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Long time behavior of the NLS-Szeg6 equation

Ruoci Sun
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ABSTRACT. We are interested in the influence of filtering the positive Fourier
modes to the integrable non linear Schréodinger equation. Equivalently, we
want to study the effect of dispersion added to the cubic Szegd equation,
leading to the NLS-Szegé equation on the circle S

i+ € 0%u = H(jul?u), 0<e<1l,  a>0.
There are two sets of results in this paper. The first result concerns the long

time Sobolev estimates for small data. The second set of results concerns
the orbital stability of plane wave solutions. Some instability results are also

obtained, leading to the wave turbulence phenomenon.
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1. Introduction
We consider the NLS-Szegé equation defined on the circle S*
(1.1) i0pu + 02u = U([ul®u),  u(0,-) = uo.
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Here 11 : L?(S') — L?(S!) denotes the orthogonal projector from L?(S!) onto the
space of L? boundary values of holomorphic functions on the unit disc,

II - Zukeik‘” — Zukei’”.
kez k>0
We denote by L2 := II(L*(S')) c L*(S'), Hi := H*(S')( L2, for all s > 0, and
03 = C(SY) L2

1.1. Motivation. The NLS-Szegé equation can be seen as the combination
of two completely integrable systems: the defocusing cubic Schrodinger equation

(1.2) i0pu + 0%u = |ul*u, (t,z) € R x S',
and the cubic Szegd equation
(1.3) i0,V =T(|V|*V), (t,z) € R x St

They have both a Lax Pair structure and the action-angle coordinates, which can
be used to obtain their explicit formulas with the inversed spectral method(see
Zakharov—-Shabat [28], Faddeev-Takhtajan [7], Grébert-Kappeler [19], Gérard [11],
for the NLS equation and Gérard—Grellier [12,14, 16, 17] for the cubic Szegd equa-
tion). However, these two Lax pairs cannot be combined in order to give a Lax
pair for (1.1). Moreover, the long time behaviors of these two equations are totally
different.

The NLS equation (1.2) has a sequence of conservation laws controlling every
Sobolev norms(see Faddeev—Takhtajan [7], Grébert—Kappeler [19], Gérard [11]),
so all the solutions are uniformly bounded in every H?® space. Moreover, Grébert
and Kappeler [19] have proved the existence of the global Birkhoff coordinates for
the NLS equation. So the solutions of (1.2) are actually almost periodic on R valued
into H*(S1).

Compared to (1.2), the cubic Szegd equation, which stands for a non-dispersive
model, has both the Lax pair structure and the wave turbulence phenomenon. Its
long time behavior is extremely sensible according to the different initial data.
P.Gérard and S.Grellier have shown that(in [15,16,17]) for a Gs dense subset of
initial data in C'?°, the solutions may blow up in H?®, for every s > % with su-
per—polynomial growth on some sequence of times, while they go back to their
initial data on another sequence of times tending to infinity. For another dense
subset of initial data in C%°, the solutions are quasi-periodic. (see also Theorem
2.3).

REMARK 1.1. Consider the following equation without the Szegé projector IT

on S':
0,V = V|V,

(1.4) {“ VIV,

V(0,-) = V.

Then V(t,z) = ¢V’ Vy(z) and we have |V (t)||g- ~ |t|*, for all s > 0, if [Vp| is
not a constant function. Hence, the Szeg6 projector both accelerates the energy
transfer to high frequencies, and facilitates the transition to low frequencies for
(1.4).
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One wonders about whether filtering the positive Fourier modes can change the
long time Sobolev estimates of the cubic defocusing Schrodinger equation. So we
introduce equation (1.1). On the other hand, it can also be obtained from the
cubic Szegé equation by adding the dispersive term 2 to its linear part. In order
to see the gradual change of the dispersion, we add the parameter ¢ in front of
the Laplacian 92 to get a more general model, the NLS-Szeg6 equation (with small
dispersion):

(1.5) i0u + €*0%u = TI(|u|?u), u(0,+) = uo, 0<e<l, a>0.
Equation (1.1) is the special case a = 0 for (1.5).

We endow Li with the canonical symplectic form w(u,v) = Im fsl % Equation
(1.5) has the Hamiltonian formalism with the energy functional

. € 1
(1.6) E“¢(u) = ?H('“)wuH%a + Z||u|\‘z4, ue Hy.

Besides E*¢, equation (1.5) has two other conservation laws,

{Q(u) = llullZ-,

I(u) =Im fSl U0, u = ”u“if%’
which give the estimate of the solution for low frequencies:
- 1
sup [|u(t) s < lluoll 2 [luol3y, Vs €[0, 5]
teR

Proceeding as in the case of equation (1.2), one can prove the global existence and
uniqueness of the solution of the NLS-Szeg6 equation in high frequency Sobolev
spaces, by using the Brezis-Gallouét type estimate [4], the Aubin-Lions—Simon
theorem (see Theorem I1.5.16 in Boyer—Fabrie [3]) and the Trudinger type inequality
(see Yudovich [27], Vladimirov [26], Ogawa [24] and Gérard—Grellier [12]). Its well-
posedness problem in low frequency Sobolev spaces can be dealt with Strichartz’s
inequality introduced in Bourgain [2]. Only the high frequency Sobolev estimates
are considered in this paper.

Prorosition 1.2. For every s > %, given ug € H7, there exists a unique

solution u € C(R, H}) of (1.5) such that u(0) = ug. For every T' > 0, the mapping
up € H — u € C([-T,T], H3) is continuous.

1.2. Main results. The first result concerns the long time stability around
the null solution of the NLS-Szeg6 equation (1.5). If the initial data ug is bounded
by €, we look for a time interval I&, in which the solution w(t) is still bounded by

O(e). Now we state the first result of this paper.

THEOREM 1.3. For every s > %, there exist two constants as € (0,1) and

Ky > 0 such that for all 0 < € < 1 and ug € HY, if ||ug||zs = € and u denotes the
solution of (1.5) with w(0) = ug, then

w7 Sup|y<_as_ [[u(t)|[ s < Ke, if «ael0,2];
. suppy < as [[u(t)|lms < Kse, if a>2.
Moreover, the time interval 1¢ = [~%, %] is maximal for the case a > 2 and

5 > 1 in the following sense: for every 0 < e < 1, there exists u§ € C° such that
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lu§l| e =~ € and for every B > 0, we have

sup  [u(®)||lme = €/lne|? > e, w(0) = ug.
ItI< =7
REMARK 1.4. In the case a € [0,2), the proof is based on the Birkhoff normal
form method, similarly to Bambusi [1], Grébert [18], Gérard—Grellier [13] and Faou—
Gauckler-Lubich [8] for instance. However, the time interval [z, 7] may not
be optimal. The resonant term of 6 indices in the homological equation can not be
cancelled by the Birkhoff normal form transform.(see subsubsection 3.2.4)

The second set of results concerns the long time H®-estimates for the solutions of
(1.5), if its initial datum is a perturbation of the plane wave e, : x — €™, for
some m € N and s > 1. Let u = u(¢,z) be the solution of equation (1.5) such that
[|w(0) — €|l s = €. Its energy functional (1.6) gives the following estimate:

(1.8) sup [[u(t) a1 Sjuoll,n € 2, V0<e<l, a>0.
teR

However, no information on the stability of the plane waves e,, is obtained from
(1.8) during the process € — 0F. Consider the super-polynomial growth of Sobolev
norms in the cubic Szeg8 equation case (see Gérard—Grellier [15, 17] and Proposition
2.4 in this paper), the occurence of wave turbulence phenomenon for (1.5) depends
on the level of its dispersion. We begin with three long time stability results for the
polynomial dispersion €*9? case with 0 < a < 2. The following theorem indicates
H'-orbital stability of the traveling waves e,, for equation (1.5).

THEOREM 1.5. For all € € (0,1), a € [0,2] and m € N, there exists Cp, > 0
such that if ||u(0) — ey || g1 = €, then we have

inf [|u(t) — e“em g < Cme' ™ 2.
sup inf [u(t) — eemlm < Cne
For each ¢t € R, the infimum can be attained when 6 = argu,, (¢). A similar result is
established by Zhidkov [29, Sect. 3.3] and Gallay—Haragus [9,10] for the 1D cubic

Schrodinger equation. In small dispersion case, Theorem 1.5 gives a significant
improvement of estimate (1.8). We denote by S, the non linear evolution group

defined by (1.5) on HE. In other words, for every ¢ € H_%, t = Sae(t)p is the
solution u € C(R,H%) of equation (1.5) such that u(0) = ¢.
COROLLARY 1.6. For every m € N, we have

sup sup sup || Sa.e(t) o) g < oo.
0<e<1 [[g—epl| 1 <e tER
0<a<2

Compared to Proposition 2.4 (see Gérard—Grellier [12,13, 16]), the dispersive term
€292 counteracts the wave turbulence phenomenon in H! norm for equation (1.5),
if 0 < o < 2. After the change of variable u(t) = e!*&un(®)(e,, + €'~ 2 v(t)), we use
a bootstrap argument to get long time orbital stability of the traveling waves e,,
with respect to higher Sobolev norms.

