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ABSTRACT. Under (@,n — 1) € [0, 1) x N this paper explores the fractional Sobolev type
inclusion and the Fefferman-Stein type decomposition of the predual forms (unifying ones
in [5] under @ = 0 & [2] under @ € (0, 1)) of the so-called (BMO — Q) & (BMO — Q)~!
spaces
(~A) 3 L2®Y & (M) 1L ®Y) T = div(-A) T L RY)!
and their natural actions on revealing
(~8) 5 LP®Y) & (A ELP @)

analogues of the global results in [26] about the heat flow of harmonic maps & the hydro-
dynamic flow of nematic liquid crystals.
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1.1. Describing (-A)~%_.2%?*(R") and its predual. To begin with, let us recall the
following concept.

DEFINITION 1.1. Let (@, A, p,n) € (—00,00) X (=00, 00) X [1,00) X N.
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> (=A)? is the 5-th power of the standard Laplacian operator —A - in other words
- the following Fourier transform formula

(D)3 (&) = €[
holds for any function or tempered distribution for which the right-hand-side is
meaningful. In particular, (—A)° is defined as the identity; and if 0 < & < 2 then
there are two constants ¢ 4, ¢, such that
)C) _a )
M = f TV =TO) 4 g (-a) zf(x>=c2,af _JO)
=l wly =
hold for any regular enough function f on R”".
> ZPAR™) and LPA(R") express respectively the (p, 1)- Campanato space and the
(p, )-Morrey space whose norms are decided respectively by (cf. [6, 20])

1

o

{ufn;ﬂ.«l(Rn) = S0P perton (7 Fygupmy O = G dx| dy)" ;
1fll @y = SUP spester (7 Fygry g PO )"

where R}j” = (0,00) x R" is the (1 + n)-dimensional half space based on R”,
B(xy, ro) stands for the Euclidean ball with centre xy € R" and radius r( € (0, o),

and J%(xwo) is the integral average over B(xy, rp) with respect to the Lebesgue

measure element dx.
> Below are a group of the well-known inclusions (cf. [9, 6, 24, 29])
L=(R") = LPOR") € LPOR") = BMOR");
LE(R") € L22RY) € L2 (R") as 0 < 2a <n,
and a (BMO - Q) identification (cf. [30, 31])
« BMOR" =0;
(-ay b2 = {BMOGED - as e
0.,R") as O<a<l,

[l . - llsmoeny  as @ =0;
(—A)ifa(fz.ZrY(R") || . ”Qa(Rn) as 0 <a< 1,

where a measurable function f is in Q,(R") if and only if

1
2 3
2 If(x) - fOIF :
||f||Qly(Rn) = sup (r”+ (IJC JC | |n+2(1 dxdy| < oo,
(r0,x0)ERL™ B(xo,r0) Y B(xo,rg)  1X — Y

see also [4]. Note that if ¢ is constant then

llcll 22a(rny = 0 = lIcllg, -
So, all the constants form an equivalent class, i.e., the zero element in .Z 2.2e(R™)

(including BMO(R™)) and Q,(R"), and consequently the above identification via
(—=A)™2 makes sense for the involved quotient spaces:

LR as a € (0,1);
BMOR®R™) = L**(R")  as a = 0;
0.(R") as a € (0,1).

> [0,1)3 @ (A T.L22(R") is decreasing and
LORM) C (-A) 1L R & a = 0;
(—A)ELE(R") G (A2 LR € (-A)E LR as 0 < 2a <n,
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Moreover, if n > 2 then (cf. [29, Theorem 4.1] & [31, Theorem 3.1])
(1.1) WHRY) € CIS(R™) € Qpea<i(RY) € BMO(R"),

where W'*(R") and CIS (R") represent the conformally-invariant-Sobolev spaces
of all f € C'(R") (continuously differentiable functions in R”) with

1l = ( fR vfeor dx)" <o

and
1

2
Ifllczs@®sy = sup (rgf IV f(x)P dx) < o0
B(xo,70)

(ro.x0)ERL™

respectively.

Clearly, the above structure is an important motivation to explore (=A)~3 L2 (RY)
and its applications in many other areas including harmonic analysis and partial differential
equations; see also [2, 3, 8, 12, 27, 28, 33, 32, 35, 37, 34, 14, 15, 36].

The first purpose of this paper is to present an idea of revealing the predual form of
every single space (—A)”7.2>>*(R") and its fractional Sobolev type imbedding of inde-
pendent interest.

THEOREM 1.2. Let (a,n—1) € [0,1) X N. Then:
(i) The space duality
(-8 FZ*®") = [HH.,R"]
holds in the sense that if f € (~A)~2.L>*(R") then the functional

g | Segdx

(initially for all g € HHL,(R”) N CyR™) has a bounded linear extension to
all g € HH' (R"). Conversely, if L is a bounded linear functional on the a-
Hardy-Hausdorff space « HH'! ,(R") (cf. Definition 2.1 below) then there is f €
(=A)~3 ZL%2(R") such that

L) = [ fsodr ¥ g€ HHL (R,

(1) The fractional Sobolev type inclusion
(-A)THH! (R") € Li="(R") = L= (R")
is valid.

Here it should be noticed that the cases « = 0 & @ € (0,1) of Theorem 1.2(i) are
essentially due to Fefferman-Stein [S] (showing that the dual of the Hardy space H R is
BMO(R")) and Dafni-Xiao [2] (showing that the dual of HH' ,(R") is Q,(R")) respectively,
and Theorem 1.2(ii) is a somewhat surprising consequence of Theorem 1.2(i), not only
strengthening the Stein-Weiss Sobolev type inclusion (cf. [25])

(-A)H'(R") € L7 (R") dueto H'(R")C HH' (R").
but also corresponding to Schikorra-Spector-Schaftingen’s [23, Theorem A]

=875 fll e oy S IRy < Iy ¥ f € H' R,
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where

R(f) = (Ri(f), - . Ru(f))

n+1y a (x;=yDf» )n
I 7 p.v. — "
(( 2 )ﬂ- prR" |x_y|n+l yj:l
[t

(

]V(—A)‘if.

