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On the Strong Solutions for a Stochastic 2D nonlocal
Cahn-Hilliard-Navier-Stokes Model
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Abstract. We study in this article a stochastic version of a well-known diffuse

interface model. The model consists of the Navier-Stokes equations for the
average velocity, nonlinearly coupled with a nonlocal Cahn-Hilliard equation
for the order (phase) parameter. The system describes the evolution of an
incompressible isothermal mixture of binary fluids excited by random forces
in a two dimensional bounded domain. For a fairly general class of random
forces, we prove the existence and uniqueness of a variational solution.
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1. Introduction

In this paper, we study the stochastic version of an evolution system which
consists of the Navier-Stokes equations for the fluid velocity u suitably coupled
with a nonlocal convective Cahn-Hilliard equation for the order parameter ϕ on a
given smooth bounded domain O of R2. The system derives from a diffuse interface
model which describes the evolution of an incompressible mixture of two immiscible
fluids (see e.g. [22, 23, 24, 26, 30] and references therein). We suppose that the
temperature variations are negligible and the density is constant and equal to one.
Thus u represents an average velocity and ϕ the relative concentration of one fluid
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(or the difference of two concentrations). The nonlocal Cahn-Hilliard Navier-Stokes
system reads as follows

(1.1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u
∂t

− 2div(ν(ϕ)Du) + (u.∇)u+∇π = μ∇ϕ+ f,

div(u) = 0,
∂ϕ
∂t

+ u.∇ϕ = div(m(ϕ)∇μ),

μ = aϕ− J ∗ ϕ+ F ′(ϕ).

Here ν is the viscosity, π the pressure, f denotes an external force acting on the
fluid mixture, J : R2 → R is a suitable interaction kernel and J ∗ ϕ stands for
spatial convolution over O, a is defined as follows a(x) =

∫
O J(x − y)dy, F is the

configuration potential which account for the presence of two phases. The system
(1.1) is called nonlocal because of the term J which is averaged over the spatial
domain. The local version of the system is obtained by replacing μ equation by
μ = −Δϕ + F ′(ϕ). From the mathematical point of view, the nonlocal version is
physically more relevant and mathematically challenging too. Indeed the nonlo-
cal Cahn-Hilliard equation which is one of the equations of our system, is widely
regarded as a better mathematical representation of the spinodal decomposition
phenomenon than the local equation, the latter being a ”local approximation” of
the nonlocal one (see [10]). The model (1.1) is more difficult to handle because of
the nonlinear term like the capillarity term (i.e. Korteweg force) μ∇ϕ acting on the
fluid. This term can be less regular than the convective term (u.∇)u [9].

The analysis of the (standard) local Cahn-Hilliard Navier-Stokes system has
been investigated in the literature (see [1, 2, 4, 20, 21, 34, 38]. In [4], the author
studied the existence and uniqueness of solutions in dimensions two and three. The
solvability of the system (1.1) has been analyzed in [9, 17, 18, 19]. In [9], the
authors proved the existence of a global weak solution for nonlocal Cahn-Hilliard
Navier-Stokes system for smooth potentials F of arbitrary polynomial growth. The
result was extended in [19] for singular potentials. In [17], the uniqueness of a
weak solution was resolved in two dimensions. The uniqueness of a weak solution
remains open in three dimensions. The existence of a unique strong solution in
two dimensions is proved in [18] and the authors showed that any weak solution
regularizes in finite time uniformly with respect to bounded sets of initial data.

However, in order to consider a more realistic model for our problem, it is
sensible to consider some kind of noise in the equations. This may reflect, for
instance, some environmental effects on the phenomena, some external random
forces, etc. To the best of our knowledge, the study of the stochastic version of the
system (1.1) has only be analyzed in [13]. In [13], the authors prove the existence
of a global martingale solution for the stochastic nonlocal Cahn-Hilliard Navier-
Stokes in dimensions 2 and 3. The proof uses a Faedo-Galerkin approximation
scheme, compactness method and the Skorokhod representation theorem.

The stochastic local Cahn-Hilliard-Navier-Stokes system was analyzed in [35,
14, 15, 16]. In [35], the author proved the existence and uniqueness of a variational
solution in dimension two. The first and the third authors of the present paper in
[15] proved the existence and uniqueness of a global strong solution for the stochas-
tic 3D globally modified Cahn-Hilliard-Navier-Stokes equations. Using a limiting
argument, they also obtained the existence of a global weak martingale solution for
the stochastic 3D Cahn-Hilliard Navier-Stokes system. In [14], the authors study
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the stability of weak solutions to a stochastic version of a globally modified Cahn-
Hilliard Navier-Stokes model with multiplicative noise. The paper [16] concerns the
existence of a random attractor for the stochastic 2D Cahn-Hilliard-Navier-Stokes
system.

The aim of the present paper is to prove the existence and uniqueness of a
strong solution (in the probabilistic sense) for the stochastic nonlocal Cahn-Hilliard
Navier-Stokes system in a 2D bounded domain. The model includes an abstract
and general form of random external forces dependent eventually on the velocity
of the fluid. The proof of the existence combines the Galerkin approximation, the
properties of stopping time and the weak convergence in functional analysis. We
recall that due to its integro-differential nature and the random external forces,
the stochastic nonlocal Cahn-Hilliard Navier-Stokes system is rather difficult to
handle compared to the stochastic standard Cahn-Hilliard Navier-Stokes equations
(CH-NSE) studied in [35, 14, 15, 16].

The plan of the paper goes as follows. In Section 2, we present the stochastic 2D
nonlocal Cahn-Hilliard Navier-Stokes system and its mathematical setting. We also
introduce the definition of a variational solution of the problem and formulate our
main result. In Section 3, We prove the main result. Here we introduce a Galerkin
approximation scheme and obtain some priori estimates for the approximating solu-
tions. In Section 4, using the a priori estimates derived in Section 3, we prove that
the sequence of approximate solutions converges to the unique variational solution
of (2.1).

2. A stochastic nonlocal CH-NSE and its mathematical setting

2.1. Governing equations. Let O ⊂ R
2 be a bounded domain with suffi-

ciently smooth boundary ∂O, n the unit outward normal and a final time T > 0.
We consider the following initial and boundary value problem for the stochastic 2D
nonlocal Cahn-Hilliard Navier-Stokes system

(2.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut − νΔu+ (u.∇)u+∇π = μ∇ϕ+ h(t, u) +G(t, u)Ẇt, in O × (0, T ),

div(u) = 0, in O × (0, T ),

ϕt + u.∇ϕ = Δμ, in O × (0, T ),

μ = aϕ− J ∗ ϕ+ F ′(ϕ), in O × (0, T ),
∂μ
∂n

= 0;u = 0 on ∂O × (0, T ),

(u, ϕ)(0) = (u0, ϕ0), in O,

where u = (u1, u2), π and φ are unknown random fields on O × [0, T ] representing
respectively, the averaged velocity of the fluid, the pressure and the relative con-
centration of one fluid. (u0, φ0) is a given initial condition where u0 is the initial
velocity of the fluid and ϕ0 the initial concentration of one fluid. The terms h(t, u)

and G(t, u)Ẇt represent random external forces depending eventually on u, where

Ẇt denotes the time derivative of a cylindrical Wiener process. The abstract and
general form of the stochastic term allows to include in the formulation certain
random environmental effects as well as the turbulent part of the velocity field (see
[29] for more details)
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The natural no-flux condition ∂μ
∂n = 0 implies the conservation of the following

quantity

〈ϕ(t)〉 = 1

|O|
∫
O
ϕ(x, t)dx,

where |O| stands for the Lebesgue measure of O. More precisely, we have

(2.2) 〈ϕ(t)〉 = 〈ϕ(0)〉 , ∀t ≥ 0.

Thus, up to a shift of the order parameter field, we can always assume that the
mean of ϕ is zero at the initial time and, therefore it will remain zero for all positive
times. Hereafter, we assume that

(2.3) 〈ϕ(t)〉 = 〈ϕ(0)〉 = 0, for all t > 0.

Remark 2.1. Adding a stochastic force in the equation for the relative con-
centration will involve tedious calculations and will increase significantly the size of
the paper. For example, we need to apply the Itô formula to the functional (2.14)
which will require tedious calculations and probably more assumptions.

2.2. Notations and functional setup. We consider the operator B = −Δ+I
with homogeneous Neumann boundary conditions. The domain of B is given by (see
[36])

D(B) :=
{
ϕ ∈ H2(O) :

∂ϕ

∂n
= 0 on ∂O

}
.

We introduce

H := L2(O), U := H1(O) and V :=
{
u ∈ (C∞

c (O))2 : div u = 0 in O} .
We denote by Gdiv and Vdiv the closure of V in (L2(O))2 and (H1

0 (O))2 respectively.
We denote by |.| and (., .) the norm and the scalar product, respectively, on both
H and Gdiv. The norms on Gdiv and H are given by

|u|2 :=

∫
O
|u(x)|2dx and |ϕ|2 :=

∫
O
|ϕ(x)|2dx,

respectively. The duality between Vdiv and its topological dual V ′
div is denoted by

〈., .〉. It is well-known that Vdiv is endowed with the scalar product (u, v)Vdiv
=

(∇u,∇v) = 2(Du,Dv) for all u, v ∈ Vdiv, where Du = 1
2 (∇u + (∇u)T ). The norm

on Vdiv is given by

‖u‖2 :=

∫
O
|∇u(x)|2dx = |∇u|2.

Let P : (L2(O))2 → Gdiv be the Helmholtz-Leray projection from (L2(O))2 into
Gdiv. We denote by A = −PΔ the Stokes operator with domainD(A) = (H2(O))2∩
Vdiv. It is well-known that, see e.g. Constantin [7, page 33] or Temam [36, page 56],
that A is a non-negative self adjoint operator in Gdiv. Moreover, see [36, page 57],
Vdiv = D(A1/2). Furthermore, A−1 : Gdiv → Gdiv is a compact linear operator on
Gdiv and |A .| is a norm on D(A) that is equivalent to the H2(O)-norm. It is also
well-known (see for e.g. [37, Chapter I, Section 2.6]) that A possesses a sequence of
eigenvalues {λj} with 0 < λ1 ≤ λ2 ≤ ... and λj → ∞, and a family wj ⊂ D(A) of
eigenfunctions which is orthonormal in Gdiv. We also recall Poincaré’s inequality

λ1|u|2 ≤ |∇u|2, for all u ∈ Vdiv.

We also define the Hilbert spaces (see [17] for more details)

V0 := {ϕ ∈ U : 〈ϕ〉 = 0}, V ′
0 := {ϕ ∈ U

′
: 〈ϕ〉 = 0} and L2

(0)(O) := {ϕ ∈ H : 〈ϕ〉 = 0},
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where U ′ and 〈ϕ〉 denote the dual space of U and the average of ϕ over O, respec-
tively.
Following [28, Proposition 1.24] we can define a self-adjoint operator A : U → U ′,
A ∈ L(U,U ′) by

〈Au,w〉 =
∫
O
∇u.∇w dx, for all u,w ∈ U.

We recall that A maps U onto V
′
0 and the restriction AN of A to V0 maps V0 onto

V
′
0 isomorphically. Further, we denote by A−1

N : V
′
0 → V0 the inverse map defined

by

AA−1
N f = f, for all f ∈ V

′
0 and A−1

N Av = v, for all v ∈ V0.

We know that for every f ∈ V
′
0 , A−1

N f is the unique solution with zero mean value
of the Neumann problem { −Δϕ = f, in O

∂ϕ
∂η = 0 in ∂O.

Since A−1
N is a positive self-adjoint operator, fractional powers of it are well defined.

Hereafter, we will denote by

‖ϕ‖V ′
0
= |A−1/2

N ϕ|L2 := |A−1/2
N ϕ|

the norm on the space V
′
0 with associated inner product given by

(2.4) (ϕ, ψ)V ′
0
=
(
A−1/2

N ϕ,A−1/2
N ψ

)
L2

:=
(
A−1/2

N ϕ,A−1/2
N ψ

)
for ϕ, ψ belonging to V

′
0 . If ϕ ∈ V

′
0 and ψ ∈ H, then

(2.5) (ϕ, ψ)V ′
0
=
(A−1

N ϕ, ψ
)
L2 :=

(A−1
N ϕ, ψ

)
.

In addition, we have

(2.6)
〈Aϕ,A−1

N f
〉
= 〈ϕ, f〉 , ∀ϕ ∈ V0, ∀f ∈ V ′

0 ,

(2.7)
〈
f,A−1

N g
〉
=
〈
g,A−1

N f
〉
=

∫
O
∇(A−1

N f).∇(A−1
N g)dx, ∀f, g ∈ V ′

0 .

In particular for all f ∈ V ′
0 , we have∣∣∣A−1/2

N f
∣∣∣ = ∣∣∇A−1

N f
∣∣ .

We introduce the trilinear form b which appears in the weak formulation of the
Navier-Stokes equations:

b(u, v, w) =

∫
O
(u.∇)v.w dx, ∀u, v, w ∈ Vdiv.

The associated bilinear operator B from Vdiv × Vdiv into V
′
div is defined by

〈B(u, v), w〉 := b(u, v, w), ∀u, v, w ∈ Vdiv.

Hereafter, we set B(u, u) := B(u), for all u ∈ Vdiv. We recall that we have

(2.8) b(u, v, w) = −b(u,w, v), ∀u, v, w ∈ Vdiv,

and the following estimate holds in dimension two

(2.9) |b(u, v, w)| ≤ c|u|1/2|∇u|1/2|∇v||w|1/2|∇w|1/2, ∀u, v, w ∈ Vdiv.
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For more properties of the operator B, we refer the reader to [37, Lemma II.1.3] or
[20, 21].

We mention that |A1/2
N ϕ|2 = (ANϕ,ϕ) = |∇ϕ|2, for all ϕ ∈ D(AN ) and hence

|A1/2
N ϕ| = |∇ϕ|, which also holds, by density, for all ϕ ∈ D(A1/2

N ) = V0, see ([17],
p. 13).
We set

(2.10) Y = Gdiv ×H.

The space Y is a complete metric space with respect to the norm

(2.11) |(v, ϕ)|2
Y
= |v|2 + |ϕ|2.

We define the Hilbert space V by

(2.12) V = Vdiv × V0 = Vdiv ×D(A1/2
N ),

endowed with the scalar product whose associated norm is

(2.13) ‖(v, ϕ)‖2
V
= ‖v‖2 + |∇ϕ|2.

Hereafter, for any ϕ ∈ H and u ∈ Vdiv , we set

E(ϕ) = 1

4

∫
O×O

J(x− y)|ϕ(x)− ϕ(y)|2dxdy +
∫
O
F (ϕ(x))dx,

Etot(u, ϕ) = |u|2 + 2E(ϕ).(2.14)

2.3. The cylindrical Wiener process. Let (Ω,F ,P) be a complete proba-
bility space and F = {Ft}t∈[0,T ] an increasing and right continuous family of sub

σ-algebras of F , such that F0 contains all the P-null sets of F . Let (βk
t : t ≥ 0, k =

1, 2, ...) be a sequence of mutually independent standard real Ft-Wiener processes
defined on this space, and suppose that K is a given separable Hilbert space, and
(ek : k ∈ N ∩ [1,∞)) an orthonormal basis of K. We denote by {W (t); t ≥ 0} the
cylindrical Wiener process on K defined formally as

(2.15) W (t) =
∞∑
k=1

βk
t ek, t ≥ 0.

