [9].

The analysis of the (standard) local Cahn-Hilliard Navier-Stokes system has
been investigated in the literature (see [1, 2, 4, 20, 21, 34, 38|. In [4], the author
studied the existence and uniqueness of solutions in dimensions two and three. The
solvability of the system (1.1) has been analyzed in [9, 17, 18, 19]. In [9], the
authors proved the existence of a global weak solution for nonlocal Cahn-Hilliard
Navier-Stokes system for smooth potentials F' of arbitrary polynomial growth. The
result was extended in [19] for singular potentials. In [17], the uniqueness of a
weak solution was resolved in two dimensions. The uniqueness of a weak solution
remains open in three dimensions. The existence of a unique strong solution in
two dimensions is proved in [18] and the authors showed that any weak solution
regularizes in finite time uniformly with respect to bounded sets of initial data.

However, in order to consider a more realistic model for our problem, it is
sensible to consider some kind of noise in the equations. This may reflect, for
instance, some environmental effects on the phenomena, some external random
forces, etc. To the best of our knowledge, the study of the stochastic version of the
system (1.1) has only be analyzed in [13]. In [13], the authors prove the existence
of a global martingale solution for the stochastic nonlocal Cahn-Hilliard Navier-
Stokes in dimensions 2 and 3. The proof uses a Faedo-Galerkin approximation
scheme, compactness method and the Skorokhod representation theorem.

The stochastic local Cahn-Hilliard-Navier-Stokes system was analyzed in [35,
14, 15, 16]. In [35], the author proved the existence and uniqueness of a variational
solution in dimension two. The first and the third authors of the present paper in
[15] proved the existence and uniqueness of a global strong solution for the stochas-
tic 3D globally modified Cahn-Hilliard-Navier-Stokes equations. Using a limiting
argument, they also obtained the existence of a global weak martingale solution for
the stochastic 3D Cahn-Hilliard Navier-Stokes system. In [14], the authors study
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the stability of weak solutions to a stochastic version of a globally modified Cahn-
Hilliard Navier-Stokes model with multiplicative noise. The paper [16] concerns the
existence of a random attractor for the stochastic 2D Cahn-Hilliard-Navier-Stokes
system.

The aim of the present paper is to prove the existence and uniqueness of a
strong solution (in the probabilistic sense) for the stochastic nonlocal Cahn-Hilliard
Navier-Stokes system in a 2D bounded domain. The model includes an abstract
and general form of random external forces dependent eventually on the velocity
of the fluid. The proof of the existence combines the Galerkin approximation, the
properties of stopping time and the weak convergence in functional analysis. We
recall that due to its integro-differential nature and the random external forces,
the stochastic nonlocal Cahn-Hilliard Navier-Stokes system is rather difficult to
handle compared to the stochastic standard Cahn-Hilliard Navier-Stokes equations
(CH-NSE) studied in [35, 14, 15, 16].

The plan of the paper goes as follows. In Section 2, we present the stochastic 2D
nonlocal Cahn-Hilliard Navier-Stokes system and its mathematical setting. We also
introduce the definition of a variational solution of the problem and formulate our
main result. In Section 3, We prove the main result. Here we introduce a Galerkin
approximation scheme and obtain some priori estimates for the approximating solu-
tions. In Section 4, using the a priori estimates derived in Section 3, we prove that
the sequence of approximate solutions converges to the unique variational solution
of (2.1).

2. A stochastic nonlocal CH-NSE and its mathematical setting

2.1. Governing equations. Let O C R? be a bounded domain with suffi-
ciently smooth boundary 0O, n the unit outward normal and a final time T > 0.
We consider the following initial and boundary value problem for the stochastic 2D
nonlocal Cahn-Hilliard Navier-Stokes system

uy — vAu + (u.V)u+ Vr = uVe + h(t,u) + G(t,u) Wy, in O x (0,T),
div(u) =0, in O x (0,7,

v +u.Veo=Apu, in O x (0,7),

w=ap—Jxp+F'(p), in Ox(0,T),

% =0;u=0o0n 00 x (0,7),

(u, ©)(0) = (uo, ¢o), in O,

where u = (u1,u2), m and ¢ are unknown random fields on O x [0, T representing
respectively, the averaged velocity of the fluid, the pressure and the relative con-
centration of one fluid. (ug, @) is a given initial condition where ug is the initial
velocity of the fluid and g the initial concentration of one fluid. The terms h(t, )
and G(t, u)Wt represent random external forces depending eventually on u, where
W, denotes the time derivative of a cylindrical Wiener process. The abstract and
general form of the stochastic term allows to include in the formulation certain
random environmental effects as well as the turbulent part of the velocity field (see
[29] for more details)
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87,“«:

The natural no-flux condition gt = 0 implies the conservation of the following

quantity
1
(6(0) = 5 [ elaitida,
10 Jo
where |O| stands for the Lebesgue measure of 0. More precisely, we have
(2.2) (p(t)) = (p(0)) ,Vt > 0.

Thus, up to a shift of the order parameter field, we can always assume that the
mean of ¢ is zero at the initial time and, therefore it will remain zero for all positive
times. Hereafter, we assume that

(2.3) (p(t)) = (p(0)) =0, forall ¢t>0.

REMARK 2.1. Adding a stochastic force in the equation for the relative con-
centration will involve tedious calculations and will increase significantly the size of
the paper. For example, we need to apply the Ité formula to the functional (2.14)
which will require tedious calculations and probably more assumptions.

2.2. Notations and functional setup. We consider the operator B = —A+1
with homogeneous Neumann boundary conditions. The domain of B is given by (see
36])

2 dp
D(B):=<¢pecH (0):%:001130 .

We introduce
H:=L*(0), U:=H"(0) and V:={ue (C>(0))*:divu=0in O}.

We denote by G g;,, and Vg, the closure of V in (L?(0))? and (H{ (O))? respectively.
We denote by |.| and (.,.) the norm and the scalar product, respectively, on both
H and Gg;,. The norms on Gy, and H are given by

o i= [ u(@)Pde and Jof i= [ [ola)Pdz,
O O

respectively. The duality between Vg, and its topological dual V), is denoted by
(.,.). It is well-known that Vg, is endowed with the scalar product (u,v)y,,, =
(Vu, Vv) = 2(Du, Dv) for all u,v € Vg, where Du = 1(Vu + (Vu)T). The norm
on Vg, is given by

|2 ;:/O|vu(x)\2dx:|vu|2.

Let P : (L?(0))? — Gaiv be the Helmholtz-Leray projection from (L?(0))? into
Gliv- We denote by A = —PA the Stokes operator with domain D(A) = (H%(0))?N
Viiv- Tt is well-known that, see e.g. Constantin [7, page 33] or Temam [36, page 56],
that A is a non-negative self adjoint operator in Gg;,,. Moreover, see [36, page 57],
Viin = D(AY?). Furthermore, A= : Ggi, — Gaip is a compact linear operator on
Gaiv and |A .| is a norm on D(A) that is equivalent to the H2(O)-norm. It is also
well-known (see for e.g. [37, Chapter I, Section 2.6]) that A possesses a sequence of
eigenvalues {\;} with 0 < Ay < Ay < ... and A\; — oo, and a family w; C D(A) of
eigenfunctions which is orthonormal in G 4;,. We also recall Poincaré’s inequality

A uf? < |Vul?, for all u € V.
We also define the Hilbert spaces (see [17] for more details)
Vor={peU:(p) =0}V, :=={peU :(p) =0} and L} (0) :={p € H : {¢) =0},
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where U’ and (p) denote the dual space of U and the average of ¢ over O, respec-
tively.

Following [28, Proposition 1.24] we can define a self-adjoint operator A : U — U’,
Ae L(U,U') by

(Au, w) = / Vu.Vw dx, for all u,w € U.
o

We recall that A maps U onto V(; and the restriction Ay of A to Vi maps Vj onto
VOI isomorphically. Further, we denote by .A;,l : VO/ — Vp the inverse map defined
by

AAfVlf =f, forall fe Vb/ and Aflev =w, forall vel.
We know that for every f € Vol, .A]_Vl f is the unique solution with zero mean value
of the Neumann problem

92 — (0 in 00.

{ —Ap=f, in O
on

Since .Ag,l is a positive self-adjoint operator, fractional powers of it are well defined.
Hereafter, we will denote by

—1/2 —1/2
lellys = AR 2¢lrz = |AZ %]

the norm on the space V(; with associated inner product given by

(2.4) (%wvo’ _ (A]}l/z%fl&l/zw)“ — (AX/I/Q%AIVU%)

for ¢, ¥ belonging to V. If ¢ € Vy and ¢ € H, then

(2.5) (0. )y = (AN 0. ¥) 12 = (AF 0. ¥).-

In addition, we have

(2.6) (Ap, AY ) = (o, ), Vo eV, VfeV,

(2.7) (f, AV g) = <g7AjV1f>:/OV(Ag,lf).V(Aj\,lg)dx, Vf,geVy.

In particular for all f € Vj, we have

A2 r| = VAR ]

We introduce the trilinear form b which appears in the weak formulation of the
Navier-Stokes equations:

b(u,v,w):/(u.V)v.w dx, Yu,v,w € Vy,.
O

The associated bilinear operator B from Vy;, X Vg, into leiv is defined by
(B(u,v),w) := blu,v,w), Yu,v,w € V.

Hereafter, we set B(u,u) := B(u), for all u € Vy;,,. We recall that we have

(2.8) b(u,v,w) = =b(u,w,v), Yu,v,w € Vi,

and the following estimate holds in dimension two

(2.9) [b(u, v, w)| < elul2[Vul 2|V ol w2 Vol 2, Vu, v, 0 € Vi,
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For more properties of the operator B, we refer the reader to [37, Lemma I1.1.3] or
20, 21].
We mention that |A}V/2<p|2 = (Anp,p) = |Vg|?, for all p € D(Ay) and hence

|A}V/2<p| = |V¢|, which also holds, by density, for all ¢ € D(A%Q) = Vo, see ([17],
p. 13).
We set
(2.10) Y = Gaiv x H.
The space Y is a complete metric space with respect to the norm
(2.11) (0, 0)[F = [v]* + |
We define the Hilbert space V by
(2.12) V = Vaiw % Vo = Vai x D(AY?),
endowed with the scalar product whose associated norm is
(2.13) (v, DI = [lv]]* + [Vl
Hereafter, for any ¢ € H and u € Vg, , we set
1
&) =7 [ Ia-plete) - pl)Pdedy+ [ Floa)da,
ox0 o
(2.14) Erot(u, ) = [ul* + 2 ().