1-mn=2cyy

1.2. Characterizing ((—A)~%.#22*(R"))”" and its predual. Below is a natural no-
tion.

DEFINITION 1.3. Let (a,n) € [0,1) X N.
> fe((~A)52*2®Y) ™ provided
EI fl’ e 9ﬁl c (_A)—%XZ,Z(I(R}'L)

such that
f) =div(fi(x), -, fu(x)) = Zﬁxjfj(X) Vox=(x,,x) €RN
j=1

Moreover,

n
”f”((—A)‘%‘212"(]&”))71 = inf {Z IFill s fw(Rﬂ)} ’
=

where the infimum ranges over all
f=div(fi,- -, fa)
enjoying
(froe o fo) € CAELPORY) X . X (=4) 2L R")

n copies

= (A2 L R"Y)",

> As (BMO - Q)~! space chain,
[0,1) 3 @ - (~A) 222 RY)™
is decreasing, and if n > 2 then
L'R") C L2®") € (-A)F 2> ®RY)™ € BMO™'(R") = div(BMOR"))".

The second purpose of this paper is to use Theorem 1.2 to reveal that (-A)~2 Z>2*(R")
has a Fefferman-Stein type decomposition (cf. [5]) and yet ((—A)‘%,,2”2’2"(1&”))_1 exists as
the dual to the Hardy-Hausdorff-Sobolev space HHS!, which, under @ = 0, embedds
into the homogeneous Sobolev space WUL(R") (defined as the closure of Cy (R")-functions
f with respect to the norm j]‘Rn [V f(x)|dx) whose duality (cf. [22, Lemma 4.1]) can be
identified with

(L®)™ = div(L7(R")".

THEOREM 1.4. Let (a,n—1) € [0,1) X N. Then:
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(1)
(_A)—%nga(Rn) — Loo(Rn) N (—A)_%XZ’ZQ(Rn)
+ ) RILVRY) N (~A) 2 L2 RY)
j=1
holds in the sense that
feENTELP R
if and only if
3 g0, .80 € LR N (—A) 2L RY)
such that
n T % ,
f=g+ ZRjgj =go+ [(—,H)]](—A)WV (g1 5 8n)-
=1

(1-n)r2cyy
(ii)
(-A) 2 22 ®")™ = [HHS L ,R")]
provided that HHS ! ,(R") is the Hardy-Hausdorff-Sobolev space of all functions

-

f on R" satisfying
VfeHH' (R")x---x HH' (R") = (HH' (R"))".

n copies

Actually, the cases @ = 0 and @ € (0, 1) of Theorem 1.4(i) are due to Fefferman-
Stein [5] and Yang-Qian-Li [35] (extending Nicolau-Xiao’s one-dimensional-result [21])
respectively - moreover - according to the inclusion chain (1.1), Theorem 1.4(i) which
especially implies

(-8 LR 2 Z Ri(L™(R") N (=A) 2222 (®"),
=1
and the following Bourgain-Brezis decomposition under n > 2 (cf. [1, p.305])
WI(RMY) = Zn:R AL R N WHR™Y) with WH(R?) = CIS (R?)
=1
we conjecture that any
X e {CIS(R”>2), (_A)—ggz,za(anz)}

is an answer of the Bourgain-Brezis question (cf. [1, p.396]):

What are the function spaces X, W'""(R") C X € BMO(R"), such that every F € X has
a decomposition F = Z;le R;Y;whereY; € L"R")N X andn >27?

But nevertheless Theorem 1.4(ii) is new and useful, at least thanks to some applications of
both BMO~'(R") and Q;I(R") in studying the Navier-Stokes systems (see e.g. [11, 30, 31,
13, 8, 33, 32)).
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1.3. Applied to heat flow of harmonic maps. Being inspired by [19, 26], we recall
the following concept.

DEFINITION 1.5. Let (n,k) € N x N, N be a k-dimensional compact Riemannian
manifold without boundary, isometrically embedded in some Euclidean space R, T, be
the tangent plane at x € N, and

I(x): TN XTN — (T N)*
be the second fundamental form of N' C R’ at x € N. Then the system of heat flow of
harmonic maps u from R}f” = (0,00) x R" to N is:
{u, — Au =TI(u)(Vu, Vi) in R

1.2
( ) l/t|t:o = Uy in R”.

The third purpose of this paper is to utilize (-A)~2.2>2*(R") and some ideas devel-
oped in [33, 32] to improve the well-posedness for the heat flow of harmonic maps within
BMO@R™).

THEOREM 1.6. Let (a,k,n—1) € [0,1) X N X N and N be a k-dimensional compact
Riemannian manifold without boundary, isometrically embedded in some Euclidean space
R There exists & > 0 such that if ug : R" — N obeys

u a <€
Il 0”((—A)’§32,20(Rn))l

then (1.2) has a unique mild solution

w=(up,-,u) € Xo(RY™)
with
1 1
el z1ony = Z et oo,y + Z lljlly, gony < €
j=1 j=1
and
1
72 2\ @ 2
L1\ dydt
lijlly, oy = sup  VAVU ()l +  sup ( f f Va1, y)| (—) =1
(rx)eRn (rmert \Jo  JIB(xr) t r

The case @ = 0 of Theorem 1.6 is due to Wang [26] (cf. Koch-Lamm’s survey [10]).
However, it is worth mentioning that Qp<,<1(R") is more regular than BMO(R") and so
X(’) . <1(R}f”) is more regular than X(’)(R}f") - in other words - @ = 0 of Theorem 1.6 cannot

directly derive @ € (0, 1) of Theorem 1.6.