ProposITION 1.7. For all s > 1 and m € N, there exist two constants b,, s €
(0,1) and L,, s > 0 such that if 0 < o < 2 and ||u(0) — e[| g= = € € (0, 1), then we
have
(1.9) sup inﬂg u(t) — eep|| s < Lin s ™2,

€

lt]< 5
€ 2
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We also look for a larger time interval in which the estimate (1.9) holds, by using
the Birkhoff normal form transformation. But the coefficients in front of the high
frequency Fourier modes in the homological equation may be arbitrarily large, if
a € (0,2). For this reason, we return to the case o = 0 and consider equation (1.1).

i0pu + 02u = T (|ul?u).

Am,s dm.s

Then the time interval can be enlarged as [—=%*, =%*] in this case.

THEOREM 1.8. In the case o = 0, for all s > 1 and m € N, there exist three
constants du, s, €m.s € (0,1) and Ky, s > 0 such that if ||u(0) — ep||lg = € €
(0, €m,s), then we have

sup inﬂ% Ju(t) — eepn| s < K€

dm,s
[t]< %=

A similar result is obtained in Faou-Gauckler—Lubich [8] for the focusing or defo-
cusing cubic Schrodinger equation on the arbitrarily dimensional torus. (see Section
5 for the comparison between (1.1) and (1.2))

After stating the stability results, we turn to construct some large solutions for
(1.5) with respect to their initial data, if the level of dispersion is exponentially
small with respect to the level of perturbation of the plane wave e; : z — €. We
state the last result of this paper.

THEOREM 1.9. There exists a constant K > 0 such that for all 0 < 0 < 1, we
denote by U the solution of the following NLS-Szegd equation with small dispersion

(1.10) iU +v*0;U =I(UIPU),  U(0,z) =€+,

T

_xk .
where v = e~ 2%, then we have ||U(t°)| 1 ~ § with t° = ST

This H'-instability result indicates that the support of the energy functional of
equation (1.10) is transferred to higher Fourier modes. This phenomenon is similar
to the cubic Szegé equation case (see Gérard—Grellier [15,16, 17]) and the 2D cubic
NLS equation case (see Colliander—Keel-Staffilani-Takaoka—Tao [5]). Compared to
Theorem 1.5, adding the low-level dispersion 6_%82 fails to change the quality of
wave turbulence phenomenon (Proposition 2.4) for the cubic Szegd equation.

The second part of Theorem 1.3 is a consequence of Theorem 1.9. Indeed, if a > 2
is fixed, we rescale u(t,z) = eU(€%*t, z) with e 3¢ = v = ¢*T°. Then u solves (1.5)
with u(0,z) = €(e’® + J) and
té 5 €
||u(6—2)||H1 = €|U(t°)|| g1 =~ 3¢ (a—2)|Ine|l > e,

while z—z ~ w < 521+15’ for all 5 > 0. However, this method does not work

in the critical case o« = 2. If u solves

i0pu + €202u = T1(|ul*u), u(0,z) = e(e™ +§),

after rescaling U(t,z) = e tu(e™2t,z), we get equation (1.10) with v = 1, leading
to (1.1) with initial datum U(0,z) = €™ + §. Theorem 1.5 and Theorem 1.8 yield
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the following two estimates

sup [[u(t)]| 1 = O(e), sup |u(®)||z: = O(e),  VO<I<1, VO<e<l,
teR
It|<

di,s
€252

for every s > % The problem of the optimal time interval in the case o = 2 of

Theorem 1.3 remains open.

This paper is organized as follows. In Section 2, we recall some basic facts of
the cubic Szegd equation and its consequences. In Section 3, we study long time
behavior for (1.5) with small data and prove Theorem 1.9 and Theorem 1.3. In
Section 4, we study the orbital stability of the plane waves e,, for (1.5) for every
m € N and give the proof of Theorem 1.5, Proposition 1.7 and Theorem 1.8. We
compare the NLS-Szeg6 equation with the NLS equation in Section 5.

2. The cubic Szeg6 equation

In this section, we recall some results of the cubic Szegd equation
(2.1) 0,V =1(|V|*V),  V(0,) = V.

1
2.1. The Lax pair structure and L°°-estimate. Given V' € H}, the Han-
kel operator Hy : Li — Li is defined by

Hy(h) = II(Vh).
Given b € L>(S'), the Toeplitz operator Ty, : L3 — L3 is defined by
Ty (h) = I1(bh).

THEOREM 2.1. (Gérard-Grellier [12]) Set V € C(R; HY) for some s > %. Then
V' solves the cubic Szegd equation if and only if Hy satisfies the following evolutive
equation

(2.2) OrHy = [By, Hy].
where By := LHY —
Szegd equation.

iTy 2. In other words, (Lv,By) is a Lax pair for the cubic

The equation (2.2) yields that the spectrum of the Hankel operator Hy is invariant
under the flow of the cubic Szegd equation. Thus the quantity Tr|Hy | is conserved.
A theorem of Peller ([25] Theorem 2 p. 454) states that

IVIIp;, ~ Tr[Hy|.

Using the embedding theorem H® — Bil — L, for any s > 1, we have the
following L> estimate of the Szeg6 flow.

COROLLARY 2.2. (Gérard-Grellier [12]) Assume Vy € H3 for some s > 1, then
we have

sup [V/(8)l[ L= Ss [IVollm
teR
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2.2. Wave turbulence. The following theorem indicates its chaotic long time
behavior with turbulence phenomenon for general initial data.

THEOREM 2.3. (Gérard—Grellier [15,16,17]) 1.There exists a Gs—dense set
U C C$° such that if Vo € U, then there exist two sequences (tp)nen and (t),)nen
tending to infinity such that

lim,, 4 oo % = 400, Vs > %, Vp > 1,
lim,, 100 V(2,) = Vo

2. If Vi is rational, then V(t) is also rational for every t € R and the mapping
teR— V(t) € CF is quasi-periodic.

2.3. A special case. Set Vy(z) = V) (z) := §+¢, we denote V? the solution
of (2.1). Refering to Gérard—Grellier [12 Sect. 6.1, 6.2; 13 Sect. 3; 16 Sect. 4], we

have the following explicit formula

al (t)e™™ + bO(t)
2.3 Vot,z) = —— 2
(23) (o) =

where
52

V4 + 62

. . 2
al(t) = eit(148%) bo(t) = e_’t(l"’%)(é cos(wt) — i

21 —it52 02
5 .

t) = ———=sin(wt)e” 2 , w=73/14+—.
p°(t) 7 (Wt Vit

PROPOSITION 2.4. (Gérard—Grellier [12,13,16]) For 0 < § < 1, set t? 1= = =

2w

75\/[% ~ 95+ Let V? be the solution of (2.1) with V°(0,z) = €'* 4§, then we have
the following estimate

sin(wt)),

1
V@)l Ss IV rre = 51 EE [0,°).

1
for every s > 3.

PrOOF. Expanding formula (2.3) as Fourier series, we have

0
VIR, PO @R IV
AR (- PORE
with ||V‘5(1f)|\i,ll = ||V6(0)H§-{; = 1. By the explicit formula of p?, we have
2 2
4+52 2s5—1 C
VOO = | s < Vo) ~
VOl = (pomen ) < IVE = 505
: | s
with 19 := 55 = < Fawe

3. Long time behavior for small data

3.1. The case o > 2. For all s > %, consider the NLS-Szeg6 equation with
small dispersion and small data.

(3.1) 0w+ *0%u = T(|ul?u), lu(O)|| = =€, 0<e<l, a > 0.
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At first, we show how to find the time interval I* = [~%5, %], in which the solutions
of (3.1) are bounded by O(e), for all & > 0. Then we prove the maximality of I
in the case o > 2.

3.1.1. The bootstrap argument. The time interval I = [-%, %] is given by a
bootstrap argument.

LemMA 3.1. Let a,b,T > 0, ¢ > 1 and M : [0,T7] — R, be a continuous
function satisfying

M(7) <a+bM(7)4, for all T7€0,T]
Assume that (qb)q%lM(O) <1 and (qb)ﬁa < %. Then

q
<
M(T) < 1

a

for all 7 € [0,T].

Proor. The function f; : 2 € Ry ——= 2z — bz? attains its maximum at the
. . _1 _ ST
critical point z. = (¢b)" 7= 1. fu(z.) = %(qb) 1. Since a < max,>g fy(2) =
fq(2c), there exists z_ < z. < z; such that
{z>0: fy(2) <a} =[0,2_] U [z4, +00]

and fq(z+) = a. Since fo(M(7)) < a, V0 < 7 < T and M(0) < z., we have
M([0,T]) C [0, z_]. By the concavity of f; on [0, 4o0[, we have f,(z) > %ﬁc)z for

all z € 0, z.]. Consequently, M(7) < z_ < ﬁa, forall0 <7 <T. O

PROOF OF OF ESTIMATE (1.7). For all & > 0 and € € (0,1) fixed, we rescale u
as u = €/, equation (3.1) becomes

Oy + €0z p = (| ulp),
[1£(0)[| s = 1.

