
i∂tu+ ∂xxu = |u|4u, (t, x) ∈ R× T

T = R/Z.
(u, ū) ∈ L2(T) −idu∧dū. u(t)

h =

∫
T

|ux|2 +
1

3
|u|6dx,



L =

∫
T

|u|2dx, M =

∫
T

Im(u · ∇ū)dx.

u ū

u(t, x) =
∑
j∈Z

aj(t)e
ijx, ū(t, x) =

∑
j∈Z

bj(t)e
−ijx.

−i∑j∈Z daj ∧ dbj .

h =
∑
j∈Z

j2ajbj +
1

3

∑
j,�∈Z3;M(j,l)=0

aj1aj2aj3b�1b�2b�3 = N + P,

L =
∑
j∈Z

ajbj , M =
∑
j∈Z

jajbj ,

M(j, l) = j1 + j2 + j3 − �1 − �2 − �3
aj1aj2aj3b�1b�2b�3 .

{
iȧj = j2aj +

∂P
∂bj

j ∈ Z,

−iḃj = j2bj +
∂P
∂aj

j ∈ Z.

0

u(t, x) = ap(t)e
ipxe−ip2t + aq(t)e

iqxe−iq2t +O(ε),

u(t, x) = ap(t)e
ipxe−ip2t + aq(t)e

iqxe−iq2t + am(t)eimxe−im2t +O(ε),

T2
c(p, q) = {|ap|2 = c1, |aq|2 = c2},

T3
c(p, q,m) = {|ap|2 = c1, |aq|2 = c2, |am|2 = c3},

0 < c1, c2, c3 � 1.

p, q ∈ Z, s > 1
2 . ν0 > 0, 0 < ν < ν0,

Dν ⊂ [1, 2]2 meas([1, 2]2 \ Dν)→ 0
ν → 0 ρ ∈ Dν ,

u(x) =
∑
j∈Z

aj(tω)e
ijx

{aj}j T2 �2s θ ∈ T2

|ap −
√
νρ1|2 + |aq −

√
νρ2|2 +

∑
j �=p,q

(1 + j2)s|aj |2 = O(ν2).

ω R2

ω = (p2, q2) +O(ν2).



•
{0, 0} 	= � ∈ Z2 ω · � = 0.

• (
ȧ

ḃ

)
= A

(
a
b

)
, A

A

� ∈ Z

{
2j1 + j2 = 2j3 + �

2j21 + j22 = 2j23 + �2.

(p, q,m) ρ ν
T3

νρ(p, q,m) = {|ap|2 = νρ1, |aq|2 = νρ2, |am|2 = νρ3}
ε = 10−2

D = D2 = [2− ε, 2 + ε]× [1− ε, 1 + ε]× [9− ε, 9 + ε].

p = −3, q = 10, m = −6, s > 1
2 ν0 > 0,

0 < ν < ν0, Dν ⊂ D
meas(D \ Dν) → 0 ν → 0 ρ ∈ Dν ,

u(x) =
∑
j∈Z

aj(tω)e
ijx

{aj}j T3 �2s θ ∈ T3

|ap −
√
νρ1|2 + |aq −

√
νρ2|2 + |am −

√
νρ3|2 +

∑
j �=p,q,m

(1 + j2)s|aj |2 = O(ν2).

ω R3

ω = (32, 102, 62) +O(ν2).

P
h0

T3
νρ(−3, 10,−6)

{9, 1}.

a2j1aj2b
2
j3
b� + b2j1bj2a

2
j3
a� �

p, q,m, �



u(0, x)
(p, q,m, s)

h = h0 + f, h0

h0 = Ω(ρ) · r +
∑
a∈Z

Λa(ρ)|ζa|2.

• ρ D, Rn;
• r ∈ Rn (r, θ) ∈
(Rn × Tn, dr ∧ dθ) ;

• L F Z
L ∪ F ;

• ζ = (ζa)a∈Z ∈ CZ

−idζ ∧ dη.
ζL = (ζa)a∈L ,

Λa ∈ R a ∈ L ζF = (ζa)a∈F ,
�Λa 	= 0 a ∈ F ;

• L L = ∪j∈NLj , Lj

dj ≤ d < ∞. a ∈ Lj , [a] = Lj wa = j,
a ∈ F wa = 1;

•
Ω : D → Rn,

Λa : D → C, a ∈ Z,

• f = f(r, θ, ζ; ρ)
h0.

s ≥ 0, �2−
Zs = {ζ = (ζa ∈ C, a ∈ Z) | ‖ζ‖s <∞},

‖ζ‖s =
∑
a∈Z

|ζa|2w2s
a .



Ys = {ζL = (ζa ∈ C, a ∈ L) | ‖ζL‖s <∞},
Zs ×Zs Ys × Ys

−idζ ∧ dη, η = ζ̄.
ω = (ζ, η).

Cn × Cn × (Zs × Zs)

‖(r, θ, ω)‖s = max (|r|, |θ|, ‖ζ‖s) .
σ > 0

Tn
σ = {θ ∈ Cn : |�θ| < σ}/2πZn.