1.4. Applied to flow of liquid crystals. Stemming from a understanding of the well-
posedness for the liquid crystal flow (coupling the incompressible Navier-Stokes system
and the transported heat flow of harmonic maps into S?) investigated initially by Lin-Liu
[17, 18], Lin-Lin-Wang [16] and Wang [26], we review the following notion.

DEFINITION 1.7. Letn—1 € Nandp : R” — R be a pressure and d : R” — S? (the
unit sphere of R3) be a unit-vector field representing the macroscopic molecular orientation
of the nematic liquid crystal material. Then the system generated by an incompressible
hydrodynamic flow of nematic liquid crystals is

+u-Vu—Au+Vp=-V-(Vde®Vd) in R,
divu =0 in R,
d,+u-Vd—Ad = [VdPd in RI*7,
(ul=0, dl=0) = (u, do) in R".

(1.3)
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The fourth purpose of this paper is to employ Theorem 1.6 to discover the existence
of a unique mild solution to (1.3) within (=A)"2 L2 RY)

THEOREM 1.8. Let (a,n — 1) € [0, 1) X N. There exists € > 0 such that if the initial
pair

(up. do) € (=) .22 @)™} x ((-a)F > @)’
satisfies
di =0 & » + ||d
v uo ||M0||( +l 0||(<_A)

- @ <e¢
((‘A)7%$2<2U(Rn)) l) 7?$2‘ZQ(R11))3

then (1.3) has a unique mild solution
(u,d) € Z'(RL™) x X3 (R
with

n
gy + Ml romy = > tsllz, eony + ldll o, < &

=1
’ 3

“ dydt
f |uj<r,y>|2(r—) 220

B(x,r) 1 r

Here it should be pointed out that the case @ = 0 of Theorem 1.8 is due to Wang
[26], but nevertheless this situation cannot be used to establish the others « € (0, 1). Since
Qo<e<1(R") and Q <la - (R") are more regular than BMO(R") and BM O~'(R") respectively,
the solution space

and

2

.
”Mj”Zﬂ(RLwL): sup \/;luj(r,x)|+ sup [f
0

(rx)eR" (rx)eRL™

Zg<a<l (Riﬂl) X X8<a<1(R}r+n)
is more regular than
ZARY™) x XIRL™).
The rest of the paper is organized as follows:

§2 is utilized to give an intrinsic argument for Theorem 1.2;

§3 is devoted to validating Theorem 1.4 via utilizing Theorem 1.2;

§4 is designed to verify Theorem 1.6 via the fixed-point-principle;

§5 is emplyed to demonstrate Theorem 1.8 via the Carleson measure nature of
((—A)~5 %2 ®R"))™" and the idea of validating Theorem 1.6.

Notation. In the above and below U < V means U < CV for a positive constant C; U = V
means both U < VandV < U.

2. Predual form of (—A)~% £22*(R")

2.1. Proof of Theorem 1.2(i). The forward implication of Theorem 1.2(i) comes
from the first part of [2, Theorem 7.1].
Firstly, let us recall the following concept.

DEFINITION 2.1. Let (a,n — 1) € (—00,00) X N.

> L2(R") is the homogeneous Sobolev a-space with norm

2-1
lallz2 gy = ( fR G dé-‘) :

In particular, L?)(R”) is identified with L(R").
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> T;_h with 0 < @ < 1 is the class of all measurable functions f on R!*" satisfying

1
_. lFEIIPY 20-1 :
”fHT’LZn = lgf (flv[{k” (m t dydl < 00,

where the infimum is taken over all nonnegative measurable functions w on R1*"
with its nontangential maximal function N(w) obeying

Nw)dA™) <1

- n—2a —

for which Afl‘f’;a(-) represents n — 2a dimensional Hausdorff capacity in R”, and
the restriction that w is allowed to vanish only where f vanishes.
> HHla(R”) with 0 < @ < 1 is the so-called Hady-Hausdorff class of all distribu-
tions f € L2, (R") obeying
2
W s, oy = I % 6Ol < oo,

where ¢ is a radial C*(R")-function satisfying
supp(¢) < B(0, 1);
¢:(x) = t"¢(t ' x) provided (¢, x) € R},
fR” x’¢(x)dx = 0 provided # € N*, x¥ = xlf‘ e xUn9) = PR
i @@€)* " dt = 1 provided & € R"\{0}.
> A tempered distribution a is called an HH! -atom if a is supported in a ball

B(xy, ro) and satisfies the following two conditions for the Schwarz class . (R"):
> A local a-Sobolev inequality

-1

Ka, )l < ry > W@y ¥ ¥ € LR,
> A cancellation
(a,y) =0V ¢y € S[R")

whose restriction to a neighborhood of B(x,rp) is a polynomial of degree <
1+n/2.

Secondly, in accordance with [2, Theorem 6.3] and its proof, a tempered distribution
f on R" belongs to HH! ,(R") if and only if there is a sequence of HH!,-atoms a; and an
I'-sequence {4;} such that f = 2521 4;a; holds distributionally with

Al ey = inf{z - f = Z /ljaj}-

j=1 j=1
Meanwhile,
g € (-A) 1L R
amounts to

{ L 18COICT + X177 dx < oo;

— 2 7o
”g”(_A)—%ZZ,Z(v(Rn) - Sup(ru,xU)Ele” (roﬂ/ j(‘) ‘fB(J((),ro) |g * ¢t(x)

|2 dxdt

1
2
t1+20) < 0o,

If
feHH (RYNCFR") & ge (-A) 2. LR,
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then the Calderén reproducing formula
f(x) = fomf*as, « (0 1 dr
is used to deduce

=~

fR g dx fR () - (g % ¢ty dxdt

@.1) < Wiz, oo lgll_py- % poaneuny
and hence

g€ (A LLMR
induces a bounded linear functional on

HH' (R") N CYR).