It is well known that this series does not converge in K, but rather in any Hilbert
space K̃ such that K ⊂ K̃, and the injection of K into K̃ is Hilbert-Schmidt (see,
e.g. [12], Proposition 4.11).

Let T > 0 be given. For any separable Banach space X, we denote by

M2
Ft

(0, T ;X)

the space of all processes ϕ ∈ L2 (Ω× (0, T ), dP× dt;X) that are Ft-progressively
measurable. The space M2

Ft
(0, T ;X) is a Hilbert subspace of

L2 (Ω× (0, T ), dP× dt;X) ,

see [8].
We write L2 (Ω;C([0, T ];X)) to denote the space of all continuous and Ft-

progressively measurable X-valued processes {ϕt; t ∈ [0, T ]}, satisfying

E

(
sup

t∈[0,T ]

‖ϕt‖2X
)

< ∞.
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For another separable Hilbert space H̃, with scalar product (, ., )H̃ , we denote by

L2(K, H̃) the separable Hilbert space of Hilbert-Schmidt operators from K into

H̃, and by ((., .))L2(K,H̃) and ‖.‖L2(K,H̃) the scalar product and norm in L2(K, H̃),

where for R and S in L2(K, H̃),

(R,S))L2(K,H̃) =

∞∑
j=1

(Rej , Sej)H̃ .

For any process ψ ∈ M2
Ft
(0, T ;L2(K, H̃)), one can define the stochastic integral of

ψ with respect to the cylindrical Wiener process Wt, denoted∫ t

0

ψ(s)dW (s), 0 ≤ t ≤ T,

as the unique continuous H̃-valued Ft-martingale, such that for all g ∈ H̃(∫ t

0

ψ(s)dW (s), g

)
H̃

=

∞∑
j=1

∫ t

0

(ψ(s)ej , g)H̃ dβj
s , t ∈ [0, T ],

where the integral with respect to βj
s is the Itô integral. The above series converges

in L2(Ω; C([0, T ];R)). See [12] for the properties of the stochastic integral defined

in this way. In particular, if ψ ∈ M2
Ft
(0, T ;L2(K, H̃)) and g ∈ L2(Ω;L∞(0, T ; H̃))

is Ft-progressively measurable, then the series
∞∑
j=1

∫ t

0

(ψ(s)ej , g(s))dβ
j
s , t ∈ [0, T ],

converges in L1(Ω; C([0, T ];R)), and defines a real-valued continuous Ft-martingale.
We will use the notation∫ t

0

(ψ(s)dWs, g(s)) =

∞∑
j=1

∫ t

0

(ψ(s)ej , g(s))H̃dβj
s , t ∈ [0, T ].

In order to solve our problem (2.1), we make precise some assumptions.

2.4. Assumptions.

(H1) We assume that h and G are measurable Lipschitz and sublinear mappings

from Ω×(0, T )×Gdiv into V
′
div and from Ω×(0, T )×Gdiv into L2(K,Gdiv)

respectively. More precisely, for all v1, v2 ∈ Vdiv, h(., v1) and G(., v1) are
Ft-progressively measurable, and dP× dt-a.e. in Ω× (0, T )

‖h(t, v1)− h(t, v2)‖V ′
div

≤ lh|v1 − v2|,
h(t, 0) ∈ M2

Ft
(0, T ;V

′
div),

‖G(t, v1)−G(t, v2)‖L2(K,Gdiv) ≤ lg|v1 − v2|,
G(t, 0) ∈ M2

Ft
(0, T ;L2(K,Gdiv)) ,

where lh > 0, lg > are some constants.
As usual by writing G(t, v1) we mean the map ω �→ G(ω, t, v1). Analo-
gously for h.
For the initial data u0 and ϕ0 we assume that

(u, ϕ) (0) = (u0, ϕ0) ∈ L2 (Ω,F0,P;Gdiv ×H) .
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As in [9] (see also [3]) the assumptions on the kernel J , the potential F
are the following:

(H2) J ∈ W 1,1(R2;R), J(x) = J(−x) and a(x) =
∫
O J(x−y)dy ≥ 0 a.e, in O.

(H3) We assume that F ∈ C2(R) and there exists c0 > 0 such that F ′′(s) +
a(x) ≥ c0, ∀s ∈ R, a.e., x ∈ O.

(H4) Moreover, there exist c1, c2 > 0 and κ > 0 such that F ′′(s) + a(x) ≥
c1|s|2κ − c2, ∀s ∈ R, a.e., x ∈ O.

(H5) There exist c3 > 0, c4 ≥ 0 and r ∈ (1, 2] such that

|F ′(s)|r ≤ c3|F (s)|+ c4, for all s ∈ R.

Remark 2.2. (H4) implies the existence of c7 > 0 and c8 > 0 such that

(2.16) F (s) ≥ c7|s|2+2κ − c8, for all s ∈ R.

Using the above notations, we can rewrite (2.1) as follows:

(2.17)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

du
dt

+ νAu+B(u) + μ∇ϕ = h(t, u) +G(t, u)Ẇt in V
′
div,

dϕ
dt

+ (u.∇)ϕ = Δμ, in V ′
0 ,

μ = aϕ− J ∗ ϕ+ F ′(ϕ),
(u, ϕ)(0) = (u0, ϕ0),

or equivalently

(2.18)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u(t) +
∫ t
0
(νAu(s) +B(u(s)))ds = u0 +

∫ t
0
μ(s)∇ϕ(s)ds

+
∫ t
0
h(s, u(s))ds+

∫ t
0
G(s, u(s))dW (s) in V

′
div,

dϕ
dt

+ (u.∇)ϕ = Δμ, in V ′
0 ,

μ = aϕ− J ∗ ϕ+ F ′(ϕ),

P-a.s., and for all t ∈ [0, T ].

Remark 2.3. One (formally) has

μ∇ϕ = (aϕ− J ∗ ϕ+ F ′(ϕ))∇ϕ = ∇
(
F (ϕ) + a

ϕ2

2

)
− ϕ2

2
∇a− (J ∗ ϕ)∇ϕ.

In this paper c will stand for a nonnegative constant depending possibly only
on J , f , O, ν, λ1, c0 and T . The value of c may vary even within the same line.

Definition 2.4. A variational solution to problem (2.1) is a process (u, ϕ) such
that

u ∈ M2
Ft
(0, T ;Vdiv) ∩ L2(Ω;L∞(0, T ;Gdiv)),

ϕ ∈ M2
Ft
(0, T ;V0) ∩ L2κ+2(Ω;L∞(0, T ;L2κ+2(O))),

(u, ϕ) is strongly continuous with values in Gdiv×H and such that (2.18) is satisfied

in V
′
, P-a.s., for all t ∈ [0, T ].

2.5. Statement of the main result. Now we state the main result of this
work.

Theorem 2.5. Suppose that the hypotheses (H1)− (H5) hold and that

h(t, 0) ∈ L4(Ω;L2(0, T ;V
′
div)), G(t, 0) ∈ L4(Ω;L2(0, T ;L2(K,Gdiv)))

and
(u0, ϕ0) ∈ L4(Ω,F0,P;Gdiv ×D(B))
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luca.lorenzi@unipr.itluca.lorenzi@unipr.it such that F (ϕ0) ∈ L2(Ω;L1(O)). Then
there exists a unique variational solution (u, ϕ) of problem (2.1). Moreover

(u, ϕ) ∈ L4(Ω; C([0, T ];Y)) ∩ L4(Ω;L2(0, T ;V)), B(u) ∈ M2
Ft
(0, T ;V ′

div)

and

μ∇ϕ ∈ M2
Ft
(0, T ;V ′

div).

In fact, there exists a constant c > 0 depending on T,O, lh and lg, c7, c8, κ, J , ν
such that

E

[
sup

t∈[0,T ]

|(u(t), ϕ(t))|4
Y

]
+ E

[∫ T

0

|(u(s), ϕ(s))|2
V
ds

]2

≤ c
(
E(|u0|4 + |ϕ0|4) + E|F (ϕ0)|2L1(O)

)

+ c

⎛
⎝E
[∫ T

0

‖h(s, 0)‖2V ′
div

ds

]2
+ E

[∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

]2⎞⎠ .

(2.19)

Remark 2.6. We assume that the hypotheses (H2)− (H5) hold. If (u0, ϕ0) ∈
Gdiv × H, and h and G are deterministic Lipschitz and sublinear mapping, then
we can prove the existence of a unique strong solution (in the probabilistic sense)
for the problem (2.1). Indeed for ϕ0 ∈ H such that F (ϕ0) ∈ L1(O), we define
ϕ0m ∈ D(B) as

ϕ0m =

(
I +

1

m
B
)−1

ϕ0.

Since B is maximal and monotone, we then deduce from the maximal operator
theory that ϕ0m → ϕ in H as m → ∞. Let (um, ϕm) be the unique variational
solution of problem (2.1) corresponding to the initial data u0 and ϕ0m. As in [13],
we can prove the tightness of the law of (um, ϕm) in L2−γ(0, T ;Gdiv)×L2(0, T ;H)
with 0 < γ < 2

3 . The Skorokhod embedding theorem enables us to prove the
existence of a global existence of a weak martingale solution to problem (2.1).
From the Yamada-Watanabe famous result, we can conclude that problem (2.1)
has a unique strong with initial data (u0, ϕ0) ∈ Gdiv ×H.

3. Proof of the main result

In this section, we prove the existence and uniqueness of a variational solution
to problem (2.1).

3.1. Proof of the existence.

Proof. The proof follows similar steps as in [5]. But let us note that the
coupling between the stochastic Navier-Stokes equations and the nonlocal Cahn-
Hilliard system makes the analysis of the problem more involved compared to the
stochastic standard Cahn-Hilliard Navier-Stokes system [35].

Step 1: Galerkin approximation scheme. Assume that ϕ0 ∈ L4(Ω;D(B)).
Let

{(wi, ψi), i = 1, 2, 3..., } ⊂ V

be an orthonormal basis of Y, where {wi, i = 1, 2..., }, {ψi, i = 1, 2..., } are eigen-
vectors of A and B, respectively.
We set Vm = Ym = span {(w1, ψ1), ...(wm, ψm)}.
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We look for (um, ϕm) ∈ Ym which solves the following approximating problem

(3.1)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dum
dt

+ P1
m[νAum +B(um)− μm∇ϕm] = P1

m(h(t, um) +G(t, um)Ẇt),
dϕm
dt

+ P2
m(um.∇)ϕm + P2

mA(ρ(., ϕm)− J ∗ ϕm) = 0,

ρ(., ϕm) := a(.)ϕm + F ′(ϕm),

μm = P2
m(ρ(., ϕm)− J ∗ ϕm),

(u0m, ϕ0m) = (um(0), ϕm(0)) = Pm(u0, ϕ0),

where Pm = (P1
m,P2

m) : Gdiv ×H → Vm is the orthogonal projection.
System (3.1) is a system of stochastic differential equations in a finite dimensional
Banach spaces with locally Lipschitz coefficients (F ′ ∈ C1(R)), P1

mB(um) and
P1
mμm∇ϕm. The terms P1

mh(t, um) and P1
mG(t, um) are globally Lipschitz. Hence

by a well-known result about existence and uniqueness of solution to stochastic dif-
ferential equations [27, 25], there exists on a short interval [0, Tm), Tm ≤ T and a
sequence of continuous processes (um, ϕm) solving (3.1). It will follow from a priori
estimates below that (um, ϕm) exists on [0, T ].

Step 2: Some estimates for the approximating sequence. Applying the Itô
formula, we obtain

(3.2)

|um(t)|2 + 2ν

∫ t

0

‖um(s)‖2ds+ 2

∫ t

0

∫
O
(um(s).∇μm(s))ϕm(s)dxds

= 2

∫ t

0

〈h(s, um(s)), um(s)〉 ds+
m∑

j,k=1

∫ t

0

[〈G(s, um(s))ej , wk〉]2 ds

+2

m∑
j=1

∫ t

0

〈G(s, um(s))ej , um(s)〉 dβj
s .

By using μm as a test function in (3.1)2 and using also the fact that ∂ημm = 0 on
∂O we obtain

(ϕ′
m, μm)−

∫ t

0

∫
O
(um(s).∇μm(s))ϕm(s)dxds+ (∇ρ(., ϕm),∇μm)

=

∫
O
(∇J ∗ ϕm). ∇μm dx.(3.3)
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Note that

(3.4)

1
4

∫
O×O

J(x− y)(ϕm(x)− ϕm(y))2dxdy +

∫
O
F (ϕm(x))dx

= 1
4

∫
O×O

J(x− y)(ϕm(x))2dxdy − 1

2

∫
O×O

J(x− y)ϕm(x)ϕm(y)dxdy

+ 1
4

∫
O×O

J(x− y)(ϕm(y))2dxdy +

∫
O
F (ϕm(x))dx

= 1
4

∫
O×O

J(x− y)(ϕm(x))2dxdy − 1

2

∫
O×O

J(x− y)ϕm(x)ϕm(y)dxdy

+ 1
4

∫
O×O

J(y − x)(ϕm(x))2dxdy +

∫
O
F (ϕm(x))dx

= 1
2

∫
O×O

J(x− y)(ϕm(x))2dxdy − 1

2

∫
O×O

J(x− y)ϕm(x)ϕm(y)dxdy

+

∫
O
F (ϕm(x))dx since J(y − x) = J(−(x− y)) = J(x− y)

= 1
2

∫
O
a(x)(ϕm(x))2dx− 1

2

∫
O
(J ∗ ϕm, ϕm)dx+

∫
O
F (ϕm(x))dx

= 1
2 |
√
aϕm|2 +

∫
O

[
F (ϕm)− 1

2
(J ∗ ϕm, ϕm)

]
dx.

We mention that in (3.4) we have used the fact that J(x) = J(−x) in conjunction

with a(x) =

∫
O
J(x− y)dy. It then follows that

(ϕ′
m, μm) = (ϕ′

m, aϕm + F ′(ϕm)− J ∗ ϕm)

=
d

dt

[
1

2
|√aϕm|2 +

∫
O
[F (ϕm)− 1

2
(ϕm, J ∗ ϕm)]dx

]

=
d

dt

[
1

4

∫
O×O

J(x− y)(ϕm(x)− ϕm(y))2dxdy +

∫
O
F (ϕm(x))dx

]

=
d

dt
E(ϕm(.)).

(3.5)

Furthermore, observe that

(3.6)
(∇ρ(., ϕm),∇μm) = (∇μm +∇P2

m(J ∗ ϕn),∇μm)
= |∇μm|2 + (∇(P2

m(J ∗ ϕm)),∇μm

)
= (∇ρm,∇μm),

where ρm := P2
mρ(., ϕm) = μm + P2

m(J ∗ ϕm).
For all m ∈ N and all k > 0 let us define

(3.7) τkm := inf{t ≥ 0 : |um(t)| ≥ k} ∧ T.