σ, μ ∈ (0, 1] s ≥ 0

Os(σ, μ) = {r ∈ Cn : |r| < μ2} × Tn
s × {ω ∈ Zs × Zs : ‖ζ‖s < μ}.

Os(σ, μ) x = (r, θ, ω). f : O0(σ, μ) × D → C
C1 x ρ ∈ D, x ∈
Os(σ, μ) :

∇ωf(x, ρ) ∈ Zs × Zs

∇2
ωLωLf(x, ρ) ∈ L(Ys, Ys)

T s(σ, μ,D)
f ∈ T s(σ, μ,D),
|∂j

ρf |σ,μ,D = sup
x∈Os(σ,μ); ρ∈D

max(|∂j
ρf |, μ

∥∥∂j
ρ∇ωf(x, ρ)

∥∥
s
, μ2

∥∥∇2
ωLωL∂

j
ρf(x, ρ)

∥∥),
[f ]sσ,μ,D = max

j=0,1
(|∂j

ρf |σ,μ,D).

f ∈ T s(σ, μ,D), fT (x)
f r = 0 ω = 0

fT (x) = f(0, θ, 0) + drf(0, θ, 0) · r + dωf(0, θ, 0)[ω] + 1/2d2ωf(0, θ, 0)[ω, ω].

Ms

A : L × L → C

A Ys Ys Ms

|A|s = ‖A‖L(Ys,Ys)
.

A ∈ Ms

Aβ
α = 0 [α] 	= [β] Aβ

α = Āα
β α, β ∈ L.

A ∈Ms

h = Ω(ρ) · r + 〈ζL, Q(ρ)ηL〉+ 1/2〈ωF ,K(ρ)ωF 〉
Ω(ρ) ∈ Rn Q(ρ) ∈ Ms

K(ρ) F×F → C Kβ
α = tKα

β .

C1 ρ



{f, g} = ∇θf · ∇rg −∇rf · ∇θg − i〈∇ωf, J∇ωg〉.
f u(t)

h {f, h} = 0.

{L, h} = {M, h} = 0.

C > 0

|Λa − |wa|2| ≤ C, ∀a ∈ L.
δ > 0

|Λa| ≥ δ, ∀a ∈ L;
|�Λa| ≥ δ, ∀a ∈ F ;

|Λa − Λb| ≥ δ, ∀a, b ∈ Z, [a] 	= [b];

|Λa + Λb| ≥ δ, ∀a, b ∈ L.
δ > 0 Ω δ Ω0 C1

k ∈ Zn\{0} :

|Ω(ρ) · k| ≥ δ ∀ρ ∈ D,
z = z(k) ∈ Rn

(∇ρ · z) (Ω(ρ) · k) ≥ δ ∀ρ ∈ D;
a ∈ L

|Ω(ρ) · k + Λa| ≥ δ ∀ρ ∈ D,
z = z(k) ∈ Rn

(∇ρ · z) (Ω(ρ) · k + Λa) ≥ δ ∀ρ ∈ D;
α, β ∈ L a ∈ [α], b ∈ [β]

|Ω(ρ) · k + Λa ± Λb| ≥ δ ∀ρ ∈ D,
z = z(k) ∈ Rn

(∇ρ · z) (Ω(ρ) · k + Λa ± Λb) ≥ δ ∀ρ ∈ D;
a, b ∈ F

|Ω(ρ) · k + Λa ± Λb| ≥ δ.

f ∈ T s(σ, μ,D), f L, M s > 1/2. γ > 0,
C0

[f ]sσ,μ,D ≤ C0δ, ε := [fT ]sσ,μ,D ≤ C0δ
1+γ ,

D′ ⊂ D meas(D\
D′) → 0 ε → 0 Φ :
Os(σ/2, μ/2)→ Os(σ, μ) ρ ∈ D′

(h0 + f) ◦ Φ = h̃+ g



h̃ = Ω(ρ) · r + 〈ζL, Q(ρ)ηL〉 + 1/2〈ωF ,K(ρ)ωF 〉 g ∈
T s(σ/2, μ/2,D′) gT ≡ 0. C > 0
ρ ∈ D′

|Ω− Ω0| ≤ Cε, |Q− diag (Λa, a ∈ L) | ≤ Cε, |JK − diag (Λa, a ∈ F) | ≤ Cε.

Φ({0} × Tn × {0}) h0 + f
F = ∅

J (
0 −I
I 0

)
I #F

f
f L, M

τ Os(σ, μ)
Os(2σ, 2μ)

h̄ = h ◦ τ = N + Z6 +R10,

• N N(I) =
∑

j∈Z j
2|aj |2;

• Z6

Z6 =
∑
R

aj1aj2aj3b�1b�2b�3

R = {(j, �) ∈ Z3×Z3 s.t j1+j2+j3 = �1+�2+�3, j21+j22+j23 = �21+�22+�23};
• R10

‖XR10
(x)‖s ≤ C ‖x‖9s

x ∈ Os(σ, μ);
• τ C

‖τ(x)− x‖ ≤ C ‖x‖2

x ∈ Os(σ, μ).

a � b
a � Cb.