Since this last function class is dense on HH! ,(R"), we utilize (2.1) to obtain that
e | f)godx
er

can be extended to a bounded linear functional L on HH' +R") with its norm

||L|| $ ||g||(_A)—%$2,2(y(Rn)'

The backward implication of Theorem 1.2(i) just follows from the second part of the
argument for [2, Theorem 7.1]. Briefly, if L is a bounded linear functional on H HL,(R”),
then an application of the Hahn-Banach theorem yields an extension L which is bounded
linear functional on T;—za and induces G(-,-) € T}’ , such that

1
— 2 o 2 dxdt )2 .
[Glirz,, = 0P, spesies (76 [ Fygayy 16 DF F25)7 < o0;

I(F) = ﬁw F(t,)G(t,x)t 'dxdt ¥ FeT!

2.2)

n=2a"

Accordingly, if
feHH ,R)NCFRY) & g(x) = fo ) G(t,) ¢, (x) " dt,
then
L= [ 0G0 dyar

= FOG(t, ) * y(x) 1 dxdt
R_l:n

= | fgl)dx.

Rn

Thanks to the fact that (2.2) implies

Igll )% sy S Gl < LI

we arrive at the desired result.
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2.2. Proof of Theorem 1.2(ii). If

fe(=A):HH' ([R") & heL:(R")
then

A€ HH!,(R") suchthat f=(=A)"Fg with Ifll ¢y gy ~ lElliier e

and hence

f f(Oh(x) dx fR n g0)(=A)" T h(x) dx

< gl nll(=AY 2RIl -5 oo
S gl 1Al gny-
This, along with the duality
L (R") = [Lz RM]",
implies

”f”Lﬁ(Rn) S ||f||(—A)7%HHla(R”).

3. Predual form of ((—A)~% .#22(R"))™!
3.1. Proof of Theorem 1.4(i). On the one hand, let us prove
(_A)—%$2,2w(Rn) > (_A)—%D%ZZ&(Rn) N LOO(Rn)

3.1) + Z Ri((-A)" 5 L2 R N L™(R™)).

Jj=1
To do so, let
f=80+ 27:1 Rjgj
gj € L°(R") N (~A) 1 L2 (RY);
git,x) =e _Agj(jf) = gj* Py(x);

Py(x) =T (42) r= 5 4% + )%
According to [7, p.263, 4.1.8], we have

RiP)X) ~ x;(2 + X% ¥V je(l,---,n) &t x) e R,

thereby obtaining (cf. [15, Theorem 3.6 & Corollary 3.7])
70
IR;gll,_\ -2 ~  sup f f
_A) 2 P22 (Rn
oA & (ro.x0)ERL™ 0 B(x0,r0)
70
= sup f f
(rg.x)eRL™ \JO B(xo,70)
70
(ro.x0)eR 1 \JO B(x0,r0)
70
S Sup f f
(r.x0)eRL™ \JO B(xo,r0)

< ”gj”Loo(Rn)n(_A)*%gZ.ZAY(Rn)'

V((Rg)) * P.o)| ( :

ro

t

ro

V(g RPI)| (

V(g Pz(%))'2 (—

o

n—2a
s (2]

|
|

dxdt

tn—l

"2 dxdt

n—2a dxdt

];

m- 1

tn—l

1
t )”_2" dmlt]2

tn—l

oI—

|
|
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Hence

n
”f”(_A)*%EZ.Zn(Rn) S ||g0||(—A)7%f2‘2”(R") + Z ||R]gj||(_A)’% 22,20(]1{:1)
j=1

n
s Z ”gj”Loo(Rn)m(_A)’% gz,Za(Rn)?
Jj=0

which gives (3.1).
On the other hand, let us verify
(_A)—%XZ,ZQ/(Rn) C LOO(R”) N (_A)—%$2,201(Rn)
(3.2) + ) Ri(L™(R") N (=A)"2 L2 (R")).
j=1
In doing so, we define .2, as the space of all functions f on R" with its norm

}<m,

where the supremum is taken over all functions /4 obeying

J()h(x)dx

Iflle, = Sup{
h)

R®

WAl o gy ay § 22y = Wllz=@ny + RNy poagny S 1-
Let
U ={(80:81,++ 80 ¢ 80,81 180 € L) = Lo @+ & Las
n+1 copies
(g0, g1+ gwlllar = 2o lIgjll 2, -
If

V= {(go,gl,--~ 8 EU : gi=RjgoV jell,--- ,n}},
then 7 is a closed subset of %/, and hence the mapping

8o+ (80,81, ,8n)

369

defines a norm-preserving map from HH! ,(R") to #. In order to see the last statement,

we are only required to prove that if go € HH! ,(R") then
Rigoe Ly ¥ jell,---,n}.

In fact, an application of Theorem 1.2 derives

IR;goll.z, = sup f (R g0)(x)h(x) dx
I o <1 Jzn
LO®RMN(-A) 2 P22 wn)
= sup f go(X)(R;h)(x)dx
I _a <t 1Jmo
L®(RM)N(-A) 222.2(!(311)
< sup (Igollzrt, e lRAN_p, 5 opsaen)
WAl oy 3 o220
S ”h” Sup (”gOHHqu(R")”h”Loo(Rn)n(_A)’%jz,Ztr(Rn))

Lm(i’l)ﬁ(*A)i% 22,2(1(_@)_
< lgoll e, ey
where we have used the above-established inequality:

IR;hl| ) S Il

(_A)’%gz,ZH(Rn L""(R”)ﬂ(—A)f%fzvz"(R”)'
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Now, any bounded linear functional on HH! (R") can be identified with a corresponding
functional on ¥/, and so from the Hahn-Banach theorem it follows that this functional is
extendable to a bounded linear functional on % . Note that the dual space of % is

(L ®M N (=) 5 L2®RM) @ -+ & (L™(R") N (-4) 3.2 (R")

n+l copies
Thus, upon restricting to 7" (and so HHEQ(R”)), we have the forthcoming demonstration.
Suppose that
f € (_A)—%XZQ(Y(RH)
and L is a bounded linear functional on HHla(R”). Then, for each j =0, --- ,n there is
f-j c Loo(Rn) N (_A)—%XZ,ZQ(RH)
such that for any gy € HHL,(R”) one has

L(f) = f f(x)go(x)dx

- [ Acosatrdx+ Z | Feomss ax

- [ Agodr- Z | R
= [ (o= Ymisnasocoax.
Aho=2

Accordingly, we gain

£ = fo) = Y R f)0),
j=1
thereby reaching (3.2).
Consequently, putting (3.1) and (3.2) together validates the set equality in Theorem
1.4(3).