Duhamel’s formula of equation (3.2) gives the following estimate:

(3.2)

(3-3) sup [|(m)llzzs < [|1(0)|[rs + Cse®t sup ()|
0<r<t 0<r<t
Here C; denotes the Sobolev constant in the inequality |||u|?p|lms < Cs||lpl3.. We
choose a; = % and the following estimate holds
3
(3.4) sup [Ju(t)l|a- < Je,
t1<2

by using Lemma 3.1 with ¢ = 3, T'= %, a = M(0) = 1, b = Cse*T and M(t) =
SuPg<, < [14(7)||rs. The case t < 0 is similar.
O
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3.1.2. Optimality of the time interval if o > 2. In order to prove the optimality
of I? in which estimate (3.4) holds, we set u(0,z) = €(e® +§) and rescale u(t,z) =
€U(e*t,z). Then, we have

i0,U + v20%U = T(|U|?U), U0,z) = e™ + 6,
where v 1= ¢“Z". Since the optimality is a consequence of Theorem 1.9, we prove

at first Theorem 1.9 by comparing U to the solution of the cubic Szegé equation
with the same initial datum,

0V =T(V]*V),  V(0,z) = e +4.

PROOF OF THEOREM 1.9. We shall estimate their difference r(¢, z) := U(t, z)—
V(t,x), which satisfies the following equation
(3.5) 10y + V202 = —20%V + IV + 2|V*r) + Q(r), r(0) =0,
with Q(r) := IL(Vr? + 2V |r|? + |r|?r). Thus, we can calculate the derivative of
()11

Oellr )1

=0, ()72 + el 0ur (1) 72
=2Im (101 (t), r(¢)) 12 + 2Im(0, (i0sr(t)), Opr(t)) L2
=2Im 8 V20, VO, T + V2 —Vrf*r

+2Im | —v?03VO,F + V(0,7)? + 2V0,VTO,T + 4Re(V D,V )ro, 7
Sl

+2Im [ 0, Vr20,T + 2Vr|0,r|? + 20, V|r[20,7 + 4VRe(F0,7)0,F + r*(0,7)>.
Sl
Then, we have the following estimate
Oellr ()13
<2107l 2210V |2 + 102V ||z2) + 2V [ Zec W72 + 20V oo llrllzoe 17172
+12|V|ze 7l 10:V 122107 | 2 + 6]l ] 105V |2 | 0or | 2
+12|[V|ze [l poe 1027172 + 2llr T 1007172
<V?@2l0s7 (|22 + 10V 122 + 102V I1Z22) + 20V 1 2o Il 71
+ 12| Vg 10:V [ 2217 oo 10ar 22 + O(ll7 1370

L*>-estimate of V' is given by Corollary 2.2 and H?®-growth of V is given by Propo-
sition 2.4, for all s > % Thus, we have

My := sup sup ||V ()L~ < +o0,
0<6<1 teR

and there exist C1, C3 > 0 such that

Cs
10:V (1) 2 <& 102V @)l < %5
forall0 <t <t = 6@. We use a bootstrap argument to estimate the term

O(llrll7)- Set

Ti=sup{t>0: sup [[r() s <1},
0<r<t
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then we have

SwH(MWSCsw|wmmgc,
o<t< 0<t<T

where C' denotes the Sobolev constant H!(S!) < L°. Consequently, for all 0 <

t < min(T,t°), we have

Oellr ()13

v2(10:V 172 + 103V [I72)

+Irll7n (202 + 2| V[ +12C V2 05V |2

+6C| 7|10V |2 + 12|V || Lo Il L2 + 2[17[|7)
,C2 2

C
V(3 + 5i) + (24 2M2 + 120Mog + 202 + (120 Mo + 6C%) =) |3

gK%w+”(m ), Y0<dw<l,

with K := max(Cf + C%,2 +2M2 + 12C My, +2C? + (12C My +6C?)Cy). We set

a—2 K
5 T 5i2 _ K
v=e¢z2 =e 2 <:)5—1/7(a_2)|1n5|.

Using Gronwall’s inequality, we deduce that
2 s —9 —zK -2 )
Hr(t)||H1§6—ge2o2:5 e 2?2 LK1k § 7, VO<t<t’, VO<ikl.

Since ||V (t°)|| g2 =~ % by Theorem 2.4, we have |U(t%)|| g = [V (¢°) +7(t°) || g2 ~
O

Fix a > 2, for every 0 < € < 1, we set

— SoEe e s T ~ (a—2)|In¢]
0= 0=y i <L T == e~

Then we have ||u(T%)| g ~ ey/(a — 2)|In€| > ¢, while u(0, ) = €(e’® +§). Then

as Qs

the optimality of I& = [~%, %] is obtained.

‘ ~

3.2. The case 0 < a < 2. We assume at first that u(0) € C° so that the
energy functional of (3.1)

€ 1
() = sl + 1l
is well defined. For general initial data u(0) € H, if s € ($,1), we use the
density argument C%° = H$ and the continuity of the mapping u(0) € Hj
C([— =, == HS)

We rescale u(t,z) — e~ 2u(e~“t,z), then (3.1) is reduced to the case a = 0. It
suffices to prove the following estimate

for the NLS-Szeg equation i0;u + 02u = I(|ul?u) with ||u(0)||g= = e.
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3.2.1. Identifying the resonances. The study of the resonant set of the NLS-
Szegd equation is necessary before the Birkhoff normal form transformation. We
refer to Eliasson—Kuksin [6] to see the analysis of resonances for a more general non
linear term and the KAM theorem for the NLS equation.

We use again the change of variable u = e and the Duhamel’s formula of p with
n(t) = > k>0 e (£)e*® := e=9% (t). Then we have

t
. (B2 124712 1.2 _
M (t) = po(t) —ie? ) / e TR TR TR ) (7) Tk, (7)1, (7)dT,
k1—kot+ks—k=0"0

for all £ > 0. Recall the classical identification of the resonant set
ki —ko+ks—ks =0 k1 = ko k1 =ky
<~ or
k¥ —k3+k2—-k3=0. ks = ky ko = k3
In order to cancel all the resonances, we apply the transformation
o(t) = e2it62|\u(0)\|izu(t).

As ||p|| L2 is a conservation law, we have the following nonlinear Schrédinger equa-
tion without resonances

(36) o)+ 02u(t) = € [(jo(t)2o(t) — 2lv(t)|220(H)],  VteR.

Its energy functional is

. 1 €
37 H() = ll0uvll7: + o ([vllze = 2lvllze) =2 Ho(v) + €R(v).
Consider the Fourier modes of v =73 -, v, e then we have

= = 4
4R(v) = E Vky Uky Uk Uky — E log]”.
k1—ko+ks—ks=0 k>0
K —k3+kZ—kI#£0

3.2.2. The Birkhoff normal form. Equation (3.6) is transferred to another Hamil-
tonian equation which is closer to the linear Schrodinger equation by the Birkhoff
normal form transformation. We look for a symplectomorphism W, such that the
energy functional H€ is reduced to the following Hamiltonian

He oW, (v) = Ho(v) + €R(v) + O(e*™9),
where R(v) = —1 Y40 [vel*. W is chosen as the value at time 1 of the Hamilton-
ian flow of some energy €>F.
We fix the value s > % Recall that, given a smooth real valued function H, we
denote Xy the Hamiltonian vector field, i.e,
dH(v)(h) = w(h, Xz (v)).
Given two smooth real-valued functions ' and G on H?, their Poisson bracket

{F,G} is defined by

(38) {F’ G}(U) = W(XF(U)vXG(U)) - % Z (&UkFava - aﬁkGaka) (’U)’

k>0
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for all v = Y, vke™ € H ¢. In particular, if F' and G are respectively ho-
mogeneous of order p and ¢, then their Poisson bracket is homogeneous of order
p+q—2.

LEMMA  3.2. Set F(’U) = Zkl—k2+k3—k4:0 fk17k27k37k41}k1@k320k336k47 with the
coefficients

2 2Z 212\ if k%_k§+k§_ki7&ov
— ) A(K2—k3+k2-k2)
fk17k27k37k4 = .
, otherwise.

Thus, I is real-valued and its Hamiltonian field X is smooth on H§ such that
{F,Ho} + R = R and the following estimates hold for all v € HE.

1Xp @)l Ss 0l
1dXF ()| By Ss 0]
PROOF. F'is well defined because sup y, ., iy ka)eza | frr ko ks ks < 1, the Sobolev
4
embedding yields that [F(v)| < 1 (Zk>0 |vk|) <s |[v||}-- The Sobolev estimates
of | Xr(v)||zs and ||[dXF(v)|| s+ are given by the Young’s convolution inequality
Y 1Y %12 < [2. Using (3.8) and the definition of fx, k,.ks.k,, We have

{F,Ho}(v) =i Z (k% — /4:% + k% — ki)fkl,kg,k3,k4vk15kgvk3§k4
kl—k2+k3—k4:0

1 Z _ _
= — Z Vky Vky Uks Vky
k1—ko+ks—ks=0
kT —k2+k3—k3#0

=— R(v) + R(v).