2.3. The cylindrical Wiener process. Let (2, F,P) be a complete proba-
bility space and F = {F;};c0,7) an increasing and right continuous family of sub
o-algebras of F, such that Fy contains all the P-null sets of F. Let (8F :¢ > 0,k =
1,2,...) be a sequence of mutually independent standard real F;-Wiener processes
defined on this space, and suppose that K is a given separable Hilbert space, and
(e : k € NN [l,00)) an orthonormal basis of K. We denote by {W(¢);t > 0} the
cylindrical Wiener process on K defined formally as

(2.15) W(t)=>_ Bfer, t>0.
k=1

It is well known that this series does not converge in K, but rather in any Hilbert
space K such that K C K, and the injection of K into K is Hilbert-Schmidt (see,
e.g. [12], Proposition 4.11).

Let T > 0 be given. For any separable Banach space X, we denote by

the space of all processes p € L2 (Q x (0,7T),dP x dt; X) that are F;-progressively
measurable. The space M}—_t (0,T; X) is a Hilbert subspace of

L* (2 x (0,T),dP x dt; X),

see [8].
We write L2 (€;C(]0,7]; X)) to denote the space of all continuous and JF-
progressively measurable X-valued processes {p;;t € [0,T]}, satisfying

E<m)m&><m
t€[0,T



STOCHASTIC NONLOCAL CAHN-HILLIARD-NAVIER-STOKES 25

For another separable Hilbert space H, with scalar product (,.,) s, we denote by
Ly (K, H ) the separable Hilbert space of Hilbert-Schmidt operators from K into
H, and by ((., Do,y and |||z, g ) the scalar product and norm in Lo (K, H),
where for R and S in Lo(K, H),

[e e}

(R.S) sy = 2 (Rejs Sej) g

Jj=1

For any process v € Mi—t (0,T; Ly(K, H)), one can define the stochastic integral of
1 with respect to the cylindrical Wiener process W;, denoted

/tql)(s)dW(s), 0<t<T,
0

as the unique continuous H-valued F-martingale, such that for all g € H

(/u) )AW (s > Z/ s)ej,q) 5 dBl, te (0,7,

where the integral with respect to 37 is the It6 integral. The above series converges
in L2(;C([0,T];R)). See [12] for the properties of the stochastic integral defined
in this way. In particular, if ¢ € M% (0,T; Ly(K, H)) and g € L*(Q; L*°(0, T; H))
is JFi-progressively measurable, then the series

Z/ s)ej, g(s))dpe, t € 0,7,

converges in L' (€;C([0,T];R)), and defines a real-valued continuous J;-martingale.
We will use the notation

/Ot(w( )AWs, g(s Z/ s)ess9(s)) ydBl, t € [0,T).

In order to solve our problem (2.1), we make precise some assumptions.

2.4. Assumptions.

(H;) We assume that h and G are measurable Lipschitz and sublinear mappings
from Q x (0,T) x Gy, into Vd,w and from Q x (0,T) X Ggi, into Lo (K, Gaiv)
respectively. More precisely, for all vy, v € Vi, h(.,v1) and G(.,v;) are
Fi-progressively measurable, and dP x dt-a.e. in Q x (0,T)

(1) = Bt o)y < Doy — val,
h(t,0) € M3, (0,T; Vyy,),
G (t,v1) — G(t,v2) ||y (K,Guin) < lglvr — val,
G(t,0) € M%, (0,T; Lo(K, Gaiv)) ,
where [, > 0,1, > are some constants.
As usual by writing G(t,v1) we mean the map w — G(w,t,v1). Analo-

gously for h.
For the initial data uy and pg we assume that

(’LL, (p) (O) = (’LLO7QO()) S L2 (Q7FO7P; Gdiv X H) .
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As in [9] (see also [3]) the assumptions on the kernel J, the potential F
are the following:

(Hy) J € WHY(R%R), J(z) = J(—z) and a(z) = [, J(z—y)dy >0 a.e, in O.

(Hz) We assume that F' € C?(R) and there ex1sts co > 0 such that F"(s) +
a(z) > cp, Vs € R, ae., z € O.

(H4) Moreover, there exist ¢1, 2 > 0 and x > 0 such that F”(s) + a(x) >
c1|s* —ca, Vs € R, ae., z € O.

(Hs) There exist ¢c3 > 0, ¢4 > 0 and r € (1, 2] such that

|F'(s)|" < c3|F(s)| +ca, forall seR.
REMARK 2.2. (Hy) implies the existence of ¢; > 0 and cg > 0 such that
(2.16) F(s) > cr|s|*T2" —cg, forall s€R.
Using the above notations, we can rewrite (2.1) as follows:

QU 4y Au+ B(u) + Ve = h(t,u) + Gt w) Wy in Vg,

(2.17) Cflt + (u.V)o=Ap, in Vg,
p=ap—Jxp+F(p),
(u, ©)(0) = (uo, ¢o),
or equivalently
+f§ vAu >+B< (s )))ds—uo+f0 )Vip(s)ds
+fo ))ds + [y Gls,u(s))dW (s) in Vdim
Ccllt + (u. V)cp Ap, in Vg,
p=ap—J*xp+F(p),
P-a.s., and for all ¢t € [0, 7.

(2.18)

REMARK 2.3. One (formally) has

2 2
quo:(acp—J*gp+F’(np))Vgo=V(F(Lp)—&-aé) —%Va—(J*go)Vgo.

In this paper ¢ will stand for a nonnegative constant depending possibly only
onJ, f, O, v, \1, cg and T. The value of ¢ may vary even within the same line.

DEFINITION 2.4. A variational solution to problem (2.1) is a process (u, ¢) such
that
u € M%,(0,T; Vo) N L*(Q; L=(0,T; Gai)),
€ Mz, (0,T; Vo) N L*2(0; L(0, T; L**+*(0))),
(u, @) is strongly continuous with values in G4;,, X H and such that (2.18) is satisfied
in V', P-as., for all t € [0, 7).

2.5. Statement of the main result. Now we state the main result of this
work.

THEOREM 2.5. Suppose that the hypotheses (Hy) — (Hs) hold and that
h(t,0) € L*(Q; L(0,T; V,,,)), G(t,0) € LY(Q; L2(0, T; La(K, Gain)))

and
(uo, o) € L*(Q, Fo,P; Gain x D(B))



STOCHASTIC NONLOCAL CAHN-HILLIARD-NAVIER-STOKES 27

luca.lorenzi@unipr.itluca.lorenzi@unipr.it such that F(pg) € L*(Q; LY(O)). Then
there exists a unique variational solution (u,p) of problem (2.1). Moreover

(u,0) € LYQ;C([0, T1; Y)) 0 L% L*(0, T V), B(u) € MZ, (0, T3 Vi)
and
pVg € MZ,(0,T; V).
In fact, there exists a constant ¢ > 0 depending on T, 0,1}, and ly, c7, cs, K, J, v

such that
2

E | sup |(u(t),o(t)]y| +E

te[0,T

(2.19) < C<]E(\UOI4+ ) +]E|F(800)|%1(0)>

/ |<u<s>,so<s>>|%,ds]
0

2

T 2 T
el B| [ ol 0 2| [ ||G<s7o>||%2<K,Gm>d81

REMARK 2.6. We assume that the hypotheses (Hz) — (Hs) hold. If (ug, ¢o) €
Gaiw X H, and h and G are deterministic Lipschitz and sublinear mapping, then
we can prove the existence of a unique strong solution (in the probabilistic sense)
for the problem (2.1). Indeed for ¢y € H such that F(pg) € L*(O), we define
wom € D(B) as

1 \!
Pom = ([JF B) ©0-
m

Since B is maximal and monotone, we then deduce from the maximal operator
theory that g, — ¢ in H as m — oo. Let (4, ¢m) be the unique variational
solution of problem (2.1) corresponding to the initial data ug and pg.,. As in [13],
we can prove the tightness of the law of (um, @) in L2=7(0,T; Gai) x L2(0,T; H)
with 0 < v < % The Skorokhod embedding theorem enables us to prove the
existence of a global existence of a weak martingale solution to problem (2.1).
From the Yamada-Watanabe famous result, we can conclude that problem (2.1)

has a unique strong with initial data (ug, o) € Gain X H.

3. Proof of the main result

In this section, we prove the existence and uniqueness of a variational solution
to problem (2.1).

3.1. Proof of the existence.

PROOF. The proof follows similar steps as in [5]. But let us note that the
coupling between the stochastic Navier-Stokes equations and the nonlocal Cahn-
Hilliard system makes the analysis of the problem more involved compared to the
stochastic standard Cahn-Hilliard Navier-Stokes system [35].

Step 1: Galerkin approximation scheme. Assume that ¢o € L*(Q2; D(B)).

Let

{(w%d}i)a 1= 172a3"'7} cVv
be an orthonormal basis of Y, where {w;, i =1,2..., }, {¢;,7 = 1,2..., } are eigen-

vectors of A and B, respectively.
We set V,,, =Y, = span { (w1, 1), ...(Wpn, ¥}
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We look for (um,, pm) € Y,, which solves the following approximating problem

dum + Pl v AU, + B(tum) — pim Vo] = PL(h(t, um) + G(t, um)Wy),
d +Pr2n( Um - )‘Pm"’PQ Alp(-som) — J * pm) =0,

(3.1) ( m) = a()pm + F'(om),

=Po(p(som) — T * o),

®o

)
(Uom, m) = (Um(0), m(0)) = P (uo, ¥o),

where P, = (P, P2) : Ggin x H — V,, is the orthogonal projection.

System (3.1) is a system of stochastic differential equations in a finite dimensional
Banach spaces with locally Lipschitz coefficients (F' € C'(R)), P} B(u,,) and
PL1tmVom. The terms PLA(t, u,,) and PL G(t,u,,) are globally Lipschitz. Hence
by a well-known result about existence and uniqueness of solution to stochastic dif-
ferential equations [27, 25], there exists on a short interval [0,7,,), T, < T and a
sequence of continuous processes (Um, @) solving (3.1). It will follow from a priori
estimates below that (uy,, ¢.m,) exists on [0, 1.

Step 2: Some estimates for the approximating sequence. Applying the It
formula, we obtain

Um, 2 v um 2ds ' U (8 m (s m(8)dzds
| <>t+2/|| ||d+2/9n/o< (8)-F i () o (5)dard
(3.2) = 2/ (h(s, um(s)), um(s)) ds + /O (5, um(s))ej, wx))’ ds

J,k=1

By using p,, as a test function in (3.1)2 and using also the fact that 0, um, = 0 on
00 we obtain

(o i) — / /o (1 (). fi(3)) 2 (8) s + (VL o), Vi)

(3.3) _ /O (VT o). Vi .
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Note that
: ~ 0)(on (&) ~ om(w)Pdady + | Flgm(@))do
OXO 1 (@]
- /O . et dady — 3 [ @ = pntalontu)dady
[ I =) dady + /f Flpu(@)ds
= i/ow pm(x))*dedy — B /Oxo J(x = y)om(2)pm(y)dzdy
(34)  +3 /(9 Y om () dady + /(9 F(om(z))dz
=4[ I —gen@dedy— 3 [ T en()on()dedy
Ox0O Ox0O
+/F( ))dz since J(y —z) = J(—(x —y)) = J(z — y)
(@]

%/O a(z)(pm(z)) dx_%/O(J*<Pmas0m)d$+/OF(tpm($))d:v
= 3aenl?+ [ |Flon) = 57 pmom)]

We mention that in (3.4) we have used the fact that J(x) = J(—z) in conjunction
with a(z) = / J(x —y)dy. It then follows that
o

(s m) = (P P + F' (o) = J % o)
= & [3Vaon 4 [ 1Fom) = Som T o]

(3.5)
=G [ L 96 0ento) = enw)ody + [ Flona)is]

d
— 2 E(em().