3.2. Proof of Theorem 1.4(ii). Note that HHS' (R") can be also identitied with the
closure of C7(R") in the norm |||V f ||| HHL &™)’ Thus, the coming-up-next argument is two-
fold.

On the one hand, if

fe(=n) i mn)”
then

3 (fise o fo) € (A 2L ®M)" such that () = V- (fi,-- . f)(0) = ) 80, fi()
j=1

and hence f induces a bounded linear functional on HHS ! ,(R") thanks to

CiRMY g fR” f0)g(x)dx = - fRn (fi(x), -+, fu(x)) - Vg(x)dx.
This in turn implies
(-A) 3 > ®")™ c [HHS' ,®R")]".

On the other hand, suppose L € [HHS! (R")]". Since V exists as a bounded linear
operator from HHS ! ,(R") to (HH!,(R"))", the completeness of HHS' (R") ensures that
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the range Z2(V HHS ! ,(R")) of HHS ' ,(R") under V is a closed subspace of (HH! ,(R"))".
Upon defining
Li(Vf)=L(f) ¥ VfeR(NHHS' (R"),
we get
LAl oy st )] = WElliams ey
This last equation, plus the Hanh-Banach Theorem, yields a norm-preserving extension

Ly of Ly to (HH! ,(R"))". Meanwhile, the vector-valued form of Theorem 1.2 is used to
produce a vector

(fiooo o f) € (A2 222 (R™))"
such that

LZ((gla e ’gn)) = Z jl;” ff(x)gj(x)dx v (gh e ,gn) € (HHia(Rn))n
=1

and
1= Sll s ey = WEolliam oy
=L, ||[ﬂ(VHHS£L,(R”))]*

= ”L”[HHS‘,(,(]R")]*‘
Consequently, for each ¢ € C°(R") we obtain

L(®) = Li(V$) = Ly(V) = fR (0, ) - Vo,
thereby reaching
{L = —div(fi, -, fo):

NCfrs - ,ﬁ1)||((,A)—%_gz,zn(Rﬂ))n = ”L”[HHSI,Q(R”)]*’
and so
(=) 22> ®")™ 2 [HHSL,RM]".
Therefore, the above-established set-inclusions derive the desired duality.

4. Application to harmonic map flow

4.1. A caloric estimation. Given the Gauss kernel

2
G(1, %) = (4nt) Sexp (— il

Z) V (t,x) e RI™

and a vector-valued function f : R}:’" — R!, we define the caloric operator

!
(S, x) = f f Gt —s,x—y)f(s,y)dyds ¥ (t,x)eR"™,
0 Jro
whence establishing its boundedness from Y’ (R1*") to X! (R1*"):

LEMMA 4.1. For (a,l,n—1)€[0,1) X NX N [et Y(II(RE”) be the space of all vector-
valued functions

f=W ) R SR
satisfying
! .
||f||yg(Rl++") = Zj;l ||fj||Y(,(Rl++") < 0] .
T 2\ dydt
Ufily etory = SUPayenien P 01+ SUBGenien i oy Ui I(5)" 555
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Then
4.1 NS Al @ieny < Nfllyt gisn)-

PROOF. Since ||| - [llx: @n) 1s invariant under both scaling and translation, (4.1) follows
from

1 3
I(Sf)(l,O)I+|V(Sf)(1,0)|+( fo f IV(Sf)(t,y)Izdydt) < Wfllyion.

B(O,1)
To estimate |(S£)(1,0)|, we write

1
(Sf)(1,0)=j(; Lng(l—s,y)f(s,y)dyds

1 2! 2!
(N Y A
2-1 n 0 B(0,1) 0 R™\B(0,1)

By the integrability of G(, -) at the origin we have

1 1
f (---)dyds| < ( sup | f (s, ')||L°°(R")) (f f G -5,y dyds)
2—1 R» ZflSSSI 271 Rn

< W llyz gaemy.-
Also, by the boundedness of G(:, -) away from the origin we have

2-1 1
f f (--)dyds| < sup f f (s, )] dyds
0 BO.1) xR Jo JBel
1
< sup f f £,
xeR* JO B(x,1)

S N fllyz greny

a IyP?
Sf f °xp (_T)V(S»Y)ldyds
0 JRN\BOD
) dyd
[Zl exp ](xeRﬂf L(xl |fCs, )l dy S)

RS ||f||y}I(RL+")~

and

2—1
f f (---)dyds
0 Jr\BOD

These estimates show

ISHL O I flly: ieny-
In order to estimate |[V(Sf)(1, 0)|, we use

1
VENA. 0l < f f [H(1 = 5. =l 1f(s. )| dyds,
0 Jre
where
H(t,x) = -2 'xG(1, x)
satisfies 1
{fgz J]‘Rn [H(t, x)| dxdr < 1,

SUP( yepa-1 e [H(E 0] S 1,

and then replace G(1 — s, y) (in dominating [(Sf)(1,0)|) with H(1 — s, —y) to obtain

[VSHA, O < 11 f1lyt gren.-
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In order to control

1
[ [ wspeiaas
0o JBo.1)
we recall that S f solves

42 @ = NSHEX) = ft,x) VY (tx)€[0,1]xR";
' (Sf)(0,x) =0 V xeR~

Suppose that 77 is a cut-off function in C7(R") and satisfies

supp(n7) € B(0,2);
nx) =1 vV xeB,1);
V()| < 1 VY xe B0,2).