Set o := exp(e?0 Xr) the Hamiltonian flow of €2F, i.e.,

%XU(U) = eQXF(XU(’U)), xo(v) = v.

We perform the canonical transformation ¥, := x; = exp(¢2Xr). The next lemma
will prove the local existence of x,, for |o| < 1 and give the estimate of the difference
between v and W1 (v)

LEMMmA 3.3. For s > %, there exist two constants ps, Cs > 0 such that for all
v e Hf, if €||lv]|gs < ps, then x4 (v) is well defined on the interval [~1,1] and the
following estimates hold:

N o

sup |Ixo (v)llms < Sl e,

oe[—1,1]

sup [|xo(v) = vllare < Csé?[|v]|3,
oe[—1,1]

ldxo (0)l| ey < exp(Cse?|vll3

al), Vo € [-1,1].
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PrOOF. The Lipschitz coefficient of the mapping v — €2 X (v) is bounded by
Csé?||lv]|%. < Csp?, by Lemma 3.2. If py is sufficiently small, the Hamiltionian flow
(o,v) = Xo(v) exists on the maximal interval (—o*,c*), by the Picard-Lindelof
theorem. Assume that ¢* < 1, then Lemma 3.2 and the following integral formula

(3.9) Xo(v) =v+ 62/ Xr(xr(v))dr, Vo<o<o™
0
yield that
sup [[x-(0)l|las < [[ollms + Cso€? sup [x-(0)[l3-,  VO<o <o <1
0<r<o 0<r<o

By Lemma 3.1 with M (t) = supg<,<; [|x+(©)|ms, ¢ = 3, a = M(0) = |[v| gs and
b = Cse?, we have

3
[ (0)e < 5ol

lo|<o*

if €]|v]|g= < 3\/% This is a contradiction to the blow-up criterion. Hence o* > 1,

and we have supjy < [[o (@)l < Zolle, if vl < po == 2. For all

€ [-1, 1], by using Lemma 3.2, we have

IXo(W)=vllme < lole® sup [ Xp(xe()lrs < Cse® sup |Ixe(v)|[F < Cs€?||v]|3-
0<t<|o| 0<t<|o|

if €||v|| = < ps. We differentiate equation (3.9) and use again Lemma 3.2 to obtain

ldxo (u) || B(rsy =|Tdgs + 62/ dXp(xe(w))dx:(w)dt|| pas)
0

<1+ €

/O "X G (o) e

axe (o)l 5oyt

<1+ Cié%||v|%s

/ ||d><t(v>||B<Hs>dt’
0
<eCClollvlis o e [=1,1].

Gronwall’s inequality is used in the last step.
O

Composed with the symplectomorphism W, = x1, the energy functional H¢ can be
reduced to the normal form.

LeEmMmA 3.4. For s > %, there exists a smooth mapping Y : H} — HY and a
constant C? > 0 such that

XH"O\I"E = XHO + €2X1”2 + 64}/,
1Y ()l < ClllvllFe,

for all v € HY such that €l|v|[gs < ps. Set w(t) := ¥ (v(t)), then we have

< Cietflw(®)-,

(3.10) o)

if ellw ()] - < o
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PRrROOF. We expand the energy H€ o x; = Hy o x1 + €2R o x; with Taylor’s
formula at time o = 1 around 0. Since xo = Id H, We have

2

d ! d
Heoxlz(Ho—FdU[HooxgHg—o—ﬁ-/o (l—a)sz[HooXU]da>

1
+ R+ 62/0 %[R o Xo]do

—Hy + & [{F, Hy) + R] +¢* / (1— 0){F,{F, Hy}} o xo + {F. R} 0 xodo

1
:H0+62R+e4/ {(1—0){F,R}+0{F,R} o xodo
0

We set G(0) := (1 — 0){F, R} + ¢{F, R}, Vo € [0,1]. Since X(rry and Xp gy (u)
are homogeneous of degree 5 with uniformly bounded coefficients, we have

1 Xa@) (s < (=o)X gz )l + 0l Xirry )l Ss ll0lle, Vo € HE,
By the chain rule of Hamiltonian vector fields:

(3.11)  Xg(o)ox, (V) = dX—o(Xo(v)) 0 XG0 (Xo(v)), Yve HY, Voe[0,1],
and Lemma 3.3, we have

1 XG)oxs W) le < ldx -0 (Xo (W) B 1 X 6(0) (Xo (0)) | 125
o @M [ (0) - S ol

for all v € H such that e||v]|gs < ps. Thus we define Y := fol XG(o)oy,do and we
have

Xpeow, = Xpgeoy, = Xp, + 62XR + ey

If €[]l = < ps, then Y (0)llm= Ss vl

Since Xz (w)(k) = —ilwe?wg, Yk > 0 and w(t) = T-L(u(t)), w = 300 wee'®
solves the following infinite dimensional Hamiltonian system of Fourier modes:
(3.12) 10wy (t) — k2w (t) — € |wy (t)Pw(t) = ieﬁ’@)(k), Vk > 0.

If e|w(t)|| g= < ps, then we have

[Oulleo @3] < 261 (w ()]

wt)le Ss € w5

3.2.3. End of the proof of the case 0 < a < 2.

PRrROOF. Recall that w(t) = x_1(v(t)) and [|[v(0)||z= = 1. Lemma 3.3 yields
that if € < ps, then we have
[0(0) = w(0) [ 7= = [[0(0) = x—1(v(0)) ]| = < Cs€?[|v(0)[[3- < C.

Set K :=3Cs + 1. Then [|[w(0)|g: < I:ff. We define

. Ps 1
€5 1= min ,
<3Ks ,/8CSK§>
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and
T :=sup{t >0: sup |[v(7)|m: <2Ks}.
0<r<t

For all € € (0,¢5) and ¢ € [0,T], we have €||v(t)|| g < ps. Hence Lemma 3.3 gives
the following estimate

lw®lla: <[lv@®)a + l[x=1(v(t)) — v(t)||m-
<lv(®)lgs + Cs€[[o(t) |3
2K, +8C K32
<3K.

So we have e supg< ;< [w(t)| s < ps and ’%Hw(t)“%{s

< Clet|w(t)]|%., by Lemma

3.4. Set ag = W We can precise the estimate of ||w(t)| gs by limiting
0<t<ase ™

K? 4K?

oo (8) e <O) e + Clte o). < B2 500Ktk < Tos

for all 0 <t < min(T, % ). Then we have
lo@)lme < [w®)llas + [xa(w(®) = w®)llas < wE)|me + Cse|lw(t)l|z: < K,
for all t € [0, %]. Consequently, we have

sup |lu(t)|[zs =€ sup [[o(t)][ne < Kse.
0<t<eg 0<t<%

In the case t < 0, we use the same procedure and we replace ¢ by —t. O

3.2.4. The open problem of optimality. Recall that H¢ = Hy+¢2R is the energy
functional of the equation

(3.13) i0pu + Oru = T (|ul*u), [l(0, ) ||z = €.

with Ho(v) = 3[10,v/|2, and R(v) = 1(||lv[|1. — 2[v[|12). In order to get a longer

time interval in which the solution is uniformly bounded by O(e), we expand the
Hamiltonian H€ o 1 by using the Taylor expansion of higher order to see whether
the resonances can be cancelled by the Birkhoff normal form method.

Hoxy
=Hoox1+€¢*Roxy

1 1/t
=Ho + 8, (Hy o Xo)|,_y + 502 (o0 Xa)|,_o + 5 / (1— 0)203 (Hy o x0)do
0

1
e <R L0, (Roxo)|,_y + / (1— 0)02(Hy o xa>da>
0

—Hy+ER+ %{F,EH— R} + %/ (1 — o){F,{F,(1 - 0)R+ (14 0)R}} o xodo
0

We try to cancel the term %{F, R+ R} by using a canonical transform to Hf
He€ o y; with the following functional

G(v) = > Gkr Kz ks o ks kg Uk Ukiy kg Uk Vs Uk -
k1—ka+ks—katks—ke=0
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Then we should solve the homological equation {G, Ho} + ${F, R + R} =0.
{G, Ho}(v)
=i > (k2 — k2 4+ k2 — k2 + k2 — k)
k1—ko+kz—ks+ks—ke=0
Gy ko ks ka ks ke Ukt Uk Vkg Uk Vkg Uk -

‘We can calculate that
1 -
§{F, R+ R}(v)

=2Im E fklJ€2,ks,kvklﬁkzvksﬁhvk‘sﬁkﬁ

k1—ko+kz—ki+ks—ke=0
ki k:=ki1—kao+ks>0

— 4Im E Tk k2 ks Uk Uky ks Uk Vs Uk

k1—ko+ks—ki+ks—ke=0
ki, k:=k1—ko+k3>0,ks=ke

— 2Im E fkl,kz,ks,kvklﬁbvkzﬁhUksﬁke

k1—ka+ks—katks—ke=0
kik:=k1—ko+k3>0,ka=ks=k¢

In the first term of the preceding formula, there is a resonant set k3 — k3 + k3 — k3 +
k2 — k2 = 0 that cannot be cancelled by the other two terms. Thus the resonant
subset

ki —ky+ ks —ky+ ks —ke =0
R Rk kA RE k2 =0
should be cancelled before the Birkhoff normal form transform, just like the step
L, 2 2
= v = 2t IOz (1) which can cancel all the resonances

ki—ko+ks—kys=0
kf —k3+k3—ki=0
before we do the canonical transformation H¢ +— H€¢ o x3. We only know that
fk17k2,k3,k1*k2+k3 = fk4’k5yk6;k47k}5+k6 if
ki —ko+ks—ks+ ks —ks=0
K2k 4k — Rk — k2 =0,

This resonant subset contains the case k5 # kg. The optimality of the time interval
for the case 0 < o < 2 remains open. We can see Grébert—Thomann [20] and Haus—
Procesi [21] for instance to analyse the resonant set for 6 indices for the quintic NLS
equation.