Furthermore, observe that

(Vo( om), Vim) = (Vim + VPR(J % 0n), Vi)
(3.6) = [Vuml? + (V(PZ4(J *¢m)), Viim)
= (meavlj/m)a

where pn, 1= P2, p( 0m) = tim + Poy(J * om)-
For all m € N and all k£ > 0 let us define

(3.7) Tk = inf{t > 0: |un(t)] >k} AT.

Since the process {um (t)}+ejo,7) is F-adapted and continuous, 7k is a stopping time.
Moreover, since the process (u,,) is continuous on [0, T, the trajectories t — wuy, (t)
are bounded on [0, 7], P-a.s. Hence 7% 1 T, P-a.s., as k 1 co.
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Now it follows from (3.2), (3.3), (3.5) and (3.6) that for all ¢ € [0, T

Erot (Um (t ATY), om(t ATy)) + 2/0 - Wlum (I + [V g (5) ]

k

:=&mw%wwm>—21;n”«vpiuwwm@»Lvawnds

o /0 (5,1 (5)), i () dis

+2 (VJ * om(z,8)).Vim(z, s)drds

~—

w

N
S—

I
\

Q

12 / " (G(s,um(s))es, um(s)) dBl

NNgE

Jj=1
m

0
+ Z/o " (G(s,um(s))ej,wk)st.

k=1

We proceed to treat each term of the left and right hand-side of (3.8) as follows:
Using (2.16) and the Young inequality, we obtain for all ¢ € [0, T]

%xwmu»:=mv@wman2+2jgfmﬁﬂﬁ¢»dm—<wm@»J*wmu»
(3.9) > / (a(z) - |J‘L1)|me(:ﬂ,t)|2dm + 2¢7]om(t) 2;;352(0) — 2¢3|0|

o
> crlom(t) i—ng%o) — Ka,
with

Kaq =

(k+1)/k
Jlr
2c8 + " ( |L ) ‘O|

e/ \k+1

Hence, for all ¢ € [0, 7], we have

gtot (um (t)7 Pm (t)> + ICd

(3.10) }zm(ﬂIQ +2E(pm (1)) + Ka

> T (D)2 + erlipm (0] 252 o,

Using the Cauchy Schwarz inequality, Young’s inequality and (H;) we obtain

[(Prto(s, wm (5)), i (5))] < [A(8, wm(5))llvy,, lum(s)]

v 1 1
(3.11) < Dl )P+ |h(s, 00, + B um(s)

From the hypothesis (H;) in Assumption 2.4, we deduce that

m

Y (Gls,um(s))ejwi)* < NG (s, um () Tk,
Jok=1

(3.12) S 2l3|um(8)|2 + 2||G(87 O)H%Q(K,Gdh)).
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Using the Young inequality, we infer that

(VP2 * om(): Vi ()|

< VPR * om ()] Vi (s)]

< |BY2P(T 5 om(5))| [Viim(5)]
(V7 5 ()| 1 # o (5)) Vi ()]
[l 2 gyl (5) | Vs (5)

1
11 VEm () + clom (s)[?,

(3.13)

VARVA

IN

Proceeding similarly as in (3.11), we obtain

(3.14) /O(VJ * P (1,8)). Vi (z, s)dr < i|Vum(s)|2 + clom(8)|*

By invoking Burkholder-Davis-Gundy’s inequality we get that

sup / G(r, Um(T))ejaum(T» dﬁﬁ

€[0,tnTkE ]

< 6E / h D r (e )

2

1

2

t/\Tm
(3.15) < 6E ( / e, um<r>>||%2(K,GWum<r>2dr>

N|=

<6E| sup fum(r)? / |G, (r >>||%2<K,Gwdr]
re[0,tAT) ]

<1E sup |um(s) + 36E / 1G5, 0112, (1.t 5
s€[0,tATE ] 0

tAT,,
2 2
+36lgE/0 [um (8)|ds.

Using the Fubini theorem, the Holder and the Young inequality, we infer that for
all t € [0, 7]

cE fo lpm(s)]?ds < cE fo Jo |¢m ,z)|[2dxds

2k+2
< C‘O| N+1 |@m(8) ;ztarz(@)ds
0 1
K t e
< o7 ! (Ewm(s) igjg(@)) ds

c t K ~ —1/k
< GE [; lon ()15 o) ds + érer |OIT,

(3.16)

where ¢, is a positive constant depending on k.
Note that

gtot(UOma QOOm) < |uOm|2 + 2|J|L1(R2)‘900m|2 + 2]@ @Om( ))d(E

3.17
(8.17) < Juo[? + 27|11 g2y |02 + 2 [ Flspo(z))dz.

In (3.17) we have used the fact that, since pg € D(B) .a.s., then we have po,, — po
in H?(O) a.s. and hence also in L>(0) a.s..
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Taking the supremum, then the mathematical expectation and using (3.10)-(3.17)
we infer from (3.8) that

1 K
2 swp (lun()P + erlon ()3 o)
s€[0,tATE ]

3 t/\T:L
+ QE/O Wllwm ()11 + Vi (s)*)ds

(3.18) < EK (uo, @o) + Ka + é&1c5 /"|O|T

T
1
B [ 1001, + 3816601, 6 4

1 t/\T,,l;
(G ) B [ QP + crlen ) s
0
where
(3.19) K (o, 00) = uol? + 27| 11 gey ol + 2 /O F(go(2))da.

Dropping off the second term in the left hand side of the estimate (3.18) and invoking
the deterministic Gronwall’s lemma yield

E  sup (|um(8)|2 + C7|(Pm(5) ierEfz(O))
s€[0,tATE ]

T T
< CEK(u, o) + cE / (s, 0)[2; ds + cE / 1G5 0) 12, 1.0y 15

Letting now &k 1 oo in this last estimate, using the fact that T::L T T, P-as., as k T oo,
we infer that

B sup (lum () + erlom ()42 0))
(3 20) s€[0,T]

T
< ¢EK (ug, po) + CE / (s, 00, + 1G5, 011 (..

We deduce from (3.18) and (3.20) that

T
]E/ Wllum ($)II* + [V (5)[*)ds < cBK(uo, ¢0)
0 T

(3.21) T
4B [ s, 001, ds + B [ IGO0l s
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We now give a higher estimate for the sequences u,, and ¢,,.
We first note that from (3.8), (3.10)-(3.14) and (3.17), it is easy to see that

|um(t/\7—ﬁt)|2 +C7|(pm t/\T )%JQEEQ(O)

t/\‘rm
+2 / Wt () + [V () )s
< |uO|2+2|J\L1(R2)|<P0\2+2/ F(po(x))dx

(@}
T
/ Ih(s, 0113, ds+ K
t/\T T

L2412 / tg () s + 2 / 1G5, 0)[12, (k.10 05

t/\7’,’;L t/\‘r,,’fl m )
+c/ |apm(s)|2ds + 2/ E (G(s,um(8))e;, um(s))dpl.
0 0 j=1

Now raising both side to the power £ > 1, taking supremum over s € [0,£A 7k and
taking mathematical expectation, we infer that

. \B
E sup <|um(s)|2+07|<pm(s)|%§3+2(0))
SE[0,EATE ]

m

vl

+(3)°E (/0 7 ()] + IWm(S)IQ)d8>

(S|

» T
< B [C(uo, o))} + ek + B ( | Iz, ds>

ya
2

(3.22) T
+cE </0 ||G(570)||%2(K,Gd,;,,)d8>

t/\‘r:; z z
+cE / [t (5)]%ds
0

—|—cE sup / G(r,um(1))e;, um(r)) dﬁi

€[0,tATE]

m

We see from Burkhélder-Davis-Gundy’s inequality that

p/2
cE  sup /Z<G(r,um(r))ej,um(r)>dﬁﬁ

s€[0,tATE ]

(3.23)
t/\T,k p/4
< E ( / e, um(r))lli(x,cdmum(r)2d7'> .
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This gives
p/2

sup / G(rytum (r))ej, um(r)) dfB?

SG[O tATE

IN

1
—“E  sup |upm(s)]?
s€[0,tATE]

tATh
.24 "
(3 ) + cE </O (213|um(8)|2 + 2||G(S7 0)||%Q(K,de)d8>>

1
e ap fun(e)p
2 s€[0,tATE]

T % t/\TTIfl
+ B < / ||G(s,0)||2L2(K}de)ds> bR / iy () P ds.
0 0

Using the Holder inequality, we get

tATE p/2 tArk
(3.25) cE </ |um(3)2ds> < C]E/ [t (8)[Pds.
0

0

p/2

IN

Arguing similarly as in (3.16), we infer that

t/\‘rfn 5 s t/\'rvl;
cE (/ |gam(s)|2ds> < ctpTIE/ |om(s)|Pds
0 0
k

tAT,,
(326) < Ctp772 |O‘ 2(k+1) E/ |(pm(5)|i2ﬁ+2d5
0
AT cres " plsth) =2
< C7E/ m(s)PUTD | ds + — T O T
T ln i +
Inserting now the estimates (3.24)-(3.26) in (3.22), we obtain

P

1 . \%
5IE sup <|um(3)|2 + crlm(s) iﬁfﬁ(o))

s€[0,tATE ]
3 % t/\‘r:L %
o(3)E ( | R+ |wm<s>2>ds)
T 5
(3.27) < cE [K(ug, ¢0)]? + K2 + cE (/0 |h(s70)||%,éwds>

T 2 —1/k
CRC p(»<+1) 2
+01E/ G(s,0)? ds | 4 ———|O1E T
(O 1G (s, 017, (k. Gusn) ) PEE == |0

1 15/\7’1?1 . p/2
+ (C + 172> E/ <|um(3)‘2 + ‘@m(s)@ﬁjf?(o)) ds.
¢’ 0
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Now arguing similarly as in (3.20), we derive that