T2
νρ(p, q) ν⎧⎪⎨

⎪⎩
ap = (νρ1 + r1(t))

1
2 eiθ1(t) =:

√
Ipe

iθ1(t)

aq = (νρ2 + r2(t))
1
2 eiθ2(t) =:

√
Iqe

iθ2(t)

aj = ζj j 	= p, q,



{ρ1, ρ2} ∈ [1, 2]2 = D ν

−idζ ∧ dη − dI ∧ dθ

I = (I1, I2), θ = (θ1, θ2), ζ = (ζj)j η = (ηj)j = (ζ̄j)j .

Tlin
ρ := {(I, θ, ζ)||I − νρ| = 0, |�θ| < σ, ‖ζ‖s = 0}

Tρ(ν, σ, μ, s) := {(I, θ, ζ)||I − νρ| < νμ2, |�θ| < σ, ‖ζ‖s < ν1/2μ}.
Tρ(ν, σ, μ, s)

Tρ(ν, σ, μ, s) ≈ Os(σ, ν1/2μ) = {(r, θ, ζ)||r| < νμ2, |�θ| < σ, ‖ζ‖s < ν1/2μ}.

h ◦ τ = N + Z6 +R10.

N R10

f. Z6.

Z6 = Z0,6 + Z1,6 + Z2,6 + Z3,6.

Z0,6, Z1,6, Z2,6

0, 1, 2. Z3,6

Z1,6 = 0.

Z0,6 = |ap|6 + |aq|6 + 9
(
|ap|4|aq|2 + |ap|2|aq|4

)
= (νρ1 + r1)

3 + (νρ2 + r2)
3 + 9 (νρ1 + r1) (νρ2 + r2) (νρ1 + r1 + νρ2 + r2)

= ν3(ρ31 + ρ32 + 9ρ21ρ2 + 9ρ22ρ1) + 3ν2
(
r1(ρ

2
1 + 6ρ1ρ2 + 3ρ22) + r2(ρ

2
2 + 6ρ1ρ2 + 3ρ21)

)
+

Z2,6,

{s, t} 	= {p, q}{
2p+ s = 2q + t

2p2 + s2 = 2q2 + t2.

Z2,6 = Z1
2,6 = 9

(
|ap|4 + |aq|4 + 4|ap|2|aq|2

) ∑
j �=p,q

|aj |2

= 9ν2
(
ρ21 + ρ22 + 4ρ1ρ2

) ∑
j �=p,q

|ζj |2 + .

h ◦ τ = he +R

q − p



he

he =
(
p2 + 3ν2

(
ρ21 + 3ρ22 + 6ρ1ρ2

))
r1 +

(
q2 + 3ν2

(
ρ22 + 3ρ21 + 6ρ1ρ2

))
r2

+
∑
j

(
j2 + 9ν2

(
ρ21 + ρ22 + 4ρ1ρ2

))
|ζj |2

= Ω(ρ) · r +
∑
j �=p,q

Λj |ζj |2

Ω(ρ) =

(
p2 + 3ν2

(
ρ21 + 3ρ22 + 6ρ1ρ2

)
q2 + 3ν2

(
ρ22 + 3ρ21 + 6ρ1ρ2

))

Λj = j2 + 9ν2
(
ρ21 + ρ22 + 4ρ1ρ2

)
.

R

R = R10 + Z3,6 + 3νρ1r
2
1 + r31 + 3νρ2r

2
2 + r32 + 9r1r2(r1 + r2)

+
(
r21 + r22 + 2ν(ρ1 + 2ρ2)r1 + 2ν(ρ2 + 2ρ1)r2

) ∑
j �=p,q

|ζj |2.

Os(σ, μ)

Ψ : r �→ νr, ζ �→ ν1/2ζ.

−νdr ∧ dθ − iνdζ ∧ dη.

Os(σ, μ) Tρ(ν, σ, μ, s).
τ Φρ = τ ◦ Ψ Os(σ, μ)

Tρ(ν, 2σ, 2μ, s).

h ◦ Φρ − C = (he +R) ◦Ψ = νh0 + νf

C h0 f

h0 =
1

ν
he ◦Ψ f =

1

ν
R ◦Ψ.

R10 ∈ T s(σ, ν1/2μ,D). f
T s(σ, μ,D). f L M
f, R ν RT = RT

10

9/2 ν,

[f ]sσ,μ,D � ν2

[fT ]sσ,μ,D � ν7/2.

p, q ∈ Z s, t
Φρ = τ ◦ Ψ

ρ

• Φρ : Os(σ, μ)→ Tρ(ν, 2σ, 2ν, s);

L M



• Φρ h

1

ν
(h ◦ Φρ − C) = h0 + f

C h0

h0 = Ω(ρ) · r +
∑
j �=p,q

Λj |ζj |2

Ω(ρ) =

(
p2 + 3ν2

(
ρ21 + 3ρ22 + 6ρ1ρ2

)
q2 + 3ν2

(
ρ22 + 3ρ21 + 6ρ1ρ2

))

Λj = j2 + 9ν2
(
ρ21 + ρ22 + 4ρ1ρ2

)
;

• f T s(σ, μ,D)
[f ]sσ,μ,D � ν2

[fT ]sσ,μ,D � ν7/2.

s, t 	= p, q

Z2,6 = Z1
2,6 + 9(a2pasb

2
qbt + b2pbsa

2
qat) = Z1

2,6 + Zs,t

9(νρ1 + r1)(νρ2 + r2)
(
e2i(θ1−θ2)ζsηt + e−2i(θ1−θ2)ηsζt

)

9ν2ρ1ρ2

(
e2i(θ1−θ2)ζsηt + e−2i(θ1−θ2)ηsζt

)
.