Now, the first equation of (4.2) derives
(SHt, > (X)((8; — ANSL(E, ) = (SO, O (x)f(t,x) ¥ (t,x) € [0,1] X R".

Furthermore, an integration of the last equation over [0, 1] X R" yields
1
f f (St 0m* () (2, x) dxdt
0 JB02)
1
= f f (S/)(t, X)* (%) f (2, ) dxdt
0 Jre
1 1
=2 [ P [ auspea?a- [ [ speoreosssedr
R 0 0 Jr

1
=21 f 7]2(X)|(Sf)(1, x)|2 dx + f f V((Sf)(t, x)) - V((S)(, x)nz(x)) ddt.
B(0.2) 0o JB0y2)

Upon observing

V(S x)) - V(S )t 20 (x))
= P IVESHE 0 +200)V(S /)1, ) - (ST x)Vn(x) ¥ (1,x) € [0,1] X R”
and
2ab < ea* + € 'b? VYV (a,b,e€) € (0,0) X (0,c0) X (0, 00);
{(Sf)(O, 0=0 v xeR,

we can make the following estimation

1
f f P (OIV(SF)(t, )I* dxdt
0 JBO2)

1
<2 f P OISH, )P dx + f f OIS, )| | £(t, )| dxdt
B(0,2) 0 B(0,2)
1
+2 f f (M()V(SL(E, X)) - (S, x)V(x)) dxdt
0 B(0,2)
1
<2 f (OIS, 0P dx + f f OIS, )| f(t, )| dxdt
B(0,2) 0 B(0,2)

1 1
+e€ f f P (OIVSHE, x) dxdt + € f f V() PI(SF)(t, x)I? dxdt.
0 B(0,2) 0 B(0,2)
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Via choosing € = 27! and using the properties of 1 we find

1
f f V(S f)t, ) dxdr
0 B(0,1)
1
< f f POV 0| dxd
0 B(0,2)

1
< f (OIS (L, 0> dx + 2 f f OIS, x| f(t, x)| dxdt
B(0,2) 0 B(0,2)
1
+2 f f V(OIS £)(t, ) dxdt

Sf(o IS, X)Izdx+f fBO IS, 0|1/ (2, x)| dxdt

f f IS, x) dxdt
B(0,2)

1
< IS F1Beqorsomy + ISl pes02) fo fB Ve ol
<R,
thereby validating (4.1). O

4.2. Proof of Theorem 1.6. Suppose now that u : R1*" — R is a mild solution of
(1.2). Then it satisfies

u(t, x) = vo(t, x) + SAI(u)(Vu, Vu))(t, x),

where

vo(t,x) = [, G(t.x = Yuo(y) dy;

SALw)(Vu, Vi)(t, x) = [ [, Gt = 5.x = y)Yu)(Vue, Vu)(s, y) dyds.
Define

T: X(II(R}jn) N X(IY(RF—H)
by
Tu(t, x) = vo(t, x) + SA(w)(Vu, Vu))(t, x) ¥ u € XLRL™).

And let

Bs = {u e XL@®RY™) I - Vollly: ey < 5}
be the ball in Xf,(RL*”) with center vo and radius 6. We are about to show that

1 &> 0 such that if ”uO”((—A)’%$2~2‘¥(R”))’ <e&

then
TT:8:— B
+ 3 B8€(0,1) suchthat |[|[Tu — TV|||x[,(RL+") <Bllu- V|||x[,(R1j") Y u,ve B,.

For t, if u € B, then by the triangle inequality, the essence of (=A)~2.Z>2*(R")
mentioned in the proof of Theorem 1.2(i):

r n—2a dydt
Mol 1% pommmny & SUP ( f f ¥v0(t, y>|2( )
(A2 L2222 (RM)) ()R o Blxr) - -1
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and the following standard gradient estimate

1
r £\""2¢ dydt\?

sup  VrVo(r, %) < (f f IVvo(t. )P (_) ’3)_1 )
(rx)eRL™ 0 ' t

$ ”uO | |((—A)7% 3220(]@1))/ >

we use the triangle inequality to obtain

||u”Xf’(Rl++”) g &+ Sup ‘/;WVO(’", -x)l + ”uO”((—AY% gz,ZQ(Rzz))l
(rx)eRL™

S &+ ||u0||((7A)*%gZ,Z(y(Rn))I

<E.
Since
!
Tu—vo = f f Gt — 5,3 — Y)(u)(Va, Vs, ) dyds,
0 Rn
we utilize (4.1) to estimate
ITe = volllgy gy IV, Vi)l 1o

~ sup rl(u)(Vu, Vu)(r, x)|

(r,x)eRL"

a 2\ dydt
+ sup f f |H(u)<Vu,Vu>(r,y>|(r—) ==
(rer! Jo  JBx) 4 r

2
< ( sup  VrAVu(r, x>|]

(r,x)eR}f"
r2 2\
r dydt
+ sup f f |Vu(r,y>|2(—) oz
(reR! JO I B ! r
2
< Maelllys oy
$89

by choosing a sufficiently small € > 0. Thus,

34 &> 0 such that ”uOH((—A)’%$2~2‘1(R"))1 <e=T:8B, — 8B,.

For %, if u,v € B,, then from (4.1) it follows that

T2t = Tl reny = NISALGE)(Vat, Vi) = THOY(Tv, o))l et

< WISVl lu = vl + (Vul + VDIV = W)l gen)
IVl = Vilyyzony + 107l + I99DIV G = V)l et
: D1 + Dz.