P
2

E sup (\um(s)|2+C7\<pm(s)\i§3f2(o))
s€[0,T] .
2

. T
(3.28) < CE[K(uo,p0)¥ + k] + cE ( / h<s7o>||2vd/wds>

2

T
(~+1) 2
bl (/ ||G<s,o>||iz(K,Gwds> + O T
0 K

With the use of (3.27), (3.28) and the fact that 7% 1+ T, P-a.s., as k 1 oo, we derive

that
T
E( / Wl ()2 + Vi (3) )ds>

» T
(3.29) < B [K(uo, p0)] + K5 + cE </ (s, 02, ds>
;

P
2

2

p

T 2
E G(s,0)|2 d _oner O[T
+eo ( | 16601, g ) o)

for all £ > 1.
By (H3) using the Young inequality we have

(tms =Bpm) = (Viim, Vo) = (Vom, (F//(Spm) +a)Vom + emVa = V(J * o))
> CO|V<Pm|2 + (V@mv @mva - V(J * @m))
> CO|VSDm|2 = 2|VJ|1lenl[Veml

Co 2
> DTl = = (VI loml
Co
Hence
Co 2 Co 1
E|V90m|2 - *|VJ|%1|<Pm‘2 < (Vitm, Vo) < Z|V§0m|2 + *|V/~Lm|2~
Co Co
From this last inequality, we obtain
8 4
(3.30) IVoml® < Sleml® + = |Viml?.
€ €o

Now from (3.20), (3.21) and (3.30), using also the fact that the domain O C R? is
bounded, we infer that

E sup [(um(s), om(s))|Z =E sup (|um(s)\2 + |<pm(s)|2) <C,
s€[0,T] s€[0,T]

(3.31) T
E / 1t (5), o (5)) 3k < C.
0
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Also from (3.28), (3.29) and (3.30), using also the fact that the domain O C R? is
bounded, we derive that

T 2
E sup |(um(s), pm(s))y +E (/ |(Um(8),<ﬁm(8))||%rd8)
s€[0,T] 0

T
(3.32) < K [K(uo, 0)]° + cK2 + E (/ | (s, O)||‘2/é ds)
O v

2
T

+cE / G(s,0)|? yds |+ mcﬂ O|2T =2«

(O 1G5, 0) . ) o)t

We also note that

4(~+1) 2

1P B(um)llvy,, < cltm|lluml,

(3.33) P2, (- V)pmllvy < clom|panz0) umll,
1P, (e Vo) v

div

< cpm|r2er2(0) [Viim|.

From (H,), we have

G (5, wm (Do (50,Gar) < lglum ()P + G (s, 012, (k.G 000
(s ()2 < el lun() + (s, 0)[2, .

We will now prove that the following estimate holds

(3.35) E sup } |F (wm(S))|’£/12<0> <C

s€(o,

(3.34)

To prove (3.35), we first assume that F(p,,) > 0. Then from (3.8), we have for fix
s<tA T,Ifl

2|F(om(s)|ro) < Etot(Uom, om) + |(m (), J * om(s))]

+2/ (VP2 * o)), Vit ()| dr
2 (00, (1) ()]
(3.36) +2 / / (VT % om (2, 7).V pon (2, 7)| dadr
+ij 1f0 (7, U r))ej7wk)2 dr

—|—22/ (8, Upn (7 ej,um(r)>dﬁf:.

Inserting now the estimates (3.11)-(3.14) in (3.36) and taking the supremum over
s € [0,t ATE], we infer that

sup |F((Pm( DITAY )SC<K(uo,soo)+ sup I@m(8)|2>
SE[0,tATH ] s€[0,tATE]

+0 [T um )P + lomo)P) s
(3.37)
+C / (Hh 5 0, + 1G5, 0)13 .00y + [Viim(3)]?) ds

m

+0 sw 15 [ (Gun)es () a5,

.l j=1
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where K(uo, o) is given by (3.19) and the constant C' := Cx, ju.1,.1,-
Now raising both side to the power p/2 and taking the expectation, we get

E sup  [Flpm(s)[?i0, < CEIK(uo, po)l"?

s€[0,tATE ]

m

p/2

+CE  sup |om(s)P +CE
s€[0,tATE ]

t/\'r:j7 v/
L7 (enP 1001k, ) dS]
t/\‘rm p/2
/0 IIG(SaO)iz(K,Gm)dS]
p/2

+CESup6€0t/\Tk] Z/ (8, U (r e]aum(r»dﬁ‘z J

/0 " ()2 + Vs (5)[2) ds

+CE

(3.38)

+CE

where the positive constant C' := Cx, ju.1,.1,.p-
By (3.16), (3.24), (3.27), (3.28), (3.38) and some well known inequalities, we infer
that

E sup |F(p ())\p/2 < C + CE[K (ug, ¢0)]*/?

s€[0,tATE ]

t/\7'f,1 p/2
/0 (||um<s>||2+|wm<s>|2)ds]
p/2
p/2
+ CE [ 1665, 01, .0 5]

+CE

(3.39) T
+CE / ||h(s,0)||‘2/é_ ds
0 U

K 2
+CE  sup [un(s)lP +CE  sup (jpm[2512)"
sE[0,tATE ] sE[0,tAT) ]

< Ox gyl Ly, O, T

Note that in (3.39) the constant Cx, .u.1,,.1,.p.5.0.7 i independent of m € N, k > 0
and ¢ € [0, T]. Hence passing to the limit as k — oo, we get

(3.40) E sup |Fom(s)20,
s€1[0,7

For the case F(p,,) <0, we infer from (3.9) that

2|F (o) (8)|11(0) < 2Wapm(s)]” = (om(5), J * pm(s))

- C?“Pm(s)‘%;:fz + Ky
(3.41) <3| |<pm(s)|2 + c7lem(s) i’;jﬁ? + Ka

< CJ’N,O|@W<S)|%2H+2 + CC7|SDm(S) i’;jfz + K:d
< G100 (14 K+ [iom(9)|7552)-
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Now raising both sides to the power p/2, taking supremum over ¢ € [0, A 7], the
expectation and using also (3.28), we obtain

E_swp  [Flen(o)likio) < CnsocrnentE |1+ [Kluos o))
se|0,tAT]

p/2
B42) 10 s0crpentE () 1105, 0)[3, ds)

T 2 p/2
+Cr10enment® (Jo 1G5 02, cayds)

for some constant Ci ;0. crp.cs,r independent of k, ¢t € [0,7] and m € N. Now
using the fact that t A 7% — T as k — oo, we infer from (3.42) and the dominated
convergent theorem that

(3.43) E sup |F(pm(s))[f550) < Cp-
s€1[0,T)

This completes the proof of (3.35). That is

(3.44) E SEPT] |F(g0m(5))|’£/12(o) < Cp, for both cases.
s€|0,

By means of (Hs), (3.28) and (3.44), we have
(3.45) E sup |p(., om(s)) ir(O) < Cp.

s€lo,

We first note that from (Hs) and the Young inequality, it is easy to see that for all

s€ 0,7

r—1
r

r—1

(346)  1F (om(s)] < S (omls)l" +

By (3.46), using the Poincaré-Wirtinger inequality and the Young inequality, we
infer that

C3 Cy4
< Z|F(om =
< 2IF(pm(s) + = +

()] < € (IVpm(5)] + 7 |fo (2. 5) )
= o[Vt ()] + oyl (), 1))

s el
+|7(69| |f(9 |a(x)§0m(x75) =+ F’(cpm(x,s)) —J % <pm(x,s)|dx|
< | Vim(s)]
+|OC|% (lalze + 1L @) len(s)] + 55| F(pm(s)) o1 + S5

From (3.47), we obtain
P < ¢ [T + dylalzos + 1o g lem(s)P]
2 2
c3 2 cg+r—1
+e| b PleniEe, + (25=1)

By (3.48), (3.44) and (3.29) we infer that:

T T
/0 |1 ()] d8+/0 [V i ()] ds]

2

(3.48)

P P
2 2

T
/ um<s>|%ds] —E
0

! 525 g ! 525
g@E(/@ o >|d> +cpE</O |wm<>|d>
<

p-

E

(3.49)
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By (3.20), (3.49), (3.33)3, using the Holder inequality, we have

T
E [ IPh (Ve (IR, ds
T
< cE fo lom (s) 2L2+2~(o)||ﬂm(5)||?fdt

T
(3.50) < cE seSEéI,)T]wM(S)%HM(O)/o ||Hm(«9)||%fdt1
™= T e TR
<c|E sup wm(s)iﬁ&(o)] E(/ ||um(s)||2Udt>
s€[0,T] 0
<C.

From (3.20), (3.29), (3.33)2 and the Holder inequality we get

T
E / P2, (s 7)o 2, s

T
<cE f() | om () %2+2~(@)||um(5)”2d3

T
< cE | sup m(8)]2 250 / U (8)||?ds
1) 2 ez [ )]
H—% T 1-:5 HLK/
<clB sw lon()i )| [E( [ lun)Pds
s€[0,7) 0
<C.
From (3.48), (3.44), and (3.21), we infer that
T T
(3.52) B [ P2 An(s) s < B [ fhum(9)ds < C.
0 0

By (3.34), (3.21), (3.31); and (3.32) we infer that
T
B [ 1P B (IR, ds

T
< sup [un(s)? / lum(s)[2ds
(3.53) selo.7] 0

1/2

57 1/2

T
E sup |um(5)|4] E (/ um(5)||2ds> <,
s€[0,7] 0

T
E / IPLAGs, wn(s)) 2, ds
0 v T

T

(3.54) < 2E / () 2ds + cE / (s, 0013, ds
i ;
T

<E [ un(s)ds + & [ b 00}, ds < C,
0 0 w

<c

T
E / IPLG(s, tm (S)II2, 1.ty 85

(3.55) T

T
< B [ un(s)Pds + B [ 1600605 < C.