{Is, ζsηt + ηsζt} = {It, ζsηt + ηsζt} = 0.

Ψangles :
Os(σ, μ)→ Os(σ, μ), (r1, r2, θ, ζ) �→ (r′1, r

′
2, θ, ζ

′)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ζ ′s = e2i(θ1−θ2)ζs

ζ ′t = ζt

ζ ′j = ζj , j 	= s, t, p, q

r′1 = r1 − 2|ζs|2
r′2 = r2 + 2|ζs|2.

h̃ = h̄ ◦Ψangles = C + he +R.

C

C = ν3(ρ31 + ρ32 + 9ρ21ρ2 + 9ρ22ρ1) + 9(νp2ρ1 + νq2ρ2).

{p, q, s, t} {p, p+ 2n, p+ 3n, p− n}



he

he =
(
p2 + 3ν2

(
ρ21 + 3ρ22 + 6ρ1ρ2

))
r′1 +

(
q2 + 3ν2

(
ρ22 + 3ρ21 + 6ρ1ρ2

))
r′2

+
∑

j �=p,q,s,t

(
j2 + 9ν2

(
ρ21 + ρ22 + 4ρ1ρ2

))
|ζ ′j |2 +

(
t2 + 9ν2

(
ρ21 + ρ22 + 4ρ1ρ2

))
|ζ ′t|2

+
(
s2 + 2p2 − 2q2 + ν2

(
21ρ22 − 3ρ21 + 36ρ1ρ2

))
|ζ ′s|2 + 9ν2ρ1ρ2(ζ

′
sη
′
t + η′sζ

′
t).

Ω(ρ) · r +
∑

j �=p,q,s,t

Λj |ζ ′j |2 + Λs|ζ ′s|2 + Λt|ζ ′t|2 + 9ν2ρ1ρ2(ζ
′
sη
′
t + η′sζ

′
t)

Ω(ρ) Λj

Λs = t2 + ν2
(
21ρ22 − 3ρ21 + 36ρ1ρ2

)
.

he {
ζt+ = 1√

1+α2
(ζ ′t + αζ ′s)

ζt− = 1√
1+α2

(ζ ′s − αζ ′t)

α =
−2ρ2

1+2ρ2
2+
√

4ρ4
1+2ρ2

1ρ
2
2+4ρ4

2

3ρ1ρ2
. he

Ω(ρ) · r +
∑

j �=p,q,s,t

Λj |ζj |2 + Λt+ |ζt+ |2 + Λt− |ζt− |2

{
Λt+ = Λt − 9ν2ρ1ρ2α

Λt− = Λs + 9ν2ρ1ρ2α.

R

R = R10 ◦Ψangles + Z3,6 ◦Ψangles + 3νρ1r
2
1 + r31 + 3νρ2r

2
2 + r32

+ 9r1r2(r1 + r2) +
(
r21 + r22 + 2ν(ρ1 + 2ρ2)r1 + 2ν(ρ2 + 2ρ1)r2

) ∑
j �=p,q

|ζj |2

r1 = r′1 + 2|ζs|2, r2 = r′2 − 2|ζs|2.
Ψ

(he +R) ◦Ψ = νh0 + νf.

Ψangles : Os(σ, μ)→ Os(σ, 3μ) τ τ ◦Ψangles◦
Ψ : Os(σ, μ)→ Tρ(ν, 2σ, 4μ, s). f

p, q, s, t
Φρ = τ ◦ Ψangles ◦ Ψ

ρ

• Φρ : Os(σ, μ)→ Tρ(ν, 2σ, 4μ, s);
• Φρ h

1

ν
(h ◦ Φρ − C) = h0 + f

C h0

h0 = Ω(ρ) · r +
∑

j �=p,q,s,t

Λj |ζj |2 + Λt+ |ζt+ |2 + Λt− |ζt− |2



Ω(ρ) =

(
p2 + 3ν2

(
ρ21 + 3ρ22 + 6ρ1ρ2

)
q2 + 3ν2

(
ρ22 + 3ρ21 + 6ρ1ρ2

))

Λj = j2 + 9ν2
(
ρ21 + ρ22 + 4ρ1ρ2

)
,

• f T s(1, 1,D)
[f ]sσ,μ,D � ν2

[fT ]sσ,μ,D � ν7/2.