A
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Estimate for D;:
Di= sup r|(VuPlu—v)(r,x)

1
(rx)eR™
2

" 2\ dydt
+ sup f f |<|Vu|2|u—v|>(r,y>|(—) >
(reR Jo JBxr) ! r

2
< ( sup Vr|Vu(r, x)I] sup |(u—v)(r, x)|

(r,x)E]RL“’ (r,x)ERL”’
r2 2\@
ST dydt
+ sup [f f [Vu(z, y)l (—) m sup [(u — v)(r, )|
roerl \Jo  JBn t ) (roerlsn
2
S Meelllys greny  sUP (e = v)(r, X))
T (perl

2
< &7llu = vllix @iom.-
Estimate for D;:

D, = sup r(|Vul + [Vv)IV(u — v)(r, x)|

(r,x)ERF”
rZ 2 @
r dydt
+ sup ff (IVM|+IVVI)IV(M—V)(t,y)I(—) ~
(roeR!* JO  JBx) ! r
< sup Vr(Vu(r, )|+ |Vv(r,x)) sup VAV - v)(r, x)|
(r.x)eR}+" (r,x)eRL*’”

2

" \" dydt
+ sup [ f f (|Vu(r,y>|2+|Vv<t,y)|2)(—) e
rer \Jo  JBr) ! r

2 2\%
r dydt
X sup (f f IV(u —v)(t,y)P (—) y—n)
R \Jo  JBxn) t r

< (|||”|||X5(R‘j”) + ”|v”|X,’,(R‘J"))|”“ = VllIxt @eny
< Elllee = vlllx giom)-
Putting the estimates of D; and D, together yields that if & > 0 is sufficiently small
then
T = ol uaeny (1 + el = Vllgg oy < Bllle = vl erer
for some 8 € (0, 1). Hence i holds. Now, both { and & are used to produce & > 0 such that
if
o <
”uOH((—A)‘ifZ.Za(Rn))’ <e¢

then there exists a unique solution u € B, such that u = Tu (according to the standard fixed
point principle), i.e., u solves (1.2).
Next, we will show that there is a constant 6, > 0 obeying

u(RL™ € Ny, = {y e R': dist(y, N) < 6x}-

To do so, we utilize the triangle inequality and

Cor = f woe— Viydz ¥ (%) € (0, 00) X B X (0, )
B(0,r)
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to derive
dist(u, N) < [lu = voll(zsgisny + Vo = €rxrl + dist(eryr, N).
> From u € B, it follows that
[lu — VOII(L«,(RLM))/ <e.
> For any 6 > 0 we use
up:R" - N C R/

to achieve two constants ¢y > 0 and r = (6, NV) such that

) 2
S
luollz=@ny < en & cn f exp (_Z)Snlds <3,
r
as well as

_u Iyl?
Vo = sl < f (4m)"Zexp (—yT |uo(x = Viy) = c1xs| dy
Rﬂ

2
= (f +f )(47r)_;exp (—%) |Mo(x - Viy) - Ct,x,r| dy
B(0,r) "\B(0,r) 4

Iy
< f |uo(x = Viy) = cpes| dy + 2llutoll ey f exp (‘T
B(0,r) RMB(0,r)
< ! |uoll o I+ cNf exp (——)s" s
(CNREZD)) ,
< r”||uo||((_ a8 o) T 5,

which can be also established by [26, (2.10)] and the known inclusion
(-A) 3 LR C BMOR") YV ac€l0,1).
> Using the condition that
up 1 R" = N isin ((-A)F.L2%2®RY),
we obtain
dist(c ., N) < |c,,x,, —up(x — \/;)’)|

< JC |crur — uo(x = Viy)| dy
B(0,r)

< ||u0||((_A)-%32,20(R,1))1'
Accordingly, we have

distu, N) <e+o0+ (" + 1)|Iu0||((_A)_%XZYM(W))/

thereby finding
u(RY™) € Ni,,

by choosing a suitable couple (6, r).
Finally, upon setting
pw) =27 u — )P,
where IT : Ns,, — N is the smooth nearest point projection map, and

(u)(Vu, Vi) = =V T1(u)(Vu, Vu) on R,

o

377
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A straightforward calculation derives

V(u - w)(v) = (Id - VIIw)(v) VY veR,

ue N5N -
{Vz(u —I(w)(v, w) = =V II(u)(v,w) Y v,weR.

Since u € X!, (R"), one has
[Vul € L®([e?,00) xR") ¥V &> 0,

and consequently, the higher order regularity of (1.2) implies that u is of C?([g2, o0) X R™).
Note that

(u—TI(w)) L TnpyN & VI (u)(VTI(u)(Vu, Vi) € TN .
Accordingly,
(0 = Mp(u)

= <(u — II(w)), V(u — T1(u))(0,u — Au) — V*(u — T(u))(Vu, Vu)> — |V(u - TI(w))P

= (e = T1G0), VII@)(V2TIG0)(Vi, Vi) = V(e = T

= —|V(u - TIw)P

<0.
This, along with p(u)(0, -) = 0 and the maximal principle, derives p(u) = 0.