4. Orbital stability of the traveling plane wave e,,
Consider the following NLS-Szegd equation
(4.1) i0pu + €20%u = TI(|ul*u), 0<e<l, 0<a<2.

We shall prove at first H!-orbital stability of the traveling waves e,,, for all m € N.
Then, we study their long time H ®-stability, for all s > 1.
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4.1. The proof of Theorem 1.5. We follow the idea of using conserved
quantities mentioned in Gallay-Haragus [9] for equation (4.1).

- Proor. Forall m € N, 0 < e <1and 0 < a < 2, we denote u(0,2) =
e"® + ef(x) with [|f]lg2 < 1. The NLS-Szegd equation has three conservation

laws:
Qu(t)) = llu®)[|7> = [u(0)[17;
P(u(t)) == (Du(t),u(t)) = P(u(0));
E*<(u(t) == S 0xu(t)|3> + Hlu®)|7 = E4(u(0)),

with D = —id, and (u,v) := Re [, aw. Thus the following quantity is conserved,
€ 1
- [Du(t) — mu(t)|[7: + lel’u(lf)\2 — 10172
ml2e® — 1 1
e =L e +

=E*(u(t)) — e“mP(u(t)) + 5
. 62+o¢
= / Ref()e ™ de + <D = mfI2

/ (@) PRe(f(x)e ™)z + e £

Nm

@

Then, we have sup,cg ||[Du(t) — mu(t)||r2 Sm €72, Recall that e, (z) = €™,
then the following estimate holds,

lu(t) = um(Benlin = - (10" un(B)]® Sm | Dut) = mu(t)|7 Sm .

n#m
We have
. B 0, 2
i [[u(t) = wn (0)e e 3
=||u(t) — um(())ei(arg um (t)—arg um(O))em”%[1
2
=1+ ) [ ()] =t O]+ [[0(8) = i (e
and by the conservation of [|u(t)|z2, we have

n ()]~ ()| <[t (D — s O

= 3 @ = 3 ()

n#m n#m
= max([|u(0) — um(0)em|Zz,  [[u(t) — um(t)emll72)
Sn1627a~
Thus sup;ep [|[u(t) — up (0)e! @ um®O-argunm)e, || <, €' =%, The proof can be
finished by u,(0) =1+ efr, = 1+ O(e). O

The preceding theorem also holds for the defocusing NLS equation on T¢, for d =
1,2,3 (in the energy sub-critical case) with T = R/Z ~ S'.(see Gallay-Haragus
[9,10]) We refer to Zhidkov [29 Sect. 3.3] for a detailed analysis of the stability of
plane waves.
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REMARK 4.1. Obtaining the estimate sup,cp |u(t) — tm (t)em|| e Sm el 2 by

~

the Sobolev embedding H!(S') < L>, we can also proceed by using the following
estimate, which is uniform on z and ¢,

[u(t, @) = 1= fum(B)* = 1+ O (%),

The notation O,, means that sup(, ,jerxst |[u(t, 2)[* = [um ()| Sm e!=%. Inte-

~

grating the preceding term with respect to x, we have
[l ()12 = 1] < [[u(®)]* = 122 + [|Om ('~ %) |1z Spn ™%
Thus |t ()] = 1+ O (¢!~ %) and um(t) =e'asum(®) 1 O, (!=%). Then we have

(4.2) sup [u(t) — ¢ 8 Ve |2y <y 2
teRrR

Recall that if z = 1+ O(e) then e?#®* =1 + O(e).

4.2. Long time H*-stability. For every s > 1, we suppose that ||u(0) —
en| e < e. Thanks to estimate (4.2), we change the variable u — v = v™*¢(t,x) =
50 Un(t)e™® € C*°(R x S') such that
(4.3) u(t, x) = et 8 um® (emT L (1= (¢ 1))
to study H?*-stability of plane waves e,, and we have

(4.4) I, := sup sup sup |[v(t)| g < +o0.
0<a<20<e<1 teR

PROPOSITION 4.2. For every s > 1, m € N, € € (0,1) and « € [0,2), if u is
smooth and solves (4.1) with u(0,z) = €™ + ef(z) and ||f||g: < 1, v is defined
by formula (4.3), then we have

v (t) € R, vt € R,
Dy [ ()] S €219,
SUPter ‘atvm( )‘ ~m et
[0(O)l| 2+ Srm,s €%

Moreover, there exists a smooth function ¢ = ¢, : R — R/27Z ~ S' and €}, €
(0,1) such that for every 1 < 27 < 2, we have

arg Um(t) — _(1 + m26a)t + Emin(l’Q_a)gD(t>7
SUPg<q<2- SUPg<ecer, SUPser | ()] < +o0.

m

The parameter v satisfies the following equation
(45) 1000 + €020 — Hozims (v) — (1 — m2e® + L2705/ (1))y
. :emin(%,lfg)so/(t)eimz +€17%1—1( —ima, 2 +2ezmw|v‘ )+627O[H(|,U|2,U)’

where H,2ime (v) := [I[e?™*7] denotes the Hankel operator of symbol ey, .

PROOF. Since u,,(t) = e!8um M) (1 4 =3, (1)), we have 1 + ' =3 v, (t) =
lum (t)] € R. So v, (t) € R, for all ¢ € R. By using the conservation law || - |72 and
estimate (4.4), we have

1+ 2eRefm + € = [u(0)]122 = [u(®)]z2 =1+ 26 Fon(t) + € [lo(t)|[72,
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which yields that sup,cg U (t)] S €™7(317%). Recall that

= Z 1, (0)e™® = ™ e f (z).
n>0
Then we have u,,(0) = 1+ ¢f,, = 14+ O(e) and |e?2&84m(0) — 1| < e. Thus we have
R o(0)lze S (14m?)Ee O 1) 4 €| fllzre Soms €
We define 0(t) := arg(uy, (t)). Combing the following two formulas
1-

iOyu + €*02u = e [' 7% (0w + €920 — 0 (t)v) — (m2e™ + 0 (1)) e ™|

HH’LL|2’LL] :eie(t) eimw+ (2U+H( 2imax ))

_’_627(11—[( —imz 2+2€zma:|v| )+63(17%)H(|U|21})

we obtain that
€73 100 + €070 — Heains (v) — (24 0'(1))]

4.6 . o

( ) :(1+m26a+9/(t))61mz+62iaﬂ( —imz 2+261mw‘v| )+63(175)H(|’U|21}),
where H,2imz(v) = II[e?™®y]. The Fourier mode v,,(t) satisfies the following
equation

-3 [iatvm (t) — M2 um(t) — vm(E) — (24 0'())vm (1)
=14+ m2e® +0'(t) + U2 + 2™ 0], (£) 4+ " DT([0]?0)m (¢).
Estimate (4.4) yields that

sup [~ L™ 0% + 2¢™u]) (1) + O D0 0)n (1)] S €7
teR

Thus, we have

(4.7) €72 [100m(t) — (3 4+ m2e™ + 0/ (1) vm ()] = 1+ m?e™ +0'(t) + Op (7).
The imaginary part and the real part of (4.7) give respectively the two following
estimates:

sup | 0o, ()| Sim el
teR

26730, (1) + O (279)
L+e=2v,(t)

L+m2e +0'(t) =

Om( min(1,2— a))

_ Om min(1,2—a«) )
1+O (6m1n12 a)) (6 )

(1+m?e®)t46(t)
emin(1,2—a)

for all 0 < € < 1. Then we define ¢(t) :=
€ (0,1) such that

{arg U (t) = —(1+m2e®)t + emi“(172_a)<p(t)

SUPg<a<a- SUPo<eces, SUPrer [¢'(1)] < +o00.

. Consequently, there exists

We replace 0'(t) by —1 — m?e® 4+ e™n(1.2=) /(1) in (4.6) and we obtain (4.5). O
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4.2.1. Proof of Proposition 1.7. For every n € N, we define the projector P, :
Li — Lﬁ_ such that

n
Pn(z ,Ukeika:) _ Z Ukeikz'
k>0 j=0
Now we prove Proposition 1.7 by using a bootstrap argument.