Φρ Dν ⊂ D = [1, 2]2

h = N + P h0 + f. h0 + f
δ = ν2 ε = ν7/2 = δ7/4 Ω0 = ω =

(p2, q2) + O(ν2). F Φ−1
ρ ◦ Tlin

ρ

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ap = (νρ1 + r1(t))
1
2 eiθ1(t) =:

√
Ipe

iθ1(t)

aq = (νρ2 + r2(t))
1
2 eiθ2(t) =:

√
Iqe

iθ2(t)

am = (νρ3 + r3(t))
1
2 eiθ3(t) =:

√
Imeiθ3(t)

aj = ζj j ∈ Z \ {p, q,m}

ρ = (ρ1, ρ2, ρ3) ∈ D ⊂ R3 ν

−idζ ∧ dη − dI ∧ dθ

I = (Ip, Iq, Im), θ = (θ1, θ2, θ3), ζ = (ζj)j∈Z\{p,q,m} η = (ηj)j∈Z\{p,q,m} =
(ζ̄j)j∈Z\{p,q,m}.

h̄ := h ◦ τ = N + Z6 +R10.

N
h0 R10 f.

Z6.

Z6 = Z0,6 + Z1,6 + Z2,6 + Z3,6.

Z0,6

(p, q,m) Z1,6 Z2,6

1 2 Z3,6

3,

Z0,6 = |ap|6 + |aq|6 + |am|6 + 9
∑

j,�∈{p,q,m}
|aj |4|a�|2 + 36|ap|2|aq|2|am|2



Z0,6

Z1,6 = 0. Z2,6,

Z2,6 =
∑

j1,j2,�

|aj1 |2|aj2 |2|a�|2 +
∑

s1,t1∈A

(
a2j3as1b

2
j4bt1 + b2j3bs1a

2
j4at1

)
+

∑
s2,t2∈B

(
a2j5aj6bj7bs2bt2 + b2j5bj6aj7as2at2

)
+

∑
s3,t3∈C

(
a2j9as3bj8bj10bt3 + b2j9bs3aj8aj10at3

)
+

∑
s4∈E

(
a2j11aj12bj13b

2
s4 + b2j11bj12aj13a

2
s4

)
ji ∈ {p, q,m}, si, ti /∈ {p, q,m} si 	= ti. A, B, C, E

A ↔
{
2j3 + s1 = 2j4 + t1

2j23 + s21 = 2j24 + t21
B ↔

{
2j5 + j6 = j7 + s2 + t2

2j25 + j26 = j27 + s22 + t22

C ↔
{
2j9 + s3 = j8 + j10 + t3

2j29 + s23 = j28 + j210 + t23
E ↔

{
2j11 + j12 = j13 + 2s4

2j211 + j212 = j213 + 2s24.

A,B, C, E

|aj1 |2|aj2 |2|a�|2 = ν2ρj1ρj2 |ζ�|2 + .

9eiαζsηt + 9e−iαηsζt.

{Is + It, ζsηt} = {Is + It, ζtηs} = 0,

A,B, C, E
s, t

Φ1

A C

18ν2ρj5
√
ρj6ρj7(e

iαζsζt + e−iαηsηt)

α = θj7 − θj6 − 2θj5 . j5 = p, j6 =
q, j7 = m, s, t {

2p+ q = m+ s+ t

2p2 + q2 = m2 + s2 + t2,

α = θ3−θ2−2θ1. (p, q,m, s, t) = (−3, 10,−6, 1, 9).
Ψang,1 :



Os(σ, μ)→ Os(σ, 3μ); (r, θ, ζ) �→ (r′, θ, ζ ′)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ζ ′s = ie−iαηs η′s = ieiαζs

ζ ′t = ζt η′t = ηt

ζ ′j = ζj , η′j = ηj j 	= s, t, p, q

r′1 = r1 + 2|ζs|2
r′2 = r2 + |ζs|2,
r′3 = r3 − |ζs|2.

s, t

Λs|ζ ′s|2 + Λt|ζ ′t|2 − 18iν2ρ1
√
ρ2ρ3(ζ

′
sη
′
t + η′sζ

′
t)

Λt = t2 + 9ν2(ρ21 + ρ22 + ρ23 + 4ρ1ρ2 + 4ρ2ρ3 + 4ρ3ρ1)

Λs = t2 + 3ν2(−ρ21 + ρ22 + 5ρ23 − 6ρ1ρ2 + 12ρ2ρ3 + 6ρ3ρ1).

a = Λt−Λs

2 b = Λt+Λs

2 ,

{
ζt− = 1√

1−α2
(ζ ′s − iαζ ′t) ηt− = 1√

1−α2
(η′s − iαη′t)

ζt+ = 1√
1−α2

(ζ ′t + iαζ ′s) ηt+ = 1√
1−α2

(η′t + iαη′s)

α = −a−
√

a2 − 182ν4ρ21ρ2ρ3
ν2ρ1

√
ρ2ρ3

.

Λt+ |ζt+ |2 + Λt− |ζt− |2

Λt± = b±
√

a2 − 182ν4ρ21ρ2ρ3. t+, t−

a2 − 182ν4ρ21ρ2ρ3 < 0
ρ. ρ ∈ D1 = [1, 2]3 Λt± ∈ R ρ = (2, 1, 9)
a = 0 a2 − 182ν4ρ21ρ2ρ3 = −182ν4ρ21ρ2ρ3 < 0 ε >

0 ε = 10−2 ρ ∈ D2 = Dε = [2−ε, 2+ε]×[1−ε, 1+ε]×[9−ε, 9+ε]
|�Λt± | > ν2. Φ2

B.
E {

2p+ q = m+ 2s

2p2 + q2 = m2 + 2s2.

