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ABSTRACT. In the present paper, we show that solutions are spatially localized
for the damped and forced Zakharov-Kuznetsov equation in R2. This result
leads to the global attractor in the strong topology of the Sobolev space without

weight.
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1. Introduction and main results

In the present paper, we consider the existence of the global attractor associated
with the Cauchy problem of the following damped and forced Zakharov-Kuznetsov
equation in R2.

(1.1) Opu+ (02, + 03, )u+ (O, + 00y) (U?) +yu = f,
t>0, z=(x1,12)€R?
(1.2) u(0,2) = uo(x),

where 7 is a positive constant and f is a time-independent external forcing term.
We can rewrite the Zakharov-Kuznetsov equation as the symmetrized form of (1.1),
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though it is originally asymmetric in z; and x2 variables (see [6]). In two dimen-
sions, the local and global well-posedness of (1.1)-(1.2) below energy is known (for
details, see Linares and Pastor [7], Griinrock and Herr [6], Molinet and Pilod [9]
and Shan [10, 11]). In [11], the second author has proved the existence of the
global attractor in the weak topology of H® = H*(R?) for 1 > s > 10/11. In his
proof, he uses the weak compactness of Sobolev spaces due to the lack of compact-
ness in the R? case. By a weak global attractor, we mean a global attractor in the
weak topology. The global attractor in the strong topology is sometimes called a
strong global attractor. On the one hand, the weak global attractor given in [11]
is important and interesting in such a sense that it attracts solutions below energy
space. On the other hand, the weak global attractor might be too weak. Indeed,
it can not capture solutions running away toward infinity. So, it is natural to ask
whether or not the weak global attractor proved in [11] is a global attractor in the
strong topology. In the present paper, we show that it is a strong global attractor
in H® for 1 > s > 10/11.

THEOREM 1.1. We assume that 1 > s > 10/11 and f € H*. Then, there exists
the unique global attractor in the strong topology of H® for the two dimensional
Zakharov-Kuznetsov equation with damping and forcing terms.

To prove Theorem 1.1, we need the localization estimate of the solution in H?,
1> s> 10/11 for (1.1)-(1.2). Let ¢ be a function in C°°(]0, 00)) such that ¢(r) =1
(r>2)and ¢(r) =0 (0 <r <1). We put pr(z) = ¢(|z|/R) for R > 0 and put
Y(z) =1—¢(|]z|). For a positive number N, we define the operators P>y and Py
as follows.

Ponf=F[o(€l/N)f], Ponf=F '[0(&/N)]].
For the localization estimate of the solution u to (1.1)-(1.2), we have only to prove
the localization estimate of the low frequency part of the solution. This is because

the high frequency part P> nu of the solution gets smaller and smaller as IV increases
(see [11]).

PROPOSITION 1.2. We have two positive constants ko and K with the following
properties: For any L > 0 and N > 0, there exists a T > 0 such that if ||ug||ms < L,
then the solution u of (1.1)-(1.2) satisfies the following estimate.

lprPenu®)l3 S Ju(T) 72677 + RTIK? + (R + N7"0)K?
+llerflz+(NR)2IfI; (R>1, t>T),
where K depends only on v and || f||z: .

REMARK 1.3. There are many papers about global attractors for reaction dif-
fusion equations in unbounded domains (see, e.g., Babin and Vishik [1], Merino [8]
and Wang [15]). In [15] the global attractor is constructed within the framework
of the standard L? space while the weighted L? space and the uniform Hélder space
are used in [1] and [8], respectively. In [1] and [8], the precompactness of orbits is
recovered by the use of the weighted L? space (see [1, Lemma 2.16 on page 237])
and the super- and sub-solutions (see [8, Theorem 2.4 on page 92|), respectively.
In [15], such a localization estimate as Proposition 1.2 plays an important role for
the proof of precompactness of orbits (see, e.g., [15, Lemma 5 on page 46]). But,
for nonlinear parabolic equations, the proof of the localization estimate is rather
straightforward because parabolic equations have an explicit smoothing effect.
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The plan of this paper is as follows. In Section 2, we prove Proposition 1.2
concerning the localization estimate of solution for (1.1)-(1.2). In Section 3, by using
Proposition 1.2, we show that the solution map generated by (1.1) is asymptotically
compact in H® for 1 > s > 10/11, which leads to the global attractor in the strong
topology of H® for 1 > s > 10/11.