PROOF. At the beginning, we suppose that u(0) € C{°. In the general case

u(0) € H$, the proof can be completed by using the continuity of the mapping
u(0) — u from H? to C([— :’1_% , :}“_"% ], H3 ). We use the same transformation u —
v as (4.3). Proposition 4.2 yields that there exists A,, s > 1 such that ||v(0)||gs Spm.s
€3 < A, . By using estimate (4.4), we have

sup sup ||Par (v(1)) ||+ < (1+4m®)2 L,
e€(0,1) teR

We define that L,, s := max(2(1 + 4m?)3 1, 24,, s+ 1) and
T :=sup{t >0: sup |[v(7)|ms < 2Lpm s}
0<r<t

Rewrite equation (4.5) with Fourier modes and we have
i0pvn — (14 (n? —=m?)e® 4+ 2= (1)), = €72 [Z(0(t))]n, VYn > 2m+1,

with Z(v) =3, 50[Z(v)]ne"* = (e~ %2 + 2¢"™7|p|2) + !~ 21I(|v|?v). Then we
have B

(4.8) 1Z(0) = Pom (Z ()| Ss I0ll7re + € 2 [[o][Fr..
Then we have

10c|0(t) = o (0(0)) 3] <262 Y~ (1412) [ua (D[ Z(0(t))]n]

n>2m+1
<2 E ot [ Z(0(1)) = Pam(Z (0(1))) ]| e
Ss€' T E (@) IF + o)l
For all ¢ € [0,T], we have
[ =IP2mv @)1 Fs + [[0() = Pam (0()) [
<S(L+4m?)° Iy + Co(e' 2 o) |3 + o) | 77:)t + [[0(0)[[F7

1 «©
<-L2,  +32C,L,, e 72t A2 .

74 m,s
Define by, s = gro-z— and we have [[v(t)||gs < L, for all ¢ € [0, bf;’%]. The
sHm,s €
case t < 0 is similar. O

4.2.2. Homological equation. We try to improve Proposition 1.7 and get a
longer time interval in which the solution v is still bounded by O,, s(1), by us-
ing the Birkhoff normal form transformation. Recall the symplectic form w(u,v) =
Im [, uﬂ% on the energy space Hi and the Poisson bracket for two smooth real-
valued functionals I, G : C9° — R

(F.GY0) =5 3 (05,F0,,G — 9,60, F) (v),

k>0
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for all v =3, vke'™ € CF°. For all 0 < o < 2 and 0 < € < 1, equation (4.5) is
a non autonomous Hamiltonian equation. Its energy functional is

/Hm,a,e(t,v)
m,Q,e 177 m 627& min($,1-%) 7 617&
=Ho () + €T THT (0) + = Na(v) + MO (L (0) + 5= N2 (v),
with
M (0) = 100l + = o2, + 4 [y Re(e2mor),

’HT(U —Re fgl —zmac|v|2 )7
Np(@) = vll7o, p=2 or 4,
L (v) = Revy,.

We want to cancel all the high frequencies in the term H}*(v) by composing H™ ¢
with the Hamiltonian flow of some auxiliary functional €!~% F,,. In order to get
the appropriate F,,, we need to solve the following homological system

{{fm Hy () + Y (0) = Ron(v)
{Fms L} (v) = =N3*(v) == _Zn22m+1 |[vn|?

such that R,, depends only on finitely many Fourier modes of v. The remaining
coefficient in front of €'~% would be R, 4+ ¢/ (t)e™™(5:1=5) (— N + %) One
can prove the following proposition.(see also Proposition 4.4 and Appendix for the
proof in the special case o = 0)

ProroSITION 4.3. For every m € N, the homogenous functional F,, of degree
3 is defined as

Fm(v) = Z Re(a;1,5v,0105), Y € U P, (CS),
j—l+k=m n>0
j.ke,lEN

for some ay; = a;1r € C. Then we have the following formula
{Fm, Ho" " Hw) + HT'(v) = Re (Resonlow( ) + Reson=2""(y )) ,

where

Reson'" (v)

= Z Cjj+k—m,kVjVj+k—mUk
0<j,k<2m
— Z iaj’l’kvjvk [(1 + (l2 — m2)e°‘)@ =+ ’Ugm,l} ,

j—l+k=m
7,LkEN,I<2m
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for some ¢; 1 x—mk = Chjtk—m,j € C and

Reson=2""1 ()

m—1
E E 2(—182m—j,m+k—j.k

k>2m+1 j=0
+ (L4 2(m = j)(k — j)€")ia; kk+m—j + 1)V;VkVkm—;
-1

+ Z Z (1 =2(k —m)(m — j)e*)iazm—jm+k—jk

k>2m+1 j=0
— 1@k ktm—j + 1)V2m—jVmtk—jVk

+ Z (2(im gk — i@ gt + 1) |vk]?
k>2m+1
+ (1 = 2(k — m)?e*)iag ok —m.x + 10302k _m)

+ Z Z (1 =2(j —m)(k —m)e)iak j1h—m,; + 1)VkTjth—mv;.
k>2m+41 j>k+1

The term Reson’®” depends only on the small Fourier modes vy, va, -« , vg,. We
try to find a bounded sequence (a;, k)j I+k=m such that Reson=?"*! = 0 in order
to cancel the term H}". However, the coefficient (1 —2(j — m)(k —m)e®) in front

of the parameter aj jir—m,; may have an arbitrarily small absolute value if o > 0.
Such sequence does not exist if e~ € 2N([2(m + 1)%, +00).

We suppose that e=* ¢ Q, then Reson=?""1 = 0 is equivalent to a linear system,
which has a unique solution

(4.9)
i(k—j .
A2m—jm+k—jk = Ok,m+k—j,2m—j = (mfj)(172((k27-127,)(k‘7j)60‘)7 VO<j<m-—1,
. )

A kktm—j = Qhtm—jkj = (m_j)(l_g?;:m)(k_j)eaw VO<j<m-—1,

Ay e,k = Ak k,m = %7

Uk ktj—m.j = Qg ktj—mk = ToaG=myimmye> W = 2m+1,
for all £k > 2m + 1. In the case m = 0, (4.9) has only the last two formulas. When
a > 0, the sequence (ajk)j—i+k=m can be arbitrarily large, for 0 < e < 1. We

suppose that € is an irrational algebraic number of degree d > 2. Then we have
the Liouville estimate [23]

1

|aj jk—mpl < — (20 —m)(k—m))*", Vi k>2m+1,

Ce,a

which loses the regularity of v in the estimates of Xp (v). It is difficult to find
the same kind of estimate for the transcendental numbers, which can preserve the
regularity. So we return to the case oo = 0.

4.3. Long time H?-stability in the case « = 0. For o = 0 and every m € N
and s > 1, assume that u is the smooth solution of the NLS-Szegé equation

10w + 5‘3u = H(|u\2u), u(0,2) = eimT 4 ef(x), 1F s <1,



LONG TIME BEHAVIOR OF THE NLS-SZEGO EQUATION 347

and u(t, z) = ' 28 um () (¢m® L ey(t, x)). Then v is solves the following Hamiltonian
equation

100 + 020 — Hpzima (v) — (1 —m? + €/ (1))v
:(,0’(t)eimz + el_I(eﬂ-m‘/""v2 + 26imx|v|2) + 621_[(\11|2'U).

Its energy functional is

H(0) = Hy' (1) + ¢ (DL (0) + o7 (0) + EONo0) + M),

2

with

HE(0) = 310a0]72 + 255 [0]5 + § o Re(e™*7%)da,

L (v) = Revy,

H'(v) = Re(fqr e "™ |v[?v)da,

Np() =ollfs,  p=2 or 4
We define N3"(v) := [|[v — Papv]2. = D on>2mal |0, | and the following proposition
holds.

ProrosiTioNn 4.4. For every s > % and m € N, there exists a sequence
1
(@j1k)j—t4k=m such that aj;x = ag1j, SUD,>1 SUD; 1oy, |ajik] = 5 and the

functional F,, : H7 — R, defined by

Fm(v) = Z Re(aj1,5v,010k), Vv e CF7,
j—l+k=m
Jik,leN

satisfies that {Fp,, L} = —NZ* and Ry, := {Fpn, Hi'} +H7" is a finite sum of the
Fourier modes vy, - -+, v3m,. Moreover, for all v,h € Hf, we have

X7, e Sms 0l 14X 7, (0)hllzs Sms [0l

h”Hs.

ProoOF. For the convenience of the reader, the detailed calculus for R,, =
{Fm, Hi' }+HT and formula (4.9) in the case a = 0 are postponed in Appendix. We
define a; j4x—m,x = 0, for all 0 < 5, k < 2m and an,m414n,2m+1 = G2m+1,m+14n,n =
0, for all 0 <n < m — 1. Combing Proposition 4.3 and (4.9) with a = 0, we have

a=0
{Fm, L }(0) = 2Im(zk20 G e V| + % Zj+k:2m Ajom KV VK) = — an2m+1 |vn |2

By (4.9) with o = 0, we have |a; j1x—m k| < %, for all j,k > 0. By the definition of
Fm, we have

{Reson22m+1(v) =0, Re (Resonlow(v)‘ 0) =Rm(v),

[X]:m (U)] (n) =—2i ZkflJrn:m Ak, 1,n UKV — { Zk,nﬂzm A, 1VEVL
[AX 7, (V)h](n) = =20 Y 4 14 Tkl kb +vihy) = 2030 @k nvih,
for all n > 0. The last two estimates are obtained by Young’s convolution inequality
for 1! 12 — [2.
O
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4.3.1. The Birkhoff normal form. Set x7' := exp(ec X 7, ) the Hamiltonian flow
of eF,,, i.e.,

CXP0) = X, (@), ) =

We perform the canonical transformation V¥, . := x7*. We want to reduce the
energy functional H"™ ¢ to the following normal form

H™ () 0o Uppe = HY + @' (£) Lon(v) + € (Rm + ¢ () (=N + Af)) + O(6).