Ψang,2 : Os(σ, μ)→ Os(σ, 2μ); (r, θ, ζ) �→
(r′, θ, ζ ′) ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ζ ′s = eiα/2ζs η′s = e−iα/2ηs

ζ ′j = ζj , η′j = ηj j 	= s, p, q

r′1 = r1 + |ζs|2
r′2 = r2 +

1
2 |ζs|2

r′3 = r3 − 1
2 |ζs|2.

√−1 = i



s

Λs|ζ ′s|2 + ν2ρ1
√
ρ2ρ3(ζ

′2
s + η′2s )

Λs = 3ν2(2ρ21 + ρ22 − ρ23 + 9ρ1ρ2 + 3ρ3ρ1).

Λs 	= 0, 1−β2

1+β2Λs| ζ
′
s+βη′

s√
1−β2

|2 β Λsβ =

(1−β2)ν2ρ1
√
ρ2ρ3, iν2ρ1

√
ρ2ρ3(

ζ′
s+iη′

s√
2

η′
s+iζ′

s√
2

),

meas{ρ ∈ R3 : Λs = 0} = 0 Φ3

E .
Φi Os(σ, ν) Φ3 ◦ Φ2 ◦ Φ1

Os(σ, ν) Os(σ, 3ν). Ψ

j1, j2, j3 ∈ {p, q,m}
Z A, B, C, E Φρ := Ψ ◦ Φ3 ◦

Φ2 ◦Φ1 ◦ τ
ρ ∈ D

• Φρ : Os(σ, μ)→ Tρ(ν, 2σ, 4μ, s);
• Φρ h

1

ν
(h ◦ Φρ − C) = h0 + f

C h0

h0 = Ω(ρ) · r +
∑
a∈Z

Λa|ζa|2

Ω(ρ) =

⎛
⎝ p2 + 3ν2

(
ρ21 + 3ρ22 + 3ρ23 + 6ρ1ρ2 + 6ρ1ρ3 + 12ρ2ρ3

)
q2 + 3ν2

(
ρ22 + 3ρ21 + 3ρ23 + 6ρ1ρ2 + 6ρ2ρ3 + 12ρ1ρ3

)
m2 + 3ν2

(
ρ23 + 3ρ21 + 3ρ22 + 6ρ1ρ3 + 6ρ3ρ2 + 12ρ2ρ1

)
⎞
⎠

• Z L ∪ F ; F B
L

• f T s(σ, μ,D)

[f ]sσ,μ,D � ν2

[fT ]sσ,μ,D � ν7/2.

(p, q,m) = (−3, 10,−6) ρ ∈
Dν ⊂ D2 Φρ Dν

h = N + P h0 + f.
h0 + f δ = ν2 ε = ν7/2 = δ7/4

Ω0 = ω = (32, 102, 62)+O(ν2). F Φ−1
ρ ◦Tlin

ρ

�



F = ∅

Ω(ρ) =

(
p2 + 3ν2

(
ρ21 + 3ρ22 + 6ρ1ρ2

)
q2 + 3ν2

(
ρ22 + 3ρ21 + 6ρ1ρ2

))

Λj = j2 + 9ν2
(
ρ21 + ρ22 + 4ρ1ρ2

)
.

k = (k1, k2) ∈ Z2/{0} z = z(k) = (k2,k1)
|k| ,

(∇ρ · z)(Ω(ρ) · k) = 6ν2
(
3(ρ1 + ρ2)k

2
2 + 3(ρ2 + 3ρ1)k

2
1 + 4(ρ1 + ρ2)k1k2

)
|k|−1

≥ 6√
2
ν2|k|

(∇ρ · z)Λj = 18ν2((ρ1 + 2ρ2)k2 + (ρ2 + 2ρ1)k1)|k|−1.

δ = 4ν2 (1). (∇ρ · z)(Λj − Λ�) = 0,
Ω · k + Λj − Λ�

Ω · k + Λj Ω · k + Λj + Λ�

L M. Ω · k + Λj

Ω · k + Λj + Λ� eik·θηj ∈ f eik·θηjη� ∈ f

L = ν(ρ1 + ρ2) + r1 + r2 +
∑
j

|ζj |2

M = ν(pρ1 + qρ2) + pr1 + qr2 +
∑
j

j|ζj |2.

L,

{eik·θηj ,L} = ieik·θηj(k1 + k2 + 1) = 0.

(2) k1 + k2 = −1.
(∇ρ · z)(Ω(ρ) · k + Λj) = 6ν2|k|−1

(
3(ρ1 + ρ2)k

2
2 + 3(ρ2 + ρ1)k

2
1 + 4(ρ1 + ρ2)k1k2

)
+ 6ν2|k|−1 (3(ρ1 + 2ρ2)k2 + 3(ρ2 + 2ρ1)k1)

= 6ν2|k|−1
(
(ρ1 + ρ2)k

2
2 + (ρ2 + ρ1)k

2
1 + 2(ρ1 + ρ2)

)
+ 6ν2|k|−1 (3ρ2k2 + 3ρ1k1 − 3(ρ1 + ρ2))

= 6ν2|k|−1
(
2(ρ1 + ρ2)k

2
1 + (5ρ1 − ρ2)k1 − 3ρ2

)
.