Since the process {um(t)}t∈[0,T ] is F-adapted and continuous, τkm is a stopping time.
Moreover, since the process (um) is continuous on [0, T ], the trajectories t �→ um(t)
are bounded on [0, T ], P-a.s. Hence τkm ↑ T , P-a.s., as k ↑ ∞.
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Now it follows from (3.2), (3.3), (3.5) and (3.6) that for all t ∈ [0, T ]

(3.8)

Etot(um(t ∧ τkm), ϕm(t ∧ τkm)) + 2

∫ t∧τk
m

0

[ν‖um(s)‖2 + |∇μm(s)|2]

= Etot(u0m, ϕ0m)− 2

∫ t∧τk
m

0

(
(∇P2

m(J ∗ ϕm(s))),∇μm(s)
)
ds

+2

∫ t∧τk
m

0

〈h(s, um(s)), um(s)〉 ds

+2

∫ t∧τk
m

0

∫
O
(∇J ∗ ϕm(x, s)).∇μm(x, s)dxds

+2

m∑
j=1

∫ t∧τk
m

0

〈G(s, um(s))ej , um(s)〉 dβj
s

+

m∑
j,k=1

∫ t∧τk
m

0

(G(s, um(s))ej , wk)
2
ds.

We proceed to treat each term of the left and right hand-side of (3.8) as follows:
Using (2.16) and the Young inequality, we obtain for all t ∈ [0, T ]

(3.9)

2E(ϕm(t)) = 2|√aϕm(t)|2 + 2

∫
O
F (ϕm(x, t))dx− (ϕm(t), J ∗ ϕm(t))

≥
∫
O
(a(x)− |J |L1)|ϕm(x, t)|2dx+ 2c7|ϕm(t)|2+2κ

L2κ+2(O) − 2c8|O|
≥ c7|ϕm(t)|2+2κ

L2κ+2(O) −Kd,

with

Kd =

[
2c8 +

κ

c
1/κ
7

( |J |L1

κ+ 1

)(κ+1)/κ
]
|O|.

Hence, for all t ∈ [0, T ], we have

(3.10)
Etot(um(t), ϕm(t)) +Kd = |um(t)|2 + 2E(ϕm(t)) +Kd

≥ |um(t)|2 + c7|ϕm(t)|2+2κ
L2κ+2(O).

Using the Cauchy Schwarz inequality, Young’s inequality and (H1) we obtain

∣∣〈P1
mh(s, um(s)), um(s)

〉∣∣ ≤ ‖h(s, um(s))‖V ′
div

‖um(s)‖
≤ ν

2
‖um(s)‖2 + 1

ν
|h(s, 0)|2V ′

div
+

1

ν
l2h|um(s)|2.(3.11)

From the hypothesis (H1) in Assumption 2.4, we deduce that

m∑
j,k=1

(G(s, um(s))ej , wk)
2 ≤ ‖G(s, um(s))‖2L2(K,Gdiv)

≤ 2l2g|um(s)|2 + 2‖G(s, 0)‖2L2(K,Gdiv)
.(3.12)
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Using the Young inequality, we infer that∣∣((∇P2
m(J ∗ ϕm(s))),∇μm(s))

∣∣
≤ |∇P2

m(J ∗ ϕm(s))||∇μm(s)|
≤
∣∣∣B1/2P2

m(J ∗ ϕm(s))
∣∣∣ |∇μm(s)|

≤ (|∇J ∗ ϕm(s)|+ |J ∗ ϕm(s)|)|∇μm(s)|
≤ |J |W 1,1(R2,R)|ϕm(s)||∇μm(s)|
≤ 1

4
|∇μm(s)|2 + c|ϕm(s)|2,

(3.13)

Proceeding similarly as in (3.11), we obtain

(3.14)

∫
O
(∇J ∗ ϕm(x, s)). ∇μm(x, s)dx ≤ 1

4
|∇μm(s)|2 + c|ϕm(s)|2.

By invoking Burkhölder-Davis-Gundy’s inequality we get that

(3.15)

2E sup
s∈[0,t∧τk

m]

∣∣∣∣∣∣
∫ s

0

m∑
j=1

〈G(r, um(r))ej , um(r)〉 dβj
r

∣∣∣∣∣∣
≤ 6E

⎛
⎝∫ t∧τk

m

0

m∑
j=1

(G(r, um(r))ej , um(r))2dr

⎞
⎠

1
2

≤ 6E

(∫ t∧τk
m

0

‖G(r, um(r))‖2L2(K,Gdiv)
|um(r)|2dr

) 1
2

≤ 6E

[
sup

r∈[0,t∧τk
m]

|um(r)|2
∫ t∧τk

m

0

‖G(r, um(r))‖2L2(K,Gdiv)
dr

] 1
2

≤ 1
2E sup

s∈[0,t∧τk
m]

|um(s)|2 + 36E

∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

+36l2gE

∫ t∧τk
m

0

|um(s)|2ds.

Using the Fubini theorem, the Hölder and the Young inequality, we infer that for
all t ∈ [0, T ]

(3.16)

cE
∫ t
0
|ϕm(s)|2ds ≤ cE

∫ t
0

∫
O |ϕm(s, x)|2dxds

≤ c|O| κ
κ+1E

∫ t

0

|ϕm(s)|
2κ+2
κ+1

L2κ+2(O)ds

≤ c|O| κ
κ+1
∫ t
0

(
E|ϕm(s)|2κ+2

L2κ+2(O)

) 1
κ+1

ds

≤ c7
2 E
∫ t
0
|ϕm(s)|2κ+2

L2κ+2(O)ds+ c̃1c
−1/κ
7 |O|T,

where c̃1 is a positive constant depending on κ.
Note that

(3.17)
Etot(u0m, ϕ0m) ≤ |u0m|2 + 2|J |L1(R2)|ϕ0m|2 + 2

∫
O F (ϕ0m(x))dx

≤ |u0|2 + 2|J |L1(R2)|ϕ0|2 + 2
∫
O F (ϕ0(x))dx.

In (3.17) we have used the fact that, since ϕ0 ∈ D(B) .a.s., then we have ϕ0m → ϕ0

in H2(O) a.s. and hence also in L∞(O) a.s..
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Taking the supremum, then the mathematical expectation and using (3.10)-(3.17)
we infer from (3.8) that

1

2
E sup

s∈[0,t∧τk
m]

(
|um(s)|2 + c7|ϕm(s)|2+2κ

L2κ+2(O)

)

+
3

2
E

∫ t∧τk
m

0

(ν‖um(s)‖2 + |∇μm(s)|2)ds

≤ EK(u0, ϕ0) +Kd + c̃1c
−1/κ
7 |O|T

+ E

∫ T

0

[
1

ν
‖h(s, 0)‖2V ′

div
+ 38‖G(s, 0)‖2L2(K,Gdiv)

]
ds

+

(
1

ν
l2h + 38l2g + 1

)
E

∫ t∧τk
m

0

(|um(s)|2 + c7|ϕm(s)|2κ+2
L2κ+2(O))ds,

(3.18)

where

(3.19) K(u0, ϕ0) = |u0|2 + 2|J |L1(R2)|ϕ0|2 + 2

∫
O
F (ϕ0(x))dx.

Dropping off the second term in the left hand side of the estimate (3.18) and invoking
the deterministic Gronwall’s lemma yield

E sup
s∈[0,t∧τk

m]

(
|um(s)|2 + c7|ϕm(s)|2+2κ

L2κ+2(O)

)

≤ cEK(u0, ϕ0) + cE

∫ T

0

‖h(s, 0)‖2V ′
div

ds+ cE

∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds.

Letting now k ↑ ∞ in this last estimate, using the fact that τkm ↑ T , P-a.s., as k ↑ ∞,
we infer that

(3.20)

E sup
s∈[0,T ]

(
|um(s)|2 + c7|ϕm(s)|2+2κ

L2κ+2(O)

)

≤ cEK(u0, ϕ0) + cE

∫ T

0

[‖h(s, 0)‖2V ′
div

+ ‖G(s, 0)‖2L2(K,Gdiv)
]ds.

We deduce from (3.18) and (3.20) that

(3.21)
E

∫ T

0

(ν‖um(s)‖2 + |∇μm(s)|2)ds ≤ cEK(u0, ϕ0)

+cE

∫ T

0

‖h(s, 0)‖2V ′
div

ds+ cE

∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds.



STOCHASTIC NONLOCAL CAHN-HILLIARD-NAVIER-STOKES 33

We now give a higher estimate for the sequences um and ϕm.
We first note that from (3.8), (3.10)-(3.14) and (3.17), it is easy to see that

|um(t ∧ τkm)|2 +c7|ϕm(t ∧ τkm)|2+2κ
L2κ+2(O)

+ 3
2

∫ t∧τk
m

0

(ν‖um(s)‖2 + |∇μm(s)|2)ds

≤ |u0|2 + 2|J |L1(R2)|ϕ0|2 + 2

∫
O
F (ϕ0(x))dx

+ 1
ν

∫ T

0

‖h(s, 0)‖2V ′
div

ds+Kd

+(2l2g +
1
ν l

2
h)

∫ t∧τk
m

0

|um(s)|2ds+ 2

∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

+c

∫ t∧τk
m

0

|ϕm(s)|2ds+ 2

∫ t∧τk
m

0

m∑
j=1

(G(s, um(s))ej , um(s))dβj
s .

Now raising both side to the power p
2 > 1, taking supremum over s ∈ [0, t∧ τkm] and

taking mathematical expectation, we infer that

(3.22)

E sup
s∈[0,t∧τk

m]

(
|um(s)|2 + c7|ϕm(s)|2+2κ

L2κ+2(O)

) p
2

+
(
3
2

) p
2
E

(∫ t∧τk
m

0

(ν‖um(s)‖2 + |∇μm(s)|2)ds
) p

2

≤ cE [K(u0, ϕ0)]
p
2 + cK

p
2

d + cE

(∫ T

0

‖h(s, 0)‖2V ′
div

ds

) p
2

+cE

(∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

) p
2

+cE

(∫ t∧τk
m

0

|um(s)|2ds
) p

2

+ cE

(∫ t∧τk
m

0

|ϕm(s)|2ds
) p

2

+cE sup
s∈[0,t∧τk

m]

∣∣∣∣∣∣
∫ s

0

m∑
j=1

〈G(r, um(r))ej , um(r)〉 dβj
r

∣∣∣∣∣∣
p
2

.

We see from Burkhölder-Davis-Gundy’s inequality that

cE sup
s∈[0,t∧τk

m]

∣∣∣∣∣∣
∫ s

0

m∑
j=1

〈G(r, um(r))ej , um(r)〉 dβj
r

∣∣∣∣∣∣
p/2

≤ cE

(∫ t∧τk
m

0

‖G(r, um(r))‖2L2(K,Gdiv)
|um(r)|2dr

)p/4

.

(3.23)
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This gives

cE sup
s∈[0,t∧τk

m]

∣∣∣∣∣∣
∫ s

0

m∑
j=1

〈G(r, um(r))ej , um(r)〉 dβj
r

∣∣∣∣∣∣
p/2

≤ 1

2
E sup

s∈[0,t∧τk
m]

|um(s)|p

+ cE

(∫ t∧τk
m

0

(
2l2g|um(s)|2 + 2‖G(s, 0)‖2L2(K,Gdiv)

ds
))p/2

≤ 1

2
E sup

s∈[0,t∧τk
m]

|um(s)|p

+ cE

(∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

) p
2

+ cE

∫ t∧τk
m

0

|um(s)|pds.

(3.24)

Using the Hölder inequality, we get

(3.25) cE

(∫ t∧τk
m

0

|um(s)|2ds
)p/2

≤ cE

∫ t∧τk
m

0

|um(s)|pds.

Arguing similarly as in (3.16), we infer that

(3.26)

cE

(∫ t∧τk
m

0

|ϕm(s)|2ds
) p

2

≤ ct
p−2
2 E

∫ t∧τk
m

0

|ϕm(s)|pds

≤ ct
p−2
2 |O| pκ

2(κ+1)E

∫ t∧τk
m

0

|ϕm(s)|pL2κ+2ds

≤ c7E

∫ t∧τk
m

0

|ϕm(s)|p(κ+1)
L2κ+2(O)ds+

cκc
−1/κ
7

(κ+ 1)
κ+1
κ

|O| p2 T p(κ+1)−2
2κ .

Inserting now the estimates (3.24)-(3.26) in (3.22), we obtain

1

2
E sup

s∈[0,t∧τk
m]

(
|um(s)|2 + c7|ϕm(s)|2+2κ

L2κ+2(O)

) p
2

+

(
3

2

) p
2

E

(∫ t∧τk
m

0

(ν‖um(s)‖2 + |∇μm(s)|2)ds
) p

2

≤ cE [K(u0, ϕ0)]
p
2 + cK

p
2

d + cE

(∫ T

0

‖h(s, 0)‖2V ′
div

ds

) p
2

+ cE

(∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

) p
2

+
cκc

−1/κ
7

(κ+ 1)
κ+1
κ

|O| p2 T p(κ+1)−2
2κ

+

(
c+

1

c
p−2
2

7

)
E

∫ t∧τk
m

0

(
|um(s)|2 + |ϕm(s)|2κ+2

L2κ+2(O)

)p/2
ds.

(3.27)
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Now arguing similarly as in (3.20), we derive that

(3.28)

E sup
s∈[0,T ]

(
|um(s)|2 + c7|ϕm(s)|2+2κ

L2κ+2(O)

) p
2

≤ cE [K(u0, ϕ0)]
p
2 + cK

p
2

d + cE

(∫ T

0

‖h(s, 0)‖2V ′
div

ds

) p
2

+cE

(∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

) p
2

+
cκc

−1/κ
7

(κ+1)
κ+1
κ

|O| p2 T p(κ+1)−2
2κ .

With the use of (3.27), (3.28) and the fact that τkm ↑ T , P-a.s., as k ↑ ∞, we derive
that

(3.29)

E

(∫ T

0

(ν‖um(s)‖2 + |∇μm(s)|2)ds
) p

2

≤ cE [K(u0, ϕ0)]
p
2 + cK

p
2

d + cE

(∫ T

0

‖h(s, 0)‖2V ′
div

ds

) p
2

+cE

(∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

) p
2

+
cκc

−1/κ
7

(κ+1)
κ+1
κ

|O| p2 T p(κ+1)−2
2κ .

for all p
2 > 1.

By (H3), using the Young inequality we have

(μm,−Δϕm) = (∇μm,∇ϕm) = (∇ϕm, (F ′′(ϕm) + a)∇ϕm + ϕm∇a−∇(J ∗ ϕm))

≥ c0|∇ϕm|2 + (∇ϕm, ϕm∇a−∇(J ∗ ϕm))

≥ c0|∇ϕm|2 − 2|∇J |L1 |ϕn||∇ϕm|
≥ c0

2
|∇ϕm|2 − 2

c0
|∇J |2L1 |ϕm|2.

Hence

c0
2
|∇ϕm|2 − 2

c0
|∇J |2L1 |ϕm|2 ≤ (∇μm,∇ϕm) ≤ c0

4
|∇ϕm|2 + 1

c0
|∇μm|2.