Since R,, depends only on low-frequency Fourier modes vy, - ,v3,,, the high-
frequency filtering H*®-norm of \11;1}6 (v) is appropriately estimated by the Birkhoff
normal form transformation. The estimate of ||Ps,,(v)| s is given by (4.4). The
next lemma will give the local existence of x*, for |o| <1 and estimate the differ-
ence between v and W ! (v).

LEMMA 4.5. For every s > % and m € N, there exist two constants vy, s, O s >
0 such that for all v € HY, if €||v||gs < Yim,s, then x7'(v) is well defined on the
interval [—1, 1] and the following estimates hold:

sup X' (V)| < 2[[oll e,
oe[—1,1]

sup [|Ixg' (v) = vllme < Oy sellollF,
oe[—1,1]

ldxG ()| B(e) < exp(Crn sélv][ e

o)),  Voel-1,1].

The proof is based on a bootstrap argument, which is similar to Lemma 3.3, given
by Lemma 3.1 with ¢ = 2. The energy functional H™ € is reduced to the normal
form in the following lemma.

LEMMA 4.6. For all s > %, m € N and 0 < € < €,, there exists a smooth

mapping Vy, : R x HS — H$ and a constant Cy, ; > 0 such that for all t € R, we
have

1
Xpme(t)ow,n,. = Xngp +¢' () Xz, +e (XRm + ' () (- Xgp + 2XN2)> +€ Y (t),

and sup;cg [V (t,0)| e < ) llvlE (1 + [[ollae), for all v € H3 such that
elvllze < Ym,s- Set w(t) :== ¥,! (v(t)), then we have

(4.10) %Ilw(t) = Py (w(®) |7+ | < O s w(®)ll3: (1 + lw(t) |12,

if ellw(®) e < e

PrOOF. For every t € R, we expand the energy H"™(t) o Uy, . = H"™(t) o x|
with Taylor’s formula at time o =1 around 0. Since xg" = Idg;, we have
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(H' + ¢ (t) L) © X’T

=Hg' + & () Lm + - [(”HZ)” + &' (H)Lm) o X7 llo=0

1 d2
+ [ 1= 0) S04 + & (OL) o xldo
0
=Hg" + ¢ () Lo + e{Fm, He' + ¢ (H) Ln}

1
+e2/0 (1= o) {Fons {Fons M + ¢ (D)L }} 0 X0

and

’ / 1 d /
(H;" + ‘OT“) 2> o X =M + %@)Ng +/ |+ %(t)%) ° Xo'ldo

_Hm—i_%jv te /{fmva+LN}OXU

{Fms HG'} + HT = Rom
{For Lon} + NJ* =0

Since F,, solves the homological system { in Proposition

4.4, we have
H™(t) o X7"

=HT 4+ @' (t) Lo + € <{]—"m, HIY + H + o () ({Foms Lo} + ;Ng))

[ / (Fos (1= o) Fors HE 4 /(1) £}

wup+ 20N o xpa + ML
=Hg' + &' (t) Lo + € (Rm + @ () (~NF" + ;N2)>

ootz 255],

where G, (t,0) = {Fm, (1 — 0)Rpm + o HP + &' (t)((0 — NG + 1N3)}. We set

1
1
Vut:0) = [ X (ron (0100 + X 0),

then we get
1
Xoygmoe(tyoxm = Xap +¢' (1) X, + € <XRm + W(U(*Xﬂ/p + 2XN2)) + V().

Since F,,, H. and R, are homogeneous series of order 3 with uniformly bounded
coefficients, Ny and M are homogeneous series of order 2 with uniformly bounded
coefficients, we have

1 X7 20y ) les + 1 X7, R0y ()l Ss (011,
1X (7 Ny Ol + 11X (7, gy O Ss 011G,
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because for T (v) =32\ p—,, Re(bj i xv0vg) With sup; iy, [bj1k] < +00, we
have

{Fm, T }(v)
=4Im O, Fon (1) Dy, T (v)

n>0
= E Im(4ak1,11,m+11*k1bl2,k2,m+k2*l2
ki4ko=l1+12
+ ALyl —muls bk1,k1+k2*m,k2 )Eklﬁk&ullvb
+ E ZIm(akl,k1+11*m,llbk2,127m+l2*k2
ki+ko+li—1l2=2m

= Qky ly,m+la—ko bk17k1+l1*m,l1)Uklvhvll@lz
and {F,, No}(v) = —2Im(3>; ., _,, a;1,50;01vk). Recall that

sup sup |¢'(t)] < +oo
0<e<er, teR

and X, (v) = —4ill(|v|*v), then we have

Sup SUP [[Xg,, (1.0 (W)l e + I X (W)re S loll7re (1 + l[vllzz2)-
0<o<1t

By using Lemma 4.5 and (3.11), for all v € H3 such that €||[v||gs < 4,5, we have

sup Sup [Xg,, r.ojexy (v)llie < sup sup ldx=, O ()l | Xg0.0) O () e
0<0o<1 teR 0<o<

Sm,s sup e Cm,sellxg (V) ms
0<o<1

Xa (7 (1 + 11X () ]12+)

(14 [[v][ )

and sup;cg || Xaqoxr (V)| s Smes [0]13- (14 ||v][¢). Then we obtain the estimate
of V.

Since w(t) = x™ (v(t)), w =Y, 50 Wne™ solves the following infinite dimensional
Hamiltonian system of Fourier modes:

iOywn(t) = (1412 — m? — e/ (£))wn(t) + i€2Vm(t, w(t))(n), Y >3m+ 1.

because for all n > 3m + 1, we have

{H/T w(t))(n) = Xr,, (w(t)(n) = Xz, (w(t))(n) = 0,

—

Xn (w(t))(n) = X g (w(t)) (1) = —2iwn(t).

Consequently, if €||w(t)||gs < Yim.s, then we have

allw(t) = Pam(w(t) 3] <28 3 (14 02)* [Vt w(t)) () [ (2)]

n>3m+1
<262 Vi (8 w () 11 w0 ()| 24
Sm,s € lw(B) 3+ (14 [[w(t) [ r2)-
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4.3.2. End of the proof of Theorem 1.8. The proof is completed by a bootstrap
argument and estimate (4.10), obtained by the Birkhoff normal form transforma-
tion. It suffices to prove the case u(0) € C'Y° by the same density argument in the
proof of Proposition 1.7.

ProOF. For all m € N and s > 1, we recall that 0;v(t) = Xpm.e(v(t))
and w(t) = x™(v(t)). In Proposition 4.2, there exists A,, s > 1 such that
SUPgcect |V(0)|| s < A s. By using (4.4), we have

sup sup ||Ps,, (v()||zs < (1 4+9m?)21,,.
0<e<1 teR

Set Ky s i= max(64,,5,6(1 4 9m?)2 1), €m s == min(e},, 55, me—7z—)

and

Trn,s :=sup{t > 0: sup [[v(7)||lgs < 2K, s}
0<r<t

We choose € € (0, €n,5). Since € = €|[v(0)||gs < €Am.s < Ym,s, Lemma 4.5 yields
that

[(0) = w(O)[lzz+ = [[v(0) = X1 (v(0)) | ;1= < €A, Crns < Aps.
Kwt,s
st

So we have ||w(0)||gs < For all ¢ € [0,T),s], we have €||v(t)||la= < Ym,s-
Hence Lemma 4.5 gives the following estimate

lw®) s <o)l + [IxT (0(E) = v(t)| a
<[[o(@®)llzr+ + Con sellv() 7=
2K s+ AC K2, e
<3K s

So we have esupg<;<r

m,s

w(t)||gs < Yim,s, which implies that

%Ilw(t) = Py (w(t) 7+ | < O s w(®)ll3: (1 + [lw(t) |72+,

1
486 K2, C!

m,s~m,s

[w(t) = Pagn (w(t)) |3+
<[w(O)[7s + Cr sltle? [ 5D lw(r) - (1 + S w(m)lae)

<7<Tm s <7< T, s

in Lemma 4.6. Set dy, s := . We can obtain the following estimate:

K2
g% +162C;, K, |t]e?
4K3n s
<—=,
-9
for all 0 <t < min(T5, s, d’:—Q) We use Lemma 4.5 again to obtain that
vl <2f|lw(t) — o)z + [[w(t) = Pam(w@) ||z + [|Pam (v ()| =
2Km,s + Km,s
3 6

<2Cm,sellv®)lF- +
SKm,w

for all t € [0, d:;’s]. In the case t < 0, we use the same procedure and we replace t

by —t. Consequently, we have

sup ||lu(t) — ei('Jrarg“m(t))HHs =€ sup |[v(t)||gs < K se.

dwn,s dm,s
Jt]< e [t]< %=
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5. Comparison to the NLS equation

Although we have some similar results for the NLS equation, there are still some
differences between the NLS equation and the NLS-Szegd equation. We denote by
u=u(t,r) =3, 5qun(t)e™” the solution of the NLS equation

(5.1) i0pu + 0%u = |ul*u.
In Fourier modes, we have i0;u,, = nng D ks — kg kg —n Wy Uk Uky - Fix m € Z, for
every n € Z, we define v, := 4 e’ ™ T2 Then |jv(t)| 2 = ||u(t)||z> and we
have
(5.2) 10y, = nv, + Z Vky Uko Uk -

k1—ko+ks=n

If w is localized in the m-th Fourier mode, then v is localized on the zero mode. Thus
the orbital stability of the traveling wave e,, can be reduced to the case m = 0. In
Faou-Gauckler—Lubich [8], long time H*-orbital stability of plane wave solutions is
established by limiting the mass of the initial data to a certain full measure subset
of (0,+00) for the defocusing cubic Schrédinger equation with the time interval
[—e=N,eN], for all N > 1 and s >> 1. However, this above transformation u + v
does not preserve the L? norm for the NLS-Szegé equation and formula (5.2) fails
too.