39
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T T
gy B ITren@lbds=E [ (75 0u(e)R + 195 g () s
< (|J‘%1 + |VJ|2L1)TESUPSG[O,T] lom (s)[? < C.
Step 3: Taking limits in the finite dimensional equations. From (3.31)9, (3.31)4,
(3.28), (3.44), (3.45), (3.50), (3.51), (3.53) and the Banach-Alaoglu theorem, we can
find a subsequence (still denoted) {(tm,¢©m)} such that
(Um, om) = (@, ) in MJ—‘ (0,73V),
(U, m) weakly star (@, @) in L2(Q; L0, T; G ain x H)),
©m — @ in L**T2(Q,P; L®(0, T; L**2(0))),
(um(0), om(0)) = (G, G2) in LR, Fo, P;Y),
PpBlum) — Ko in M7 (0,T;V};

v/

)
)

)

)

)

Pﬁl(umV@m) Ki in M]-' (0,7 de)»

(357) P2 (1 V)) — K in M2 (0,73 V]),
)

)

)

)

)

v/

Phh(t wy) = hin M% (0,T;Vy;
PGt um) = Gin M7 (0,T; Ly (K, Gair)
plrom) 2 pin L7(9, B I%(0, T I (O))
J % op = J in M7(0,T;U),

Jh — 1IN M}- (0, 75U

)

)

We note that in fact J = J * @, since the map J x.: L> — U = H' is linear and
bounded, and ¢, — @ in Mf—_t (0,T;Vy) C Mf—_t (0,T; L?).
Let us now recall that Problem (3.1) can be rewritten as

(i (£), k) + / (0 At (3) + Bt (5)) — fim(8)Viprm(5), wy) dis
- <Zm<ot>,wk>+ / (5, 4 (5)) w0x) ds
+§ / (G5, tim(3)) e, w3)dBY
(om(t),n) + / (V.. om(s)), Vi) ds + / (i (). )pm(5). ) dis
0 . 0
= (gom(O),z/Jk)—&-/ /(VJ*gom(x,s)).Vwkdxds,

Pl Pm) = a(-)wm0+ g’(<pm),
fim = Pr(p( om) — J * ©m),
(U0m7 @Om) = (um(()), @m(o)) = Pm(u()v 900)'

Using a well known result in [31, 32, 33], we can check that (u, ) € L?(£;C(0,T; G g5, X
H)) and satisfies for all ¢ € [0, 7]

(3.58)

alt) + t[ Aii(s) + Ko(s) — K1 (s)lds =uo + | R(s)ds+ [ G(s)dW(s),
- I [ [

/K2 d8+/Au Jds = o, B=p—J*@,
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The F;-progressively measurability of the processes 4 and @ follows from the Hilbert
space Mz (0,T;V) (see [8]), the convergence (3.57); and the fact that the processes
Uy, and @, are Fi- progressively measurable. We recall that you have applied the
compactness theorem 3.18 in [6].

The fact that (u, ) € L*(Q; L>(0,T;Gaip x H) follows from the estimate (3.31)2
and the weak star convergence (3.57)s.

Step 4: Identification of some parameters. Let us prove that K, =
B(u,u), K1 = (ap — J x @+ F'(¢))Vp, h = h(t,u), G = G(t,u), Ky = (4.V)p and
p=a(.)p+F'(p).

For each m > 1, we define (G, @m) = Pm (4, ), where P, = (PL,,P2) € L(Y,Y.,)
is the orthogonal projection on Y onto Y,,. It follows that

|(ﬂma ¢M)|Y < |(’IZ, 95)|Ya
(3.60) [ (@ B )llv < cll(@, @)l v,
(am7¢m) - (fL?@) in M.?-'t (OaT;V)'

From (3.34) and (3.44), it follows that for all t € [0,7], 1 <k <m and all m > 1

(i (£) — i (£), wi) + v /Ot (A(tim(s) — um(s)), wi) ds
[ (ol ~ Bl (o)) ds
= [ 006~ )V (5 ) s
+/t (h(s) — h(s, um(s)), wi) ds
(3.61) +Z / G(s,tum(s))e, wi)dB]

+ Z / e]’wk d/Bsa
(@n(t) = om(8), te)ds + / CAGE = ) )
0

(Ka(s) = (um-V)om, i) ds =0,
0
(ﬂm - Mma"/’k) = (ﬁm - p(-a 90771)7 W) - (J * QO — J * Pm wk)
Let
(3.62) Xm = 0P — J * G+ F'(Gm).
We note that
I:(O — B(unm) = Ko — B(tm) + B(tm — U, ) + B(Um, U, — Um),
Ko — (um.-V)pm = Ko — (1. V)P,

_ +((tn — umz-v)Qém + (Um-V)(@m — Pm)s
K1 — pmVom = K1 — X Vom + XmVOm — timVom,

(3.63)
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<K1 - Kl‘pmaam - um> = <Rl - Kl@mvam - um>

+ [ a@m(tm — Um). V(@m — pm)dx

\0\

+ (‘ﬁm - @m)(am - um)- vﬁpmdl‘

(3.64)

\ =

2
+3 Z/ — om)(Pm + )0 (T, — Uy )d

(VJ % @) (@m — ©m)- (U — U )dx

(v‘] * ( - @m))wwr (am - um)dm,

@\e\

p—p(som) =P — apm — F'(Pm) + a(Pm — om)
(3.65) +F'(@m) = F'(pm),
J*Q_J*(Pm:J*(ﬁ_J*@m'i‘J*((ﬁm_@m)'
We set 0, = tlm — Ums Pm = Pm — Pmy Em = fim — fim-
Now, by It6’s formula
(0 (1), wi)? = 20 (1), Wk ) (O (), wi)
+ (G(t) G(t, um(t))ej, w) dt+ Z t)e;, wy) 2dt,

Jj=1 j=m+1

in [0,7], for all 1 <k <m and all m > 1, and summing in &, we deduce that

B (D] + 20 / 10 ()] 2ds + 2 / (Ro(s) = Blum(s)), 6um(s)) ds

—2/ (K1(5) = ptm V@, O (s)) ds

+2 fo (h(s) = h(s,um(s)),0m(s)) ds

123 [ (@6 — Glos (6D (51
(3.66) =0,

23 | @res (a8

+j§;/gt ‘P,ln(@(s)ej — G(s,u,,l(s))ej)‘2 ds

+]%:+1/ 1PL(G(s)e,)|” ds.

Replacing ¢, in (3.61) by Ay ¢, we obtain

(3.67) AN omOF 42 g (a(s) = (tm-V)om, Ay ém) ds
+2 [ (it — s G (s))ds = 0.

We observe that

(ﬂium7¢m) = (,L_L7Xm+Xm *,umyqsm)
= (/7‘_ Xm +a¢m +F,(@m) - F/(Qom) - J*Qbmvd)m)
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Inserting now this last equality in (3.67), we get

AR 2o () +2 / (R(5) — (tm(5). V) pm (5), A o (5)) ds
(3.68) 12 / (a6m(8) + F'(@m(5)) — F'(0m(5)), dm(s))ds
—2 / (J % o (5), )5 — 2 / (7(5) — Xom (), Bun(5))ds.

Applying the Lagrangian theorem to F’, using (Hj), we infer that

2/ (adm(s) + F'(@m(s)) = F'(m(s)), dm(s))ds
0 t

(3.69) = 2/0 (afm (s) + F"(Gm(s) + 06m(5))dm(s), dm(s))ds

t
> 200 / (6 (5)|ds,
0

with 0 <0 < 1.
Now, we state and prove the following lemma.

LEMMA 3.1. Let m € N. The following estimates hold
_ _ . v N
2 <K0 — B(um), 9m> <2 <K0 - B(um),9m> + g||9m||2 + C||Um||2|9m|2a
~ v
(3.70)  2(h(s,tm(s)) = h(s,um(s)),0m(s)) < gH@mH2 + el |0,

C —
2|(J % $ms 6m)| < 2 |0ml® + el AV 20

Z [P (Gls)e; = Gls,um(s))e;)|” < 22]a(s) = i ()]

(3.71) - , i e
+ 2l |tm(s) — um(s)|” = |G (s, u(s)) = G(s) |1y (k.c00)
+2 (G(S) - G(S,’U,m), G(S) - G(S7a))L2(K,Gdiv) ;
=, =, ~ 3(20 2 174 2
2I(_’mv’mvem SQK_mvnuem"i'im'i'*em
(572) (K1 = Vo, Om) < 2 (K1 = XV G, Om) + == |6l + 510
+c(|@m + PmlTa(0) + |Pml 1 0) + lm|1a0))|0m]?,
= _ = - - _ C
( ) 2<K2 - (um~v)§0ma-’4]\fl¢m> < 2<K2 - (unL-V)SOmv-ANlQSm> + 30‘¢7”|2
3.73

14 ~ —-1/2
+ g 10ml> + c(1Gml3a(0) + lumlEa(0)) AN,

with 0, = Uy — Uy Om = Pm — Pm and Xm is given by (3.62).

43
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Proof. We have

) m> + cl|Om | [[|0m]
_ B v N
(3.74) < 2(Ko — B(tnm), m> + EHHmH2 + C||um||2|9m‘2’

2 (h(s,tm(s)) — h(s,um(s)),Om(s))
< 2030 ()]0 ()|

v
< 2110 + I3 10

)
9m> +2(B(0m, Um), Om) »
0
0

S P (Gls)es = Gls,um(s)es)|* < N1G(s) = Gls, tm ()3 k.G

< NG u(s) = Gls, um(La (x40 — 1G (5, 8(5)) = G9)IIEs (1,601
+2 (G(S) G(8,Um), (5) G(s,u ))Lz(K,de)
< 2||G(s,u(s)) — G(S7am(8))|‘L2(K7Gdiv)

(3.75)  +2[G(s,dm(s)) = G, um ()T, (k.G use)
+2(G(5) — G5, um), Gls) — G(s, 1))
— IG(s, ﬂ(é’)) — G() L (k,Gar0)
< 22[0(5) — Tin ()|? + 202|iin (5) — wm (s)[?
—1G(s,a(s)) = G2 (k.G i)
+2(G(s) — G(s,um),G(s) — G(s, 1))

L2 (K,Gaiv)

Lo (K,Gaiv)

Hence, from (3.74)-(3.75), we obtain the estimates (3.70); 2 and (3.71).

We now move to the proof of (3.72).

We begin by making the following observation: from Remark 2.3 and the fact that
V.u =0, for all u € Vg, we infer that

<K1 - ,Ufmvsﬁmyem> - <K1 - XmVQEma 0m> + <va¢m - ,umv@ma 0m>

= (K1 = X V@m0 + (V(F (@) = Flom) + 565 = 562),0m)

B76) = (9Pt o) 500 ) = (5 0V ) 4 (T )V O

- <K1 - XmV¢m79m> - <¢m(95m + Som)v;laem> - <(J * ¢m)v¢m,9m>
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Now, we will estimate the last three terms in the right-hand side of (3.76) as follows:
|<¢m(¢m + @m)vav 9m>‘
< |Va|r<|dml||Pm + emlr1(0)0mlLeo)

eIV alz< dml[Em + @ml 10y |Om /2 [0m]| 2

IN

(3.77)

IN

Co -
g|¢>m|2 +|@m + PmlTa(0) |Om] 10

IN

Co 14 ~
€|¢m|2 + gHem”2 + ¢|@m + ‘Pm|%4(0)|9m|2~

By integration by parts and the fact that u,, = 0 on 00, divu,, = V.u,, = 0, we
obtain

-2 <(‘] * (bm)V()bma 9m> =2 <(VJ * ¢m)§5m7 9m> .

Hence from this last equality, using the Holder inequality, the Ladyzhenskaya in-
equality and the Young inequality, we infer that

2[{(J * m)VPm, Om)|
< 2[@rm L4 |0m| L2V T * ¢
< ¢|@m L4 |0m 2|0 |2V T * Gy

(3.78) )
0 ~
= 1m[* & cl@m| L 10m ][V T |71 |60

IN

IN

Co v ~
§|¢m\2 + g||9m||2 + C\‘Pm|%4(0)\‘9m|2-
Arguing similarly as in (3.78), we derive that
Co v
(3.79) 2[((J * om)Vém, bm)| < g|¢>m|2 + gH9m||2 + clpmlza(0)ml*.