From this last inequality, we obtain

(3.30) |∇ϕm|2 ≤ 8

c20
|ϕm|2 + 4

c20
|∇μm|2.

Now from (3.20), (3.21) and (3.30), using also the fact that the domain O ⊂ R
2 is

bounded, we infer that

(3.31)

E sup
s∈[0,T ]

|(um(s), ϕm(s))|2
Y
= E sup

s∈[0,T ]

(|um(s)|2 + |ϕm(s)|2) ≤ C,

E

∫ T

0

‖(um(s), ϕm(s))‖2
V
ds ≤ C.
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Also from (3.28), (3.29) and (3.30), using also the fact that the domain O ⊂ R
2 is

bounded, we derive that

(3.32)

E sup
s∈[0,T ]

|(um(s), ϕm(s))|4
Y
+ E

(∫ T

0

‖(um(s), ϕm(s))‖2
V
ds

)2

≤ cE [K(u0, ϕ0)]
2
+ cK2

d + cE

(∫ T

0

‖h(s, 0)‖2V ′
div

ds

)2

+cE

(∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

)2

+
cκc

−1/κ
7

(κ+1)
κ+1
κ

|O| p2 T 4(κ+1)−2
2κ .

We also note that

‖P1
mB(um)‖V ′

div
≤ c|um|‖um‖,

‖P2
m(um.∇)ϕm‖V ′

0
≤ c|ϕm|L2κ+2(O)‖um‖,

‖P1
m(μm∇ϕm)‖V ′

div
≤ c|ϕm|L2κ+2(O)|∇μm|.

(3.33)

From (H1), we have

‖G(s, um(s))‖2L2(K,Gdiv)
≤ cl2g|um(s)|2 + ‖G(s, 0)‖2L2(K,Gdiv)

,

‖h(s, um(s))‖2V ′
div

≤ cl2h|um(s)|2 + ‖h(s, 0)‖2V ′
div

.
(3.34)

We will now prove that the following estimate holds

(3.35) E sup
s∈[0,T ]

|F (ϕm(s))|p/2L1(O) ≤ Cp.

To prove (3.35), we first assume that F (ϕm) ≥ 0. Then from (3.8), we have for fix
s ≤ t ∧ τkm

(3.36)

2|F (ϕm(s))|L1(O) ≤ Etot(u0m, ϕ0m) + |(ϕm(s), J ∗ ϕm(s))|
+2

∫ s

0

∣∣((∇P2
m(J ∗ ϕm(r))),∇μm(r)

)∣∣ dr
+2
∫ s
0
|〈h(r, um(r)), um(r)〉| dr

+2

∫ s

0

∫
O
|(∇J ∗ ϕm(x, r)).∇μm(x, r)| dxdr

+
∑m

j,k=1

∫ s
0
(G(r, um(r))ej , wk)

2
dr

+2
m∑
j=1

∫ s

0

〈G(s, um(r))ej , um(r)〉 dβj
r .

Inserting now the estimates (3.11)-(3.14) in (3.36) and taking the supremum over
s ∈ [0, t ∧ τkm], we infer that

(3.37)

sup
s∈[0,t∧τk

m]

|F (ϕm(s))|L1(O) ≤ C

(
K(u0, ϕ0) + sup

s∈[0,t∧τk
m]

|ϕm(s)|2
)

+C

∫ t∧τk
m

0

(‖um(s)‖2 + |ϕm(s)|2) ds
+C

∫ t∧τk
m

0

(
‖h(s, 0)‖2V ′

div
+ ‖G(s, 0)‖2L2(K,Gdiv)

+ |∇μm(s)|2
)
ds

+C sup
s∈[0,t∧τk

m]

∣∣∣∣∣∣
m∑
j=1

∫ s

0

〈G(s, um(r))ej , um(r)〉 dβj
r

∣∣∣∣∣∣
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where K(u0, ϕ0) is given by (3.19) and the constant C := Cλ1,J,ν,lh,lg .
Now raising both side to the power p/2 and taking the expectation, we get

(3.38)

E sup
s∈[0,t∧τk

m]

|F (ϕm(s))|p/2L1(O) ≤ CE[K(u0, ϕ0)]
p/2

+CE sup
s∈[0,t∧τk

m]

|ϕm(s)|p + CE

[∫ t∧τk
m

0

(‖um(s)‖2 + |∇μm(s)|2) ds
]p/2

+CE

[∫ t∧τk
m

0

(
|ϕm(s)|2 + ‖h(s, 0)‖2V ′

div

)
ds

]p/2

+CE

[∫ t∧τk
m

0

‖G(s, 0)‖2L2(K,Gdiv)
ds

]p/2

+CE sups∈[0,t∧τk
m]

∣∣∣∣∣∣
m∑
j=1

∫ s

0

〈G(s, um(r))ej , um(r)〉 dβj
r

∣∣∣∣∣∣
p/2

,

where the positive constant C := Cλ1,J,ν,lh,lg,p.
By (3.16), (3.24), (3.27), (3.28), (3.38) and some well known inequalities, we infer
that

(3.39)

E sup
s∈[0,t∧τk

m]

|F (ϕm(s))|p/2L1(O) ≤ C + CE[K(u0, ϕ0)]
p/2

+CE

[∫ t∧τk
m

0

(‖um(s)‖2 + |∇μm(s)|2) ds
]p/2

+CE

[∫ T

0

‖h(s, 0)‖2V ′
div

ds

]p/2
+ CE

[∫ T
0
‖G(s, 0)‖2L2(K,Gdiv)

ds
]p/2

+CE sup
s∈[0,t∧τk

m]

|um(s)|p + CE sup
s∈[0,t∧τk

m]

(|ϕm|2κ+2
L2κ+2

)p/2
≤ Cλ1,J,ν,lh,lg,p,κ,O,T .

Note that in (3.39) the constant Cλ1,J,ν,lh,lg,p,κ,O,T is independent of m ∈ N, k > 0
and t ∈ [0, T ]. Hence passing to the limit as k → ∞, we get

(3.40) E sup
s∈[0,T ]

|F (ϕm(s))|p/2L1(O) ≤ Cp.

For the case F (ϕm) ≤ 0, we infer from (3.9) that

2|F (ϕm)(s)|L1(O) ≤ 2|√aϕm(s)|2 − (ϕm(s), J ∗ ϕm(s))

− c7|ϕm(s)|2κ+2
L2κ+2 +Kd

≤ 3|J |L1 |ϕm(s)|2 + c7|ϕm(s)|2κ+2
L2κ+2 +Kd

≤ CJ,κ,O|ϕm(s)|2L2κ+2 + Cc7 |ϕm(s)|2κ+2
L2κ+2 +Kd

≤ Cκ,J,O,c7(1 +Kd + |ϕm(s)|2κ+2
L2κ+2).

(3.41)
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Now raising both sides to the power p/2, taking supremum over t ∈ [0, t ∧ τkm], the
expectation and using also (3.28), we obtain

(3.42)

E sup
s∈[0,t∧τk

m]

|F (ϕm(s))|p/2L1(O) ≤ Cκ,J,O,c7,p,c8,TE

[
1 + [K(u0, ϕ0)]

p/2
]

+Cκ,J,O,c7,p,c8,TE

(∫ T
0
‖h(s, 0)‖2V ′

div
ds
)p/2

+Cκ,J,O,c7,p,c8,TE

(∫ T
0
‖G(s, 0)‖2L2(K,Gdiv)

ds
)p/2

,

for some constant Cκ,J,O,c7,p,c8,T independent of k, t ∈ [0, T ] and m ∈ N. Now
using the fact that t ∧ τkm → T as k → ∞, we infer from (3.42) and the dominated
convergent theorem that

(3.43) E sup
s∈[0,T ]

|F (ϕm(s))|p/2L1(O) ≤ Cp.

This completes the proof of (3.35). That is

(3.44) E sup
s∈[0,T ]

|F (ϕm(s))|p/2L1(O) ≤ Cp, for both cases.

By means of (H5), (3.28) and (3.44), we have

(3.45) E sup
s∈[0,T ]

|ρ(., ϕm(s))|pLr(O) ≤ Cp.

We first note that from (H5) and the Young inequality, it is easy to see that for all
s ∈ [0, T ]

(3.46) |F ′(ϕm(s))| ≤ 1

r
|F ′(ϕm(s))|r + r − 1

r
≤ c3

r
|F (ϕm(s))|+ c4

r
+

r − 1

r
.

By (3.46), using the Poincaré-Wirtinger inequality and the Young inequality, we
infer that

(3.47)

|μm(s)| ≤ c
(
|∇μm(s)|+ 1

|O|
∣∣∫O μm(x, s)dx

∣∣)
= c(|∇μm(s)|+ 1

|O| |(μm(s), 1)|)
≤ c|∇μm(s)|
+ c

|O|
∣∣∫O |a(x)ϕm(x, s) + F ′(ϕm(x, s))− J ∗ ϕm(x, s)|dx∣∣

≤ c|∇μm(s)|
+ c

|O| 12
(|a|L∞ + |J |L1(R2))|ϕn(s)|+ c3

r|O| |F (ϕm(s))|L1 + c4+r−1
r .

From (3.47), we obtain

(3.48)
|μm(s)|2 ≤ c

[
|∇μm(s)|2 + 1

|O| (|a|L∞ + |J |L1(Rd))
2|ϕm(s)|2

]
+c

[
c23

r2|O|2 |F (ϕm(s))|2L1(O) +
(
c4 + r − 1

r

)2]
.

By (3.48), (3.44) and (3.29) we infer that:

(3.49)

E

[∫ T

0

‖μm(s)‖2Uds
] p

2

= E

[∫ T

0

|μm(s)|2ds+
∫ T

0

|∇μm(s)|2ds
] p

2

≤ CpE

(∫ T

0

|μm(s)|2ds
) p

2

+ CpE

(∫ T

0

|∇μm(s)|2ds
) p

2

≤ Cp.
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By (3.20), (3.49), (3.33)3, using the Hölder inequality, we have

(3.50)

E

∫ T

0

‖P1
m(μm(s)∇ϕm(s))‖2V ′

div
ds

≤ cE
∫ T
0
|ϕm(s)|2L2+2κ(O)‖μm(s)‖2Udt

≤ cE

[
sup

s∈[0,T ]

|ϕm(s)|2L2+2κ(O)

∫ T

0

‖μm(s)‖2Udt
]

≤ c

[
E sup

s∈[0,T ]

|ϕm(s)|2+2κ
L2+2κ(O)

] 1
1+κ

⎡
⎣E
(∫ T

0

‖μm(s)‖2Udt
) 1+κ

κ

⎤
⎦

κ
1+κ

≤ C.

From (3.20), (3.29), (3.33)2 and the Hölder inequality we get

(3.51)

E

∫ T

0

‖P2
m(um.∇)ϕm‖2V ′

0
ds

≤ cE
∫ T
0
|ϕm(s)|2L2+2κ(O)‖um(s)‖2ds

≤ cE

[
sup

s∈[0,T ]

|ϕm(s)|2L2+2κ(O)

∫ T

0

‖um(s)‖2ds
]

≤ c

[
E sup

s∈[0,T ]

|ϕm(s)|2+2κ
L2+2κ(O)

] 1
1+κ

⎡
⎣E
(∫ T

0

‖um(s)‖2ds
) 1+κ

κ

⎤
⎦

κ
1+κ

≤ C.

From (3.48), (3.44), and (3.21), we infer that

(3.52) E

∫ T

0

‖P2
mΔμm(s)‖2V ′

0
ds ≤ cE

∫ T

0

‖μm(s)‖2Uds ≤ C.

By (3.34), (3.21), (3.31)1 and (3.32) we infer that

(3.53)

E

∫ T

0

‖P1
mB(um(s))‖2V ′

div
ds

≤ cE sup
s∈[0,T ]

|um(s)|2
∫ T

0

‖um(s)‖2ds

≤ c

[
E sup

s∈[0,T ]

|um(s)|4
]1/2 ⎡⎣E

(∫ T

0

‖um(s)‖2ds
)2
⎤
⎦
1/2

≤ C,

(3.54)

E

∫ T

0

‖P1
mh(s, um(s))‖2V ′

div
ds

≤ cl2hE

∫ T

0

|um(s)|2ds+ cE

∫ T

0

‖h(s, 0)‖2V ′
div

ds

≤ cl2hE

∫ T

0

‖um(s)‖2ds+ cE

∫ T

0

‖h(s, 0)‖2V ′
div

ds ≤ C,

(3.55)
E

∫ T

0

‖P1
mG(s, um(s))‖2L2(K,Gdiv)

ds

≤ cl2gE

∫ T

0

‖um(s)‖2ds+ cE

∫ T

0

‖G(s, 0)‖2L2(K,Gdiv)
ds ≤ C,
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(3.56)
E

∫ T

0

‖J ∗ ϕm(s)‖2Uds = E

∫ T

0

(|J ∗ ϕm(s)|2 + |∇J ∗ ϕm(s)|2)ds
≤ (|J |2L1 + |∇J |2L1)TE sups∈[0,T ] |ϕm(s)|2 ≤ C.

Step 3: Taking limits in the finite dimensional equations. From (3.31)2, (3.31)1,
(3.28), (3.44), (3.45), (3.50), (3.51), (3.53) and the Banach-Alaoglu theorem, we can
find a subsequence (still denoted) {(um, ϕm)} such that

(um, ϕm) ⇀ (ū, ϕ̄) in M2
Ft
(0, T ;V),

(um, ϕm) weakly star (ū, ϕ̄) in L2(Ω;L∞(0, T ;Gdiv ×H)),

ϕm ⇀ ϕ̄ in L2κ+2(Ω,P;L∞(0, T ;L2κ+2(O))),

(um(0), ϕm(0)) ⇀ (ζ1, ζ2) in L4(Ω,F0,P;Y),

P1
mB(um) ⇀ K̄0 in M2

Ft
(0, T ;V ′

div),

P1
m(μm∇ϕm) ⇀ K̄1 in M2

Ft
(0, T ;V ′

div),

P2
m((um.∇)ϕm) ⇀ K̄2 in M2

Ft
(0, T ;V ′

0),

P1
mh(t, um) ⇀ h̄ in M2

Ft
(0, T ;V ′

div),

P1
mG(t, um) ⇀ Ḡ in M2

Ft
(0, T ;L2(K,Gdiv)),

ρ(., ϕm)


⇀ ρ̄ in Lr(Ω,P;L∞(0, T ;Lr(O))),

J ∗ ϕm ⇀ J̄ in M2
Ft
(0, T ;U),

μm ⇀ μ̄ in M2
Ft
(0, T ;U).

(3.57)

We note that in fact J̄ = J ∗ ϕ̄, since the map J ∗ . : L2 → U = H1 is linear and
bounded, and ϕm ⇀ ϕ̄ in M2

Ft
(0, T ;V0) ⊂ M2

Ft
(0, T ;L2).