δ k = (−1, 0) (0,−1).
M

{eik·θηj ,M} = ieik·θηj(pk1 + qk2 + j) = 0.

k ∈ {(−1, 0), (0,−1)}, j ∈ {p, q},
Ω · k + Λj + Λ�

L k1 + k2 = −2



k ∈ {(0,−2), (−2, 0), (−1,−1), (−3, 1), (1,−3)}.
pk1 + qk2 + j + � = 0.

Ω · k + Λj + Λ� = N(p, q, j, �) + μ(ρ, k)

N(p, q, j, �) = p2k1 + q2k2 + j2 + �2 μ(ρ, k) |k| ≤ 4.
N(p, q, j, �) ∈ Z N(p, q, j, �) ≤ δ p2k1 + q2k2 + j2 + �2 = 0.

k = (−1,−1)

p+ q = j + � p2 + q2 = j2 + �2

k = (−2, 0)

2p = j + � 2p2 = j2 + �2

k = (0,−2)

2q = j + � 2q2 = j2 + �2

k = (−3, 1)

3p = q + j + � 3p2 = q2 + j2 + �2

k = (1,−3)

3q = p+ j + � 3q2 = p2 + j2 + �2.

j, � ∈ {p, q}
Ω {Λj}j �=p,q,s,t

Λt+ Λt−{
2p+ s = 2q + t

2p2 + s2 = 2q2 + t2.

{p, q, s, t} {p, p + 2n, p + 3n, p − n}.
p = 0, q = −2t.

Ω ·k+Λt+ Ω ·k+Λt− ,
k pk1 + qk2 + t = 0 k2 = 1/2,

Ω · k + Λt± ± Λj {
pk1 + qk2 + t± j = 0

p2k1 + q2k2 + t2 ± j2 = 0

{
j = ∓(2k2 − 1)n

j2 = ∓(4k2 + 1)n2.

j j = 0 = p j = 3m = s

j = j − p



(p, q,m) = (−3, 10,−6),
C, E

A = {−14, 2} B = {9, 1}

Ω(ρ) =

⎛
⎝ p2 + 3ν2

(
ρ21 + 3ρ22 + 3ρ23 + 6ρ1ρ2 + 6ρ1ρ3 + 12ρ2ρ3

)
q2 + 3ν2

(
ρ22 + 3ρ21 + 3ρ23 + 6ρ1ρ2 + 6ρ2ρ3 + 12ρ1ρ3

)
m2 + 3ν2

(
ρ23 + 3ρ21 + 3ρ22 + 6ρ1ρ3 + 6ρ3ρ2 + 12ρ2ρ1

)
⎞
⎠

Λj = j2 +9ν2(ρ21 + ρ22 + ρ23 +4ρ1ρ2 +4ρ2ρ3 +4ρ3ρ1) j 	= −14,−6,−3, 2, 1, 9, 10.

A0 A1 (1) k = (k1, k2, k3) ∈
Z3/{0} k′ = (k2 + k3, k1 + k3, k2 + k1) z = z(k) = k′

|k′| ,

(∇ρ · z)(Ω(ρ) · k) =6ν2|k′|−1[ρ1(3k
2
2 + 3k23 + k1k2 + k1k3 + 6(k1 + k2 + k3)

2)

+ ρ2(3k
2
1 + 3k23 + k1k2 + k2k3 + 6(k1 + k2 + k3)

2)

+ ρ3(3k
2
2 + 3k21 + k3k2 + k1k3 + 6(k1 + k2 + k3)

2)].

δ = ν2 (∇ρ · z)(Λj −Λ�) = 0,
Ω · k + Λj − Λ�

(2), (3), z = z(k) = − k
|k| ,

(∇ρ · z)(Ω(ρ) · k) =− 6ν2|k|−1[ρ1(k
2
1 + 3k22 + 3k23 + 6k1k2 + 6k1k3 + 12k2k3)

+ ρ2(k
2
2 + 3k21 + 3k23 + 6k1k2 + 6k2k3 + 12k1k3)

+ ρ3(k
2
3 + 3k22 + 3k21 + 6k3k2 + 6k1k3 + 12k2k1)]

(∇ρ ·z)Λj = −18ν2|k|−1[ρ1(k1+2k2+2k3)+ρ2(k2+2k1+2k3)+ρ3(k3+2k2+2k1)].

Ω · k+Λj ,
k1 + k2 + k3 = −1,

|(∇ρ · z)(Ω(ρ) · k + Λj)

= 6ν2|k|−1[ρ1(2k
2
1 − 6k2k3 + 3k1 + 3) + ρ2(2k

2
2 − 6k1k3 + 3k2 + 3)

+ ρ3(2k
2
3 − 6k2k1 + 3k3 + 3)]

≥ 6ν2|k|−1[ρ1(2k
2
1 −

3

2
(k1 + 1)2 + 3k1 + 3) + ρ2(2k

2
2

− 3

2
(k2 + 1)2 + 3k2 + 3) + ρ3(2k

2
3 −

3

2
(k3 + 1)2 + 3k3 + 3)]

= 3ν2|k|−1[ρ1(k
2
1 + 3) + ρ2(k

2
2 + 3) + ρ3(k

2
3 + 3)]

≥ ν2.