Inserting now these estimates (3.77)-(3.79) in (3.76), we obtain (3.72).
For the proof of estimate (3.73), we also make the following observation: we have
(3.80)

(K3 = (V) oy Ay om) = (Ko — (V) @y ANt )
+ {(0m-V) Py Ay D ) + { (U -V) s Ay i) -

The goal now is to estimate the last two terms in the right-hand side of (3.80).
By integration by parts, using the fact that V.u,, = 0 and u,,|so = 0, we obtain
—2((0:m-V)@m, .A;,lqﬁm> = —2/ A (m)PmV O dx
o
=2 <9mv-/4]_\[1¢ma ¢m> .
Owing to (2.7), Ladyzhenskaya’s inequality and Young’s inequality, we have
2 |<(9mv)§5ma -Axfl(bm>| =2 |<9m-v-/4]:]1¢m7 ¢m>|
< 2(m| 14104 |V AR 6|
- 1 1 -
(3.81) < ¢l @ml2410m2 |02 VAR b1
< c|m|2(0) 10ml|[ VAR o

v - —1/2
< Z0mll? + €| @m 24 AN 2 o
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Proceeding similarly as in (3.81), we infer that

2 { (- V) S, AN O )| = 2| (. VAN Gy b |
< 2|¢>m|\um|L4|VA;<z>m|L4

|¢m|2 + C‘um|L4|v'AN ¢m|L4(O)

ol + cltm 24| VAT 6l VAR Sl 111 (0,

(3.82)
= 10

_10

where we have used the Galiardo-Nirenberg inequality (see [11, Theorem 2.1]). One
can see that the H2-norm of ¢ in D(Ay) is equivalent to the L?-norm of (Ay +1)g,

1.e., |¢‘H2 = (AN + I)¢‘L2
Now since Ax'¢m € D(Ay), we have

VAN Gl a1 (0) < AV Gmlm2(0) < cl(An + DAY ¢l
< el + el AN dml
< lpml + el Ay dmllvy
= ¢|ém]| + | AN AN D

But, since L%O)(O) = (L%O)(O))' — Vj, we have

[(ANAR b, Ay b))
(G, Axém)]

(O

AN AR om

Therefore,

VAR Gl 1(0) < €l + | AN ZAV Gl
< cldml.

Substituting this previous estimate in (3.82), using (2.7) and the Young inequality
we obtain

_ C —
2 [( (V) by Ayt bm) | < 1516m I + el 14|V AR frm |6
C _
L+ cliom 3o A7 2G|

Co —1/2
Soml® + clum| 1o ARl

(3.83)

IN

IN

From (3.80) and the estimates (3.81) and (3.83), we get (3.73).
Finally, using the Young inequality and the Young inequality for convolution, we
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obtain
21(J % s b)| < 2| (AN 5 6m), Ay 0m )|
= 2| (AP 5 b = (T 5 0m)) A P |
(3:84) < 20V * b — (J % 6)) AR b
< 2VJ |1l Ayl
< Floml + Ay 2onl?,
which proves (3.70)3 and the proof of Lemma 3.1 is now complete. B
We denote z(t) = et Jo Z(s)ds <t <T, with z; = 2l§ +cl? 4+ ¢ and
(3.85)  Z(t) = cl|@mll® + @m + ¢mlLs + [Gmlzs + l@mlzs + [Gmlis + [umlLa)-
We also set
Z(t) = 10m ()2 + lm (D2, = lim () = um () + A2 (B (1) = om ()]

and
Z(t) = vl (D)1 + coldm (t)? = v (£) = tm (D)]|* + col@m () — om (1)

Applying now the Ité formula to the real process z(t)Z(¢) in conjunction with
Lemma 3.1, we infer that

0+ i 2 Z(5)ds + [ 2G5, 15) = GO 1
SQ/% 2(s) (B(tim) — Ko, 0 >ds—2/0 2(8) (K1 = XV, 0 ) ds

+2 [ 2(s) (h(s) = h(s,Um(s)), Om(s)) ds

+2 /0 2(s) (G(s)ej — G(s,um(s))es, Om(s)) dB?

(3.86) oL t
+2 Z /OZ(S)(G(5)€]7 ())dﬁi_2/0(ﬁ( ) = Xom (), b (5))ds

+27@TL) (G
+ i /tz(
V(R

(s) — G(s,um(s)),G(s) — G(S,ﬂ(s)))Lz(K,de) ds
§)[G(s)e; Pds + 2;3/ 2(s)|als) — Gm(s)2ds

j=m+170 0

= / 2(8) (Ka(3) = (fim(3)-V) @ (), Ay b (5)) dis
0

for all t € [0,T] and all m > 1.
Let m > 1 be fix. For each n > 1, we consider the F;-stopping time 7,, defined by:

(3.87) 7o = min(T, inf{t € [0, T]; [(a(t), e(0)) [ + |(um(t), om (1)1

+ / 1@ @)1 + [l (tms o) [21ds > n2)).
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It is straightforward to obtain from (3.86) and for all n, m > 1 that
E2(7)Z(7n) + E /O " (9) 2 (s)ds
4B [ 0G5 - G0 0

<28 [ 26) (Bl (5) ~ Kol 0m(4) s
428 [ 2(5) (h(9) = (s (5)). 0 (5)) s
(355 2B /O " ) (B () = X (5) V5 (5), O (8)) ds
28 (0 ~ xns) ()
428 [ 2(6) (616) = Gl (51 G6) ~ G5, 19) s,

+ Z E/O z(s)|(}'(s)ej|2ds—|—2I§]E/0 2(8)|a(s) — @ (s)|?ds

j=m+1

—2F /OT" 2(s) (Ka(s) — (am(s)'v)ﬁm(s)v-/l]}l¢m(s)> ds

Claim 1. The right side of (3.88) goes to 0 as m goes to +00.
(1). We first note that

(3.89)
i 2 2 ’ i(s) — U (s)|?ds | =
Jim (J %:H / (s)ej|?ds + 21 E/ 2(8)|a(s) = U (s)| d) 0.
Also, as G(s, um(s)) = G(s) in M% (0,T; Lo(K, Gaiv)) and
Ljo,7,12(8)(G(s) = G(s,u(s))) € M7, (0,T; Ly(K, Gin)), we have
(3.90)
Jim B [0 (6(0) = o un(s). Gl5) = Gl 9) 1, 1 g, 5 = 0

(2). Let us prove that

lim E/OT” 2(5) (B(8) — h(5, i (5)), Oum(5)) ds = 0.

m——+oo

We recall that

Bu) > (.6) in ME(0.7:V),
(0
(s

(U, o) = (U, D), (U ) (w
(3.91) 5 00 in M2 (0,T; V).

(umv @m) - (uma Pm
From (3.91), the fact that 1po ,,12(s)(h(s) — u(s))) € M%,(0,T;Vy;,) and

(
Lio,7,12(8)(h(s,u(s)) — h(s,Um(s))) — 0 in Mi—t (0,T5V,,) as m — 400, we derive
that

m——+oo

lim ]E/Tn 2(s) (h(s) — h(s,(s)), Om(s)) ds = 0,
(3.92) 0

m——+oo

lim E/OT" (h(s,(5)) — h(s,@m(s)), Om(s)) ds = 0.
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Hence, we derive that

mgrilooE/oT7l 2(s) (h(s) = h(s,im(s)),0m(s)) ds
(3.93) = mEIEOCE/O ' 2(s) (h(s) — h(s,1),0m(s)) ds

m——+oo

+ lim IE/OTn z(s) (h(s, @) — h(s, Um), Om(s)) ds = 0. This proves (2).

(3). We also prove that

m——+oo

mE)IEOOE/O 2(8) (B(m(s)) — Ko(s), 0 (s)) ds = 0.
Note that
mglilmE/() " 2(5) (Bl (5)) — Ko(s), 0, ) ds
(3.94) = lim E/O ' 2(8) (B(yn) — B(1),0,,)) ds

+

By (3.91) and the fact
that

(3.95) lim

m——+oo

m——+0o0

lim E/OTn 2(s) (B(u) — Ko, 0, ) ds.

that 1j -,12(s)(B(u(s))—Ko(s)) € M%,(0,T;V,;,), we deduce

]E/Tn 2(s) (B(a(s)) — Ko(s), 0 (s)) ds = 0.
0

By (2.9) and (3.60), we infer that
1170,7,,12(8) (Bt (5)) — B(a(s)))llvy,,
< Lo, (8)eltim (5) = @()|" 2 (5) — @)1 2 (1 ()2 | ()2

+ la(s)[ V2 al

)IIV?)

< 10,71 (8)el@m (s) = ()2 (| (5) — u(s)||/2[als)[/2[a(s) ]2,

and thus, [|1j0.7,12(8)(B(tm(s)) —
[1(0,7,,12(8)(B(tm(s)) — B

< jo,7,1(8)cltim(s)

(s))llvy — 0, as m — +o0, dt x dP-a.e., and

(a(s))lvy,
— a(3)[ "2 i (s) — als)[ /2 ][a(s)]
i) € M2,(0,T'R),

B(u
)

< cnl
Hence
(3.96) Jim B[ 50 (Bl (9) = B(a(s), 0(s)) ds =0,

Finally, we conclude from (3.94)-(3.96) that

(3.97) lim

m——+oo

IE/ 2(5) (B(iim(s)) — Ko(s), 0n(s)) ds = 0.
0

(4). Next we will prove that

(3.98) lim E

m——+o0

/OT” 2(8) (E1(5) = Xom () V@ (), O (5)) ds = 0.
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By (3.91), using the fact that 1o, 12(s)(K1(s) — (ap — J * ¢ + F'(¢))Vp) €
M,?:t (O’ T’ chiv)’
we get

m——+oo

(3.99) lim ]E/ ’ 2(s) (K1(s) — (ap — J * @ + F'(@))V, 0, (s)) ds = 0.
0
Let v € Vy;,,. We have
[ ((a@ = J @+ F'(@))VP = XmV&m, ) |

(o= em@+em o)

2

= [{(J* (@ = &m)Vm,v) |+ [{(J * @)V(® — &m),v) |

< c(|Valre|@ + Gmllp — Gmlre + |2 [VEm||@ — Gmlra
+ [ V(@ = &m)l |l L4)|v] s

< c([Valp=(1¢| + [Vem V(P — &m)

+ Ve[ V(@ = @m)l + [TV (@ = &m) [[VE) [[v]]-

Hence

< c(|Valpe(l@] + [Veml) + [Tt IV@m| + [T 1 [VE]) V(S — &m)l-

From (3.60), (3.100) and (3.91), we infer that

Io,2(5)(ap = T @+ F(@))VE = fimV&mllvy,,

< Ljo,r ) (De(IVal o [@m(t) + @) + [VI 1@ + [V I L1 |[@m (O] |@m () — @(E)| s
< po.r)(8)e(|Valpee (19 + VL) + [ L1 Vo] + [T VRN V(P = Pm)l-

From this last inequality and (3.60), it follows that

10,7,12(8)(ap — J % @+ F'($))VP = i VOmllv; — 0 as m — +o0, dt x dP-a.e.,
Io,r2(5)(ap = T @+ FU(9))VE = fimV@mllvy,,

< c(|Valr<(I@] + [VE]) + 7122 [VE| + [T [V@)n € ME, (0, T; R).