Let us now recall that Problem (3.1) can be rewritten as

(3.58)

(um(t), wk) +

∫ t

0

〈νAum(s) +B(um(s))− μm(s)∇ϕm(s), wk〉 ds

= (um(0), wk) +

∫ t

0

〈h(s, um(s)), wk〉 ds

+

m∑
j=1

∫ t

0

(G(s, um(s))ej , wk)dβ
j
s ,

(ϕm(t), ψk) +

∫ t

0

(∇ρ(., ϕm(s)),∇ψk) ds+

∫ t

0

〈(um(s).∇)ϕm(s), ψk〉 ds

= (ϕm(0), ψk) +

∫ t

0

∫
O
(∇J ∗ ϕm(x, s)).∇ψkdxds,

ρ(., ϕm) := a(.)ϕm + F ′(ϕm),
μm = P2

m(ρ(., ϕm)− J ∗ ϕm),
(u0m, ϕ0m) = (um(0), ϕm(0)) = Pm(u0, ϕ0).

Using a well known result in [31, 32, 33], we can check that (ū, ϕ̄) ∈ L2(Ω; C(0, T ;Gdiv×
H)) and satisfies for all t ∈ [0, T ]

ū(t) +

∫ t

0

[νAū(s) + K̄0(s)− K̄1(s)]ds = u0 +

∫ t

0

h̄(s)ds+

∫ t

0

Ḡ(s)dW (s),

ϕ̄(t) +

∫ t

0

K̄2(s)ds+

∫ t

0

Aμ̄(s)ds = ϕ0, μ̄ = ρ̄− J ∗ ϕ̄,
(3.59)
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The Ft-progressively measurability of the processes ū and ϕ̄ follows from the Hilbert
space M2

Ft
(0, T ;V) (see [8]), the convergence (3.57)1 and the fact that the processes

um and ϕm are Ft- progressively measurable. We recall that you have applied the
compactness theorem 3.18 in [6].
The fact that (u, ϕ) ∈ L2(Ω;L∞(0, T ;Gdiv ×H) follows from the estimate (3.31)2
and the weak star convergence (3.57)2.

Step 4: Identification of some parameters. Let us prove that K̄0 =

B(ū, ū), K̄1 = (aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄, h̄ = h(t, ū), Ḡ = G(t, ū), K̄2 = (ū.∇)ϕ̄ and
ρ̄ = a(.)ϕ̄+ F ′(ϕ̄).
For eachm ≥ 1, we define (ũm, ϕ̃m) = Pm(ū, ϕ̄), where Pm = (P1

m,P2
m) ∈ L(Y,Ym)

is the orthogonal projection on Y onto Ym. It follows that

|(ũm, ϕ̃m)|Y ≤ |(ū, ϕ̄)|Y,
‖(ũm, ϕ̃m)‖V ≤ c‖(ū, ϕ̄)‖V,
(ũm, ϕ̃m) → (ū, ϕ̄) in M2

Ft
(0, T ;V).

(3.60)

From (3.34) and (3.44), it follows that for all t ∈ [0, T ], 1 ≤ k ≤ m and all m ≥ 1

(3.61)

(ũm(t)− um(t), wk) + ν

∫ t

0

〈A(ũm(s)− um(s)), wk〉 ds

+

∫ t

0

〈
K̄0(s)−B(um(s)), wk

〉
ds

=

∫ t

0

〈
K̄1(s)− μm(s)∇ϕm(s), wk

〉
ds

+

∫ t

0

〈
h̄(s)− h(s, um(s)), wk

〉
ds

+
m∑
j=1

∫ t

0

(Ḡ(s)ej −G(s, um(s))ej , wk)dβ
j
s

+

∞∑
j=m+1

∫ t

0

(Ḡ(s)ej , wk)dβ
j
s ,

(ϕ̃m(t)− ϕm(t), ψk)ds+

∫ t

0

〈A(μ̄− μm), ψk〉

+

∫ t

0

〈
K̄2(s)− (um.∇)ϕm, ψk

〉
ds = 0,

(μ̃m − μm, ψk) = (ρ̃m − ρ(., ϕm), ψk)− (J ∗ ϕ̄− J ∗ ϕm, ψk).

Let

(3.62) χm = aϕ̃m − J ∗ ϕ̃m + F ′(ϕ̃m).

We note that

(3.63)

K̄0 −B(um) = K̄0 −B(ũm) +B(ũm − um, ũm) +B(um, ũm − um),
K̄2 − (um.∇)ϕm = K̄2 − (ũm.∇)ϕ̃m

+((ũm − um).∇)ϕ̃m + (um.∇)(ϕ̃m − ϕm),
K̄1 − μm∇ϕm = K̄1 − χm∇ϕ̃m + χm∇ϕ̃m − μm∇ϕm,
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(3.64)

〈
K̄1 −K1ϕm, ũm − um

〉
=
〈
K̄1 −K1ϕ̃m, ũm − um

〉
+

∫
O
aϕ̃m(ũm − um). ∇(ϕ̃m − ϕm)dx

+

∫
O
a(ϕ̃m − ϕm)(ũm − um). ∇ϕmdx

+ 1
2

2∑
j=1

∫
O
a(ϕ̃m − ϕm)(ϕ̃m + ϕm)∂xj(ũm − um)dx

+

∫
O
(∇J ∗ ϕ̃m)(ϕ̃m − ϕm). (ũm − um)dx

+

∫
O
(∇J ∗ (ϕ̃m − ϕm))ϕm. (ũm − um)dx,

(3.65)
ρ̄− ρ(., ϕm) = ρ̄− aϕ̃m − F ′(ϕ̃m) + a(ϕ̃m − ϕm)

+F ′(ϕ̃m)− F ′(ϕm),
J ∗ ϕ̄− J ∗ ϕm = J ∗ ϕ̄− J ∗ ϕ̃m + J ∗ (ϕ̃m − ϕm).

We set θm = ũm − um, φm = ϕ̃m − ϕm, ξm = μ̃m − μm.
Now, by Itô’s formula

d(θm(t), wk)
2 = 2(θm(t), wk)d(θm(t), wk)

+
m∑
j=1

(Ḡ(t)ej −G(t, um(t))ej , wk)
2dt+

∞∑
j=m+1

(Ḡ(t)ej , wk)
2dt,

in [0, T ], for all 1 ≤ k ≤ m and all m ≥ 1, and summing in k, we deduce that

(3.66)

|θm(t)|2 + 2ν

∫ t

0

‖θm(s)‖2ds+ 2

∫ t

0

〈
K̄0(s)−B(um(s)), θm(s)

〉
ds

= 2

∫ t

0

〈
K̄1(s)− μm∇ϕm, θm(s)

〉
ds

+2
∫ t
0

〈
h̄(s)− h(s, um(s)), θm(s)

〉
ds

+2
m∑
j=1

∫ t

0

(Ḡ(s)ej −G(s, um(s))ej , θm(s))dβj
s

+2

∞∑
j=m+1

∫ t

0

(Ḡ(s)ej , θm(s))dβj
s

+

m∑
j=1

∫ t

0

∣∣P1
m(Ḡ(s)ej −G(s, um(s))ej)

∣∣2 ds
+

∞∑
j=m+1

∫ t

0

∣∣P1
m(Ḡ(s)ej)

∣∣2 ds.
Replacing ψk in (3.61) by A−1

N φm, we obtain

(3.67)
|A−1/2

N φm(t)|2 +2
∫ t
0

〈
K̄2(s)− (um.∇)ϕm,A−1

N φm

〉
ds

+2
∫ t
0
(μ̄− μm, φm(s))ds = 0.

We observe that

(μ̄− μm, φm) = (μ̄− χm + χm − μm, φm)
= (μ̄− χm + aφm + F ′(ϕ̃m)− F ′(ϕm)− J ∗ φm, φm)
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Inserting now this last equality in (3.67), we get

(3.68)

|A−1/2
N φm(t)|2 + 2

∫ t

0

〈
K̄2(s)− (um(s).∇)ϕm(s),A−1

N φm(s)
〉
ds

+2

∫ t

0

(aφm(s) + F ′(ϕ̃m(s))− F ′(ϕm(s)), φm(s))ds

= 2

∫ t

0

(J ∗ φm(s), φm)ds− 2

∫ t

0

(μ̄(s)− χm(s), φm(s))ds.

Applying the Lagrangian theorem to F ′, using (H3), we infer that

(3.69)

2

∫ t

0

(aφm(s) + F ′(ϕ̃m(s))− F ′(ϕm(s)), φm(s))ds

= 2

∫ t

0

(aφm(s) + F ′′(ϕ̃m(s) + θφm(s))φm(s), φm(s))ds

≥ 2c0

∫ t

0

|φm(s)|2ds,

with 0 < θ < 1.
Now, we state and prove the following lemma.

Lemma 3.1. Let m ∈ N. The following estimates hold

2
〈
K̄0 −B(um), θm

〉 ≤ 2
〈
K̄0 −B(ũm), θm

〉
+

ν

6
‖θm‖2 + c‖ũm‖2|θm|2,

2 〈h(s, ũm(s))− h(s, um(s)), θm(s)〉 ≤ ν

6
‖θm‖2 + cl2h|θm|2,

2 |(J ∗ φm, φm)| ≤ c0
5
|φm|2 + c|A−1/2

N φm|2,
(3.70)

m∑
j=1

∣∣P1
m(Ḡ(s)ej −G(s, um(s))ej)

∣∣2 ≤ 2l2g|ū(s)− ũm(s)|2

+ 2l2g|ũm(s)− um(s)|2 − ‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)

+ 2
(
Ḡ(s)−G(s, um), Ḡ(s)−G(s, ū)

)
L2(K,Gdiv)

,

(3.71)

2
〈
K̄1 − μm∇ϕm, θm

〉 ≤ 2
〈
K̄1 − χm∇ϕ̃m, θm

〉
+

3c0
5

|φm|2 + ν

2
‖θm‖2

+ c(|ϕ̃m + ϕm|4L4(O) + |ϕ̃m|4L4(O) + |ϕm|4L4(O))|θm|2,
(3.72)

2
〈
K̄2 − (um.∇)ϕm,A−1

N φm

〉 ≤ 2
〈
K̄2 − (ũm.∇)ϕ̃m,A−1

N φm

〉
+

c0
5
|φm|2

+
ν

6
‖θm‖2 + c(|ϕ̃m|2L4(O) + |um|4L4(O))|A−1/2

N φm|2,
(3.73)

with θm = ūm − um, φm = ϕ̄m − ϕm and χm is given by (3.62).
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Proof. We have

2
〈
K̄0 −B(um), θm

〉
= 2
〈
K̄0 −B(ũm), θm

〉
+ 2 〈B(θm, ũm), θm〉 ,

≤ 2
〈
K̄0 −B(ũm), θm

〉
+ c‖θm‖‖ũm‖|θm|

≤ 2
〈
K̄0 −B(ũm), θm

〉
+

ν

6
‖θm‖2 + c‖ũm‖2|θm|2,

2 〈h(s, ũm(s))− h(s, um(s)), θm(s)〉
≤ 2lh|θm(s)|‖θm(s)‖
≤ ν

6
‖θm‖2 + cl2h|θm|2,

(3.74)

m∑
j=1

∣∣P1
m(Ḡ(s)ej −G(s, um(s))ej)

∣∣2 ≤ ‖Ḡ(s)−G(s, um(s))‖2L2(K,Gdiv)

≤ ‖G(s, ū(s))−G(s, um(s))‖2L2(K,Gdiv)
− ‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)

+ 2
(
Ḡ(s)−G(s, um), Ḡ(s)−G(s, ū)

)
L2(K,Gdiv)

≤ 2‖G(s, ū(s))−G(s, ũm(s))‖2L2(K,Gdiv)

+ 2‖G(s, ũm(s))−G(s, um(s))‖2L2(K,Gdiv)

+ 2
(
Ḡ(s)−G(s, um), Ḡ(s)−G(s, ū)

)
L2(K,Gdiv)

− ‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)

≤ 2l2g|ū(s)− ũm(s)|2 + 2l2g|ũm(s)− um(s)|2
− ‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)

+ 2
(
Ḡ(s)−G(s, um), Ḡ(s)−G(s, ū)

)
L2(K,Gdiv)

.

(3.75)

Hence, from (3.74)-(3.75), we obtain the estimates (3.70)1,2 and (3.71).
We now move to the proof of (3.72).
We begin by making the following observation: from Remark 2.3 and the fact that
∇.u = 0, for all u ∈ Vdiv, we infer that

〈
K̄1 − μm∇ϕm, θm

〉
=
〈
K̄1 − χm∇ϕ̃m, θm

〉
+ 〈χm∇ϕ̃m − μm∇ϕm, θm〉

=
〈
K̄1 − χm∇ϕ̃m, θm

〉
+
〈
∇(F (ϕ̃m)− F (ϕm) +

a

2
ϕ̃2
m − a

2
ϕ2
m), θm

〉
−
〈
φm(ϕ̃m + ϕm)

∇a

2
, θm

〉
− 〈(J ∗ φm)∇ϕ̃m, θm〉+ 〈(J ∗ ϕm)∇φm, θm〉(3.76)

=
〈
K̄1 − χm∇ϕ̃m, θm

〉−〈φm(ϕ̃m + ϕm)
∇a

2
, θm

〉
− 〈(J ∗ φm)∇ϕ̃m, θm〉

+ 〈(J ∗ ϕm)∇φm, θm〉 .
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Now, we will estimate the last three terms in the right-hand side of (3.76) as follows:

|〈φm(ϕ̃m + ϕm)∇a, θm〉|
≤ |∇a|L∞ |φm||ϕ̃m + ϕm|L4(O)|θm|L4(O)

≤ c|∇a|L∞ |φm||ϕ̃m + ϕm|L4(O)|θm|1/2‖θm‖1/2

≤ c0
5
|φm|2 + c|ϕ̃m + ϕm|2L4(O)|θm|‖θm‖

≤ c0
5
|φm|2 + ν

6
‖θm‖2 + c|ϕ̃m + ϕm|4L4(O)|θm|2.

(3.77)

By integration by parts and the fact that um = 0 on ∂O, divum = ∇.um = 0, we
obtain

−2 〈(J ∗ φm)∇ϕ̃m, θm〉 = 2 〈(∇J ∗ φm)ϕ̃m, θm〉 .
Hence from this last equality, using the Hölder inequality, the Ladyzhenskaya in-
equality and the Young inequality, we infer that

2 |〈(J ∗ φm)∇ϕ̃m, θm〉|
≤ 2|ϕ̃m|L4 |θm|L4 |∇J ∗ φm|
≤ c|ϕ̃m|L4 |θm|1/2‖θm‖1/2|∇J ∗ φm|
≤ c0

5
|φm|2 + c|ϕ̃m|2L4 |θm||∇J |2L1‖θm‖

≤ c0
5
|φm|2 + ν

6
‖θm‖2 + c|ϕ̃m|4L4(O)|θm|2.

(3.78)

Arguing similarly as in (3.78), we derive that

(3.79) 2 |〈(J ∗ ϕm)∇φm, θm〉| ≤ c0
5
|φm|2 + ν

6
‖θm‖2 + c|ϕm|4L4(O)|θm|2.