Ω · k +Λj +Λ�, k1 + k2 + k3 = −2

|(∇ρ · z)(Ω(ρ) · k + Λj) =

6ν2|k|−1[ρ1(2k
2
1 − 6k2k3 + 6k1 + 12) + ρ2(2k

2
2 − 6k1k3 + 6k2 + 12)

+ ρ3(2k
2
3 − 6k2k1 + 6k3 + 12)]

≥ 6ν2|k|−1[ρ1(2k
2
1 −

3

2
(k1 + 1)2 + 6k1 + 12) + ρ2(2k

2
2

− 3

2
(k2 + 2)2 + 6k2 + 12) + ρ3(2k

2
3 −

3

2
(k3 + 2)2 + 6k3 + 12)]

= 3ν2|k|−1[ρ1(k
2
1 + 12) + ρ2(k

2
2 + 12) + ρ3(k

2
3 + 12)]

≥ ν2.

B ρ ∈ D2

|�Λ1± | > ν2 = δ

|Ω · k + Λ1+ − Λ1− | ≥ 2ν2 > δ.

Ω · k + Λ1+ + Λ1− ,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
k1 + k2 + k3 + 2 = 0

−3k1 + 10k2 − 6k3 + 2 = 0

9k1 + 100k2 + 36k3 + 2 = 0

k1, k2, k3 ∈ Z

A Ω · k +Λ2± Ω · k +Λ2± +Λj

(∗)

⎧⎪⎨
⎪⎩
k1 + k2 + k3 + 1 = 0

−3k1 + 10k2 − 6k3 + 2 = 0

9k1 + 100k2 + 36k3 + 4 = 0

(∗∗)

⎧⎪⎨
⎪⎩
k1 + k2 + k3 + 2 = 0

−3k1 + 10k2 − 6k3 + 2 + j = 0

9k1 + 100k2 + 36k3 + 4 + j2 = 0.

(∗) Z3. (∗∗) j ≡ −k2−2 (mod 3)
j2 ≡ −k2− 4 (mod 9) j ≡ ±1 (mod 3) k2 ≡ 0, 2 (mod 4)

k2 = 4 (mod 9), j ≡ 0 (mod 3) k2 ≡ 1
(mod 4) k2 = 5 (mod 9), Ω · k + Λ2± − Λj ,

Λ2+ = Λ2 − g(ρ1, ρ2, ρ3)

Λ2− = Λ2 − g(ρ1, ρ2, ρ3) + 12(ρ23 − ρ22 + 3ρ1ρ3 − 3ρ2ρ1)

g(x, y, z) = μ2
√
81y2z2 + (−18xy + 18xz − 6y2 + 6z2)2 − μ2(−18xy + 18xz −

6y2 +6z2). k1 + k2 +

{p, q,m, s, t} p, q,m



k3 = 0,

(∇ρ · z)(Ω · k + Λ2± − Λj) =12μ2|k|−1[ρ1(k
2
2 + k23 − k2k3 − 2k2 + k3)

+ ρ2(k
2
1 + k23 − k1k3 + 2k1 − k3)

+ ρ3(k
2
2 + k21 − k2k1 + 3k1 − 3k2)]± (∇ρ · z)g

≈ 12|k|μ2ρ± |(∇ρ · z)g|.

{
−3k1 + 10k2 − 6k3 + 2− j = 0

9k1 + 100k2 + 36k3 + 4− j2 = 0.

k k = (−975, 195, 780)
k, (∇ρ · z)(Ω · k + Λ2± − Λj) δ.

B{
2p+ q = m+ s+ t

2p2 + q2 = m2 + s2 + t2.

q1 = q − p, m1 = m− p, s1 = s− p, t1 = t− p,{
q1 = m1 + s1 + t1

q21 = m2
1 + s21 + t21.

m1s1 + t1s1 + t1m1 = 0, s1 = − m1t1
m1+t1

.
s1, t1,m1 ±1. k

t1 m1, t1 = t2k, m1 = m2k, s1 = − km2t2
m2+t2

. k � s1,

k | t2 + m2, t2 = kh − m2, s1 = −m2(kh−m2)
h = −km2 + m2

2

h ∈
Z. h = (−1)sgn(h)Πpki

i , x = Πp
[
ki
2 ]

i y = (−1)sgn(h)Πp
ki−2[

ki
2 ]

i , pi
h. h = x2y xy | m, m = ryx.

s1 = −kxyr + r2y, m1 = kryx, t1 = k2x2y − ryx. s1, t1,m1

±1, y = ±1. y = 1, kx = n,
s1 = r2 − nr, m1 = nr, t1 = n2 − nr q1 = n2 − nr + r2.
{p, q,m, s, t} = {p, p+ k(n2 − nr + r2), p+ knr, p+ k(r2 − nr), p+ k(n2 − nr)}.
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