Thus

(3.101)  lim E/OTn 2(5) ((a@ — T % @ + F'(@)VE — fim VG, Om(s)) ds = 0.

m——+oo

By (3.99) and (3.101), we infer that

lim E /O " 2() (K1 (5) = fim(s)VGm(5), O (5)) ds = 0.

m——+00

which proves (3.98).
(5). We now check that

(3.102) lim E/OT" 2(s) (Ka(8) = (tim(5).V)@m(s), Ay dm(s)) ds = 0.

m——+00
By (3.91), using also the fact that z(s)(K>(s) — (u(s).V)@(s)) € Mz, (0,T; Vy),

we derive that

(3.103) lim E/OT” 2(8) (K2 (s) — (a(s).V)@(s), Ax' dm(s))ds = 0.

m——+o0
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Also by (3.60), we have

110,71 2(s) ((a(s)- V)@ (s) — (ﬁm(S)-V)sﬁ (s)llvg
< Lo, (8)e(|@(8) | L2wv2(0) [U(s) = tm(s) ]| + [P(s) = Pm(s)L2wr2(0) [Em(5)]])
< Ljo,r, 1 (8)e(1@(8) | 220 1uls) — tm (8)]] + [V(2(s ) @m (s)[[[u(s)])

which implies that
1110,7,,12(5) ((@(5).V)@(s) = (tm ( )gbm(s))HVO/ —0 as m — +oo,dt x dP-a.e.,
1110,7,12(8)((@(5)-V)@(8) = (U (5).-V)@m(s))llvy
< 10,1 (8)e(|B(8)| L2420y + [|Uu(s)[)n € MZ (0, T; R).

S

).V
).V

Hence

(3.104)  lim E/OTn 2(5)((@(5)-V)@(5) = (U (s).V)@m(5)), Ay o (s))ds = 0.

m——+o0o

Therefore from (3.103) and (3.104), we derive that

lim E/OT" 2(s) (Ka(s) = (@im(8).V) @ (s), AN dm(s)) ds

m——00

= i B [T 0)(Ral)  (1(:)-9)5(5). AR () s

4t B [ (06):9)0006) — (i (5905 (), A o (5))ds = 0,
0

which proves (3.102).
(6). Let us also prove that

(3.105) lim E/O ((8) = Xm(8), dm(s))ds = 0.

m——+o00
We first observe that

p—(ap + F'(9)) + a(p — &m)
+F/(¢) - Fl(wm) J x (95 - (ﬁm)

From (3.91) and the fact that 1 ,,12(s)(p — (ap + F'(¢))) € MZ(0,T;Vy) C
M, (0,5 V), 10y 2(5) (' (2(5))— B (G (5))) = 0im M2, (0, T H) amd 11,1 2(5) (.
(@(s) = @m(s)) = 0 in M%Z(0,T;Vy) € Mz (0,T;Vy) as m — 400, we derive
that

lim E / ((5) — Xom(5). b (s))ds = 0.

m——+00

This proves (3.105).

Hence we conclude from (1)-(6) that the right-hand side of (3.88) tends to zero as
m tends to infinity.

Now since

2 2 2
2 4.2 4 4 4 cejean cefea 2 4.2 4 4 4 4
e —z1T—ccin 78cclch —8ccin” ———5—T——5=n"—ccjcan”—ccin” —2cn

(3.106)
< 1‘[0,7'”]2(8) <1
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we infer from (3.88) that
lim EZ(r,) =0

m—r 00

lim ]E/ Z(s)ds = lim IE/ V][0 (8)]|% + coldm(s)|*ds
(3.107) . ™o s 2

— lim E/ Wi () — (5|12 + ColBom(5) — o (s)[2ds = 0,

B[ 160 6)) = G, x5 = O
We note that in (3.106) the constants ¢; and ¢o come from:
(s Em)llv < 2l (@, @)lv,
|<10in‘L4 < Cl|(pin|1/2|v¢im|1/2a 1=1,2, 9071n = ¥Pm and (pzn - ()Zm
Also the constant ¢ appearing in (3.106) comes from (3.85) and z; = 213 +cl? +c.
In (3.106) we have also used the property of the stopping time 7,, defined in (3.87),
the fact that |um|ps < 24 um|"?||um||*/? (by Ladyzhenskaya’s inequality) and
|Pm + Omlrs < 8(|95m‘%4 + |@m|i4)'
Claim 2. The following hold true

G(t,u) =G(t) in M%,(0,T; La(K, Gaiv)),

h(t,u) = h(t) in Mz, (0,T;Vy,),

B(u,u) = B(u) = Ko in Mz, (0,T;Vy,),
(3.108) (ap—J @+ F'(p)Ve =Ky in M%,(0,T;Vy,),

(w.V)g = Ky in MZ,(0,T;Vy),

a()p+ F(¢) =p in L"(Q,P;L%(0,T; L"(0))),

i=p—Jxp=ap—Jxp+F(p in M7 (0,T;U).
By (3.107)3 and the fact that the sequence {7, : n > 1} is increasing to T, we infer
that -

G(t) = G(t,u) in Mz (0,T; La(K, Gaiv)),

which proves (3.108);.
We observe that owing to (3.60)3 and (3.107)3, we have

Unmlo,r,) = Ulj0,r,) I M, (0,T; Vaiu),

Omlio,ra] = Plio,r,) 0 MZ (0,T; L%O)(O)).
Let us move to the proof of (3.108)2. For any w € M (0,7 Va;,), we have using

also the Lipschitz condition on A

]E/O (h(s,u(s)) — h(s,um(s)),w)ds

Tn

(3.109)

< cnlwllag o.rvai)E | [0(s) = um(s)|ds
/ OTn
< bz o rviE [ () = un(s)]ds,
0
which implies that

(3.110) lim E/O (h(s,@(s)) — h(s, um(s)), w) ds = 0.

m— 00
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By (3.57)¢ and (3.110) we have for any w € M2 (0, T; Vy;,)

m—r o0

lim ]E/OTn (h(s) — h(s,u(s)),w)ds = 0.

Hence from this last inequality, using the fact that 7, T and M$(0,T; Vi) is
dense in M;-t (0,T; Vi), we infer that

h(t) = h(t,u) in MZ,(0,T; V).
This proves (3.108)s.
Let us move to the proof of (3.108)3. We note that for any w € Mz (0,7 Vai,)

B[ B, 9) = Bl (5): () w) s

™ 1 _ 1,_
< CIIMIIM;j(o,T;mw]E/O u(s) = um ()] % [u(s) — um(s)[2([u(s)[ + [[um(s)|)ds.
Thus

(3.111) lim E/OT" (B((s), (5)) — Bltim(5), tm(s)), w) ds = 0.

m—o0

From (3.111) and (3.57)3, we derive that for any w € M (0,7 Vi)

lim E/OT" (B(a(s), u(s)) — Ko(s), w) ds = 0.

m—r o0

From this last inequality, using the fact that 7, + 7" and M (0,7T’; Va;,) is dense in
M%(0,T; Vi), we infer that

B(u,u) = Ko in M (0,T; V).

This proves (3.108)3.
To proves (3.108)4, we note that

E/ {((ap =T @+ F'(@))VP — tm Vo, w) ds

0

< clwllg 0B | 18+ oml+ Von| +17) 16— omlusds
0

Tn B B 1 B 1
< cloluiz @vinE | (914 1om] +VenD I = ol V(6 = o)l Hds
0

which gives

(3.112) lim E / ((0f — T %@+ F'(@))V — i Viprm, w) ds = 0.

From (3.57)4 and (3.112), we infer that

lim E/ ' ((ap — T+ @+ F'(¢))Vep — K1, w)yds =0 for all we M (0,T; V).
0

m—o0

Hence
(ap—Jx @+ F'(p)Vp =Ky in Mz (0,T;Vy,).
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This proves (3.108)4.
Let us move to the proof of (3.108)5.
Using the Gagliardo-Nirenberg inequality, we have for any ¢ € M$(0,T; Vp)

IE/ ((@. V)@ — (um.V)pm, ) ds
0
< cllYllmg (o,T;v;J)]E/O (|plL2n+2 |t — umll + lumll[@(s) — om(s)|p2x+2)ds

™ — _ _ _1 _ K
< cIIwIIM;;;mmvo)]E/ (1@lr2mr2 |t — um |l + luml[|@ = @m =T [V(@ = om)[ =T )ds
0

which implies that for any 1 € M2 (0,7 Vo)

m—r oo

(3.113) lim E /0 (@5 V)3(5) — (1 (5)-V ) om(s), ) ds = 0.
From (3.57)5 and (3.113), we derive that

lim E/OTn ((u(s).V)p(s) — Ka(s), ) ds = 0.

m—r o0

Finally from this last inequality, using the fact that 7, T 7" and M%(0,T;Vp) is
dense in M]Q_-t (0,T;Vy), we infer that

(w.V)p =Ky in M7 (0,T;Vy).
This proves (3.108)s.
The proof of (3.108)¢ follows easily from (3.57)s and the fact that vl —
Bl in M3,(0,T; 12 (O)).
Finally the proof of (3.108)7 is just a consequence of the proof of (3.108)g.
Hence, we conclude from Claim 1 and Claim 2 that (@, ) is a solution of (2.17).
We note that the estimate (2.19) follows from (3.32). The fact that B(a) €
M%(0,T;Vy,,) , iVy € M7 (0,T;V,,,) follows respectively from the estimates
(3.53), (3.50).
Since B(u), pV@ € Mz, (0,T;Vy,,), Au+ h(t,a) € M% (0,T;Vy,) ,
G(t,u) € M%,(0,T; Ly(K,Gaiv)) and pVe € Mz (0,7;V,;,) then from Theorem
4.2.5 in [32], @ is P-a.s. continuous with values in G g, .
Similarly owing to the fact that ¢ € M% (0,T;Vy) and @, € M (0,T;Vy), we de-
duce from Lemma 1.2 in [37] that, ¢ is P-a.s. continuous with values in H. This
completes the proof of the existence. O

3.2. Proof of the uniqueness.

PROPOSITION 3.2. We assume that the hypotheses of Theorem 2.5 hold. Let
(u, @) be a variational solution to (2.17), then (u, ) satisfies

Eror (ult), @(t)) + 2/0 (vllu() 1 + 1V (s)?) ds = Erot(uo, %0)

w2 [ (h(s,uls)), uls)) ds + / 1G5, w2, 1 1085
(3.114) 0, 0

+2 (G(s,u(s))dW(s),u(s))ds,

&=
=)

; (G(s,u(s))dW(s), u(s)) =0,



STOCHASTIC NONLOCAL CAHN-HILLIARD-NAVIER-STOKES 55
with t € [0,T] and Eop is given by (2.14)s.