Inserting now these estimates (3.77)-(3.79) in (3.76), we obtain (3.72).
For the proof of estimate (3.73), we also make the following observation: we have
(3.80)〈

K̄2 − (um.∇)ϕm,A−1
N φm

〉
=
〈
K̄2 − (ũm.∇)ϕ̃m,A−1

N φm

〉
+
〈
(θm.∇)ϕ̃m,A−1

N φm

〉
+
〈
(um.∇)φm,A−1

N φm

〉
.

The goal now is to estimate the last two terms in the right-hand side of (3.80).
By integration by parts, using the fact that ∇.um = 0 and um|∂O = 0, we obtain

−2
〈
(θm.∇)ϕ̃m,A−1

N φm

〉
= −2

∫
O
A−1

N (φm)ϕ̃m∇.θmdx

= 2
〈
θm.∇A−1

N φm, ϕ̃m

〉
.

Owing to (2.7), Ladyzhenskaya’s inequality and Young’s inequality, we have

2
∣∣〈(θm.∇)ϕ̃m,A−1

N φm

〉∣∣ = 2
∣∣〈θm.∇A−1

N φm, ϕ̃m

〉∣∣
≤ 2|ϕ̃m|L4 |θm|L4 |∇A−1

N φm|
≤ c|ϕ̃m|L4 |θm| 12 ‖θm‖ 1

2 |∇A−1
N φm|

≤ c|ϕ̃m|L4(O)‖θm‖|∇A−1
N φm|

≤ ν

6
‖θm‖2 + c|ϕ̃m|2L4 |A−1/2

N φm|2.

(3.81)
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Proceeding similarly as in (3.81), we infer that

2
∣∣〈(um.∇)φm,A−1

N φm

〉∣∣ = 2
∣∣(um.∇A−1

N φm, φm

)∣∣
≤ 2|φm||um|L4 |∇A−1

N φm|L4

≤ c0
10

|φm|2 + c|um|2L4 |∇A−1
N φm|2L4(O)

≤ c0
10

|φm|2 + c|um|2L4 |∇A−1
N φm||∇A−1

N φm|H1(O),

(3.82)

where we have used the Galiardo-Nirenberg inequality (see [11, Theorem 2.1]). One
can see that the H2-norm of φ in D(AN ) is equivalent to the L2-norm of (AN +I)φ,
i.e., |φ|H2 ∼= |(AN + I)φ|L2 .
Now since A−1

N φm ∈ D(AN ), we have

|∇A−1
N φm|H1(O) ≤ |A−1

N φm|H2(O) ≤ c|(AN + I)A−1
N φm|

≤ c|φm|+ c|A−1
N φm|

≤ c|φm|+ c‖A−1
N φm‖V0

= c|φm|+ c|A1/2
N A−1

N φm|.

But, since L2
(0)(O) ≡ (L2

(0)(O))′ ↪→ V ′
0 , we have

|A1/2
N A−1

N φm| = [(ANA−1
N φm,A−1

N φm

)]1/2
=
[
(φm,A−1

N φm)
]1/2

=
[
(φm, φm)V ′

0

]1/2
= ‖φm‖V ′

0
≤ c|φm|.

Therefore,

|∇A−1
N φm|H1(O) ≤ c|φm|+ c|A1/2

N A−1
N φm|

≤ c|φm|.

Substituting this previous estimate in (3.82), using (2.7) and the Young inequality
we obtain

2
∣∣〈(um.∇)φm,A−1

N φm

〉∣∣ ≤ c0
10

|φm|2 + c|um|2L4 |∇A−1
N φm||φm|

≤ c0
10

|φm|2 + c|um|2L4 |A−1/2
N φm||φm|

≤ c0
5
|φm|2 + c|um|4L4 |A−1/2

N φm|2.
(3.83)

From (3.80) and the estimates (3.81) and (3.83), we get (3.73).
Finally, using the Young inequality and the Young inequality for convolution, we
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obtain

2 |(J ∗ φm, φm)| ≤ 2
∣∣∣(A1/2

N (J ∗ φm),A−1/2
N φm

)∣∣∣
= 2
∣∣∣(A1/2

N (J ∗ φm − 〈J ∗ φm〉),A−1/2
N φm

)∣∣∣
≤ 2|∇(J ∗ φm − 〈J ∗ φm〉)||A−1/2

N φm|
≤ 2|∇J |L1 |φm||A−1/2

N φm|
≤ c0

5
|φm|2 + c|A−1/2

N φm|2,

(3.84)

which proves (3.70)3 and the proof of Lemma 3.1 is now complete.

We denote z(t) = e−z1t−
∫ t
0
Z(s)ds, 0 ≤ t ≤ T , with z1 = 2l2g + cl2h + c and

(3.85) Z(t) = c(‖ũm‖2 + |ϕ̃m + ϕm|4L4 + |ϕ̃m|4L4 + |ϕm|4L4 + |ϕ̃m|2L4 + |um|4L4).

We also set

Z(t) = |θm(t)|2 + ‖φm(t)‖2V ′
0
= |ũm(t)− um(t)|2 + |A−1/2

N (ϕ̃m(t)− ϕm(t))|2
and

Z̃(t) = ν‖θm(t)‖2 + c0|φm(t)|2 = ν‖ũm(t)− um(t)‖2 + c0|ϕ̃m(t)− ϕm(t)|2.
Applying now the Itô formula to the real process z(t)Z(t) in conjunction with
Lemma 3.1, we infer that

(3.86)

z(t)Z(t) +
∫ t
0
z(s)Z̃(s)ds+

∫ t

0

z(s)‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)
ds

≤ 2

∫ t

0

z(s)
〈
B(ũm)− K̄0, θm

〉
ds− 2

∫ t

0

z(s)
〈
K̄1 − χm∇ϕ̃m, θm

〉
ds

+2

∫ t

0

z(s)
〈
h̄(s)− h(s, ũm(s)), θm(s)

〉
ds

+2

m∑
j=1

∫ t

0

z(s)
(
Ḡ(s)ej −G(s, um(s))ej , θm(s)

)
dβj

s

+2

∞∑
j=m+1

∫ t

0

z(s)(Ḡ(s)ej , θm(s))dβj
s − 2

∫ t

0

(μ̄(s)− χm(s), φm(s))ds

+2

∫ t

0

z(s)
(
Ḡ(s)−G(s, um(s)), Ḡ(s)−G(s, ū(s))

)
L2(K,Gdiv)

ds

+

∞∑
j=m+1

∫ t

0

z(s)|Ḡ(s)ej |2ds+ 2l2g

∫ t

0

z(s)|ū(s)− ũm(s)|2ds

−2

∫ t

0

z(s)
〈
K̄2(s)− (ũm(s).∇)ϕ̃m(s),A−1

N φm(s)
〉
ds,

for all t ∈ [0, T ] and all m ≥ 1.
Let m ≥ 1 be fix. For each n ≥ 1, we consider the Ft-stopping time τn defined by:

τn = min(T, inf{t ∈ [0, T ]; |(ū(t), ϕ̄(t))|2
Y
+ |(um(t), ϕm(t))|2

Y
(3.87)

+

∫ t

0

[‖(ū, ϕ̄)‖2
V
+ ‖(um, ϕm)‖2

V
]ds ≥ n2}).
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It is straightforward to obtain from (3.86) and for all n, m ≥ 1 that

(3.88)

Ez(τn)Z(τn) + E

∫ τn

0

z(s)Z̃(s)ds

+E

∫ τn

0

z(s)‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)
ds

≤ 2E

∫ τn

0

z(s)
〈
B(ũm(s))− K̄0(s), θm(s)

〉
ds

+2E

∫ τn

0

z(s)
〈
h̄(s)− h(s, ũm(s)), θm(s)

〉
ds

−2E

∫ τn

0

z(s)
〈
K̄1(s)− χm(s)∇ϕ̃m(s), θm(s)

〉
ds

−2E

∫ τn

0

(μ̄(s)− χm(s), φm(s))ds

+2E

∫ τn

0

z(s)
(
Ḡ(s)−G(s, um(s)), Ḡ(s)−G(s, ū(s))

)
L2(K,Gdiv)

ds

+

∞∑
j=m+1

E

∫ T

0

z(s)|Ḡ(s)ej |2ds+ 2l2gE

∫ T

0

z(s)|ū(s)− ũm(s)|2ds

−2E

∫ τn

0

z(s)
〈
K̄2(s)− (ũm(s).∇)ϕ̃m(s),A−1

N φm(s)
〉
ds.

Claim 1. The right side of (3.88) goes to 0 as m goes to +∞.
(1). We first note that
(3.89)

lim
m→+∞

⎛
⎝ ∞∑

j=m+1

E

∫ T

0

z(s)|Ḡ(s)ej |2ds+ 2l2gE

∫ T

0

z(s)|ū(s)− ũm(s)|2ds
⎞
⎠ = 0.

Also, as G(s, um(s)) ⇀ Ḡ(s) in M2
Ft
(0, T ;L2(K,Gdiv)) and

1[0,τn]z(s)(Ḡ(s)−G(s, ū(s))) ∈ M2
Ft
(0, T ;L2(K,Gdiv)), we have

(3.90)

lim
m→+∞E

∫ τn

0

z(s)
(
Ḡ(s)−G(s, um(s)), Ḡ(s)−G(s, ū(s))

)
L2(K,Gdiv)

ds = 0.

(2). Let us prove that

lim
m→+∞E

∫ τn

0

z(s)
〈
h̄(s)− h(s, ũm(s)), θm(s)

〉
ds = 0.

We recall that

(3.91)
(um, ϕm) ⇀ (ū, ϕ̄), (ũm, ϕ̃m) → (ū, ϕ̄) in M2

Ft
(0, T ;V),

(ũm, ϕ̃m)− (um, ϕm) ⇀ (0, 0) in M2
Ft
(0, T ;V).

From (3.91), the fact that 1[0,τn]z(s)(h̄(s)− h(s, ū(s))) ∈ M2
Ft
(0, T ;V ′

div) and

1[0,τn]z(s)(h(s, ū(s))−h(s, ũm(s))) → 0 in M2
Ft
(0, T ;V ′

div) as m → +∞, we derive
that

lim
m→+∞E

∫ τn

0

z(s)
〈
h̄(s)− h(s, ū(s)), θm(s)

〉
ds = 0,

lim
m→+∞E

∫ τn

0

〈h(s, ū(s))− h(s, ũm(s)), θm(s)〉 ds = 0.

(3.92)
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Hence, we derive that

lim
m→+∞E

∫ τn

0

z(s)
〈
h̄(s)− h(s, ũm(s)), θm(s)

〉
ds

= lim
m→+∞E

∫ τn

0

z(s)
〈
h̄(s)− h(s, ū), θm(s)

〉
ds

+ lim
m→+∞E

∫ τn

0

z(s) 〈h(s, ū)− h(s, ũm), θm(s)〉 ds = 0. This proves (2).

(3.93)

(3). We also prove that

lim
m→+∞E

∫ τn

0

z(s)
〈
B(ũm(s))− K̄0(s), θm(s)

〉
ds = 0.

Note that

lim
m→+∞E

∫ τn

0

z(s)
〈
B(ũm(s))− K̄0(s), θm

〉
ds

= lim
m→+∞E

∫ τn

0

z(s) 〈B(ũm)−B(ū), θm)〉 ds

+ lim
m→+∞E

∫ τn

0

z(s)
〈
B(ū)− K̄0, θm

〉
ds.

(3.94)

By (3.91) and the fact that 1[0,τn]z(s)(B(ū(s))−K̄0(s)) ∈ M2
Ft
(0, T ;V ′

div), we deduce
that

(3.95) lim
m→+∞E

∫ τn

0

z(s)
〈
B(ū(s))− K̄0(s), θm(s)

〉
ds = 0.

By (2.9) and (3.60), we infer that

‖1[0,τn]z(s)(B(ũm(s))−B(ū(s)))‖V ′
div

≤ 1[0,τn](s)c|ũm(s)− ū(s)|1/2‖ũm(s)− ū(s)‖1/2(|ũm(s)|1/2‖ũm(s)‖1/2
+ |ū(s)|1/2‖ū(s)‖1/2)
≤ 1[0,τn](s)c|ũm(s)− ū(s)|1/2‖ũm(s)− ū(s)‖1/2|ū(s)|1/2‖ū(s)‖1/2,

and thus, ‖1[0,τn]z(s)(B(ũm(s))−B(ū(s)))‖V ′
div

→ 0, as m → +∞, dt×dP-a.e., and

‖1[0,τn]z(s)(B(ũm(s))−B(ū(s)))‖V ′
div

≤ 1[0,τn](s)c|ũm(s)− ū(s)|1/2‖ũm(s)− ū(s)‖1/2‖ū(s)‖
≤ cn‖ū(s)‖ ∈ M2

Ft
(0, T ;R),

Hence

(3.96) lim
m→+∞E

∫ τn

0

z(s) 〈B(ũm(s))−B(ū(s)), θm(s)〉 ds = 0.

Finally, we conclude from (3.94)-(3.96) that

(3.97) lim
m→+∞E

∫ τn

0

z(s)
〈
B(ũm(s))− K̄0(s), θm(s)

〉
ds = 0.

(4). Next we will prove that

(3.98) lim
m→+∞E

∫ τn

0

z(s)
〈
K̄1(s)− χm(s)∇ϕ̃m(s), θm(s)

〉
ds = 0.
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By (3.91), using the fact that 1[0,τn]z(s)(K̄1(s) − (aϕ̄ − J ∗ ϕ̄ + F ′(ϕ̄))∇ϕ̄) ∈
M2

Ft
(0, T ;V ′

div),
we get

(3.99) lim
m→+∞E

∫ τn

0

z(s)
〈
K̄1(s)− (aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄, θm(s)

〉
ds = 0.

Let v ∈ Vdiv. We have

| 〈(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− χm∇ϕ̃m, v〉 |

=

∣∣∣∣
〈
(ϕ̄− ϕ̃m)(ϕ̄+ ϕ̃m)

∇a

2
, v

〉∣∣∣∣
− | 〈J ∗ (ϕ̄− ϕ̃m)∇ϕ̃m, v〉 |+ | 〈(J ∗ ϕ̄)∇(ϕ̄− ϕ̃m), v〉 |
≤ c(|∇a|L∞ |ϕ̄+ ϕ̃m||ϕ̄− ϕ̃m|L4 + |J |L1 |∇ϕ̃m||ϕ̄− ϕ̃m|L4

+ |J |L1 |∇(ϕ̄− ϕ̃m)||ϕ̄|L4)|v|L4

≤ c(|∇a|L∞(|ϕ̄|+ |∇ϕ̃m|)|∇(ϕ̄− ϕ̃m)|
+ |J |L1 |∇ϕ̃m||∇(ϕ̄− ϕ̃m)|+ |J |L1 |∇(ϕ̄− ϕ̃m)||∇ϕ̄|)‖v‖.