5. Application to liquid crystal flow
5.1. A bilinear estimation. Recall that any mild solution of the system
u+u-Vu—Au+Vp=-V-(Vd®Vd) in RL™";
(5.1) V-u=0 in RI*";
uli=0 = Up in R”,
can be represented as
u(t, x) = Tq[u,d](t, x) = vo(t,x) — V[u ®@ u + Vd ® Vd](z, x),
where
vo(t, ) = [, G(t.x = uo(y) dy:
Viu®u+ Vd® Vd](t, x) = fot e IAPY(y @ u + Vd ® Vd)(s, x) ds;
P={Pji}jk=1,-n = {0jx + RiRi}ji=1, n3
0 jx = the Kronecker symbol;
Rj =3, (V-4)"".
Thus, we have the following bilinear estimation.
LEMMA 5.1. Let (a,n—1) € (—co, 1) X N. Then
IVIu® u + Vd ® Vd] |l g1+

+[|dli? V (u,d) € ZRIM) x X3 (RI™),

2
< [lull X2 R

AR

PROOF. It follows from an appropriate modification of the proofs of the well-posedness
for the incompressible Navier-Stokes system in [11, Theorem 1] and [30, Theorem 1.4].
O
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5.2. Proof of Theorem 1.8. Also, note that any mild solution to the system

52) {d, +u-Vd—Ad=|VdPd in Rl

dli=o = do in R",
can be written as
d(t, x) = To[u,d](z, x) = wo + S[—Vzﬂgz(d)(Vd, Vd) — u - Vd](z, x),

where

wolt, x) = [, G(t, x = y)do(y) dy;

Mg € (C™(RY))’;

Mg (d) = % : S;l = {y eR: 27l << %} - §2.
So, any mild solution of (1.3) (combining (5.1) & (5.2)) can be written as

(u,d) = (Ty[u,d], T2[u, d]).
This suggests us to consider whether the following operator
Tlu,d] = (T1[u,d], To[u,d])
satisfies
T: ZJRY™) X X3RY) - ZLRY™).
To deal with this issue, for
(o, wo) € Z'RUM x X2RI™) & 6> 0

let

@5 _ {(Lt, d) e Zg(an) % Xi(erM) lu— v0||Z§(R1++n) +|||d — WO”'X?,(RL*”) < 5}.

379

Then, in accordance with the standard fixed point principle, our aim is to demonstrate that

we can find a sufficiently small € > 0 to obey the implication that if

||uo||(

n a <
(a5 % 2220em) ) * Mdoll ) o0y <

then
h T: B, — B,;
# A8 € (0,1) such that

[Ty [u, d] = Ti[v, €] ||zg(R1++") + [[T2[u, d] = Ta[v, €] |||X§(le")
< B (Il = vlizggron + lld = ellron) ¥ @.d), (v,e) € B,.

For b, assume (u, d) € B,. Then, by the triangle inequality and the boundary condition

uo(y) = vo(0,y);
do(y) = w(0,y),
with

o 2(2) dvdi)? .
”uO”(((—A)’%xlh(Rn))_')n B~ sllp(r,x)eRLm (f() j;g(x,r) |V0(t, )’)| ( t ) I ) 5

1

- r 2 (2% dydr\?
00l ¢ ey = SUPzte (1 [P0t 30P ()" 22
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as well as the following standard gradient estimates

SUP (- yyer1+ \/;|V0(I‘, x| < ”uOH(((fA)‘%flh(Rn))’l)”;

SUP, yerte VHVWo(r, x)| < |Id0||((_ a8 rmEn)’?

we have
”M”ZS(RLM) + ”d”XL},(R]ﬁ")
<|lu- VO”Z{}(R‘]”) +||d - WO”XEY(]RL*”) + ”vOHZ{}(le”) + ”WO”X?Y(RL*")
< eé.
Owing to

Tlu, d] = (vo, wo) = (—V[u ®u+ Vd® Vd], S[-V*1Is(d)(Vd, Vd) —u - Vd]) ,
we apply Lemma 5.1 and (4.1) to calculate
T [u, d] = vollzngieny + T2lu, d] = wolllxz 1)

+|d)I? +[[V?Mg2 (d)(Vd, Vd) — u - Vdlly3 gy

2
< [lull " X3(RL™)

®}™)
2
< (el zggeony + ldlls raon))

2
< (I — VO”zg(R';") +|Id — W0||xg(R1;") + ||V0||zg(R'++'t) + ||WO||X3(R1++"))

N

&,
thereby achieving a sufficiently small € > 0 such that
. . < . B 3
”MOH(((_A)’%$2v2<Y(Rn))7l) + ”dO”((_A)’j_gZ,M(Rn))} <e=T: Bg - Bg.

For #§, suppose that (u,d) and (v, e) are in B, Using the proof idea of f in §4.2, (4.1)
and Lemma 5.1, we produce some S € (0, 1) to obey
T [u, d] = Ti[v, elllzngieny + T2[u, d] = To[v, e] lllx3gien
=[[VIu®u+Vd®Vd -vev - Ve® Vel ||z g
+ [IS[- V1152 (d)(Vd, Vd) — u - Vd + V*II5:(e)(Ve, Ve) + v - Ve] lllx3 iemy
S IV ((lul + vDlu = vl + (IVd] + [VeDIV(d = e)) [l g1
+ [IS(UVd] + [Ve| + [uDIV(d — e)] + [Vel|d — e + [u — vI[VeDlllx3 g1

< & (Il = Viizygrm + 1d = elllyseren)

< B (Il = Viizygren + ld = elllyseron)

whenever € > 0 is sufficiently small.
Now, the above-verified § and 4 yield a small number & > 0 such that if

o+ lldoll, J<e

(—A)_ % P22 (Rn)

HMOH(((_A)*%gzza(Rn))")
then there exists a unique (u,d) € Zés solving (u,d) = T[u, d] - namely - (u, d) solves (1.3)
with
d; +u-Vd - Ad = |Vd*d
being replaced by
d, +u-Vd — Ad = -V Iz (d)(Vd, Vd).
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Last of all, we are required to show d(R!*") C S2. Nevertheless, this is similar to the
argument for Theorem 1.6:

> Firstly, we verify
u(®,™") € S7,.
> Secondly, we consider the function
p(d) =27"1d - Tz ()P,
thereby getting
(O +u-V —Apu) = —|V(d - Hg:(d))* < 0.

> Thirdly, upon taking into account of both p(d)(0, -) = 0 and the maximal princi-
ple, we conclude p(d) = 0.
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