On the other hand, the approach that we use to prove Theorem 1.8 does not
work for (5.1). In fact, the negative high frequency Fourier modes in the term
HT"(v) = Re [s; "™ |v|?v can not be cancelled by the homological equation. The
energy functional of the equation of v can not be reduced as Hf* + O(e?) by using
the same method in this paper.

The Szegé filtering to (5.1) makes it possible to cancel all the high frequency reso-
nances in the term R,,, = {F,,, H{'} +H*. Then we use a bootstrap argument to
deal with the equation 9;w(t) = Xpm.c(1)oym (w(t)) after the Birkhoff normal form
transformation.

6. Appendix

We give the details of the homological equation in Proposition 4.4 and prove
(4.9) and Proposition 4.3 in the case oo = 0.

For all v € J,, oy Pn(CS°), Hi'(v) = 110,022 + 1_2’”2 [v]|22 + 5 Jo Re(e?™ 0% da

and Fp,(v) = > j—i+k=m Re(a;,v;T1v,). With the convention v, = 0, for all
Jk,lEN

n < 0, we have

_— 2 2
Do, M (v) =05, Hi (v) = B =%, + Lugy, o,

05, Fn(v) =0y, F(v) = Z k1,0 Tk0L + 5 Z Ako,n, LUK VL-

k—l4+n=m k—n+l=m
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Combing (3.8), we have the Poisson bracket of F,,, and H{",

{Fm, Hg'}(v)
= =2 Y (95, FmOu, H'" — 05, 10, Fin) (v)

n>0
_ 2 N 2 2 _
=Im( E 2(14+n" —m*)ag 1, UkVITy + g (14 n* — m*)akn, 1 0xUn0;)
k—l+n=m k—n4+l=m
k,l,;nEN k,l,neN
+ Im( E 201 nVIVEV2m—n E ke VRV V2 —1,)
k—l+n=m k—n+l=m
k,l,neN,n<2m k,l,neN,n<2m

=Im(A; + Az + Az + Ay).

The term Ay =Y k—nti=m  Gk.n,iVVIV2m—n has only finite terms depending on
k,l,neN,n<2m
low-frequency Fourier modes vy, -« ,v3,,. We divide Aj, A, A3 into two parts.

The first part consists of low-frequency resonances, the second part consists of
high-frequency resonances.

_ >2 1
Al = — E 2(1 +n? — m?)ag 1o Vr1v, = Alow 4 At mt
k—Il4+n=m
k,l,neN
where Alf“’ consists of all the resonances v;7;4,—mvy such that j,k < 2m,

LnL 1

2m 2m—1
l -2 2 2 —
AP =—( ) > E 202+ 7% + k% = 2m7)ay jtk—m,kVjVj+k—mUk
j=0 k=m-—j _ng'lj k—]+1

- Z Z 2024 5% + (k+m — §)® = 2m*)a g ktm—j ViVk Vk+-m—j
j=0 k=j+m+1

2m

- Z 2(1 + k% — m*)ak 26— m k VaD2k—m,

k=5 ]

and A>2m+1 contain other resonances v;V;j,—mvi such that at least one of j, k is
strictly larger than 2m.

AZZmHL Z > 22452+ (k+m—§)” = 2m°)a; k kb V0K Vkgm—j
7=0k>2m+1

ST 2242+ K = 2m7)a; ke kU5T ) km Uk
J=mt1k>2m41

2 -2 2 _
Z Z 2(2 +k°+ J = 2m )ak,k+j—m,jvkvk+j—mvj
E>2mA41 j>k+1

2 2 2
— Z 2(1 4+ k* — m*)ak 2k —m Vi U2k —m-
k>2m+1
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Then, we calculate Az = Y j_jikem (1 + 12 — m?)a; 0008 = AXY + A>2m+1
j,lkeN
AZQ‘”” consists of all the resonances v;v;vy, such that 5,k <2morl = j+k—m < 2m.

l 2 2 —
AP = (1+ 17 = m%)aj 1 kvT1vk
j—l+k=m
j.1,keN,i<2m
+ E 2(]. -+ 12— mz)aﬂvkvjﬁlvk
Jj—l4+k=m

m+1<j<2m—1
JH1<k<2m,1>2m+1

+ Z (1+ (2k —m)? — m?)ak 2k —m Ve T2k —m;
k=2 ]+1

>2m+1 >2m—+1
A5 2 AT

plays the same role as

>2m+1 2 2 _
§ > 201+ k= m?)a; bk U Tk Um gk
7=0k>2m+1

2 —
+ Z > 201+ (k= m)® = M) ke k5T ke Uk
j=m+1k>2m+1

+ E: E: (L+ (k+j —m)® = m?)ap ktjmmnVkTk+j—mV;

k>2m+1j>k+1
14 (2% — m)? — m2 2
+ (T+( m)° — m)ak 2k—m kUi U2k—m-
k>2m+1
At last,
As = E 2011, n VIV V2m—n = E 2ay 1o, 2m— VKUV
k—l4+n=m j—l+k=m
k,l,neN,n<2m 4.k, l,n€EN,j<2m

Using the same idea, we have Az = ALY + A>2m+1 with

m  2m

low — —
AP = E E 202m—j,m4k—j,kVi Uk Um 4 k—j
=0 k=0

2m 2m

+ E 5 2G2m—j ke k+j—mVj Uk+j—mUk;
j=m+1k=0

and

m

>2m+1 — _
-A § § 2a2m—j,'rrL+k—j,kUjUkU7rL+k—j
J=0 k>2m+1

+ E E 2G2m—j k k+j—mVjVk+j—mUVk-
j=m-+1k>2m+1



LONG TIME BEHAVIOR OF THE NLS-SZEGO EQUATION 355

Recall that H{*(v) = Re(fg e |vf*v) = >0, ., Re(vxTivy). A similar cal-
culus as in the case of A; shows that HJ*(v) = Re(B!°¥ + B=2m+1) with

Blow
2m—1
E E E 2vjvj+k mUk
J=0 k=m—j j=|mtl | k=j+1
2m m—1 2m
2 _

+ E VL U2k —m T E E 20Uk Vk+m—j,

k:[mTHJ 7=0 k=j+m-+1

m
prami_ §° (ZQUJ.UWHm_j

E>2m+1 N j=0
2m
Z 2004 k—mVk + Uzﬁzk_m + Z 2vkvk+j_mvj> .
j=m+1 j=k+1
At last we define Resonl"w(v) . —i(APY + A 4 Alow + Ay) + Blov and
a—

>2m+1 (’U)

Reson (A>2m+1+¢4>2m+1+A>2m+1)+822m+1-

oz:O

Then we have {F,,, Hi*}(v)+H* (v) = Re(Reson" (v) B +Reson>2m+1( ) ).

a= a=0

Since Resonlow(v) contains only finite terms and depends only on vy, -, U3m,

a=0

50 is Ry, = Re(Reson'" (v)

). For high-frequency resonances, we compute

a=0

Reson>am,+1 (v)’
a=0

Z Z 2 (=ilGom—jmtk—jk + (1 +2(m — j)(k = j))iajk k+m—; + 1)
k>2m+1 j=0

vjmvk+m,j

+ 0y Z (L =2(k —m)(j — m))ia; jtk—mk — i@2m—j ke k+j—m + 1)
k>2m+1 j=m+1

VU4 k—mUk

+ Z [2(iam ko — 1@ et + Domloe|> + (1 — 2(k — m)?)iak 2k—mx + 1)
k>2m+1

2

VEOok—mt]

+ Y D 2 =20 —m)(k = m))iaj1k-m; + VT 1k-m;-
k>2m+41j>k+1

After replacing j by 2m — j in the sum m + 1 < j < 2m, we have the equivalence

between Resonso, 11 =0 and (4.9) in the case a = 0.
- a=0
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