PROOF. From (2.17); and the fact that B(u) € M% (0,T;Vy,) , nVe €
M;-t (0,T;Vy..), we can apply the It6 formula to the process |ul? (see Theorem
4.2.5 in [32]) and derive that

t

u(t)[? tl/u525:u02 s s),u(s))ds
|<t>|t+2/0 lu(s)|?ds = | t+2/0<u( )V (s), uls)) d
(3.115) 2 / (h(s,u(s)), u(s)) ds + / 1G5, ()2, (k.5

+2/0 (G(s,u(s))dW(s),u(s)), Yt € [0,T).

We have u € H! a.e. (can be derived from the estimates (3.49)). We also note that
since the following Gelfand chain holds

UcH=H CcH,

where each space is densely and compactly embedded into the next one, the duality
pairing between U and U’ can be also viewed as a scalar product in H. Hence we
can multiply dip by p in H and derive that

(3.116) D E(0) + (), + 142 = 0.

Integrating (3.116) from 0 to ¢, multiplying the result by 2 and adding the resulting
equation to (3.115), we derive (3.114);.
Note that (3.114)5 follows from the fact that

G(t,u) € M7,(0,T; Ly(K, Gyir)) and u € L*(Q;C([0,T7; Gaiv)).

The proof of Proposition 3.2 is now complete. |

PrOPOSITION 3.3. Assume that the hypotheses of Theorem 2.5 are satisfied.
There exists a unique variational solution to problem (2.17).

PROOF. Let (u1,®1), (ug, p2) be two variational solutions to (2.17). Let (u, o, u) =
(ula ®1, :ul) - (uQ’ ¥2; HJQ) Then (ua 90) satisfies

du + [vAu + B(ug,u) + B(u,uy)]dt = [—p(1 + goﬁ%]dt
—[(J % ©)Va + (J * o1)Vdt + [h(t,ur) — h(t, uz)]dt
+[G(t,u1) — G(t, uz)]dW,

dy

ar + (u.V)p1 + (u2.V)p + Ap = 0,

p=ap—Jxp+ F(p1) = F'(p2),
(u, ©)(0) = (0,0).

(3.117)
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Applying the 1t6 formula to the process |u(t)|? and integrating the result between
0 and ¢, we obtain

t ¢
()2 + 2u/ Jul?ds + 2/ (B(u,ur), u) ds
t 0 0 t
= —/ (p(p1 + w2)Va,u)ds + 2/ (h(s,u1) — h(s,usz),u)ds
) 0
(3.118) / ((* @) V2 + (] % 01)Vip,u) ds
/ IGsvu1(5) = Gl ua () s
/ (G(s,u1(s)) — Cls, ua(s))dW (s), ).
0
We apply the Lagrangian theorem to F’ (F is regular enough to do so), and get
F'(p1) — F'(02) = F" (02 + 0p)p, with 0 <6 < 1.
We take the duality of (3.117) with ANIQO and obtain after integrating over 0 and ¢
t
LA 2(t)[2 + 2/0 (ap(s) + F"(p2(s) + 00(s))p(s), ¢(s)) ds
¢ ¢
(3.119) = 72/ ((w.V)pr1, Ay @) ds — 2/ {(u2. V), Ay ) ds
0 0

t

; (J xp(s), (s)) ds.

Summing (3.118) and (3.119), we derive that

Ju(t

+2

~—

A 0+ 2 ol 2 (Bl
0
+ F"(ip2(s) + 0¢(s))(s), ¢(s)) ds
©1 + ¢2)Va,u)ds + 2/ (h(s,u1) — h(s,uz),u)ds
0 t
(3.120) -2 ((J * p)Va + (J * 1)V, u) ds — 2/ ((u.V)p1, Ay ¢) ds

0
|G(s,u1(s)) — G(s,u2(5)) |1 (k.G 45

+
S~

t

72/0 <(uQ.V)cp,A;,1<p>ds

2 / (G(s,un(s)) — G, un(s))dW (s), ) + 2 / (7 % o(s), (s)) ds.
Note that
(3121) 2 / (ap(s) + F"(9a(s) + Bip(s))p(s), (s)) ds > 2cq / o (s)|2ds,
(3.122) 2 {B(u(s), ur(5)),uls))| < L) + elfus(5) Phuts)]
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21(J * @, )] <2‘( AV J*¢)7AN1/2§0)‘
=2|(AT o= (T ), A %)
(3.123) <2V(J xp— (J x o)Ay gl
< 2VJ| 11 [oll AR ¢l

< Zlel + VI A

ol

where we have also used Holder’s, Ladyzhenskaya inequalities, and Young’s in-
equality for convolution and the fact that |A%290|2 = (Anp,¢) = |Vep|?, for
all ¢ € D(An) and hence \,A}V/Qso\ = |V¢|, which also holds, by density, for all
¢ € D(AY?) = Vj.

Thanks to the Holder, Young’s inequality in conjunction with (2.7), the following
two estimates hold:

2 ((u(3) V)1 (5), AR 0(3)) | = 21 (u(s). VAT 0 (5), 2(5))
(3.120) < 2l (5) s u(5) |3 VAR (5
< ZJu(s)I” + clr ()3l Ax 20 (5)P,

2| ((u2(s).V)(s), An'o(s)) | = 2| (uz(s). VAR @(5), (s))|
(3.125) < 2[p(5)|[ua(s)| L1 |V AR @ ()| L1
< () + clua(s)[fa Ay (o).
By Hoélder’s, Ladyzhenskaya’s and Young’s inequalities, we have

[(p(p1 + p2)Va,u)| < [Va|r<|pllpr + p2|pa|ulps

< o Valz=lpllor + wal pallull /2 |ul'?

(3.126)

A

Co 14
= 19l* + G llull® + | ValLler + @alpaful®

IN

Cp 14
= 1el* + G lIull® + dVIIL on + ol ielul?,

where we have also used the fact that |Va|pe < |V.J|p1.
In order to estimate ((J * ¢)Vpo,u) and ((J * ¢1)Ve,u), we rewrite these terms
using an integration by parts and the divergence free condition as

((J x@)Vip2,u) = —=((VJ * @)p2,u),
(S xp1)Vp,u) = =((VJ x p1)p,u).

Now by Holder’s, the Ladyzhenskaya inequalities, and Young’s inequality for con-
volution, the following estimate holds:

2[((VJ * 0)pa, u)| < 2pa|ps|ul 4| VT * o]
(3.127) < |Vl ul 2|2 s
< Zlel + Slull® + el VI [fa oalaul
Making similar reasoning as in the previous estimate, we infer that

C v
(3.128) 2[((VJ * p1)p,u)| < golwl2 + gllull2 + e VIl palul®.
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Owing to the assumptions on i and Young’s inequality, we have

2| (s, 1 (5)) — (s, wa(s)), u(s)) vy, < 2nfus)]lu(s) |
(8.129) < Zlu()P + 2 lu(s)?,

(3.130) 65,13 () = Gs.ua (52 1.0 < Llu(s).
Let
25(t) = [u®)]* + AL e @) = [u®)? + e @),
and
sy O =l + o+ ) + [Tl 0+ ea(0lL)
+c| VI3 (ler ()]s + |e2(8)|74),
Ka(t) = e Jo Ka()ds
Applying Ito’s formula to the process Kao(t)Z2(t) and using (3.120)-(3.130), we
derive that

Ka(t)Z(t) +/ K (s)[vllu(s)]|* + colo(s)[*]ds

(3.132) < (VIR + 12+ ci2) / Ka(s
0

+zﬁkaﬁ<<sm@» G(s, ua(s))dW (s), u(s) -

As 0 < Ky(t) < 1, the expectation of the stochastic integral in (3.132) vanishes and
it follows that

(3.133)  EKa(t)Z2(t) < (c|VJ[1 + 12+ cl})E /t Ko(s)Za(s)ds, 0 <t <T.
0

Now applying the Gronwall lemma to (3.133), we derive that Z5(t) = 0 P-a.s., for
all t € [0,T], which gives (u1,¢1) = (ug, p2), P-a.s., for all ¢ € [0, 7.
This completes the proof of Proposition 3.3. O

4. Convergence Results

The following proposition shows that the sequence of approximate solutions
(U, &) defines by the Galerkin approximation scheme converges to the unique
variational solution of problem (2.1).

PROPOSITION 4.1. Under the hypotheses of Theorem 2.5, the following conver-
gence hold:
lim E (Jum (1) = @O + om(®) ~ 2@ ) =0,

m—r oo

(4.1) lmlE/'mwaa—awm2+wm@y—wﬁﬁwm=o

m— 00
for m — oo and for all t € [0,T].

The following lemma will be useful for the proof of Proposition 4.1. The proof
of this lemma can be found in [5, 8, 35].

LEMMA 4.2. Let {Zy, :m >1} € M% (0,T;R) be a sequence of continuous
real processes and let {o, :m > 1} be a sequence of Fi-stopping times such that
on T T; sup,,s1 E|Zn(T)]? < oo and limy, oo | Zm(0n)| = 0, for n > 1. Then
lim,, 00 E|Z,,(T)| = 0.



We now give the proof of Proposition 4.1.

PROOF. Applying Lemma 4.2 to Z,,(t) = [[(um(t), pm (t))—(@(t), ¢(t)) Hédwao’
and o, = 7,, using (2.19), (3.32), (3.107); and the uniqueness of (@, @), we derive
that the whole sequence given by (3.58) satisfies

T B (o (), i (6)) — (@(t), ())][3, g =0 for all ¢ € [0, 7).

Similarly, applying Lemma 4.2 to Z,,,(t) = fot ([[m(s) = u(s)[|* + [om(s) — @(s)]?) ds,
using (2.19), (3.107)2 and the fact that Vo < L%O)(O) continuously, we infer that
the whole sequence (tm, ¢m) converges to (@, ) strongly in M% (0,T;V1), ie.,

Jim E/O (lttn(5) — @)1 + [om(s) — @(s)

*)ds =0 forall te[0,7].

m—roo
We note that V; denotes a Hilbert space defined by
(4.2) Vi = Vigiw ¥ L%O)(O)a
endowed with the scalar product whose associated norm is

(4.3) 1w, D)5, = llvlI* + ol

The proof of Proposition 4.1 is now complete. O
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