Hence

(3.100)
‖(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μ̃m∇ϕ̃m‖V ′

div≤ c(|∇a|L∞(|ϕ̄|+ |∇ϕ̃m|) + |J |L1 |∇ϕ̃m|+ |J |L1 |∇ϕ̄|)|∇(ϕ̄− ϕ̃m)|.
From (3.60), (3.100) and (3.91), we infer that

‖1[0,τn]z(s)(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μ̃m∇ϕ̃m‖V ′
div

≤ 1[0,τn](t)c(|∇a|L∞ |ϕ̃m(t) + ϕ̄(t)|+ |∇J |L1 |ϕ̄(t)|+ |∇J |L1 |ϕ̃m(t)|)|ϕ̃m(t)− ϕ̄(t)|L4

≤ 1[0,τn](s)c(|∇a|L∞(|ϕ̄|+ |∇ϕ̄|) + |J |L1 |∇ϕ̄|+ |J |L1 |∇ϕ̄|)|∇(ϕ̄− ϕ̃m)|.
From this last inequality and (3.60), it follows that

‖1[0,τn]z(s)(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μ̃m∇ϕ̃m‖V ′
div

→ 0 as m → +∞, dt× dP-a.e.,

‖1[0,τn]z(s)(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μ̃m∇ϕ̃m‖V ′
div

≤ c(|∇a|L∞(|ϕ̄|+ |∇ϕ̄|) + |J |L1 |∇ϕ̄|+ |J |L1 |∇ϕ̄|)n ∈ M2
Ft
(0, T ;R).

Thus

(3.101) lim
m→+∞E

∫ τn

0

z(s) 〈(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μ̃m∇ϕ̃m, θm(s)〉 ds = 0.

By (3.99) and (3.101), we infer that

lim
m→+∞E

∫ τn

0

z(s)
〈
K̄1(s)− μ̃m(s)∇ϕ̃m(s), θm(s)

〉
ds = 0.

which proves (3.98).
(5). We now check that

(3.102) lim
m→+∞E

∫ τn

0

z(s)
〈
K̄2(s)− (ũm(s).∇)ϕ̃m(s),A−1

N φm(s)
〉
ds = 0.

By (3.91), using also the fact that z(s)(K̄2(s)− (ū(s).∇)ϕ̄(s)) ∈ M2
Ft
(0, T ;V ′

0),
we derive that

(3.103) lim
m→+∞E

∫ τn

0

z(s)(K̄2(s)− (ū(s).∇)ϕ̄(s),A−1
N φm(s))ds = 0.
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Also by (3.60), we have

‖1[0,τn]z(s)((ū(s).∇)ϕ̄(s)− (ũm(s).∇)ϕ̃m(s))‖V ′
0

≤ 1[0,τn](s)c(|ϕ̄(s)|L2κ+2(O)‖ū(s)− ũm(s)‖+ |ϕ̄(s)− ϕ̃m(s)|L2κ+2(O)‖ũm(s)‖)
≤ 1[0,τn](s)c(|ϕ̄(s)|L2κ+2(O)‖ū(s)− ũm(s)‖+ |∇(ϕ̄(s)− ϕ̃m(s))|‖ū(s)‖)

which implies that

‖1[0,τn]z(s)((ū(s).∇)ϕ̄(s)− (ũm(s).∇)ϕ̃m(s))‖V ′
0
→ 0 as m → +∞, dt× dP-a.e.,

‖1[0,τn]z(s)((ū(s).∇)ϕ̄(s)− (ũm(s).∇)ϕ̃m(s))‖V ′
0

≤ 1[0,τn](s)c(|ϕ̄(s)|L2κ+2(O) + ‖ū(s)‖)n ∈ M2
Ft
(0, T ;R).

Hence

(3.104) lim
m→+∞E

∫ τn

0

z(s)((ū(s).∇)ϕ̄(s)− (ũm(s).∇)ϕ̃m(s)),A−1
N φm(s))ds = 0.

Therefore from (3.103) and (3.104), we derive that

lim
m→+∞E

∫ τn

0

z(s)
〈
K̄2(s)− (ũm(s).∇)ϕ̃m(s),A−1

N φm(s)
〉
ds

= lim
m→+∞E

∫ τn

0

z(s)(K̄2(s)− (ū(s).∇)ϕ̄(s),A−1
N φm(s))ds

+ lim
m→+∞E

∫ τn

0

z(s)((ū(s).∇)ϕ̄(s)− (ũm(s).∇)ϕ̃m(s)),A−1
N φm(s))ds = 0,

which proves (3.102).
(6). Let us also prove that

(3.105) lim
m→+∞E

∫ t

0

(μ̄(s)− χm(s), φm(s))ds = 0.

We first observe that

μ̄− χm = ρ̄− J ∗ ϕ̄− χm = ρ̄− (aϕ̄+ F ′(ϕ̄)) + a(ϕ̄− ϕ̃m)
+F ′(ϕ̄)− F ′(ϕ̃m)− J ∗ (ϕ̄− ϕ̃m).

From (3.91) and the fact that 1[0,τn]z(s)(ρ̄ − (aϕ̄ + F ′(ϕ̄))) ∈ M2
Ft
(0, T ;V0) ⊂

M2
Ft
(0, T ;V ′

0), 1[0,τn]z(s)(F
′(ϕ̄(s))−F ′(ϕ̃m(s))) → 0 inM2

Ft
(0, T ;H) and 1[0,τn]z(s)(J∗

(ϕ̄(s) − ϕ̃m(s))) → 0 in M2
Ft
(0, T ;V0) ⊂ M2

Ft
(0, T ;V ′

0) as m → +∞, we derive
that

lim
m→+∞E

∫ t

0

(μ̄(s)− χm(s), φm(s))ds = 0.

This proves (3.105).
Hence we conclude from (1)-(6) that the right-hand side of (3.88) tends to zero as
m tends to infinity.
Now since

(3.106) e−z1T−cc22n
2−8cc41c

2
2n

4−8cc41n
4− cc21c2n2

2 T− cc21c2
2 n2−cc41c

2
2n

4−cc41n
4−2cn4

≤ 1|[0,τn]z(s) ≤ 1,
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we infer from (3.88) that

lim
m→∞EZ(τn) = 0

lim
m→∞E

∫ τn

0

Z̃(s)ds = lim
m→∞E

∫ τn

0

ν‖θm(s)‖2 + c0|φm(s)|2ds

= lim
m→∞E

∫ τn

0

ν‖ũm(s)− um(s)‖2 + c0|ϕ̃m(s)− ϕm(s)|2ds = 0,

E

∫ τn

0

‖G(s, ū(s))− Ḡ(s)‖2L2(K,Gdiv)
ds = 0.

(3.107)

We note that in (3.106) the constants c1 and c2 come from:

‖(ũm, ϕ̃m)‖V ≤ c2‖(ū, ϕ̄)‖V,
|ϕi

m|L4 ≤ c1|ϕi
m|1/2|∇ϕi

m|1/2, i = 1, 2, ϕ1
m = ϕm and ϕ2

m = ϕ̃m.

Also the constant c appearing in (3.106) comes from (3.85) and z1 = 2l2g + cl2h + c.
In (3.106) we have also used the property of the stopping time τn defined in (3.87),
the fact that |um|L4 ≤ 21/4|um|1/2‖um‖1/2 (by Ladyzhenskaya’s inequality) and
|ϕ̃m + ϕm|L4 ≤ 8(|ϕ̃m|4L4 + |ϕm|4L4).

Claim 2. The following hold true

G(t, ū) = Ḡ(t) in M2
Ft
(0, T ;L2(K,Gdiv)),

h(t, ū) = h̄(t) in M2
Ft
(0, T ;V ′

div),

B(ū, ū) ≡ B(ū) = K̄0 in M2
Ft
(0, T ;V ′

div),

(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄ = K̄1 in M2
Ft
(0, T ;V ′

div),(3.108)

(ū.∇)ϕ̄ = K̄2 in M2
Ft
(0, T ;V ′

0),

a(.)ϕ̄+ F ′(ϕ̄) = ρ̄ in Lr(Ω,P;L∞(0, T ;Lr(O))),

μ̄ = ρ̄− J ∗ ϕ̄ = aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄ in M2
Ft
(0, T ;U).

By (3.107)3 and the fact that the sequence {τn : n ≥ 1} is increasing to T , we infer
that

Ḡ(t) = G(t, ū) in M2
Ft
(0, T ;L2(K,Gdiv)),

which proves (3.108)1.
We observe that owing to (3.60)3 and (3.107)2, we have

(3.109)
um|[0,τn] → ū|[0,τn] in M2

Ft
(0, T ;Vdiv),

ϕm|[0,τn] → ϕ̄|[0,τn] in M2
Ft
(0, T ;L2

(0)(O)).

Let us move to the proof of (3.108)2. For any w ∈ M∞
Ft
(0, T ;Vdiv), we have using

also the Lipschitz condition on h

E

∫ τn

0

〈h(s, ū(s))− h(s, um(s)), w〉 ds

≤ clh‖w‖M∞
Ft

(0,T ;Vdiv)E

∫ τn

0

|ū(s)− um(s)|ds

≤ clh‖w‖M∞
Ft

(0,T ;Vdiv)E

∫ τn

0

‖ū(s)− um(s)‖ds,
which implies that

(3.110) lim
m→∞E

∫ τn

0

〈h(s, ū(s))− h(s, um(s)), w〉 ds = 0.



STOCHASTIC NONLOCAL CAHN-HILLIARD-NAVIER-STOKES 53

By (3.57)6 and (3.110) we have for any w ∈ M∞
Ft
(0, T ;Vdiv)

lim
m→∞E

∫ τn

0

〈
h̄(s)− h(s, ū(s)), w

〉
ds = 0.

Hence from this last inequality, using the fact that τn ↑ T and M∞
Ft
(0, T ;Vdiv) is

dense in M2
Ft
(0, T ;Vdiv), we infer that

h̄(t) = h(t, ū) in M2
Ft
(0, T ;V ′

div).

This proves (3.108)2.
Let us move to the proof of (3.108)3. We note that for any w ∈ M∞

Ft
(0, T ;Vdiv)

E

∫ τn

0

〈B(ū(s), ū(s))−B(um(s), um(s)), w〉 ds

≤ c‖w‖M∞
Ft

(0,T ;Vdiv)E

∫ τn

0

|ū(s)− um(s)| 12 ‖ū(s)− um(s)‖ 1
2 (‖ū(s)‖+ ‖um(s)‖)ds.

Thus

(3.111) lim
m→∞E

∫ τn

0

〈B(ū(s), ū(s))−B(um(s), um(s)), w〉 ds = 0.

From (3.111) and (3.57)3, we derive that for any w ∈ M∞
Ft
(0, T ;Vdiv)

lim
m→∞E

∫ τn

0

〈
B(ū(s), ū(s))− K̄0(s), w

〉
ds = 0.

From this last inequality, using the fact that τn ↑ T and M∞
Ft
(0, T ;Vdiv) is dense in

M2
Ft
(0, T ;Vdiv), we infer that

B(ū, ū) = K̄0 in M2
Ft
(0, T ;V ′

div).

This proves (3.108)3.
To proves (3.108)4, we note that

E

∫ τn

0

〈(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μm∇ϕm, w〉 ds

≤ c‖w‖M∞
Ft

(0,T ;Vdiv)E

∫ τn

0

(|ϕ̄+ ϕm|+ |∇ϕm|+ |ϕ̄|) |ϕ̄− ϕm|L4ds

≤ c‖w‖M∞
Ft

(0,T ;Vdiv)E

∫ τn

0

(|ϕ̄|+ |ϕm|+ |∇ϕm|) |ϕ̄− ϕm| 12 |∇(ϕ̄− ϕm)| 12 ds

which gives

(3.112) lim
m→∞E

∫ τn

0

〈(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− μm∇ϕm, w〉 ds = 0.

From (3.57)4 and (3.112), we infer that

lim
m→∞E

∫ τn

0

〈
(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄− K̄1, w

〉
ds = 0 for all w ∈ M∞

Ft
(0, T ;Vdiv).

Hence

(aϕ̄− J ∗ ϕ̄+ F ′(ϕ̄))∇ϕ̄ = K̄1 in M2
Ft
(0, T ;V ′

div).
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This proves (3.108)4.
Let us move to the proof of (3.108)5.
Using the Gagliardo-Nirenberg inequality, we have for any ψ ∈ M∞

Ft
(0, T ;V0)

E

∫ τn

0

〈(ū.∇)ϕ̄− (um.∇)ϕm, ψ〉 ds

≤ c‖ψ‖M∞
Ft

(0,T ;V0)E

∫ τn

0

(|ϕ̄|L2κ+2‖ū− um‖+ ‖um‖|ϕ̄(s)− ϕm(s)|L2κ+2)ds

≤ c‖ψ‖M∞
Ft

(0,T ;V0)E

∫ τn

0

(|ϕ̄|L2κ+2‖ū− um‖+ ‖um‖|ϕ̄− ϕm| 1
κ+1 |∇(ϕ̄− ϕm)| κ

κ+1 )ds

which implies that for any ψ ∈ M∞
Ft
(0, T ;V0)

(3.113) lim
m→∞E

∫ τn

0

〈(ū(s).∇)ϕ̄(s)− (um(s).∇)ϕm(s), ψ〉 ds = 0.

From (3.57)5 and (3.113), we derive that

lim
m→∞E

∫ τn

0

〈
(ū(s).∇)ϕ̄(s)− K̄2(s), ψ

〉
ds = 0.

Finally from this last inequality, using the fact that τn ↑ T and M∞
Ft
(0, T ;V0) is

dense in M2
Ft
(0, T ;V0), we infer that

(ū.∇)ϕ̄ = K̄2 in M2
Ft
(0, T ;V ′

0).

This proves (3.108)5.
The proof of (3.108)6 follows easily from (3.57)8 and the fact that ϕm|[0,τn] →
ϕ̄|[0,τn] in M2

Ft
(0, T ;L2

(0)(O)).

Finally the proof of (3.108)7 is just a consequence of the proof of (3.108)6.
Hence, we conclude from Claim 1 and Claim 2 that (ū, ϕ̄) is a solution of (2.17).
We note that the estimate (2.19) follows from (3.32). The fact that B(ū) ∈
M2

Ft
(0, T ;V ′

div) , μ̄∇ϕ̄ ∈ M2
Ft
(0, T ;V ′

div) follows respectively from the estimates
(3.53), (3.50).
Since B(ū), μ̄∇ϕ̄ ∈ M2

Ft
(0, T ;V ′

div), Aū+ h(t, ū) ∈ M2
Ft
(0, T ;V ′

div) ,

G(t, ū) ∈ M2
Ft
(0, T ;L2(K,Gdiv)) and μ̄∇ϕ̄ ∈ M2

Ft
(0, T ;V ′

div) then from Theorem
4.2.5 in [32], ū is P-a.s. continuous with values in Gdiv.
Similarly owing to the fact that ϕ̄ ∈ M2

Ft
(0, T ;V0) and ϕ̄t ∈ M2

Ft
(0, T ;V ′

0), we de-
duce from Lemma 1.2 in [37] that, ϕ̄ is P-a.s. continuous with values in H. This
completes the proof of the existence. �

3.2. Proof of the uniqueness.

Proposition 3.2. We assume that the hypotheses of Theorem 2.5 hold. Let
(u, ϕ) be a variational solution to (2.17), then (u, ϕ) satisfies

(3.114)

Etot(u(t), ϕ(t)) + 2

∫ t

0

(
ν‖u(s)‖2 + |∇μ(s)|2) ds = Etot(u0, ϕ0)

+2

∫ t

0

〈h(s, u(s)), u(s)〉 ds+
∫ t

0

‖G(s, u(s))‖2L2(K,Gdiv)
ds

+2

∫ t

0

〈G(s, u(s))dW (s), u(s)〉 ds,

E

∫ t

0

〈G(s, u(s))dW (s), u(s)〉 = 0,



STOCHASTIC NONLOCAL CAHN-HILLIARD-NAVIER-STOKES 55

with t ∈ [0, T ] and Etot is given by (2.14)2.