2. Proof of localization estimate

In this section, we show Proposition 1.2. To make the notation simple, we
suppress the suffix R indicating the dependence of ¢ on R. We denote P.y by J
and set v = pJu. The Cauchy problem (1.1) and (1.2) is rewritten as follows.

(2.1) O+ (82, + 02 )o+vv + @J [(0g, + O,) (u?)]
2
- 2(3@1’1‘ g0 +300;0; Jua; + Puja;a; JU) =@/,
j=1
t>0, z=(x1,2) € R?,
(2.2) v(0,2) = vo(z) := pJug(x).
We begin with the following lemma concerning a priori estimates of solutions,

which ensures the existence of the global attractor in the weak topology (see [11]
and also Tsugawa [14, §4. Proof of Theorem 1.1 on pages 312-313]).

LEMMA 2.1. We have two constants Ky, Ko > 0 with the following properties:
Let L > 0. We assume that ug € H* and ||ugl|gs < L. Let u be the solution of
(1.1)-(1.2).

(i) There exists a Ty > 0 depending only on L, v and || f|| g such that

fu®)llms < Ky (82 Th).

(11) For any N > 0, there exists a Ty > 0 depending only on L, N, v and || f|| i
such that
[Penu(@)||m < K2 (t 2 T2).

PROOF. In the proof of Theorem 1.2 of [11], it has been proved that for any
L > 0, there exist two positive constants M, C' depending only on +, || f||z: and a
positive constant T' depending also on L such that if ||ug||zs < L, the solution map
S(t) satisfies
(2.3) | P<neeyS(E)uoll e + N () 5| Ps ney S(t)uol e < M (t>1),

where N(t)'=% = Ce7*=T) (for the KdV equation, see [14, line 21 and 22 on page
313] and Yang [16, lines 15 and 16 on page 284]). Lemma 2.1 follows immediately
from (2.3). In fact, one can take K; = M max{1,C~'} and T3 = T in (i), while
in (ii) it is enough to set Ko = M and To = min{t € [T, 00) | N(t) > N} for given
N >0. O

We now prove the following lemma concerning the localization estimate of v.

LEMMA 2.2. Let L > 0 and N > 0. We assume that ug € H® and ||ug|lg= < L.
There exists a positive constant T' such that the solution v of (2.1)-(2.2) satisfies
the following estimate:

[o@)[I2 < (D)]2e D 44 YR+ N~") K} 4y 'R7IK?2
+7 720 fll3 (R>1, t>T),
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where K1, Ko are positive constants defined as in Lemma 2.1, and kg is an absolute
positive constant.

PrROOF. We multiply (2.1) by v and integrate the resulting equation in the
spatial variables to have
d
(24) I3+ 2v]10]5 + (A(Dey + 0ay) T (u?), Ju) + (BJu, Ju)
+ 6(@9011 Jul‘l Y Jul1) + 6(@@12 ']uwza JUIQ) = 2(@‘].]"7 U)?
where
A(z) =2¢*  B(z) = —(9;, +9;,)(¥%).
By the definition of function ¢, we have
[A@@)| S 1, [B@)| SR (z€R?).
For the third term on the left side of (2.4), we have
(A(Ozy + 0a,)J (u?), Ju)
—=(A(@s, + 00,) T{(Poxvu)? + 2(Poyu)(Ju)}, Ju)
+ (A(8z, + 0uy) (Ju)?, Ju) — (A(Oy + Opy) P> n(Ju)?, Ju)
=. Il + IQ + 13.
We now estimate the terms I, Is and I3. By integration by parts, we have
L] S R™Y[Jullfy--

For the term I3, by the fractional Leibniz rule and the Sobolev embedding we can
easily see that

(2.5) [I3] =|(A(8s + 0y) P> n (Ju)?, Ju)|
=|((-A) 8/2 azl+am>P>N<J )%, (—A)7*(AJu))|
S22 Py (Ju)?,
x ([l4]] H A2 ully + [[All g, [1Tull,)

SNR0[(= )20 2Py (Ju)? |21 (1 = )/ Tull
SN Tulfys

where Bf,’q denotes the Besov space (for the definition of the Besov space, see Bergh
and Lofstrom [3] and Triebel [13]). In a similar manner, we see that

1] S N7l
These three inequalities and Lemma 2.1 (i) yield, for some 7' > 0,
(2.6) |(A(@ay + 0a,)J (u?), Ju)| S (RT'+ NT")K} (£ >T).