Proof. From (2.17)1 and the fact that B(u) ∈ M2
Ft
(0, T ;V ′

div) , μ∇ϕ ∈
M2

Ft
(0, T ;V ′

div), we can apply the Itô formula to the process |u|2 (see Theorem
4.2.5 in [32]) and derive that

(3.115)

|u(t)|2 + 2

∫ t

0

ν‖u(s)‖2ds = |u0|2 + 2

∫ t

0

〈μ(s)∇ϕ(s), u(s)〉 ds

+2

∫ t

0

〈h(s, u(s)), u(s)〉 ds+
∫ t

0

‖G(s, u(s))‖2L2(K,Gdiv)
ds

+2

∫ t

0

〈G(s, u(s))dW (s), u(s)〉 , ∀t ∈ [0, T ].

We have μ ∈ H1 a.e. (can be derived from the estimates (3.49)). We also note that
since the following Gelfand chain holds

U ⊂ H = H ′ ⊂ H ′,

where each space is densely and compactly embedded into the next one, the duality
pairing between U and U ′ can be also viewed as a scalar product in H. Hence we
can multiply ∂tϕ by μ in H and derive that

(3.116)
d

dt
E(ϕ) + 〈(u.∇)ϕ, μ〉+ |A1/2μ|2 = 0.

Integrating (3.116) from 0 to t, multiplying the result by 2 and adding the resulting
equation to (3.115), we derive (3.114)1.
Note that (3.114)2 follows from the fact that

G(t, u) ∈ M2
Ft
(0, T ;L2(K,Gdiv)) and u ∈ L4(Ω; C([0, T ];Gdiv)).

The proof of Proposition 3.2 is now complete. �

Proposition 3.3. Assume that the hypotheses of Theorem 2.5 are satisfied.
There exists a unique variational solution to problem (2.17).

Proof. Let (u1, ϕ1), (u2, ϕ2) be two variational solutions to (2.17). Let (u, ϕ, μ) =
(u1, ϕ1, μ1)− (u2, ϕ2, μ2). Then (u, ϕ) satisfies

(3.117)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

du+ [νAu+B(u2, u) +B(u, u1)]dt = [−ϕ(ϕ1 + ϕ2)
∇a

2
]dt

−[(J ∗ ϕ)∇ϕ2 + (J ∗ ϕ1)∇ϕdt+ [h(t, u1)− h(t, u2)]dt

+[G(t, u1)−G(t, u2)]dW,
dϕ

dt
+ (u.∇)ϕ1 + (u2.∇)ϕ+Aμ = 0,

μ = aϕ− J ∗ ϕ+ F ′(ϕ1)− F ′(ϕ2),

(u, ϕ)(0) = (0, 0).
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Applying the Itô formula to the process |u(t)|2 and integrating the result between
0 and t, we obtain

(3.118)

|u(t)|2 + 2ν

∫ t

0

‖u‖2ds+ 2

∫ t

0

〈B(u, u1), u〉 ds

= −
∫ t

0

(ϕ(ϕ1 + ϕ2)∇a, u) ds+ 2

∫ t

0

〈h(s, u1)− h(s, u2), u〉 ds

−2

∫ t

0

((J ∗ ϕ)∇ϕ2 + (J ∗ ϕ1)∇ϕ, u) ds

+

∫ t

0

‖G(s, u1(s))−G(s, u2(s))‖2L2(K,Gdiv)
ds

+2

∫ t

0

〈G(s, u1(s))−G(s, u2(s))dW (s), u〉 .

We apply the Lagrangian theorem to F ′ (F is regular enough to do so), and get

F ′(ϕ1)− F ′(ϕ2) = F ′′(ϕ2 + θϕ)ϕ, with 0 < θ < 1.

We take the duality of (3.117) with A−1
N ϕ and obtain after integrating over 0 and t

(3.119)

|A−1/2
N ϕ(t)|2 + 2

∫ t

0

(aϕ(s) + F ′′(ϕ2(s) + θϕ(s))ϕ(s), ϕ(s)) ds

= −2

∫ t

0

〈
(u.∇)ϕ1,A−1

N ϕ
〉
ds− 2

∫ t

0

〈
(u2.∇)ϕ,A−1

N ϕ
〉
ds

+2

∫ t

0

(J ∗ ϕ(s), ϕ(s)) ds.

Summing (3.118) and (3.119), we derive that

(3.120)

|u(t)|2 + |A−1/2
N ϕ(t)|2 + 2ν

∫ t
0
‖u‖2ds+ 2

∫ t

0

〈B(u, u1), u〉 ds

+2

∫ t

0

(aϕ(s) + F ′′(ϕ2(s) + θϕ(s))ϕ(s), ϕ(s)) ds

= −
∫ t

0

(ϕ(ϕ1 + ϕ2)∇a, u) ds+ 2

∫ t

0

〈h(s, u1)− h(s, u2), u〉 ds

−2

∫ t

0

((J ∗ ϕ)∇ϕ2 + (J ∗ ϕ1)∇ϕ, u) ds− 2

∫ t

0

〈
(u.∇)ϕ1,A−1

N ϕ
〉
ds

+

∫ t

0

‖G(s, u1(s))−G(s, u2(s))‖2L2(K,Gdiv)
ds

−2

∫ t

0

〈
(u2.∇)ϕ,A−1

N ϕ
〉
ds

+2

∫ t

0

〈G(s, u1(s))−G(s, u2(s))dW (s), u〉+ 2

∫ t

0

(J ∗ ϕ(s), ϕ(s)) ds.

Note that

(3.121) 2

∫ t

0

(aϕ(s) + F ′′(ϕ2(s) + θϕ(s))ϕ(s), ϕ(s)) ds ≥ 2c0

∫ t

0

|ϕ(s)|2ds,

(3.122) 2 |〈B(u(s), u1(s)), u(s)〉| ≤ ν

6
‖u(s)‖2 + c‖u1(s)‖2|u(s)|2,
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2 |(J ∗ ϕ,ϕ)| ≤ 2
∣∣∣(A1/2

N (J ∗ ϕ),A−1/2
N ϕ

)∣∣∣
= 2
∣∣∣(A1/2

N (J ∗ ϕ− 〈J ∗ ϕ〉),A−1/2
N ϕ

)∣∣∣
≤ 2|∇(J ∗ ϕ− 〈J ∗ ϕ〉)||A−1/2

N ϕ|
≤ 2|∇J |L1 |ϕ||A−1/2

N ϕ|
≤ c0

5
|ϕ|2 + c|∇J |2L1 |A−1/2

N ϕ|2,

(3.123)

where we have also used Hölder’s, Ladyzhenskaya inequalities, and Young’s in-

equality for convolution and the fact that |A1/2
N ϕ|2 = (ANϕ,ϕ) = |∇ϕ|2, for

all ϕ ∈ D(AN ) and hence |A1/2
N ϕ| = |∇ϕ|, which also holds, by density, for all

ϕ ∈ D(A1/2
N ) = V0.

Thanks to the Hölder, Young’s inequality in conjunction with (2.7), the following
two estimates hold:

2| 〈(u(s).∇)ϕ1(s),A−1
N ϕ(s)

〉 | = 2
∣∣(u(s).∇A−1

N ϕ(s), ϕ1(s)
)∣∣

≤ 2|ϕ1(s)|L4 |u(s)|L4 |∇A−1
N ϕ(s)|

≤ ν

6
‖u(s)‖2 + c|ϕ1(s)|2L4 |A−1/2

N ϕ(s)|2,
(3.124)

2| 〈(u2(s).∇)ϕ(s),A−1
N ϕ(s)

〉 | = 2
∣∣− (u2(s).∇A−1

N ϕ(s), ϕ(s)
)∣∣

≤ 2|ϕ(s)||u2(s)|L4 |∇A−1
N ϕ(s)|L4

≤ c0
5
|ϕ(s)|2 + c|u2(s)|4L4 |A−1/2

N ϕ(s)|2.
(3.125)

By Hölder’s, Ladyzhenskaya’s and Young’s inequalities, we have

|(ϕ(ϕ1 + ϕ2)∇a, u)| ≤ |∇a|L∞ |ϕ||ϕ1 + ϕ2|L4 |u|L4

≤ c|∇a|L∞ |ϕ||ϕ1 + ϕ2|L4‖u‖1/2|u|1/2

≤ c0
5
|ϕ|2 + ν

6
‖u‖2 + c|∇a|4L∞ |ϕ1 + ϕ2|4L4 |u|2

≤ c0
5
|ϕ|2 + ν

6
‖u‖2 + c|∇J |4L1 |ϕ1 + ϕ2|4L4 |u|2,

(3.126)

where we have also used the fact that |∇a|L∞ ≤ |∇J |L1 .
In order to estimate ((J ∗ ϕ)∇ϕ2, u) and ((J ∗ ϕ1)∇ϕ, u), we rewrite these terms
using an integration by parts and the divergence free condition as

((J ∗ ϕ)∇ϕ2, u) = −((∇J ∗ ϕ)ϕ2, u),
((J ∗ ϕ1)∇ϕ, u) = −((∇J ∗ ϕ1)ϕ, u).

Now by Hölder’s, the Ladyzhenskaya inequalities, and Young’s inequality for con-
volution, the following estimate holds:

2 |((∇J ∗ ϕ)ϕ2, u)| ≤ 2|ϕ2|L4 |u|L4 |∇J ∗ ϕ|
≤ c|∇J |L1 |ϕ|‖u‖1/2|u|1/2|ϕ2|L4

≤ c0
5
|ϕ|2 + ν

6
‖u‖2 + c|∇J |4L1 |ϕ2|4L4 |u|2.

(3.127)

Making similar reasoning as in the previous estimate, we infer that

(3.128) 2|((∇J ∗ ϕ1)ϕ, u)| ≤ c0
5
|ϕ|2 + ν

6
‖u‖2 + c|∇J |4L1 |ϕ1|4L4 |u|2.
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Owing to the assumptions on h and Young’s inequality, we have

(3.129)
2‖ 〈h(s, u1(s))− h(s, u2(s)), u(s)〉 ‖V ′

div
≤ 2lh|u(s)|‖u(s)‖
≤ ν

6‖u(s)‖2 + cl2h|u(s)|2,
(3.130) ‖G(s, u1(s))−G(s, u2(s))‖2L2(K,Gdiv)

≤ l2g|u(s)|2.
Let

Z2(t) = |u(t)|2 + |A−1/2
N ϕ(t)|2 = |u(t)|2 + ‖ϕ(t)‖2V ′

0
,

and

(3.131)
K1(t) = c(‖u1(t)‖2 + |ϕ1(t)|2L4 + |u2(t)|4L4 + |∇J |4L1 |ϕ1(t) + ϕ2(t)|4L4)

+c|∇J |4L1(|ϕ1(t)|4L4 + |ϕ2(t)|4L4),

K2(t) = e−
∫ t
0
K1(s)ds.

Applying Itô’s formula to the process K2(t)Z2(t) and using (3.120)-(3.130), we
derive that

(3.132)

K2(t)Z2(t) +

∫ t

0

K2(s)[ν‖u(s)‖2 + c0|ϕ(s)|2]ds

≤ (c|∇J |2L1 + l2g + cl2h)

∫ t

0

K2(s)Z2(s)ds

+2

∫ t

0

K2(s) 〈G(s, u1(s))−G(s, u2(s))dW (s), u(s)〉 .

As 0 < K2(t) ≤ 1, the expectation of the stochastic integral in (3.132) vanishes and
it follows that

(3.133) EK2(t)Z2(t) ≤ (c|∇J |2L1 + l2g + cl2h)E

∫ t

0

K2(s)Z2(s)ds, 0 ≤ t ≤ T.

Now applying the Gronwall lemma to (3.133), we derive that Z2(t) = 0 P-a.s., for
all t ∈ [0, T ], which gives (u1, ϕ1) = (u2, ϕ2), P-a.s., for all t ∈ [0, T ].
This completes the proof of Proposition 3.3. �

4. Convergence Results

The following proposition shows that the sequence of approximate solutions
(um, φm) defines by the Galerkin approximation scheme converges to the unique
variational solution of problem (2.1).

Proposition 4.1. Under the hypotheses of Theorem 2.5, the following conver-
gence hold:

lim
m→∞E

(
|um(t)− ū(t)|2 + ‖ϕm(t)− ϕ̄(t)‖2V ′

0

)
= 0,

lim
m→∞E

∫ t

0

(‖um(s)− ū(s)‖2 + |ϕm(s)− ϕ̄(s)|2) ds = 0,(4.1)

for m → ∞ and for all t ∈ [0, T ].

The following lemma will be useful for the proof of Proposition 4.1. The proof
of this lemma can be found in [5, 8, 35].

Lemma 4.2. Let {Zm : m ≥ 1} ⊂ M2
Ft
(0, T ;R) be a sequence of continuous

real processes and let {σn : n ≥ 1} be a sequence of Ft-stopping times such that
σn ↑ T ; supm≥1 E|Zm(T )|2 < ∞ and limm→∞ |Zm(σn)| = 0, for n ≥ 1. Then
limm→∞ E|Zm(T )| = 0.



We now give the proof of Proposition 4.1.

Proof. Applying Lemma 4.2 to Zm(t) = ‖(um(t), ϕm(t))−(ū(t), ϕ̄(t))‖2Gdiv×V ′
0

and σn = τn, using (2.19), (3.32), (3.107)1 and the uniqueness of (ū, ϕ̄), we derive
that the whole sequence given by (3.58) satisfies

lim
m→∞E‖(um(t), ϕm(t))− (ū(t), ϕ̄(t))‖2Gdiv×V ′

0
= 0 for all t ∈ [0, T ].

Similarly, applying Lemma 4.2 to Zm(t) =
∫ t
0

(‖um(s)− ū(s)‖2 + |ϕm(s)− ϕ̄(s)|2) ds,
using (2.19), (3.107)2 and the fact that V0 ↪→ L2

(0)(O) continuously, we infer that

the whole sequence (um, ϕm) converges to (ū, ϕ̄) strongly in M2
Ft
(0, T ;V1), i.e.,

lim
m→∞E

∫ t

0

(‖um(s)− ū(s)‖2 + |ϕm(s)− ϕ̄(s)|2) ds = 0 for all t ∈ [0, T ].

We note that V1 denotes a Hilbert space defined by

(4.2) V1 = Vdiv × L2
(0)(O),

endowed with the scalar product whose associated norm is

(4.3) ‖(v, ϕ)‖2
V1

= ‖v‖2 + |ϕ|2.
The proof of Proposition 4.1 is now complete. �
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