On the other hand, by Lemma 2.1 (ii) we have, for some T > 0 depending also
on N,

(2.7) |(BJu, Ju)|4+6| (00, Jua, s Juz, )| + 6|(0Pny Ty, Jtiz, )|
SR Poyul} <RT'ER (> T).
Equality (2.4) and estimates (2.6) and (2.7) complete the proof of Lemma 2.2. O
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REMARK 2.3. At the last inequality of (2.5), we have only used the Sobolev
embedding which is based on the H® bound of u. If we would use the bound of
Ju in H', then the estimate (2.5) would be improved with respect to the inverse
power kg of N.

Finally, we prove the following lemma, which enables us to bound the L? norm
of ¢ J f by that of f.

LEMMA 2.4.
leullz < 1T (w)ll2 + (NR) ™ lull2.
PROOF. We have only to show the following commutator estimate.
(2.8) [, Tull, S (NR)™ullo-
By the mean value theorem, we have

o) (Ju) (@) — {J(gu)} (@)
/ (o WINZO(N (z — y))uly)| dy

SIVR) V9l o /R H(z — y)luly)] dy,

where H(x) = N?|Nz|[t)(Nz)|. Since ¢ € C3°(R?), we can conclude that H €
L'(R?) with a uniform bound in N, which implies (2.8). O

Proposition 1.2 follows from Lemma 2.2 and Lemma 2.4.

3. Proof of strong global attractor

In this section, we prove by using Proposition 1.2 that the weak global attractor
given by the paper [11] is a global attractor in the strong topology of H*. We have
only to show that the solution map generated by (1.1) is asymptotically compact
in H® (see, e.g., [12, Remark 1.4 on page 26]). We begin with the definition of the
asymptotic compactness.

DEFINITION 3.1. Let X be a Banach space and let S(¢) be a continuous map
from [0,00) x X — X with semi-group properties: S(t + s) = S(t)S(s) (t,s > 0)
and S(0) = I, where I is the identity operator in X. The semi-group {S(t)}+>0 is
said to be asymptotically compact in X if for every bounded sequence {z;} in X
and every sequence t; — 00, {S(tx)z)} is relatively compact in X.

Let S(t) be the solution map associated with (1.1)-(1.2).

PROOF OF THEOREM 1.1. Let {ugy} be a bounded sequence in H® and let {¢;}
be a positive number sequence with ¢, — co. It suffices to show that {S(tx)uor} is
totally bounded in H*.

By (2.3) we have, for some k1 € N,

[ P> NS (tk)uok | =
NP> NP> NSt )uok || s + || P> N Pe ) S (tr ) wok || s
S P nen)Str)uorllas + N™C Py, S (b )uok ]|
Se "GN N~O=9M (N >0, k> k).
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Furthermore, by Proposition 1.2 and Lemma 2.1 we have the following: For any
N > 0 there is a ko = ko(N) € N such that

lprPanS(tr)uorlme S KsllorPanS(t)uorllz ™,
lorPanS(tr)uok|3 < Kfe "0 + RTUK? + (R7! 4+ N7 K?
+lerfl3+ (NR)2fI3 (R>1, k> ko).
Hence, for any € > 0 we can choose so large N, R > 0 and kg € N that
(3.1) P>~ S(te)uok || e + lorP<nS(tr)uokllms <e/2 (k= ko).

On the other hand, since the embedding H!(|z| < R) < H*(|z| < R) is compact,
the set {(1 — ¢r)P<nS(tx)uor}, which is bounded in H! by Lemma 2.1 (ii), is
relatively compact in H®. Hence, {(1 — ¢r)P<nS(tx)uor} has a finite collection of
H?-balls with radius /2 which cover it. This fact and (3.1) imply that {S(tx)uox }
is covered by a finite collection of H*-balls with radius €. Therefore, we conclude
that {S(tx)uor} is totally bounded in H®, which completes the proof of Theorem
1.1. (I

REMARK 3.2. It seems possible to prove Theorem 1.1 by using J. M. Ball’s
argument (see [2], [4] and [5]). For that purpose, it is necessary to show the global
existence toward negative time of solution for the Cauchy problem (1.1)-(1.2) with
ug € H%, 1 > s > 10/11. The global solvability in negative time is not obvious for
1> s> 10/11 though it is easy to prove for s = 1. Our proof shows that solutions
are spatially localized for the damped and forced Zakharov-Kuznetsov equation. In
this respect, our proof is more direct than J. M. Ball’s argument.
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